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Abstract

This paperdiscussesfundamentalaspectsof inferencewith impreciseprob-
abilitiesfrom thedecisiontheoreticpointof view. It is shown why theequiv-
alenceof prior risk and posteriorloss,well known from classicalBayes-
ian statistics,is no longervalid underimprecisepriors.As a consequence,
straightforwardupdating,assuggestedby Walley's GeneralizedBayesRule
or asusuallydonein the Robust Bayesiansetting,may leadto suboptimal
decisionfunctions.As a result,it mustbewarnedthat, in the framework of
impreciseprobabilities,updatingandoptimaldecisionmakingdo no longer
coincide.
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1 Intr oduction

A powerful methodof inferencehasto provideanswersto (at least)thefollowing
threequestions:

� Whatis updating?

� How to learnfrom data?(inference)

� How to makeoptimaldecisions?
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TheclassicalBayesianstatisticaltheory, basedonpreciseprobabilities,claims
to provide a comprehensive framework to dealwith all theseaspectssimultane-
ously. For a Bayesian,inferenceanddecisionmakingcoincide,andthesolution
to bothtasksis essentiallybasedon updatingprior probabilitiesby meansof the
Bayesrule. More precisely, Bayesianstatisticsis basedon two paradigms[P1]
and[P2], where

[P1] Every uncertaintycan adequatelybe describedby a classicalprobability
distribution. This in particularallows to assigna prior distribution p(�) on
parameterspacesin inferentialproblemsandonthespaceof statesof nature
in decisionproblems.

[P2] After having observedthesamplef xg, theposteriorp(�jx) containsall the
relevant information. Every inferenceproceduredependson p(�jx), and
only onp(�jx).

Thereareseveralstrongargumentsfor [P2], see,for instance,thediscussion
in [25]. Among themis the decisiontheoreticfoundationby theoften so-called
`maintheoremof Bayesiandecisiontheory': As discussedbelow, it saysthatde-
cision functionswith minimal risk undera prior p(�) can be constructedfrom
consideringoptimalactionswith respectto theposteriorprobabilityp(�jx) asan
`updatedprior'.

In the last decadea rapidly increasingnumberof researcheshave objected
against[P1], andso theoriesof impreciseprobabilitiesand interval probability
emerged(see,e.g.,the monographsby Walley [33], Kuznetsov [22], Weichsel-
berger[39], the conferenceproceedingsde Cooman,Fine, Moral and Seiden-
feld [6] andthewebpagedeCoomanandWalley [7]), offeringa comprehensive
framework to dealwith amorerealisticandreliabledescriptionof uncertainty. In
this context alsoconceptsgeneralizingconditionalprobability have beendevel-
oped,suggestingthestraightforwardextensionof [P2], namelyto useimprecise
posteriorsto updateimprecisepriors.This approachis discussed,amongothers,
by Levi ([23],[24]), and is rigorously justi�ed by generalcoherenceaxiomsin
Walley's theory([33]). Moreover, it is evenoftenunderstoodasself-evident,and
appliedin many caseswithout a momentof hesitation,for instance,in therobust
BayesianAnalysis(e.g.,[35, 26]) andin economicapplicationsfollowing Ko�er
andMenges'[21] approachof decisionmakingunderlinearpartialinformation.1

Theself-evidenceof this way to proceedis questionedhere.Froma rigorous
decisiontheoreticpoint of view, which is taken up in this paper, it is becom-
ing clearwithout any ifs andbuts that – quite surprisingly– sucha procedure
maybesuboptimal:theresultingdecisionfunctionmayhavehigherrisk thanthe
optimaldecisionfunction.The presentpaperwantsto illuminate this aspect.To
achieve this goal,it proceedsasfollows: Section2 collectsbasicnotionsneeded

1For further referencessee,e.g.,Cozman's survey ([8]) on computationalaspectsandthe refer-
encesin [41, Section1].
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laterfrom classicaldecisiontheory. After recallingsomegeneralaspectsandter-
minologyfrom thetheoryof interval probability in Section3.1,both ingredients
aremelt togetherin Section3.2,wherethegeneralframework for decisionmak-
ing underinterval probabilitydevelopedin [1, 2] is describedbrie�y . Behindthis
backgroundSection4 exploresthesuboptimalityof decisionfunctionsbasedon
impreciseposteriors,while Section5 returnsto thefundamentalquestionsformu-
latedaboveandconcludeswith ashortre�ection ontheconsequencesto bedrawn
from theobservationmadehere.

2 ClassicalDecisionTheory

2.1 The BasicDecisionProblem and the Data Problem

Classicaldecisiontheoryprovidesaformal framework for decisionsituationsun-
der uncertainty. The decisionmaker aimsat choosingan action from of a non-
empty, �nite setIA = f a1; : : : ; ai ; : : : ;ang of possibleactions.Apart from trivial
bordercases,theconsequencesof every actiondependon thetrue,but unknown
stateof natureJ 2 Q = f J 1; : : : ; J j ; : : : ;J mg: The correspondingoutcomeis
evaluatedby a lossfunction

l : (IA � Q) ! IR
(a; J ) 7! l (a; J )

andby theassociatedrandomvariablel(a) on(Q;Po(Q)) takingthevaluesl(a;J ).
For brevity of reference,therelevantcomponents,thesetIA of actions,thesetQ
of statesof natureand the preciseloss function2 l (�), is collectedin the triple
(IA;Q; l (�)) , which is calledbasicdecisionproblem.

For many applicationsit will proveof valueto extendtheproblemby allowing
for randomizedactions.Formally, everyrandomizedactioncanbeidenti�ed with
a classicalprobability l (�) on (IA;Po(IA)) wherel (f ag); a 2 IA; is interpreted
asthe probability to chooseactiona. The setof all randomizedactionswill be
denotedby L(IA). Pureactions,i.e.elementsa of IA itself, areidenti�ed with the
Dirac measurein thepoint f ag, andthereforearealsounderstoodto beelements
of L (IA). The lossfunction is extendedto thedomainL (IA) � Q by l(l ;J j ) :=
å n

i= 1 l (ai) � l (ai ;J j ): Analogouslyto l(a), l(l ) is thatrandomvariablewhichgives
thelossof l in dependenceon thetruestateJ .

Quite often it is possibleto obtainsomeinformationon the statesof nature
by collecting additionaldata.Formally, this can be describedby an additional
`experiment' wherethe probability pJ (�) of the outcomesdependson the true
stateJ of nature.Let X be the samplespaceof this experiment,and assume

2Throughoutthe paperit is assumedthat a (precise)lossfunction is given. On the construction
of lossfunctionsin thepresenceof ambiguity, generalizingtheNeumannMorgensternapproach,see,
e.g.,[14] andthereferencestherein.)
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throughoutthe paperX to be �nite, so that X = f x1; : : : ;xs; : : : ;xkg. The triple
(X;Po(X); (pJ (�))J2Q) is calledsampleinformation, thebasicdecisionproblem
togetherwith thesampleinformationdataproblem.

Now thedecisionproblemconsistsin thechoicebetweendecisionfunctions
(strategies)

d : f x1; : : : ; xkg ! L (IA)
x 7! d(x) = l ;

i.e. functionswhich mapeveryobservationx into a (randomized)actionl which
hasto be chosenif x occurs.Let ID be the setof all decisionfunctions.Deci-
sion functionsarecomparedvia their overall expectedlossunderpJ (�), i.e. one
considersthesocalledrisk function

R(d;J ) :=
k

å
s= 1

l (d(xs);J ) � pJ (xs) ; (1)

whichproduces,analogousto above,therandomvariableR(d).

2.2 Optimality Criteria

If the statesof natureare producedby a perfect randommechanism(e.g. an
ideal lottery), andthe correspondingprobability measurep(�) on (Q;Po(Q)) is
completelyknown, the Bernoulli principle is nearlyunanimouslyfavored.One
choosesthatactionl � whichminimizestheexpectedloss

IEpl(l ) =
m

å
j= 1

l (l ;J j ) � p(f J jg) (2)

amongall l 2 L (IA), andthat decisionfunction which minimizesthe expected
risk

IEpR(d) =
m

å
j= 1

R(d;J j ) � p(f J jg) (3)

amongall d 2 ID, respectively.

In most practicalapplications,however, the true stateof naturecan not be
understoodasarisingfrom anidealrandommechanism.And evenif so,thecor-
respondingprobabilitydistributionwill benotknown exactly. Therearetwo main
directionsto proceedin this situation:

Sincefor a classicalsubjectivist, or Bayesian,accordingto [P1], every situa-
tion underuncertaintycanbedescribedby a single,preciseprobabilitymeasure
p(�), the lack of sucha known randommechanismdoesnot make any impor-
tantdifferenceto thedecisionmaker. (S)heactsaccordingto subjectiveexpected
loss/risk. In this context a specialterminologybecamequite common:p(�) is
calledprior probability, andtheexpressionin (3) prior risk.
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In contrast,from theviewpoint of an`objectivist' it doesnot make any sense
at all to assigna probabilityon (Q;Po(Q)) . Therefore,theobjectivist concludes
that the decisionmaker is completelyignorantaboutwhich stateof naturewill
occur;(s)hehasto actaccordingto a criterionbasedon completeignorance.The
mostcommoncriterionis theminimaxrule, whichconcentratesontheworststate
of nature,leadingin thebasicdecisionproblemto

max
J2Q

l (l ;J ) ! min (4)

andin thedataproblemto

max
J2Q

R(d;J ) ! min : (5)

2.3 The Main Theorem of BayesianDecisionTheory

It is quiteanessentialcharacteristicof Bayesiandecisiontheorythatanoptimal
decisionfunctiond� (�) minimizingtheprior risk (3) canbeobtainedby minimiz-
ing, for everyobservationf xg, theposteriorloss,

IEp(�jx) l(l ) =
m

å
j= 1

l (l ;J j ) � p(f J jgjx) (6)

where,comparedto (2), theprior p(�) is replacedby the'updatedprior', i.e., the
posteriorp(�jx). This is thedecisiontheoreticfoundationfor theusualBayesian
updating(seealso[P2] from the Introduction).More preciselythis fundamental
relationis formulatedin

Proposition1 (“Main theoremof Bayesiandecisiontheory”) 3 Consider a
data problem,consistingof a basicdecisionproblem(IA;Q; l (�)) , a samplein-
formation (X;Po(X); (pJ (�))J2Q) and a prior probability p(�). For every s =
1; : : : ;k, let p(�jxs) be the correspondingposteriorgivenxs, and l �

s be an opti-
mal solutionto thebasicdecisionproblemwith respectto p(�jxs), i.e. an action
minimizing(6).

Thend� := (l �
1; : : : ; l �

s; : : : ; l �
k) is anoptimaldecisionfunctionminimizing(3).

Remark 1 Thepropertyformulatedin Proposition1 is constitutivefor Bayesian
decisionmaking. In particular, an analogousreductionof the data problemto
basicdecisionproblemsis notpossiblefor themaximincriterion (4) and(5).

3 DecisionMaking under Inter val Probability

It hasoften beencomplainedthat both classicalways to proceed– relying on
subjective expectedlossaswell asactingaccordingto a criterionbasedon com-
pleteignorance– areinappropriate,becausethey bothdistortthepartial natureof

3Compare,for instance,[4, p. 159,Result1].
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theknowledgeon thedecisionmaker's hand:The objectivist's criteria treatpar-
tial knowledgelike completeignorance,oftenleadingto unsatisfactory, overpes-
simisticsolutions.Subjectiveutility/losstheoryontheotherhandidenti�es partial
knowledgewith completeprobabilisticknowledge.Thiscon�icts with Ellsberg's
[11] experiments,which madeit perfectlyclearthatambiguity(i.e. thedeviation
from idealstochasticity)playsaconstitutiverolein decisionmaking— neglecting
it mayleadto deceptiveconclusions.

Impreciseprobabilitiesandrelatedconceptsareunderstoodto provideapow-
erful languagewhich is ableto re�ect thepartialnatureof theknowledgesuitably
andto expresstheamountof ambiguityadequately. (See[7] and[39, Ch. 1] for
recentreviewson thedevelopmentin this �eld.)

3.1 BasicTerminology of Inter val Probability

With respectto theintendedapplicationthewholeconsiderationis restrictedhere
to the caseof a �nitely generatedalgebraA basedon a samplespaceW. Then,
without lossof generality, Wis �nite, andA is thepowersetof W= f w1; : : : ;wkg.

To distinguishin terminology, every probability measurein the usualsense,
i.e. every setfunction p(�) satisfyingKolmogorov's axiomsis calleda classical
probability. Thesetof all classicalprobabilitieson themeasurablespace(W;A)
will bedenotedby K (W;A).

Axioms for interval-valuedprobabilitiesP(�) = [L(�);U(�)] canbe obtained
by looking at the relation betweenthe non-additive set-functionL(�) andU(�)
andthe setof classicalprobabilitiesbeingin accordancewith them.On a �nite
samplespace,asconsideredthroughoutthis paper, several conceptsof interval
probabilitycoincide.They all areconcernedwith set-functions

P(�) : A ! Z0 := f [L;U] j 0 � L � U � 1g
A 7! P(A) = [L(A);U(A)]

with

M := f p(�) 2 K (W;A) j L(A) � p(A) � U(A); 8A 2 Ag 6= /0: (7)

and
inf

p(�)2M
p(A) = L(A)

sup
p(�)2M

p(A) = U(A)

9
=

;
8A 2 A : (8)

SuchP(�), and the correspondingset functionsL(�) andU(�), arecalled lower
andupperprobability([17]), envelopes([34, 9]), coherentprobability ([33]) and
F-probability([37, 38, 39]). In thegametheoreticsettingM is the `core'. Here
Weichselberger'sterminologyis usedcallingM structure. Notethat,by (8), there
is a one-to-onecorrespondencebetweenP(�) andthestructureM .
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Two-monotonecapacities([17], alsocalledsupermodularcapacities([9]) or
convex capacities([18]), aswell asbelief functions([28, 42]) arespecialcases.
More generalsetsof classicalprobabilitiesare obtainedby the theory of co-
herentprevisions([33]), i.e. by assigninginterval-valuedexpectationsIEM (�) :=
[LIEM (�);UIEM (�)] on a setK of randomvariableson (W;A). By the lower en-
velopetheorem([33, p.134])andthefact thatclassicalexpectationandclassical
probabilitiesuniquelycorrespondwith eachother, thede�nition of coherencecan
berewritten in awaysimilar to (8). SinceWalley [33] did notcoinanamefor the
resultingsetof classicalprobabilities,it will becalledstructure, too.

The interval-valuedfunctionsor functionalsand the structurearedual con-
cepts,they uniquelydetermineeachother. Theresultsobtainedin this paperwill
begivenin termsof thestructure.

Many conceptsof classicalprobability theorycan be generalizedappropri-
ately. For decisionmakingthe notion of expectationis the most importantone.
Lookingat thestructureM , onewayhow to de�ne expectationfor interval prob-
ability andhow to extendthefunctionalIEM to randomvariablesX 62K suggests
itself (seealsothenaturalextensionin [33]): Givena structureM � K (W;A)

IEM X :=
�
LIEM X;UIEM X

�
:=

�
inf

p(�)2M
IEpX ; sup

p(�)2M
IEpX

�
(9)

is the(interval-valued)expectationof X (with respectto F ).4

3.2 GeneralizedExpectedLossand Risk

In this sectionthedecisionproblemasdescribedin the Introductionwill be an-
alyzedin the situationwherethe decisionmaker's knowledgeon the statesof
natureis ambiguous,expressedby a structureM of classicalprobabilitieson
(Q;Po(Q)) . To focustheargumentationon theessentialideas,it is assumedthat
thesamplinginformationconsistsof classicalprobabilities.5

Thegeneralizationof theconceptof probabilitynow allows to considergen-
eralizedprior probabilitiesdescribingthe decisionmaker's stateof knowledge.
With thenotionof interval-valuedexpectationfrom (9) oneimmediatelyobtains
thebasicelementof ageneralizeddecisiontheory:

De�nition 1 Considerthebasicdecisionproblem(IA;Q; l (�)) , a structure M �
K (Q;Po(Q)) , anda sampleinformation(X;Po(X); (pJ (�))J2Q). For every(ran-
domizedaction) l 2 L (IA), andeverydecisionfunctiond 2 ID; theexpectations

4An alternative way to de�ne expectationfor non-additive set functionsis the Choquetintegral
(or fuzzyintegral) (c.f., e.g.,[9]). For thecaseof two-monotoneandtotally monotonecapacitiesboth
notionsareequivalent (cf., e.g.,[9, Prop.10.3,p. 126]). Therefore,the resultsdevelopedbelow are
thenvalid for theChoquetintegral, too.

5Thewholeframework canbeextendedto imprecisesampleinformationwithoutsubstantialdif�-
culties(cf., alsothebrief outlinein [1]).
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IEM l(l ) andIEM R(d) are thegeneralizedexpectedlossandthegeneralizedex-
pectedrisk (with respectto theprior informationM ), respectively.

NotethatIEM l(l ) andIEM R(d) areinterval-valuedquantities.In mostcases,
comparingthegeneralizedexpectedlossof actionsdirectly will leadonly to par-
tial orderingson IA andL(IA). If a linear (complete)orderingof actionsis de-
sired,anappropriaterepresentationis needed.This is a mappingfrom IR� IR to
IR whichevaluatesintervalsby realnumbersto usethenaturalorderingon IR for
distinguishingoptimalactions.

Expressingthe probabilisticknowledgeby a structuremeansthat insidethe
structurethereis completeignorance:noneof the elementsof the structureis
`morelikely' thananotherone.Thereforeseveralauthors(seetheliteraturecited
below) suggestedto apply`themaximincriterionto thestructure'.Thentheinterval-
valuedexpectationsarerepresentedby theupperinterval limit alone.Accordingly,
anactionl � or adecisionfunctiond� is optimalif f

UIEM (l(l � )) � UIEM (l(l )) ; 8l 2 L (IA) : (10)

and
UIEM (R(d� )) � UIEM (R(d)) ; 8d 2 ID; (11)

respectively. The criterion (10) corresponds,amongothers,to the Maxmin ex-
pectedutility model ([15]) andto the MaxEMin criterion consideredby Ko�er
andMenges([21]; cf. also [20] andthe referencestherein)).(11) is alsocalled
Gamma-Minimaxprinciple (e.g. [4, Section4.7.6],[32]). Thesecriteria will be
usedin this paper, too.6

Remark 2 It shouldbenotedthat thecriterion consideredhere containsthetwo
mainclassicaldecisioncriteria as border cases:If there is perfectprobabilistic
informationand therefore no ambiguity, thenM consistsof onesingleclassical
prior probability p(�) only; (10) and (11) coincidewith Bayesoptimality with
respectto p(�). On theotherhand,in thecaseof completelylacking information,
theprior informationconsistsof all classicalprobabilitieson (Q;Po(Q) (`non-
selective' or 'vacuous'prior). Thenit is easilyderivedthat

UIEM (l (l )) = min
j2f 1;:::;mg

l (d;J j ) and UIEM (R(d)) = max
j2f 1;:::;mg

R(d;J j ) ;

and(10)aswell as(11) leadto theminimaxcriterion.

6This is done,however, without claimingthat this is theonly appropriatechoice.Indeed,already
in theseminalpaperby Ellsberg [11] therearestrongargumentsfor additionallytaking into account
othercriteria.A convenientandnevertheless�e xible choiceis alinearcombinationof lowerandupper
limits (compare,e.g.,with [11, p. 664], [18],[40], [39, Ch.2.6]).
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4 Robust BayesianAnalysisand GeneralizedBayes
Rule

4.1 Posterior LossAnalysis

The searchfor a decisionfunction is muchmorecostly than the calculationof
optimalactions.Therefore,anaturalattemptto solve(11) reliesontheideaof the
maintheoremof Bayesiandecisiontheory(compareProposition1): afterhaving
observed f xg, calculatethe (now imprecise)posteriorto updatethe imprecise
prior, andthendeterminetheactionminimizingposteriorloss.

Before discussingpropertiesof this way to proceedin detail, the informal
descriptionjust givenhasto bemadeprecise:

De�nition 2 Considerthebasicdecisionproblem(IA;Q; l (�)) , a structure M �
K (Q;Po(Q)) , and a sampleinformation (X;Po(X); (pJ (�))J2Q). Assumethat
p(f Jg) > 0;8J 2 Q; 8p 2 M .

i) Then,for everyx 2 X, call

M�jx = f p(�jx)jp 2 M g (12)

theimpreciseposteriorgivenx, andl � 2 L(IA) with

UIEM �jx (l (l � ;J j )) � UIEM �jx (l (l ;J j )) ; 8l 2 L (IA) ; (13)

anoptimalactionwith respectto theposteriorlossgivenx.7

ii) A decisionfunctiond̃ = (d̃(x1); : : : ; d̃(xs)) where, for everys= 1; : : : ;k; the
actiond̃(xs) is optimalwith respectto theposteriorlossgivenxs, is called
posteriorlossoptimaldecisionfunction.

The impreciseposteriorfrom (12) is the main tool in robust Bayesiananalysis
(e.g.,[35]), andits useis understoodasself-evidentin thedecisiontheoreticwork
basedon the theory of linear partial information ([21] and subsequentwork).
Moreover, a strong justi�cation is provided by Walley's [33] theory. The cal-
culation of M�jx is equivalent to applyinghis generalizedBayesrule, which is
thoroughlyderivedfrom generalaxiomson coherentupdating(cf. [33]). And in-
deed� next to its intuitive plausibility � working with the impreciseposterior
hasmany further appealingproperties.For instance,it is a vivid tool to re�ect
prior-datacon�ict ([33, p.6]) and it is naturally appliedin successive updating
wherethe impreciseposteriorservesasan impreciseprior, onceadditionaldata
areavailable.8

7Vidakovic [32] callssuchoptimaconditionalGamma-Minimaxsolutions.
8See,however, [41, Section6].
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4.2 Suboptimality of Posterior Loss Optimal Decision Func-
tions

Thoughthis procedureseemsto suggestitself, it must,however, benotedthatits
decisiontheoreticfoundationis lost. As hasto be discussedhere,the decision
functionconstructedalongthelinesof Part ii) of De�nition 2 maybesuboptimal
with respectto thecriterion(11).

A very simplecounterexamplecanbeobtainedfrom a bordercase:Consider
thevacuousprior informationK (Q;Po(Q)) . Then,independentof x, alsotheim-
preciseposterioris vacuous9. Using it asthe `updatedprior' yields, for every x,
accordingto Remark2, themaximinsolutionl mm of thebasicdecisionproblem
astheoptimalrandomizedaction.In contrast,theoptimaldecisionfunctioncoin-
cideswith themaximindecisionfunctiondmm(�) of thedataproblem.Typically,
dmm(�) haslower risk thanthedecisionfunction d̃ = (l mm; l mm; : : : ; l mm). Other
counterexamplescanbeobtained,for instance,by consideringsituations,where
theposteriorprobabilitiesaredilated(for this phenomenonsee:[31, 36]).

Therelationto minimaxsolutionsgoesfarbeyondthebordercasecounterex-
amplejust given. Indeed,the following representationtheoremeven shows that
optimalactionsin thesenseof (10) andoptimaldecisionfunctionsaccordingto
(11) are minimaxsolutions(in a differentdecisionproblem,wherethestructure
servesasthe setof statesof nature)— exceptin the caseof classicalprobabil-
ity wherethestructureconsistsof a singleelementonly. Therefore,theoptimal
solutionmustshareall the (un)pleasantpropertiesof minimaxsolutions,andso
a reductionof thedataproblemto smallerbasicdecisionproblemscannotbeex-
pected;the equivalenceof optimality with respectto posteriorlossandto prior
risk hasto begivenup.10

Theorem1 (RepresentationTheorem) Consider the basic decision problem
(IA;Q; l (�)) , the prior structure M � K (Q;Po(Q)) , and a sampleinformation
(X;Po(X); (pJ (�))J2Q). Thenthefollowingequivalenceshold:

i) An action l � is optimalwith respectto thecriterion (10), iff it is minimax
actionin thebasicdecisionproblem(L (IA);M ; l̃ (�)) with

l̃ : (L (IA) � M ) ! IR
(l ; p) 7! l̃ (l ; p) := IEp(l (l ;J )) :

ii) A decisionfunctiond� (�) is optimal with respectto the criterion (11), iff
d� (�) is minimaxsolutionin thebasicdecisionproblem(D;M ; R̃(�)) with

R̃ : (D � M ) ! IR
(d; p) 7! R̃(d; p) := IEp(R(d;J )) :

9See,for instance,[33, p.308].
10For thesamereasonalsotheessentialcompletenessof unrandomizedactions,known from clas-

sicalBayesiantheory, is no longervalid.
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Sketch of theproof: For Part i) readthecriterion(10)

maxp(�)2M IEp(l (l ;J )) ! min

from the viewpoint of the minimax criterion (4), whereQ hasbeenreplacedby M . To
show Part ii), analogouslyrewrite (11) in thelight of (5).

Thebasicideaof thistheoremis similarto Schneeweiß' [27] representationof
abasicdecisionproblem.A closerstudyof theproofshowsthatthis theoremcan
alsobe directly extendedto imprecisesampleinformationandto the Hurwicz-
like optimality criteria brie�y mentionedin Footnote6. Moreover, the fact that
in this representationthe structureM now servesas the setof statesof nature
providesstraightforwardly a framework for decisionmakingwith secondorder
probabilities:in this setting,a prior weighingthestatesof natureis nothingbut a
secondorderdistribution.

5 Concluding Remarks

Thepapershowedthat,for impreciseprobability, optimalitywith respectto prior
risk andto posteriorlossneednolongercoincide.Decisionfunctionsconstructed
by collecting, for every potentialobservation x 2 X, the optimal actionsgiven
the correspondingimpreciseposteriorstructuremay have higher risk than the
directsolutionto (11). Fromthecomputationalpoint of view this meansthat, in
order to calculatethe risk minimizing solution, the reductionto small, easyto
solve basicdecisionproblems,which is characteristicfor theBayesianapproach
in theclassicalsetting,is notpossibleany more;it is indispensableto gothecostly
way, fraughtwith dif�culty , via theoptimaldecisionfunction. Ef�cient algorithms
solving this challengein contexts of optimaldesignandtestingareprovidedby
FandomNoubiapandSeidel[12, 13]. Augustin[1, 3] givesa generalalgorithm
which is, in principle,applicableto arbitrarydecisionproblemson �nite spaces.

Concerningthe foundationsof statisticsit is remarkablethat, in the areaof
impreciseprobabilities,the intensive debatebetweenfrequentistsandBayesians
on topics like counterfactualeffectsand the principle of conditionality, obtains
new importance.Shouldinferencebebasedonly ontheconcreteobservationx, or
shouldonetakeall potentialobservationsx2 X into account,i.e.,evaluatethede-
cisionfunctionasa whole?Therearesoundargumentsfor bothviews and,quite
evidently, theauthoris nottheoneto decidethequestionde�nitely. But,at least,it
canbesaidthatoneshouldbeawareof thefactthatin theareaof impreciseproba-
bility, in contrastto classicaltheory, now thestandpointmatters;it mayin�uence
the resultssubstantially. The impreciseposteriordoesno longercontainall the
relevantinformationto produceoptimaldecisions.Inferenceanddecisiondo not
coincideany more— just asin every day life, thereis a differencebetweenac-
cumulatingasmuchinformationaspossible(inferenceandupdatingknowledge)
andmakingoptimal decisions.This may lead to a numberof paradoxes,since



42 ISIPTA ' 03

statisticiansup to now have beenusedto phraseestimatingandtestingproblems
equivalentlyasinferenceaswell asdecisionproblems.

Importantfurther insightsinto the topic shouldarisefrom a deeperunder-
standingof therelationshipbetweentheresultobtainedhereandthephenomenon
of dilation in conditioningimpreciseprobabilitiesasdescribedby Seidenfeldand
Wasserman[31] andWassermanandSeidenfeld[36]. Thereshouldalsobeaclose
andilluminating connectionto Jaffray's [19] observationson sequentialdecision
making,andto Seidenfeld's paper([29]) on incoherencein sequentialdecision
makingwhenpreferencesfail theindependenceaxiom.11

Furtherresearchmay alsoattemptat reconcilingthe conditionalandtheso-
to-sayglobalpointof view, themoreasthedebateonappropriatelyde�ning con-
ditional impreciseprobabilitiesis far from beingclosed.An increasingnumberof
resultssupportsthe ideathat thereshouldbe a symbiosisof severalconceptsof
conditionalinterval probability ([10, 16, 41] andthereferencesprovidedthere.).
Theremay be somehopeto �nd a notion of conditionalprobability or a mean-
ingful optimality criterionunderwhich bothwaysto proceedcoincide.In sucha
settingtherewould beunanimityon themeaningof termslike `updating',`infer-
ence'and`optimaldecisionmaking', becausethen,andonly then,theposterior
wouldcontainall therelevantinformationfor decisionmaking.
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