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Abstract
Weconsiderthestatisticalproblemof analyzingtheassociationbetweentwo
categorical variablesfrom cross-classi�eddata.The focus is put on mea-
sureswhich enableone to study the dependenciesat a local level and to
assesswhetherthedatasupportsomemoreor lessstrongassociationmodel.
Statisticalinferenceis envisagedusinganimpreciseDirichlet model.
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1 Intr oduction

1.1 The problem of associationin contingencytables

Theproblemof measuringassociationin two-waycontingency tablesarisingfrom
cross-classi�cationshasalongtraditionin statisticalresearch(see,e.g.,thenumer-
ousassociationmeasuresreviewed by Goodman& Kruskal [6]). Thoughevery
oneagreeson themeaningof “independence”,theoppositenotionof “complete
association”is felt moreambiguous,becausethereareseveraldirectionsin which
the datamay departfrom independence.For the simplestcaseof 2 � 2 tables,
Kendall& Stuart[9] make the distinctionbetween“completeassociation”(one
emptycell) and“absoluteassociation”(two emptycellsoneitherdiagonalof the
table).Although suchdistinctionsare occasionallymentionedin the literature,
moststatisticalresearchappearsto havefocusedonproposingglobalmeasuresof
association.

The motivation behindthis article arisefrom two (apparently)independent
goals.The�rst oneis to providea local and/orasymmetricapproachto theanal-
ysis of contingency tablesandto de�ne well-suiteddescriptive indicesfor that
purpose.Thesecondoneis to build the inferentialpartof theanalysison a gen-
eralizationof theBayesianframework, theimpreciseDirichlet model(IDM). Let
uscommenton thesetwo aspects.
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1.2 Analysisof local/asymmetricdependencies:two examples

The�rst aimof thisarticleis to addresstwo relatedtypesof statisticalissues,that
weshall illustrateby two psychologicalexamples.

Example1 (Stagesdata, Logical model) Jamison[8] studiedseveral cognitive
tasksrelatedto the Piaget's stage concept.Table 1 givesthe levelsattainedby
a group of children in two tasks,A and B, with three levels each. One model
predictsthat attaining a givenlevel in taskA is a prerequisitefor attaining the
samelevel in taskB, i.e., predictsthatcellsa1b2, a1b3 anda2b3 shouldbeempty.
This modelcan also be expressedas the logical expressionM = [b3 =) a3 ^
b2 =) (a2_ a3)]. The issuehere is to assesswhethera conclusionof quasi-
agreementof thedatawith modelM , canbereachedor not.

Table1: “Stages”example.Observed countsxxx for n = 101 childrencross-classi�edac-
cordingto their performancelevel in Seriationof lengths(A) andInclusionof lengths(B),
from [8, p. 248]. For eachtask,childrenwereclassi�ed as“preoperational”(a1 andb1),
“transitional” (a2 andb2) or “operational”(a3 or b3). Shadedcellsareerrorcellsassoci-
atedto thelogicalmodelM = (b3 =) a3 ^ b2 =) (a2_ a3)) .

b1 b2 b3

a1 14 0 0

a2 15 5 2

a3 19 20 26

Example2 (Dyad data, Dir ectionalassociationmodel) Another type of prob-
lemis thestudyof localdependencieswithin anA� B table, which aimsat show-
ing that a speci�ed group of cells is over- or under-represented.For example,
Danisetal. [5] analyzeddataaboutadult-child verbalinteractionsin a situation
of bookreading. Each statementproducedby either actor wascategorizedinto
oneof four levelsof increasingcomplexity. Table2(left) givesonetransitionma-
trix (child statementfollowedby adult statement)for onedyad.Onehypothesis
of interest here is that someregionsof Table 2(left) shouldbe over- or under-
representedaccordingto thepatternshownin Table2(right): over-representation
of statementsof the adult at the samelevel as the child's (denoted“ + ”), mod-
erate under-representationof statementsat an higher level (denoted“ � ”), and
highunder-representationof statementsat a lower level (denoted“ �� ”).

The two typesof questionsraisedby theseexamples,eitherasymmetricand
expressedin termsof quasi-agreementwith a logical model, or local and ex-
pressedin termsof over-/under-representation,canbeansweredusingindicesof
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Table2: Dyaddata.Countsof transitionsfrom thechild's statementlevel (A) to theadult
statementlevel (B) for onedyad(left). Expectedpatternof over-representations(+ ) and
under-representations(� or �� ) (right). Levelscorrespondto increasingcognitive com-
plexity: “perceptualidenti�cation” (a1 andb1), “perceptualrelationship”(a2 andb2), “dis-
placedreference”(a3 andb3), and“inferential statement”(a4 andb4); categoriesa0 and
b0 indicatecasesin whichoneof theactorsdid notspeak.

b0 b1 b2 b3 b4
a0 0 25 2 8 0
a1 6 27 1 3 2
a2 2 0 2 0 0
a3 13 0 0 20 2
a4 0 2 0 0 0

b0 b1 b2 b3 b4
a0
a1 + � � �
a2 �� + � �
a3 �� �� + �
a4 �� �� �� +

thesamefamily. Hildebrandetal. [7], besidethemaintrendof researchsketched
previously, proposeda generalindex, namedDel, which measuresthedegreeof
agreementof cross-classi�eddatato aspeci�edlogicalmodel.Thebuilding block
of the Del index is what [10] call the associationrate betweenmodalities.Our
methodwill bebasedon thesetwo indices.

1.3 Inferencefor local/asymmetricanalyses

Severaldif�culties arisewhenit comesto makinginferencesabouttheseindices.
Theinferentialmethodsthatwereinitially proposedwerebasedonthefrequentist
framework,and,dueto thepresenceof nuisanceparameters,reliedonasymptotic
arguments(seee.g., [7, Chp.6]), sothat thevalidity conditionsof thesemethods
aresatis�ed neitherfor small samples,nor for extremedatasetsin which some
cells areemptyor nearlyso.Thesedif�culties comein additionto somefunda-
mentalshortcomingsof the frequentistmethods,and,in particular, the fact that
they donotobey thelikelihoodprinciple (LP).

The Bayesianapproachto inferenceanswersmostof theseproblems.How-
ever, it alsoencounterssomedif�culties whenonewantsto makeinferencesfrom
aprior stateof ignorance.Noneof thevarioussolutionswhichwereproposedfor
thatgoalsimultaneouslysatis�essomegeneraldesirableprinciples(see[11]), i.e.,
theLP, andtherepresentationinvarianceprinciple(RIP) (invariancewith respect
to how categoriesaredistinguished).

A generalizationof the Bayesianframework, involving impreciseprobabili-
ties, allows oneto overcomemost,if not all, of the dif�culties of the Bayesian
approach,while keepingits attractive features(see[11]). In particular, Walley
[12] proposeda new methodof inferencefor categorical databasedon the im-
preciseDirichletmodel(IDM). In theIDM, prior uncertaintyaboutthecells' true
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frequenciesis describedby a setof Dirichlet priors,eachof whichbeingupdated
into aDirichlet posteriorusingBayes'theorem.Posterioruncertaintyis described
by thesetof theseDirichlet posteriors.TheIDM hasseveraldesirableproperties
asa model for making inferencesfrom a prior stateof nearignorance.Firstly,
it satis�es both the LP and the RIP. Secondly, the IDM distinguishesbetween
a relative lack of information(high imprecision)anda moresubstantialstateof
knowledge(low imprecision).TheIDM canalsobeviewedasamethodfor mak-
ing robustinferences.

Our purposehereis to apply the IDM to theproblemof studyingtheassoci-
ationin contingency tables.This articlecontainsrelatively few new resultsabout
theIDM itself, but we think it is importantto facetheIDM with severaltypesof
applicationsanddatasets,in orderto developmoreinsightsaboutits properties
andthescopeof its application.

Thisarticleis structuredasfollows.Section2 de�neslocalor asymmetricas-
sociationmeasures.Sections3 and4 review theusualBayesianDirichlet models
andtheIDM, respectively. Ourmaincontributionis thestudyof inferencesabout
associationmeasuresfrom theIDM which is presentedin Sections5 and6.

2 Descriptiveanalysis:de�ning relevant indices

Considera datasetof sizen categorizedin K categories,with observed counts
xxx = (x1; : : : ;xK), with n = å k xk. Theobserved(relative) frequenciesaredenoted
fff = ( f1; : : : ; fK ), with fk = xk=n. The dataxxx will be consideredas a sample
from a larger population,characterizedby the parentor true frequenciesqqq =
(q1; : : : ;qK), which are the populationcounterpartsof fff . Both fff andqqq belong
to theK-dimensionalunit simplex S(1;K). Throughoutthispaper, thegenericex-
pression“associationmodel” (or simply “model”) denotessomesummarystate-
mentaboutafrequency-vector,either fff orqqq, i.e.,astatementsayingthatit belongs
to somesubsetR � S(1;K). Thequali�ers “descriptive” and“inductive” areused
for modelsbearingon fff andqqq respectively. At the descriptive level, a modelis
eithertrueor false,whereas,at theinductive level, themodel's truth canonly be
assessedwith someprobability.

In this section,we de�ne variousindicesin termsof which the association
modelsconsideredin this paperwill be de�ned. Here,theseindicesarede�ned
asfunctionsof fff , but eachonehasits inductive counterpartasa function of qqq.
Theproblemof makinginferencesaboutparametersqqq (andindicesderivedfrom
them)will beenvisagedin latersections.

2.1 Notation and preliminary de�nitions

The K categoriesareobtainedhereascombinationsof modalitiesof the A and
B variables,sowe shallusemorespeci�c notations:ab or (a;b) for a cell of the
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contingency table,xab for its observedcount, fab for its observedfrequency; we
note fa = å b fab and fb = å a fab themarginal frequenciesof categoriesa 2 A or
b 2 B, and cfab = fa fb theproduct-frequencyof cell ab.1

De�nition 1 (Local independence)Thereis localindependencebetweenmodal-
itiesa andb, noteda ?? b, whenever fab = cfab.

De�nition 2 (Global independence)Thereisglobalindependencebetweenvari-
ablesA andB, notedA ?? B, whenever8a 2 A;b 2 B; a ?? b.

2.2 The associationratesasmeasuresof local association

Being interestedin the associationbetweenvariablesA andB amountsto being
interestedin the departuresfrom global independence,i.e., all departuresfrom
local independence.This is doneby introducingameasureof localassociation.

De�nition 3 (Associationrate, [10]) Theassociationratebetweena andb is de-
�ned astab = ( fab � cfab)=( cfab).

Thesignof tab indicateswhetherthereis anattraction(casetab > 0), a local
independence(casetab = 0), or a repulsion(casetab < 0) betweena andb. The
maximumrepulsionis obtainedwhentab = � 1, i.e., when fab = 0, but thereis
no a priori upperlimit for tab. Theindex tab canalsobeinterpretedasa over- or
under-representationrateof cell abwith respectto thea ?? b case:for example,
tab = + 0:50 (resp.� 0:50), indicatesthat cell ab contains50%more (resp.less)
observationsthanin thea ?? b case.

2.2.1 Propertiesof associationrates

Asshouldbeclearfrompropertiesgivenbelow (seealso[10, Chp.7]), theproduct-
frequenciesbfff = ( cfab)a2A;b2B mustbeconsideredasacanonicalsetof weightsfor
ttt = (tab)a2A;b2B. In thefollowing, wedenoteMeanR(ttt; bfff ) theweightedmeanof ttt
(with weightsbfff ) overR� A� B (RbeingomittedwhenR= A� B).

Property 1 Themarginal weightedaverage of ttt, for anya 2 A or anyb 2 B, is
equalto 0, i.e., Meanf (a;b);b2Bg(ttt; bfff ) = 0 andMeanf (a;b);a2Ag(ttt; bfff ) = 0.

Corollary 1 If in anyrowa (resp.columnb) sometab is positive, thensomeother
tab0 (resp.ta0b) is negative:over-representationof somecellsimpliestheexistence
of someunder-representedcells. In particular, for a 2 � 2 table, a ?? b implies
A ?? B.

1Throughoutthispaper, weuseK to denoteboththesetof categoriesandits cardinal,andsimilarly
for A andB, thedistinctionbeingalwaysclearfrom thecontext. Unlessotherwisestated,all sumsover
k (resp.a, b) run from 1 to K (resp.A, B).
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Property 2 (Pooling) ConsidertwoapplicationsA � ! A� andB � ! B� andthe
pooledtable, A� � B� , then,8a� 2 A� , 8b� 2 B� , ta� b� = Meanf (ab);a2a� ;b2b� g(ttt; bfff ).
In particular, considercell ab and thepooledtableA� � B� , where A� = f a;a0g
andB� = f b;b0g. Thentab is unchanged,whetherit is de�nedfromtableA� B or
fromA� � B� .

Note1 (Global independenceand ttt) From De�nitions 2 and 3, A ?? B occurs
if andonly if thetab' sareall equalto 0. Conversely, thedepartureof anytab from
0 indicatesa departure from independence. What is important here is that the
precisepatternof thetab' sdeparturesfrom0 pointsto thedirectionof association.

2.2.2 Example: Dyad data (continued)

Table3 givesthetab's for all cellsof Table2(left). Descriptively, (i) all diagonal
cells but oneareover-represented,(ii) all cells below the diagonalbut oneare
maximallyunder-represented,and(iii) four of thesix cellsabovethediagonalare
under-represented(two maximally). Several of theseresultsgo in the direction
of the patternof Table2(right), but this model, if taken at the cell level, is not
descriptively satis�ed.

2.3 Mean associationrate over a regionR: index tR
In ordertoexpresstheideathatsomeregionR� A� Bisover- orunder-represented,
weshallhaverecourseto amoreglobalindex asin [5].

De�nition 4 (Mean associationrate) Givena regionR� A� B, themeanasso-
ciationrateoverR is de�nedas,tR = MeanR(ttt; bfff ).

The index tR variesfrom � 1 (all cells in R are empty), to negative values
(under-representationof R), to 0 (independenceon averagein R), to positive val-
ues(over-representationof R) withoutany apriori upperbound.

Table3: Dyaddata.Observedassociationratestab from dataof Table2.

b0 b1 b2 b3 b4
a0 -1.00 0.52 0.31 -0.15 -1.00
a1 -0.16 0.47 -0.41 -0.71 0.47
a2 1.74 -1.00 10.50 -1.00 -1.00
a3 1.03 -1.00 -1.00 1.12 0.64
a4 -1.00 1.13 -1.00 -1.00 -1.00
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2.3.1 Example: Dyad data (continued)

Considerthe Dyad dataand the patternof over-/under-representationof Table
2(right). One possibleway to confront the datato this model,at a descriptive
level, is to computetheobservedmeanassociationratesfor the threeregions,D
for cells on thediagonal,U for cells above andL for cells below it. This yields
tD = 0:75,tU = � 0:50andtL = � 0:91.A globaldescriptivesummaryof thedata,
whichgoesin thedirectionof theexpectedpattern,is thus:tD > 0 > tU > tL.

2.4 TheDel index,ameasureof agreementwith a logicalmodel

2.4.1 Quasi-implication for a 2� 2 table

Considera 2 � 2 table,with binary variablesA = f a;a0g and B = f b;b0g. We
assimilatea andb to logical propositions,anddenotenegationby priming, con-
junction by concatenation,implication by =) , and the falsepropositionby /0.
Thenthestatementa =) b (i.e., any observationof typea is necessarilyof type
b) is equivalentto ab0=) /0, i.e., that cell ab0 is empty(cell ab0 is an error cell
for modela =) b, see[7]). Bernard[4] weakenedthe notion of a strict impli-
cationa =) b into that of a quasi-implication, denotedby a � ! b, by de�ning
thedescriptive index da=) b = � tab0 asameasureof thedegreeof agreementwith
thelogicalmodela =) b. For agiventhresholddquasi> 0, quasi-implicationwas
de�ned by: a � ! b ( ) da=) b � dquasi.

2.4.2 Generalization to any logical model, the Del index

De�nition 5 (Del index, [7]) More generally, considera logical modelM rela-
tive to anA� B table, anddenotebyEM , or E for short,thesetof all error cells
that contradict M , i.e., such that M =

V
(ab =) /0)(a;b)2E. Let tE be the mean

associationrateoverregionE. Thena globalmeasureof thedegreeof agreement
of thedatawith M is theDel index, dM = � tE.

Propertiesof dM �o w from thoseof (mean)associationrates.The index dM
variesin therange] � ¥ ;1]; dM = 0 in caseof independenceonaveragein region
E anddM = 1 whenM is veri�ed. A valueof dM between0 and1 canthusbe
interpretedasaquasi-agreementof thedatawith M atdegreedM ; thecloserto 1
its valueis, thebetterthequasi-agreementis.

Property 3 (Equivalent logical models) Considertwo logical modelsM1, de-
�ned on A� B, and M2, de�ned on a table A� � B� obtainedby coarseningsof
theA andB classi�cations,such that M1 andM2 are logically equivalent.Then,
dM1

= dM2
. ThispropertyfollowsfromProperty2.

As seenfrom De�nition 5, dM andtR areequivalentindices.In usingtR, we
wantto stresstheover-/under-representationinterpretationandtheindependence
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caseasa privilegedreference(tR = 0), whereas,in usingdM , we stresstheinter-
pretationin termsof quasi-agreementwith a strong/logicalmodelandwe point
modelM asaprivilegedreference(dM = 1).

2.4.3 Example: Stagesdata (continued)

Considerthe Stagesdatain Table 1 and the logical model M associatedwith
E = f (a1;b2); (a1;b3); (a2;b3)g.Weseethatonly two observationsfall in region
E andwe�nd dM = 0:851.Descriptively, at threshold,say, dquasi= 0:80,wemay
concludethatthedataquasi-agreewith modelM .

3 Bayesianinference

We now assumethatthedataxxx = (x1; : : : ;xK) is a multinomialsample(with K =
A� B categories)of sizen from a populationcharacterizedby theunknown pa-
rametersqqq = (q1; : : : ;qK), thetruefrequenciesof theK categories:xxx � Mn(n;qqq).
Wenow wantto makeinferencesaboutqqq, and,morepreciselyhere,aboutderived
parameterssuchast ab, t R anddM which arethepopulationcounterpartsof the
descriptive indicestab, tR anddM .

3.1 Dirichlet model for qqq

In the usualBayesianconjugateanalysis,prior uncertaintyaboutqqq is described
by a Dirichlet prior distribution, qqq � Diri (aaa), whereaaa = (a1; : : : ;aK) andeach
hyper-parameterak > 0.Wecall theak's theprior strengthsandn = å k ak theto-
tal prior strength. We shalluseanalternativeparameterizationof theDirichlet in
termsof theprior frequenciesjjj = aaa=n, wherejjj 2 S?(1;K) andS?(1;K) denotes
the interior of simplex S(1;K).2 The prior expectationsaresimply E(qk) = j k.
The posteriordistribution on qqq is thenan updatedDirichlet distribution, qqqjxxx �
Diri (xxx+ aaa) = Diri (xxx+ njjj ), with posteriorexpectationsgivenby,

E(qkjxxx) =
xk + nj k

n+ n
: (1)

3.2 ObjectiveBayesianmodels

For multinomialdata,four Dirichlet priorshavebeenproposedasmodelsfor prior
ignoranceaboutqqq. All aresymmetricDirichlet, that is j k = 1=K for any k, and
they only differ in their respective total prior strengthn: n ! 0 (Haldane),n = 1
(Perks),n = K=2 (Jeffreys)andn = K (Bayes-Laplace'suniformprior).

Haldane's improperprior leadsto someundesirableinferences:whenxk = 0,
it leadsto infer thatqk = 0,evenwhenn is small.A majordif�culty with theother

2Walley [12] usessymbolssandtk in placeof n andj k respectively.
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threeobjectiveBayesianpriorsis thatinferencesthey producedependonhow the
K categoriesare distinguished,which is partly arbitrary, and thus they do not
satisfytheRIP (see[12]). Jeffreys' prior doesnot satisfytheLP either. Although
it is often claimedthat inferencesfrom thesepriors differ in a negligible way
whenn is not small, large discrepanciescanbe obtainedfor statementsbearing
onunobservedor rarecells,evenwith largen.

4 Impr eciseDirichlet model

4.1 Presentationof the model

Walley [12] proposedthe impreciseDirichlet model(IDM) asa modelfor prior
ignorancein thecaseof categoricaldata.Themodelconsistsin describingprior
uncertaintyaboutqqq = (q1; : : : ;qK) by a setof Dirichlet priors.Theprior IDM(n)
is de�ned asthe setof all Dirichlet priors on qqq with a �x ed total prior strength
n > 0, i.e., thesetf Diri (aaa) : ak > 0 for all k, å k ak = ng, or equivalently

f Diri (njjj ) : jjj 2 S?(1;K)g; (2)

whereS?(1;K) is theinterior of thesimplex S(1;K).
Let Pnjjj (�) andEnjjj (�) berespectively a prior probabilityanda prior expecta-

tion providedby a particularDiri (njjj ) in the set(2). The uncertaintyaboutany
event Z concerningqqq is describedby prior lower and upperprobabilities, de-
notedby P(Z) andP(Z), andcalculatedby minimizing andmaximizingPnjjj (Z)
with respectto jjj 2 S?(1;K). Similarly, for any real-valuedfunction l = g(qqq),
prior lower andupperexpectationsE(l ) andE(l ) arecalculatedby minimizing
or maximizingtheexpectationEnjjj (l ) with respectto jjj . Inferencesaboutl can
be summarizedby the prior lower and uppercumulativedistribution functions
(cdf's), Fl (l ) = P(l > l ) andFl (l ) = P(l > l ).

EachDirichlet prior in theprior IDM(n) is updatedinto a Dirichlet posterior
usingBayes'theorem.Thisupdatingprocedureguaranteescoherenceof theinfer-
ences[11]. Hencetheposterioruncertaintyaboutqqq from theIDM(n) is expressed
by theset

f Diri (xxx+ njjj ) : jjj 2 S?(1;K)g (3)

As for the prior IDM, posteriorlower andupperprobabilities,expectationsand
cdf'sareobtainedby minimizationor maximizationwith respectto jjj 2 S?(1;K).

The IDM satis�esseveraldesirableprinciplesof inference,andin particular
boththeLP andtheRIP(see[12]). TheRIPstatesthatposteriorinferencesabout
any derivedparameterl = g(qqq) shouldnot dependon thenumberof categories
K usedfor de�ning l . TheRIP is satis�edby theIDM in sofar asthetotal prior
strengthn is speci�edindependentlyof K.
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4.2 Prior and posterior inferencesabout qk fr om the IDM

Theposteriorlowerandupperexpectationsof qk aregivenby

E(qkjxxx) = xk=(n+ n) and E(qkjxxx) = (xk + n)=(n+ n); (4)

andareobtainedasj k ! 0 andj k ! 1 respectively. Thetwo samelimiting values
leadto theposteriorupperandlower cdf's respectively, P(qk > l jxxx) which is the
Beta(xk;n� xk + n) cdf, andP(qk > l jxxx) which is theBeta(xk + n;n� xk) cdf.

By settingn= xk = 0 in (4),weseethatprior uncertaintyaboutqk is maximal.
We haveE(qk) = 0 andE(qk) = 1, andP(qK > l) = 0 andP(qk > l) = 1 for any
0 < l < 1, thatis vacuouslowerandupperprobabilities.

4.3 Choiceof n

The IDM asde�ned in (2) and(3) dependson the choiceof n. The constantn
determineshow fastthe lower andupperprobabilitiesconvergeonetowardsthe
otherasn increases,andcanthusbe interpretedasa measureof the cautionof
the inferences.The larger n is, the morecautiousthe inferencesare.The most
importantcriterion for the choiceof n is the requirementthat the IDM should
be cautiousenoughto encompassfrequentistor objective Bayesianalternatives,
while notbeingtoocautiousto avoid tooweakinferences.

The �rst researchesaboutthe IDM leadto severalconvincing argumentsfor
choosing1 � n � 2, but mostof theseargumentsarerelative to the binary case
(K = 2) only (see[2, 12]. Morerecentworkprovidessomesupportfor n = 2 in the
caseof largeK, for non-parametricinferenceabouta mean[3]. In thefollowing,
weshallusen = 2, a valuewhich is alsosupportedby resultsin Section5.4.

4.4 Two conjecturesabout the IDM

Conjecture1 (Expectationof a derivedparameter) Let l = g(qqq) bea real-va-
luedfunctionof qqq, andEnjjj (qqq) theprior (resp.posterior)expectationof qqq under
theprior Diri (njjj ) (resp.posteriorDiri (xxx+ njjj )). Thentheupperand lower ex-
pectationsof qqq undertheIDM(n) are obtainedfromthe(or oneof the)Dirichlet
prior which maximizes(resp.minimizes)g(Enjjj (qqq)) with respectto jjj .

Conjecture2 (Cdf of a real-valuedderivedparameter) Letl = g(qqq) bea real-
valuedfunctionof qqq. Let Diri (njjj ) bea Dirichlet prior which providesthe lower
(resp.upper)prior or posteriorexpectationof l underthe IDM(n), thenit also
providestheprior or posteriorupper(resp.lower)cdfof l .

The two conjectureshold if g(:) is a linear function of the qk's. We don't
expectthemto be true in thegeneralcase(therearesimplecounter-examplesto
Conjecture1). Nevertheless,we suggestthat theseconjecturesactuallyprovide
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reasonableapproximationsfor the lower andupperexpectationsandcdf's of l
for mostfunctionsg(:). In any case,theproceduresthey inducenecessarilylead
to anupper(resp.lower)boundfor E(l ) andF l (:) (resp.E(l ) andFl (:)).

5 Infer enceabout a singleassociationrate t i j

We�rst investigatethepropertiesof theinferencesaboutasingleassociationrate
t ab from the IDM. Thefollowing lemmashows that inferencesaboutt ab canbe
carriedout from theanalysisof a simple2� 2 table.

Lemma 1 ConsiderthepooledtableA� � B� , with A� = f a;a0g andB� = f b;b0g
anddenotet �

ab theassociationrateof cell abfromthepooledtable. FromProperty
2, t �

ab = t ab. Further, inferencesfrom the IDM are invariant by such a pooling,
sincethe IDM obeystheRIP. Thus,inferencesaboutanysinglet ab only involve
therelevant2� 2 table, A� � B� .

5.1 Prior upper and lower expectationand cdf

The prior lower and upperexpectationof t ab are given by E(t ab) = � 1 and
E(t ab) ! + ¥ , andareattainedrespectively by j ab = j a0b0 ! 1

2, andby j ab = l ,
j a0b0 = 1� l , with l ! 0. The samelimiting valuesof jjj alsoleadto the prior
upperandlower cdf's respectively, P(t ab > t) = 0 andP(t ab > t) = 1, for any
0 < t < 1. Theseresultsshow that prior inferencesaboutt ab arevacuous.The
prior IDM thusexpressesastateof prior ignoranceaboutparametert ab.

5.2 Posterior upper and lower expectationand cdf

As in [4], we have recourseto Conjecture1 in orderto �nd approximatevalues
for theposteriorupperandlowerexpectationsof t ab. Write t ab = g(qqq) whereg(:)
is suchthattab = g( fff ) andg(:) is givenby De�nition 3. Undera singleDirichlet
prior, Diri (njjj ), theposteriorexpectationEnjjj (t abjxxx) is approximatedby replacing
eachqk in g(:) by E(qkjxxx) givenin (1), thatis

E?
njjj (t abjxxx) =

xab+ nj ab

(xa + nj a)(xb + nj b)
� 1 (5)

wherexa andxb arethemarginalcountsof cell ab, andj a andj b itsmarginalprior
frequencies.Conjecture1 suggeststhento minimize(resp.maximize)E?

njjj (t abjxxx)
with respectto jjj , in orderto estimatetheposteriorlower (resp.upper)expecta-
tionsof t ab undertheIDM(n). Theminimumvalueis attainedby lettingj ab0 ! 1,
j a0b ! 1,or j ab0= j a0b ! 1=2,whetherfab0 is lowerthan,greaterthan,orequalto
fa0b respectively. Themaximumvalueis attainedby letting j ab ! 1 or j a0b0 ! 1
whetherxaxb > xab(xa + xb + n) or not.Following Conjecture2, weusethesame
valuesfor �nding approximateposteriorloweranduppercdf'sof t ab.
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5.3 Dyad data: Summary of local inferences

Table4 givesthelowerandupperprobabilitiesof apositiveassociationratefrom
theIDM with n = 2, for eachcell ab concernedby thepredictiongivenin Table
2(right). Threeof the four diagonalcells, (a1;b1), (a2;b2) and(a3;b3), canbe
assessedto be inductively over-representedwith a high guarantee,P(t ab > 0)
being at least0:99 for any of them.For cell (a4;b4), the probability interval,
[0:00;1:00] is almostvacuous;uncertaintystill dominates,even after observing
115observations.For theregionsoff thediagonal,only cells(a1;b3) and(a3;b1)
areguaranteedto be under-represented,since,in both cases,P(t ab < 0) = 1�
P(t ab > 0) = 1:00; cells (a2;b1) and(a3;b2) have a probabilityof at least0:79
and 0:61 to be under-represented;uncertaintyconcerningthe 8 remainingoff-
diagonalcellsis evenlarger, sinceP(t ab < 0) < 0:50 for eachcell.

The �rst overall conclusionthat maybe drawn from theseresultsis that the
modelshown in Table2(right)cannotnotbeinductively assessedat thecell level.

Of course,any otherreferencevaluefor t ab than0 canbe usedin a similar
way. For instance,theprobabilityintervalsfor eventt ab > 0:50for diagonalcells
are:[0:30;0:50] for (a1;b1), [0:98;1:00] for (a2;b2), [0:99;1:00] for (a3;b3) and
[0:00;0:99] for (a4;b4). Both cells (a2;b2) and (a3;b3) canbe assessedto be
over-representedby at least50%with a high lowerprobability.

Table4: Dyaddata.Lowerandupperposteriorprobabilitiesfor eventt ab > 0, P(t ab > 0jxxx)
andP(t ab > 0jxxx), for cellsindexedby a1; : : : ;a4 andb1; : : : ;b4 only, usingtheIDM(n= 2).

b0 b1 b2 b3 b4
a0
a1 1.00;1.00 0.09;0.65 0.00;0.00 0.45;0.95
a2 0.00;0.21 0.99;1.00 0.00;0.57 0.00;0.99
a3 0.00;0.00 0.00;0.39 1.00;1.00 0.53;0.97
a4 0.56;1.00 0.00;0.99 0.00;0.81 0.00;1.00

5.4 Comparisonwith fr equentistand Bayesianapproaches

Let usconsiderthetestof thehypothesisH0 : t ab � 0 versusH1 : t ab > 0. Dueto
Corollary1, this testis equivalentto H0 : F � 0 versusH1 : F > 0, whereF is the
usualcontingency coef�cient for a2� 2 table.

In thefrequentistframework, theusualcorrespondingtestis Fisher'sexacttest
for a 2� 2 table.Theone-sidedlevel pinc of this testis usuallycomputedasthe
probabilityof theobservationsor more extremecases(inclusivetest)underH0.
However, asarguedby [2], thischoiceis amatterof conventionandonecouldalso
envisagethe exclusivealternative with level pexc involving more extremecases
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only. Thefollowing lemmashowsthatboththesefrequentisttestscanactuallybe
reinterpretedin a Bayesianway.

Lemma 2 Let pexc and pinc by theexclusiveandtheinclusivelevels(one-sided)
of Fisher'sexacttestof H0 : F � 0 versusH1 : F > 0 for a 2� 2 tablewith counts
xxx. Let Pnjjj (:) be a Bayesianprobability obtainedfrom the prior Diri (njjj ) on qqq.
Then,pexc = Pnjjj (H1jxxx) with n = 2 and jjj = (0; 1

2; 1
2;0), and pinc = Pnjjj (H1jxxx)

with n = 2 and jjj = ( 1
2;0;0; 1

2). The former prior allocatesnon-null strengths
evenlyto cells(a;b0) and(a0;b), thelatter to cells(a;b) and(a0;b0).

Lemma 3 Underthesameassumptions,theprobabilityPnjjj (t ab > 0jxxx) fromany
of thefour symmetric(jjj constant)objectiveBayesianpriors, i.e., n ! 0, n = 1,
n = 2 andn = 4, are in theinterval [pexc; pinc].

Proof. Lemmas2 and3 canbereadilydeducedfrom resultsin [1, Sec.3]. 2

Theorem1 For any cell (a;b), the posterior lower and probabilities of event
t ab � 0 fromtheIDM withn= 2 encompass(i) Fisher'sexactprobabilitiesfor H0 :
t ab � 0 versusH1 : t ab > 0 usingeithertheexclusiveor theinclusiveconvention
and(ii) theBayesianposteriorprobabilitiesof thesameeventundertheobjective
priorsof Haldane, Perks,JeffreysandBayes-Laplace(thelatter twobeingde�ned
on therelevantspeci�c 2� 2 table).

Proof. The proof follows from (i) theequivalencebetweent ab > 0 andF > 0
for thepooledf a;a0g� f b;b0g table,(ii) thetwo Lemmas2 and3, and(iii) from
thefactthatthetwo Bayesianpriorsequivalentto pexc andpinc aresuchthatn = 2
andthusbelongto theIDM(n = 2). 2

Note2 In analyzinga 2� 2 table, Walley et al. [13, Sec.5.4] advocatethe use
of two independentIDM' s with sameprior strengthn1, onefor each line of the
table. They notethat thevaluen1 = 1 leadsto P(H0jxxx) = pinc, a resultwhich is
onlyhalf of whatLemma2 says.Here, weproposea morecautiousmodel,a single
IDM with n = 2n1 = 2 for thewholetable, which encompassesWalley's model.
AsTheorem1 implies,our modelhastheadvantageof producinginferencesthat
encompassinferencesfrom alternativeobjectivemodelsfor all cells of the table
simultaneously. TheIDM(n = 2) is thesmallestIDM havingthisproperty.

5.5 Absentor rar ecells

For somecells,posterioruncertaintyis still quite large.As anexample,consider
theunobservedcell (a2;b4) for whichtheposteriorprobabilityinterval for t ab > 0
is almostvacuous,[0:00;0:986] (seeTable4). Sucha wide interval resultsfrom
the rarenessof both a2 and b4 ( fa2 = fb4 = 4=115). Even if a2 and b4 were
locally independent,theexpectednumberof observationsin cell (a2;b4) would
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beextremelysmall, dxa2b4 = n dfa2b4 = 16=115,far lessthanoneobservation.Thus,
despitetheextremedescriptive resultta2b4 = � 1, both thehypothesesa2 ?? b4
(t a2b4 = 0) anda2b4 =) /0 (t a2b4 = � 1) arecompatiblewith thedata.A similar
resultwasfoundby [4]. This uncertaintyis alsore�ected in thelargedifferences
betweenthealternative objective models:P(t a2b4 > 0) rangesfrom 0 (Haldane),
0:350(Perks),0:571(Jeffreys), to 0:802(Bayes-Laplace),andthecorresponding
probabilityfrom Fisher'sexacttestsare0 (exclusive)and0:866(inclusive).

6 Infer enceabout a meanassociationrate t R

Without lossof generality(seeProperty1), we considera non-emptyregion R
whichdoesnot containany full row or a full columnof theA� B table.It is easy
to �nd a Dirichlet prior within theIDM for which theprior lower expectationof
t R is � 1 (8(a;b) 2 R; j ab ! 0 with strengthsof cellsoutsideRcarefullychosen).
This limiting value for jjj also provides the prior uppercdf, P(t R > t) = 1 for
0 < t < 1. We believethattheprior upperexpectationandlowercdf of t R leadto
vacuousinferencesaboutt R, but we haveno formalproofof that.

6.1 Posterior inferencesabout a singlet R

Let t R = g(qqq), with tR = g( fff ) asgivenin De�nition 4. We shallassumethatal-
locatingn to a singlecell suf�ces to attainthe lower or upperexpectationor cdf
of t R. This assumptionactuallyappearsto betruein mostcaseswe tested,but is
certainlynot true in all cases.However, we shall considerthat it providesa rea-
sonableapproximationfor inferencesaboutt R from the IDM. As a secondlevel
of approximation,we usethesameargumentasin Section5.2usingConjectures
1 and2. De�ne E?

njjj (t Rjxxx) = g(Enqqq(qqqjxxx)) andEnqqq(qqqjxxx) is givenby (1).

Theorem2 Denotebyrab theindicatorvariableof (a;b) 2 RandR0thecomple-
mentof R in A� B. Computemab = å A

i= 1 r ibxi + å j= 1:::B rajx j for each cell (a;b).
ThenE?

njjj (t Rjxxx) is minimizedby letting j ab ! 1 for cell (a;b) 2 R0 maximizing
mab. (We haveno simpleformulafor maximizationof E?

njjj (t Rjxxx).) Proof involves
tediousbut rathersimplealgebra.

6.2 Stagesdata: Inferenceon dM

ConsidertheStagesdata(Table1) andthemodelM de�ned therein.We found
dM = 0:851 and we now want to make inferencesaboutparameterdM using
the IDM(n = 2). For variousstatementsaboutdM , we �nd the following proba-
bility intervals: [1:00;1:00] for dM > 0, [0:95;1:00] for dM > 0:50, [0:84;0:98]
for dM > 0:60 and[0:62;0:93] for dM > 0:70.We thusmayassessthat thedata
quasi-agreewith M at thresholddquasi= 0:50,with probabilityat least0:95.
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6.3 Inferencesabout a complexdir ectionalassociationmodel

The IDM can be applied to study any kind of complex model expressedas a
conjunctionof constraintsaboutassociationratesof speci�c cells or regionsof
anA� B table.ConsidertheDyaddatain Table2(left) andthetwo modelsM1 =
t L < tU < 0 < t D and M2 = t L < � 0:70 < t U < 0 < 0:50 < t D. Both try to
expresstheexpectedpatternshown in Table2(right),in amoreor lessstrongway.
Computingtheposteriorlower andupperprobabilitiesof M1 or M2 canbedone
numericallyby minimization/maximizationover the setof Dirichlet posteriors.
UsingtheIDM with n = 2, we �nd P(M1) = 0:98,P(M1) = 1:00,andP(M2) =
0:84,P(M2) = 0:96.Model M1 only is supportedby thedatawith a suf�ciently
high lowerprobability.

Of course,modelsM1 andM2 areonly two candidatesamongstthepossible
inductive summariesof the data.The taskof modelselection(which is not ad-
dressedhere)would requiretaking into account,not only the(lower) probability
of eachmodel,but alsothedegreeof speci�city or generalityof eachmodel.

7 Concluding remarks

This paperproposesa methodfor analyzinglocal or asymmetricdependencies
in a contingency table,by focusingon previously suggestedindices— (mean)
associationrates[5, 10] andDel index [7] —, which,we believe,aresimpleand
natural,andyet providemeansto de�ne awidevarietyof associationmodels.

Weshowedhow theimpreciseDirichlet model(IDM) canbeappliedto assess
whetherthedatasupportsuchassociationmodelsor not.Several resultsprovide
approximatesolutionsto the minimizing/maximizingproblemsrequiredby the
IDM. Furtherresearchwould beneededto developexactsolutionsor to measure
theaccuracy of our approximateprocedures.

TheexactcomparisonbetweentheIDM andalternative frequentistor objec-
tiveBayesianmodels,carriedout in Section5.4(seeespeciallyTheorem1), pro-
videsa new argumentfor choosingn = 2 in the IDM, for a probleminvolving a
possiblylargenumberof categories(seealso[4]). Thelargediscrepancieswhich
canbeobtainedin theinferencesfrom thesevariousalternativemodelsaretrans-
latedasa high imprecisionin the IDM (seeanexamplein Section5.5).Section
5.4 shows that this phenomenonoccurswhenever the frequentistprobability of
theobserveddata(undersomeparticularnull hypothesis)is notnegligible.
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