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Abstract
We considetthe statisticalproblemof analyzingtheassociatioetweertwo
catgorical variablesfrom cross-classi eddata. The focusis put on mea-
sureswhich enableone to study the dependencieat a local level andto
assessvhetherthe datasupportsomemoreor lessstrongassociatioomodel.
Statisticalinferences ernvisagedusinganimpreciseDirichlet model.
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1 Intr oduction

1.1 The problem of associationin contingencytables

Theproblemof measurin@ssociatiotin two-way contingeng tablesarisingfrom
cross-classi cationhasalongtraditionin statisticakesearclisee g.g.,thenumetr
ousassociatiormeasureseviewed by Goodman& Kruskal[6]). Thoughevery
oneagreeson the meaningof “independence”the oppositenotion of “complete
association’s felt moreambiguousbecaus¢hereareseveraldirectionsin which
the datamay departfrom independenceror the simplestcaseof 2 2 tables,
Kendall& Stuart[9] malke the distinction between‘completeassociation’(one
emptycell) and“absoluteassociation’{two emptycells on eitherdiagonalof the
table). Although suchdistinctionsare occasionallymentionedin the literature,
moststatisticaresearctappears$o have focusedon proposingglobalmeasuresf
association.

The motivation behindthis article arisefrom two (apparently)independent
goals.The rst oneis to provide alocal and/orasymmetricapproacho the anal-
ysis of contingeny tablesandto de ne well-suiteddescriptve indicesfor that
purposeThe secondoneis to build theinferentialpart of the analysison a gen-
eralizationof the Bayesiarframeawork, theimpreciseDiric hlet model(IDM). Let
uscommenn thesetwo aspects.
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1.2 Analysisof local/asymmetricdependenciestwo examples

The rst aimof thisarticleis to addresswo relatedtypesof statisticalissuesthat
we shallillustrateby two psychologicakxamples.

Example 1 (Stagesdata, Logical model) Jamison[8] studiedseveral cognitive
tasksrelatedto the Piaget's stage concept.Table 1 givesthe levelsattainedby
a group of childrenin two tasks,A and B, with three levels eadh. One model
predictsthat attaining a givenlevel in task A is a prerequisitefor attaining the
samdevelin taskB, i.e., predictsthat cellsalb2, alb3 anda2b3 shouldbeempty
This modelcan also be expressedas the logical expressionM = [b3=) a3 »
b2=) (a2_ a3)]. Theissuehere is to assesavhethera conclusionof quasi-
agreemenof thedatawith modelM , canbereadedor not.

Table 1: “Stages”example.Obsered countsx for n= 101 children cross-classi edac-
cordingto their performancdevel in Seriationof lengths(A) andinclusionof lengths(B),
from [8, p. 248]. For eachtask, childrenwereclassi ed as “preoperational’(al andbl),
“transitional” (a2 andb2) or “operational” (a3 or b3). Shadecdtells areerror cells associ-
atedto thelogicalmodelM = (b3=) a3 * b2=) (a2_aj3)).

bl b2 b3
al 14 0 0
a2 15

a3 19 20 26

Example 2 (Dyad data, Dir ectional associationmodel) Anothertype of prob-
lemis thestudyof local dependenciewithinan A B table which aimsat show-
ing that a speci ed group of cells is over or underrepresentedFor example
Danisetal. [5] analyzeddataaboutadult-child verbalinteractionsin a situation
of bookreading Each statemenproducedby either actor was categgorizedinto
oneof four levelsof increasingcompleity. Table 2(left) givesonetransitionma-
trix (child statemenfollowed by adult statementfor one dyad. One hypothesis
of interesthere is that someregions of Table 2(left) shouldbe over or under
representecccording to the patternshownin Table2(right): overrepresentation
of statement®f the adult at the samelevel as the child's (denoted’ + "), mod-
erate underrepresentatiorof statementst an higher level (denoted* "), and
high underrepresentatiorof statementat a lower level (denoted: 7).

Thetwo typesof questiongaisedby theseexamples eitherasymmetricand
expressedn termsof quasi-agreemenwith a logical model, or local and ex-
pressedn termsof over-/underrepresentatiorganbe answeredisingindicesof
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Table2: Dyaddata.Countsof transitionsfrom the child’s statementevel (A) to the adult
statementevel (B) for onedyad (left). Expectedpatternof overrepresentationg+ ) and
underrepresentation§ or ) (right). Levels correspondo increasingcognitive com-
plexity: “perceptualdenti cation” (al andbl), “perceptuatelationship’(a2 andb2), “dis-
placedreference’(@3 andb3), and“inferential statement{a4 andb4); catgoriesal and
b0 indicatecasesn which oneof the actorsdid not speak.

bO bl b2 b3 b4 bO bl b2 b3 b4
a0 0|25 2 8 O a0
al 6 | 27 1 3 2 al +
a2 2 0O 2 0O O a2 +
a3 | 13 0O 0 20 2 a3 +
a4 0 2 0 0O O a4 +

thesamefamily. Hildebrandetal. [7], besidehemaintrendof researclsketched
previously, proposecda generalindex, namedDel, which measureshe degreeof
agreementf cross-classi edlatato aspeci edlogicalmodel.Thebuilding block
of the Del index is what[10] call the associationrate betweenmodalities.Our
methodwill bebasedn thesetwo indices.

1.3 Inferencefor local/asymmetricanalyses

Severaldif culties arisewhenit comesto makinginferencesabouttheseindices.
Theinferentialmethodghatwereinitially proposedverebasednthefrequentist
framawork, and,dueto the presencef nuisancegparametergeliedonasymptotic
argumentgseee.qg., [7, Chp.6]), sothatthevalidity conditionsof thesemethods
aresatis ed neitherfor small samplesnor for extremedatasetsin which some
cellsareemptyor nearlyso. Thesedif culties comein additionto somefunda-
mentalshortcomingof the frequentistmethodsand,in particular the fact that
they do not obey thelikelihoodprinciple (LP).

The Bayesianapproacho inferenceansweramostof theseproblems.How-
ever, it alsoencountersomedif culties whenonewantsto makeinferencegrom
aprior stateof ignoranceNoneof thevarioussolutionswhich wereproposedor
thatgoalsimultaneouslgatis essomegenerablesirableprinciples(seg11)), i.e.,
theLP, andtherepresentationnvarianceprinciple (RIP) (invariancewith respect
to how categoriesaredistinguished).

A generalizatiorof the Bayesianframework, involving impreciseprobabili-
ties allows oneto overcomemost,if not all, of the dif culties of the Bayesian
approachwhile keepingits attractve features(see[11]). In particulay Walley
[12] proposeda nev methodof inferencefor cateyorical databasedon the im-
preciseDirichletmodel(IDM). In the IDM, prior uncertaintyaboutthecells' true
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frequenciess describey a setof Dirichlet priors, eachof which beingupdated
into aDirichlet posteriorusingBayes'theoremPosteriomuncertaintyis described
by the setof theseDirichlet posteriorsThe IDM hasseveraldesirableproperties
asa modelfor making inferencesdrom a prior stateof nearignorance Firstly,
it satis es both the LP andthe RIP. Secondly the IDM distinguishesbetween
arelative lack of information (high imprecision)anda more substantiaktateof
knowledge(low imprecision).ThelDM canalsobeviewedasa methodfor mak-
ing robustinferences.

Our purposehereis to applythe IDM to the problemof studyingthe associ-
ationin contingeng tables.This article containsrelatively few new resultsabout
theDM itself, but we think it is importantto facethe IDM with severaltypesof
applicationsanddatasets,in orderto develop moreinsightsaboutits properties
andthe scopeof its application.

This articleis structuredasfollows. Section2 de neslocal or asymmetrias-
sociationmeasuresSections3 and4 review the usualBayesiarDirichlet models
andthe DM, respectiely. Our maincontributionis the studyof inferencesabout
associatiomeasurefrom the IDM whichis presentedn Sectionss and6.

2 Descriptive analysis:de ning relevant indices

Considera datasetof sizen cateyorizedin K cateyories,with obsened counts

to theK-dimensionalinit simplex S(1;K). Throughouthis paperthegenericex-

pressiort‘associatiormode! (or simply “mode!) denotessomesummarystate-
mentaboutafrequeng-vectoreitherf or q, i.e., astatemensayingthatit belongs
tosomesubseR  §(1;K). Thequali ers “descriptive” and“inductive” areused
for modelsbearingon f andq respectiely. At the descriptve level, a modelis

eithertrue or false,whereasat theinductive level, the model's truth canonly be
assessedith someprobability.

In this section,we de ne variousindicesin termsof which the association
modelsconsideredn this paperwill be de ned. Here,theseindicesarede ned
asfunctionsof f, but eachonehasits inductive counterpartasa function of q.
The problemof makinginferencesaboutparameterg (andindicesderivedfrom
them)will beervisagedn latersections.

2.1 Notation and preliminary de nitions

The K cateyoriesare obtainedhereas combinationsof modalitiesof the A and
B variables sowe shallusemorespeci ¢ notations:ab or (a; b) for a cell of the
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contingeng table,xp, for its obsenedcount, fy, for its obseredfrequeng; we
note f; = &y fap and fy, = &, fap themaminal frequencief catgoriesa2 A or

b2 B, and €y, = fafp theproduct-fiequencyof cell ab.

De nition 1 (Local independence)Theris localindependencbetweermodal-
itiesa andb, noteda ?? b, wheneer fap = .

De nition 2 (Global independence)Theris globalindependencketweervari-
ablesA andB, notedA ?? B,wheneer8a2 A;b2 B; a?? b.

2.2 The associationrates asmeasuresof local association

Beinginterestedn the associatiorbetweernvariablesA and B amountsto being
interestedn the departuredrom global independencsi,e., all departuregrom
localindependencelhisis doneby introducinga measuref local association.

De nition 3 (Associationrate, [10]) Theassociatiorratebetweeraandb is de-
ned astah = (fan  Fan)=(fab)-

The sign of t,, indicateswhetherthereis an attraction (caseta, > 0), alocal
independencécaset,, = 0), or arepulsion(caset;, < 0) betweera andb. The
maximumrepulsionis obtainedwhenty, = 1, i.e., when fa, = 0, but thereis
no a priori upperlimit for ty,. Theindex tyy canalsobeinterpretedasa over or
underrepresentatiorrate of cell ab with respecto thea ?? b casefor example,
tan = +0:50 (resp. 0:50), indicatesthat cell ab contains50% more (resp.lesg
obsenationsthanin thea ?? b case.

2.2.1 Propertiesof associationrates

As shouldbeclearfrom propertiegyivenbelow (seealso[10, Chp.7]), theproduct-
frequencies? = (fab)azab2s Mustbeconsideredsa canonicaketof weightsfor
t = (tan)azab2e. In thefollowing, we denoteMeark(t; |P) theweightedmeanof t
(with weightslP) overR A B(RbeingomittedwhenR= A B).

Property 1 Themarminal weightedaverage of t, for anya2 A or anyb 2 B, is
equalto 0, i.e., Mean (ap):n284(t; |I’) = OandMean (ap).a2ag(t; |I’) =0.

Corollary 1 If in anyrowa (resp.columnb) somety, is positive thensomeother
taw (resplay) is negative: overrepresentatiorof somecellsimpliesthe existence
of someunderrepresentedtells. In particular, for a2 2 table a?? b implies
A?? B.

1Throughouthis paperwe useK to denoteboththesetof catgjoriesandits cardinal andsimilarly

for AandB, thedistinctionbeingalwaysclearfrom the contet. Unlessotherwisestatedall sumsover
k (resp.a, b) runfrom 1toK (resp.A, B).
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Property 2 (Pooling) ConsidertwoapplicationsA ! A andB ! B andthe
pooledtable A B ,then,8a 2 A ,8b 2B ,tap = Mean ap.a2a :b2b g(t;*f’).
In particular, considercell ab andthe pooledtable A B, whee A = faal
andB = fb;b%. Thenty, is unchanged,whetherit is de nedfromtableA B or
fromA B.

Note 1 (Global independenceandt) From De nitions 2 and 3, A ?? B occuis
if andonlyif thet,y' sare all equalto 0. Cornversely thedepartue of anyt,y, from
0 indicatesa departue from independenceéWNhatis importanthere is that the
precisepatternof thetyy'sdepartuesfromO pointsto thedirectionof association

2.2.2 Example: Dyad data (continued)

Table 3 givesthetyy's for all cells of Table2(left). Descriptively, (i) all diagonal
cells but one are overrepresented(ii) all cells below the diagonalbut one are
maximallyunderrepresentedand(iii) four of thesix cellsabovethediagonalare
underrepresentedtwo maximally). Several of theseresultsgo in the direction
of the patternof Table 2(right), but this model, if taken at the cell level, is not
descriptiely satis ed.

2.3 Mean associationrate over aregionR: index tg

In orderto expresgheideathatsomeregionR A Bisover- orunderrepresented,
we shallhave recoursdo amoreglobalindex asin [5].

De nition 4 (Mean associationrate) GivenaregionR A B,themeanasso-
ciationrateoverRis de nedas,tgr = Mearg(t; lP).

The index tg variesfrom 1 (all cellsin R are empty), to negative values
(underrepresentationf R), to O (independencen averagein R), to positive val-
ues(overrepresentatioof R) withoutany a priori upperbound.

Table3: Dyaddata.Obsered associatiomatest,, from dataof Table2.

b0 bl b2 b3 b4
a0 | -1.00 0.52 031 -0.15 -1.00
al | -0.16 047 -041 -0.71 0.47
a2 | 174 | -1.00 10.50 -1.00 -1.00
a3 | 1.03 | -1.00 -1.00 1.12 0.64
a4 | -1.00 113 -1.00 -1.00 -1.00
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2.3.1 Example: Dyad data (continued)

Considerthe Dyad dataand the patternof over-/underrepresentatioof Table
2(right). One possibleway to confrontthe datato this model, at a descriptie
level, is to computethe obsened meanassociatioratesfor the threeregions,D
for cellson thediagonal U for cellsabove andL for cells below it. Thisyields
tp= 0:75,ty = 0:50andt. = 0:91.A globaldescriptve summaryof thedata,
which goesin thedirectionof theexpectedpattern,is thus:tp > 0> ty > t..

2.4 TheDelindex,ameasur of agreementwith alogical model
2.4.1 Quasi-implication for a2 2table

Considera 2 2 table, with binary variablesA = fa;a%y andB = fb;b%. We
assimilatea andb to logical propositionsanddenotenegationby priming, con-
junction by concatenationimplication by =) , andthe false propositionby 0.
Thenthestatement =) b (i.e., ary obsenationof typea is necessarilyof type
b) is equivalentto ak®=) 0, i.e., thatcell ab®is empty(cell ab’is anerror cell
for modela=) b, see[7]). Bernard[4] wealenedthe notion of a strict impli-
cationa=) b into thatof a quasi-implication denotedby a ! b, by de ning
thedescriptveindexda=) h =  ty0 asameasuref thedegreeof agreementvith
thelogicalmodela=) b. Foragiventhresholddquasi> 0, quasi-implicatiorwas
denedby:a ! b () da) b dyuasi

2.4.2 Generalizationto any logical model, the Del index

De nition 5 (Delindex,[7]) More geneally, considera logical modelM rela-
tivetoanA B table anddenoteby Ey,,, or E for short,thesetof all error cells
that contradict M , i.e., suth thatM = ~ (ab=) 0))2E. Lette bethe mean
associatiorrateoverregion E. Thena global measue of the degreeof agreement
of thedatawith M is theDelindex,dy; = tg.

Propertieof dy; 0 w from thoseof (mean)associatiomates.Theindex dy,
variesin therange] ¥;1]; dy = 0in caseof independencenaveragein region
E anddy; = 1 whenM is veri ed. A valueof dy; betweerD and1 canthusbe
interpretechsa quasi-agreemenmtf thedatawith M atdegreedy, ; thecloserto 1
its valueis, the betterthe quasi-agreemeiis.

Property 3 (Equivalent logical models) Considertwo logical modelsM1, de-
ned onA B,andM,, de nedonatable A B obtainedby coarseningsof
the A and B classi cations,suc that M; and M, are logically equivalentThen,
dm, = dw,- ThispropertyfollowsfromProperty?2.

As seenfrom De nition 5, dy; andtgr areequialentindices.In usingtgr, we
wantto stresghe over-/underrepresentatiomterpretatiorandtheindependence
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caseasa privilegedreferencegtr = 0), whereasin usingdy, , we stresgheinter-
pretationin termsof quasi-agreementith a strong/logicaimodelandwe point
modelM asaprivilegedreferencddy, = 1).

2.4.3 Example: Stagesdata (continued)

Considerthe Stagesdatain Table 1 andthe logical model M associatedvith
E = f (a1;b2);(al; b3); (a2; b3)g. We seethatonly two obsenrationsfall in region
E andwe nd dy, = 0:851.Descriptiely, atthresholdsay dquasi= 0:80,we may
concludethatthe dataquasi-agreavith modelM .

3 Bayesianinference

We now wantto make inferencesaboutq, and,morepreciselyhere aboutderived
parametersuchast 4, tr anddy, which arethe populationcounterpart®f the
descriptveindicestap, tr anddy, .

3.1 Dirichlet modelfor q

In the usualBayesianconjugateanalysis prior uncertaintyaboutq is described

hyperparameteay > 0. We call theay'stheprior strengthsandn = § ai theto-
tal prior strength We shalluseanalternatve parameterizatioof the Dirichlet in
termsof theprior frequencie§ = a=n, wherej 2 S’(1;K) andS’(1;K) denotes
the interior of simplex S(1;K).? The prior expectationsare simply E(qx) = j «.
The posteriordistribution on q is thenan updatedDirichlet distribution, qjx
Diri (x+ a) = Diri (x+ nj ), with posteriorexpectationgivenby,

X+ Nj k.

E(gx) = “ntn - (1)

3.2 Objective Bayesianmodels

For multinomialdata four Dirichlet priorshave beenproposedsmodelsfor prior
ignoranceaboutq. All aresymmetricDirichlet, thatis j x = 1=K for ary k, and
they only differ in their respectre total prior strengthn: n! 0 (Haldane)h= 1
(Perks)n = K=2 (Jefreys)andn = K (Bayes-Laplace& uniform prior).
Haldanes improperprior leadsto someundesirablénferenceswhenxy = 0,
it leadsto infer thatgyx = 0, evenwhenn is small.A majordif culty with theother

2Walley [12] usessymbolss andty in placeof n andj  respectiely.



54 ISIPTA '03

threeobjective Bayesiarpriorsis thatinferenceshey producedependnhow the
K categoriesare distinguishedwhich is partly arbitrary and thusthey do not
satisfythe RIP (see[12]). Jefreys' prior doesnot satisfythe LP either Although
it is often claimedthat inferencesfrom thesepriors differ in a negligible way
whenn is not small, large discrepanciesanbe obtainedfor statementbearing
onunobseredor rarecells,evenwith largen.

4 Impr eciseDirichlet model

4.1 Presentationof the model

Walley [12] proposedheimpreciseDirichlet model(IDM) asa modelfor prior
ignorancen the caseof catagyorical data.The modelconsistsn describingprior

is de ned asthe setof all Dirichlet priors on q with a x edtotal prior strength
n> 0,i.e,thesetf Diri(a) : ax > Ofor all k, & cax = ng, or equivalently

fDiri(nj ) :j 2 S(1;K)g; (2)

whereS’(1;K) is theinterior of thesimplex (1;K).

Let Py () andEy; () berespectiely a prior probability anda prior expecta-
tion provided by a particularDiri (nj ) in the set(2). The uncertaintyaboutarny
event Z concerningq is describedby prior lower and upper probabilities de-
notedby P(Z) andP(Z), andcalculatecby minimizing andmaximizingPy;j (2)
with respectto j 2 S?(1;K). Similarly, for any real-valuedfunction| = g(q),
prior lower and upperexpectationsE(l ) andE(l ) arecalculatedoy minimizing
or maximizingthe expectationEy; (I ) with respecto j . Inferencesaboutl can
be summarizedy the prior lower and uppercumulativedistribution functions
(cdf's), F, ()= P(l > 1)andF, (I)= P(I > 1).

EachDirichlet prior in the prior IDM(n) is updatednto a Dirichlet posterior
usingBayes'theoremThisupdatingprocedurguaranteesoherencef theinfer-
enceq11]. Hencethe posterioruncertaintyaboutq from theIDM(n) is expressed
by theset

fDiri (x+ nj ) :j 2 S7(1;K)g 3)

As for the prior IDM, posteriorlower andupperprobabilities,expectationsand
cdf'sareobtainedby minimizationor maximizatiorwith respectoj 2 S°(1;K).

TheIDM satis esseveral desirableprinciplesof inference andin particular
boththeLP andtheRIP (see[12]). The RIP stateghatposteriorinferencesabout
ary derived parametet = g(q) shouldnot dependon the numberof categyories
K usedfor de ning | . TheRIP is satis ed by the IDM in sofar asthetotal prior
strengthn is speci edindependentlyf K.
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4.2 Prior and posterior inferencesabout g from the IDM

The posteriodower andupperexpectation®of qx aregivenby
E(qjX) = %=(n+n) and E(adX) = (%+ n)=(n+ n); (4)

andareobtainedasj ! Oandj ¢! 1respectiely. Thetwo samdimiting values
leadto the posteriorupperandlower cdf's respectiely, P(qx > 1jx) whichis the
Betax;n  Xxx+ n) cdf,andP(qx > 1jx) whichis theBetaxx+ n;n  xi) cdf.

By settingn= xx = 0in (4), we seethatprior uncertaintyaboutqy is maximal.
We have E(gx) = 0 andE(qgx) = 1, andP(qgk > |) = 0 andP(qx > 1) = 1 for ary
0< | < 1,thatis vacuoudower andupperprobabilities.

4.3 Choiceofn

The IDM asde ned in (2) and(3) dependon the choiceof n. The constantn
determineshow fastthe lower andupperprobabilitiescorverge onetowardsthe
otherasn increasesand canthusbe interpretedasa measureof the cautionof
the inferencesThe larger n is, the more cautiousthe inferencesare. The most
importantcriterion for the choiceof n is the requirementhat the IDM should
be cautiousenoughto encompas$requentistor objective Bayesianalternatves,
while notbeingtoo cautiousto avoid too weakinferences.

The rst researcheaboutthe IDM leadto several corvincing agumentsfor
choosingl n 2, but mostof theseargumentsarerelative to the binary case
(K= 2)only (se€2, 12]. Morerecentwork providessomesupportfor n= 2in the
caseof large K, for non-parametriinferenceabouta mean[3]. In thefollowing,
weshallusen = 2, avaluewhichis alsosupportedy resultsin Section5.4.

4.4 Two conjecturesabout the IDM

Conjecture 1 (Expectation of a derived parameter) Letl = g(q) beareal-va-
luedfunctionof q, and Ey; (q) the prior (resp.posterior)expectationof q under
the prior Diri(nj ) (resp.posteriorDiri(x+ nj )). Thenthe upperand lower ex-
pectationsof q underthe IDM(n) are obtainedfromthe (or oneof the) Dirichlet
prior which maximizegresp.minimizes)(Exnj (q)) with respectoj .

Conjecture 2 (Cdf of areal-valued derived parameter) Letl = g(q) beareal-
valuedfunctionof q. Let Diri(nj ) bea Dirichlet prior which providesthe lower
(resp.upper) prior or posteriorexpectationof | underthe IDM(n), thenit also
providestheprior or posteriorupper(resp.lower) cdfof | .

The two conjectureshold if g(:) is a linear function of the gx's. We don't
expectthemto betruein the generalcase(thereare simple counterexamplesto
Conjecturel). Neverthelesswe suggesthat theseconjecturesactually provide
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reasonabl@pproximationgor the lower and upperexpectationsand cdf's of |
for mostfunctionsg(:). In any casethe procedureshey inducenecessarilyead
to anupper(resp.lower) boundfor E(I ) andF, (:) (resp.E(l ) andF, (:)).

5 Inferenceabout a singleassociationrate t;;

We rst investigatehe propertiesof theinferencesabouta singleassociatiomate
tap from the IDM. The following lemmashaws thatinferencesaboutt 5, canbe
carriedout from theanalysisof asimple2 2table.

Lemmal ConsidetthepooledtableA B ,withA = fa;aandB = fb;bY
anddenote ,,, theassociatiorrateof cellabfromthepooledtable. FromProperty
2,t,, = tap. Further inferencesfromthe IDM are invariant by sud a pooling,
sincethe IDM obeysthe RIP. Thus,inferencesaboutany singlet 55 only involve

therelevant2 2table A B.

5.1 Prior upper and lower expectationand cdf

The prior lower and upper expectationof t,, are given by E(tay) = 1 and
E(tap) ! +¥, andareattainedrespectiely by j ap=j a00! % andbyj ap=1,
jaxe=1 I,withl ! 0.Thesamelimiting valuesof j alsoleadto the prior
upperandlower cdf's respectiely, P(t > t) = 0 andP(t 5, > t) = 1, for ary
0< t < 1. Theseresultsshow that prior inferencesaboutt 5, arevacuous.The
prior IDM thusexpresses stateof prior ignoranceaboutparametet 4p,.

5.2 Posterior upper and lower expectationand cdf

As in [4], we have recourseto Conjecturel in orderto nd approximatevalues
for the posteriorupperandlower expectation®f t 4. Write t 5p = g(q) whereg(:)
is suchthatt,, = g(f) andg(:) is givenby De nition 3. UnderasingleDirichlet
prior, Diri (nj ), theposteriorexpectatiorEy; (tanX) is approximatedby replacing
eachgy in g(:) by E(qkjx) givenin (1), thatis

Xab+ Nj ab
(Xa*+ Nj a)(Xo+ Nj p)

wherex, andxy, arethemaminalcountsof cell ab, andj 5 andj y, its mamginal prior
frequenciesConjecturel suggestshento minimize(resp.maximize)E;’j (taniX)
with respecto j , in orderto estimatethe posteriorlower (resp.upper)expecta-
tionsof t 5p undertheIDM(n). Theminimumvalueis attainecby lettingj 0! 1,
jab! 1,0r) ap=j an! 1=2,whetherfypislowerthan,greatetthan,orequalo
fa respectiely. The maximumvalueis attainedby lettingj ap! 1o0rj g0! 1
whethengX, > Xap(Xa+ Xp+ N) or not. Following Conjecture?, we usethe same
valuesfor nding approximateposteriodower anduppercdf's of t 4.

Ejj (taniX)

(5)
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5.3 Dyad data: Summary of local inferences

Table4 givesthelower andupperprobabilitiesof a positive associatiomatefrom
theIDM with n= 2, for eachcell ab concernedy the predictiongivenin Table
2(right). Threeof the four diagonalcells, (al;bl), (a2;b2) and(a3;b3), canbe
assessetb be inductively overrepresentedvith a high guaranteeP(t 5, > 0)
being at least0:99 for ary of them. For cell (a4;b4), the probability interval,
[0:00;1:00] is almostvacuous;uncertaintystill dominatesgven after observing
1150bsenations.For theregionsoff thediagonal only cells(al; b3) and(a3; bl)
areguaranteedo be underrepresentedsince,in both casesP(tap < 0) = 1
P(ta > 0) = 1:00; cells (a2; b1) and(a3;b2) have a probability of at least0:79
and 0:61 to be underrepresentedyncertaintyconcerningthe 8 remainingoff-
diagonalcellsis evenlarger, sinceP(t ;p < 0) < 0:50for eachcell.

The rst overall conclusionthat may be drawvn from theseresultsis thatthe
modelshovnin Table2(right) cannotnotbeinductively assessedtthecell level.

Of course,ary otherreferencevaluefor t 5 than0 canbe usedin a similar
way. For instancethe probabilityintenalsfor eventt 5, > 0:50for diagonalcells
are:[0:30;0:50] for (al;bl), [0:98;1.00] for (a2;b2), [0:99; 1.00] for (a3;b3) and
[0:00;0:99] for (a4;b4). Both cells (a2;b2) and (a3;b3) canbe assessetb be
overrepresentebly atleast50%with a high lower probability.

Table4: Dyaddata.L owerandupperposterioprobabilitiesfor eventt 5> 0, P(t 25> 0jX)
andP(t ap> 0jX), for cellsindexedbyal;::: ;a4 andbl;::: ;b4 only, usingtheIDM(n= 2).

b0 bl b2 b3 b4
a0
al 1.00;1.00 0.09;0.65 0.00;0.00 0.45;0.95
a2 0.00;0.21 0.99;1.00 0.00;0.57 0.00;0.99
a3 0.00;0.00 0.00;0.39 1.00;1.00 0.53;0.97
a4 0.56;1.00 0.00;0.99 0.00;0.81 0.00;1.00

5.4 Comparisonwith frequentistand Bayesianapproaches

Let usconsidetthetestof thehypothesidHg : tap 0 versusHj @ tap > 0. Dueto
Corollary1, thistestis equivalenttoHp : F OversudsH; : F > 0, whereF isthe
usualcontingeng coefcient fora2 2table.

In thefrequentisframawork, theusualcorrespondingestis Fishers exacttest
fora2 2table.Theone-sidedevel pi,c of thistestis usuallycomputedasthe
probability of the observationor more extremecases(inclusivetest)underHp.
However, asarguedby [2], thischoiceis amatterof corventionandonecouldalso
ervisagethe exclusivealternatve with level pe involving more extremecases
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only. Thefollowing lemmashaws thatboththesefrequentistestscanactuallybe
reinterpretedn a Bayesianway.

Lemma 2 Let pec and pinc by the exclusiveandtheinclusivelevels(one-sided)
of Fisher'sexacttestof Hp: F  OversusH; : F > Ofora2 2tablewith counts
X. Let Py () be a Bayesianprobability obtainedfrom the prior Diri(nj ) on q.
Then, pec = Prj (H1jX) with n= 2 andj = (0;3;3;0), and pinc = Prj (H1jX)
withn= 2 andj = (%;O; O;%). The former prior allocatesnon-null strengths
evenlyto cells(a;b% and(a®b), thelatter to cells(a;b) and(a® b9).

Lemma 3 Underthe sameassumptionshe probability Pyj (tap > 0jx) fromany
of the four symmetriqj constant)objectiveBayesiarpriors,i.e.,n! 0,n= 1,
n= 2andn= 4, arein theinterval [ Pexc; Pincl-

Proof. Lemmas2 and3 canbereadilydeducedromresultsin [1, Sec.3]. 2

Theorem1 For any cell (a;b), the posterior lower and probabilities of event
tap OfromthelDM withn= 2 encompas§) Fisher'sexactprobabilitiesfor Hp :

tan OversusHs :ta > 0 usingeitherthe exclusiveor theinclusiveconvention
and(ii) theBayesiarposteriorprobabilitiesof thesameeventundertheobjective
priorsof Haldaneg Perks,JeffreysandBayes-Laplacéthelatter twobeingde ned
ontherelevantspecic2 2table).

Proof. The proof follows from (i) the equivalencebetweert 5, > 0 andF > 0
for thepooledf a;aly f b;b% table, (i) thetwo Lemmas2 and3, and(jii) from
thefactthatthetwo Bayesiarpriorsequialentto pexc andpinc aresuchthatn = 2
andthusbelongto theIDM(n = 2). 2

Note2 In analyzinga2 2 table Walley etal. [13, Sec.5.4] advocatethe use
of two independentDM' s with sameprior strengthni, onefor ead line of the
table They notethat the valuen; = 1 leadsto P(HojX) = pinc, a resultwhich is
onlyhalf of whatLemma2 says Here, weproposea more cautiousmodel asingle
IDM with n = 2n; = 2 for the wholetable which encompassedalley's model.
AsTheoem1 implies,our modelhasthe advantage of producinginferenceghat
encompasferencedrom alternativeobjectivemodelsfor all cells of thetable
simultaneouslyThelDM(n = 2) is thesmallesiDM havingthis property

5.5 Absentor rarecells

For somecells, posterioruncertaintyis still quitelarge.As anexample,consider
theunobseredcell (a2; b4) for whichtheposteriomprobabilityinterval for t ;o> 0
is almostvacuous[0:00;0:986] (seeTable4). Sucha wide intenal resultsfrom
the rarenesf both a2 and b4 (fa2 = fyy = 4=115). Evenif a2 and b4 were
locally independentthe expectednumberof obsenationsin cell (a2;b4) would
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beextremelysmall,>dops = qum = 16=115,farlessthanoneobsenation.Thus,
despitethe extremedescriptve resulttpps = 1, boththe hypotheses2 ?? b4
(taopa = 0)anda2b4=) O (taps= 1) arecompatiblewith thedata.A similar
resultwasfoundby [4]. This uncertaintyis alsore ectedin thelargedifferences
betweerthe alternatie objective models:P(t .on4 > 0) rangesrom 0 (Haldane),
0:350(Perks),0:571 (Jefreys), to 0:802 (Bayes-Laplace)andthe corresponding
probabilityfrom Fishers exacttestsare0 (exclusive) and0:866 (inclusive).

6 Inferenceabout a meanassociationrate tr

Without loss of generality(seePropertyl), we considera non-emptyregion R

which doesnot containary full row or afull columnoftheA Btable.lt is easy
to nd aDirichlet prior within the IDM for which the prior lower expectationof

tris 1(8(a;b)2 R;j an! Owith strengthof cellsoutsideR carefullychosen).
This limiting valuefor j also providesthe prior uppercdf, P(tg > t) = 1 for

0< t < 1.Webelieve thatthe prior upperexpectatiorandlower cdf of t g leadto

vacuousnferencesaboutt g, but we have no formal proof of that.

6.1 Posterior inferencesabout a singletr

Lettr = g(q), with tr = g(f) asgivenin De nition 4. We shallassumehatal-

locatingn to a singlecell sufces to attainthe lower or upperexpectationor cdf

of tg. Thisassumptioractuallyappeargo betruein mostcasesve tested put is

certainlynot truein all casesHowever, we shall considerthatit providesarea-

sonableapproximatiorfor inferencesaboutt r from the IDM. As a secondevel

of approximationwe usethe sameargumentasin Section5.2 usingConjectures
land2.De ne Eﬁj (triX) = 9(Enq(djX)) andEnq(qiX) is givenby (1).

Theorem2 Denotebyr,p theindicatorvariableof(a b) 2 RandR°thecomple-
mentof Rin A B. Computany, = a| 1ibXi + 8 j=1..8"ajXj for each cell (a;b).
ThenEnJ (triX) is minimizedby lettingj an! 1 for cell (a;b) 2 R® maximizing
Mgy (Ve haveno simpleformulafor maximizationof Enl (trjX).) Proofinvolves
tediousbut rathersimplealgebra.

6.2 Stagesdata: Inferenceon dy

Considerthe Stagegdata(Table 1) andthe modelM de ned therein.We found
dy = 0:851 and we now want to make inferencesaboutparameteidy; using
the IDM(n = 2). For variousstatementsboutd), , we nd thefollowing proba-
bility intervals:[1:00;1:00] for dy, > 0, [0:95;1:00] for dyy > 0:50, [0:84,0:98]
for dyy > 0:60 and[0:62;0:93] for dy;, > 0:70. We thusmay assesshatthe data
quasi-agreavith M atthresholddguasi= 0:50, with probability atleast0:95.
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6.3 Inferencesabout a complexdirectional associationmodel

The IDM canbe appliedto study any kind of complex model expressedas a
conjunctionof constraintsaboutassociatiorratesof speci c cells or regions of
anA Btable.Considetthe Dyaddatain Table2(left) andthetwo modelsMq =
tL<ty<O<tpandMy=t_ < 070< ty <0< 0:50< tp. Bothtry to
expressheexpectedpatternshovn in Table2(right),in amoreor lessstrongway.
Computingthe posteriorlower andupperprobabilitiesof M1 or M, canbedone
numericallyby minimization/maximizatiorover the setof Dirichlet posteriors.
Usingthe DM with n= 2,we nd P(M;) = 0:98,P(M;) = 1:00,andP(M;) =
0:84,P(M;) = 0:96. Model M1 only is supportedy the datawith a sufciently
high lower probability.

Of coursemodelsM; andM; areonly two candidateamongsthe possible
inductive summarieof the data. The task of modelselection(which is not ad-
dressedere)would requiretaking into accountnot only the (lower) probability
of eachmodel,but alsothe degreeof speci city or generalityof eachmodel.

7 Concluding remarks

This paperproposesa methodfor analyzinglocal or asymmetricdependencies
in a contingeny table, by focusingon previously suggestedndices— (mean)
associatiorrates[5, 10] andDel index [7] —, which, we believe, aresimpleand
natural,andyet provide meando de ne awide variety of associatioomodels.

We shovedhow theimpreciseDirichlet model(IDM) canbeappliedto assess
whetherthe datasupportsuchassociatiormodelsor not. Several resultsprovide
approximatesolutionsto the minimizing/maximizingproblemsrequiredby the
IDM. Furtherresearclwould be neededo developexactsolutionsor to measure
theaccurag of our approximateprocedures.

The exactcomparisorbetweerthe IDM andalternatve frequentistor objec-
tive Bayesiarmodels,carriedoutin Section5.4 (seeespeciallyTheoreml), pro-
videsa new argumentfor choosingn = 2 in the IDM, for a probleminvolving a
possiblylarge numberof catgyories(seealso[4]). Thelargediscrepanciewhich
canbeobtainedn theinferencedrom thesevariousalternatve modelsaretrans-
latedasa high imprecisionin the IDM (seean examplein Section5.5). Section
5.4 shaws that this phenomenorccurswheneer the frequentistprobability of
theobservediata (undersomeparticularnull hypothesisjs not negligible.
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