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Abstract

The papergivesthe solutionof calculatingmaximalvarianceof fuzzy inter-
val in the scopeof the theoryof impreciseprobabilities.As it appearsthis
problemis moredif cult thananalogousone connectedvith evaluationof
lower andupperexpectationof fuzzy interval. This papergivessomecon-
tributionto possibilitytheoryin the framavork of probabilityapproach.
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1 Intr oduction

Thereis a well-known interpretationof fuzzy interval in the framework of the
theoryof impreciseprobabilities [1, 2]. To getthis, we associatavith arny fuzzy
interval a possibility or necessitymeasureandthenconsiderthat valuesof the
pointedmeasuregjive uslower or upperassessments probabilities.This inter
pretationwasdiscussedn detailin [3], andthereit is proposedo useupperand
lower expectationdor evaluatinguncertaintyof suchintervals. Thesecharacter
istics and other crudemomentsof orderk can be easily calculatedby Choquet
integral. However, to calculateupperandlower centralmomentss moredif cult
asit is showvn in investigationspresentedbelow.

Throughoutthe paperwe will usethe following notations:1) E[x] is an or-

R
dinary expectationof therandomvariablex, i.e. E[x] =  xdP(x), whereP is a
¥

probabilitymeasuressociateavith therandomvariablex; 2) s ?[x] is anordinary
varianceof therandomvariablex, i.e.s2[x]= E x2  (E[X]).
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Figurel: Membershigunctionof afuzzy intenal

2 Basicde nitions and problem statement

We will considerfuzzy intervals with aform ( g.1). Thefunctionp is assumed
to be continuousandthe functionsp; andy, aredifferentiableon the intervals
(a;b) and(c; d) correspondingly

8
0; X aorx d
_ M (X); a< x< b;
= T T e (1)
H2(X); c<x<d:

In addition,y is increasingon (a;b), e is decreasingn (c;d).
In possibility theory for eachfuzzy intenal, a possibility measureP (A) =

supu(x) anda necessitymeasureN(A) = )i(g}l[l H(x)] areintroduced,andcan
X2A
be consideredas lower or upperestimationof probability of the event A2 A

(whereA is Borel algebraof realaxis). Takingthis into accountpossibility mea-

sureP and necessitymeasureN de ne a family of probability measuresX =

fPJN(A) P(A) P(A)g, andtheproblemariseshow to calculatedigital char

acteristicof suchfamily, in particular the maximalvariances 2(p) = sups2[x].
P2X

I
In the lastexpressionjt is assumedhatthe probability measure? determinesa
randomvaluex;. For the fuzzy interval, the values 2() cansene assomechar
acteristicof uncertainty

3 Thereseach of possibilisticinclusion

Theorem 1 [4, 5]. Let P be a probability measue, X a family of probability
measues,geneirtedby afuzzyintervalwith a membeshipfunctiony. ThenP 2 X
iff PfA(p)g pforall p2 [0;1], where A(p) = fx2 Rju(x) po.

Theoreml canbereformulatedy usingstandardermsfor randomvaluesas
follows.
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Theorem 1*. Letwe usethesamenotationsasin theoem1, andtherandom
valuex is describedby the probability measue P on A. Consideralsoa random
valueh = p(x) 2 [0;1]. ThenP 2 X iff Fh(y) vy,wheeF,(y) = Pfh ).

Remark. Thefunction R, is adistribution function of h, whenever h is con-
tinuous.

4 The solution of the optimization problem

Theorem 2. Letx bea randomvalue describedoy a probability measue P 2 X,
in addition,s2[x] = s2(p). ThenwehavePf (b;c)g = 0 for fuzzyinterval (1).
Proof. Supposethat the coordinatesystemhasbeenchosenin a way that
E[x] = 0. Assumealsothatb < 0, andthe condition of the theoremis not ful-
lled, i.e.P(b;0] > 0. Thetheoremis valid if onecan nd suchameasurd® that
P 2 Xands?[x ]> s?[x]. Wewill searcttheprobabilitymeasurd® in aform:

8
< P(A)e; A (b0];
P(A) = Pfbg+P(b;0)(1 €; A= fbg;
' P(A); A\ [b;0]= O
It is obviousthatP extendson A uniquelyandP 2 X. Calculatederivative of
¥ 2z¥ 3,
s?x]=  XdP(X) 4 xdP (X)5

¥ ¥

R
w.r.t.eatthepointe= 1.Since xdP (x) = O atthepointe= 1,
¥

2 3
d d 2
g 52 =94 5
Je SX] oy 46 x“dP (X)
¥ e=1
Describethelastexpressiorin detail.
Z¥ z z
X2dP (X) = X2P(x) + b?(Pfbg+ P(b;0](1 €)+e x2dP(x):
¥ Rn[b;0] (b;0]
Therefore, q 7
T S?X ] oy = D?P(b;0]+  X?dP(X) < O:
(b;0]

It meanghatthereexistse< 1 thats?[x ] > s?[x]. For the completeproof of the
theoremwe mustconsideralsoa casewherec > 0 andP[0;c) > 0.
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Corollary. LetP 2 X, s?[x] = s2(l) asin theoem2, in addition, E[x] = 0.
Then

1) P[0;c) = 0if c> O;

2)P(b;0) = 0ifb< 0.

Theorem3.LetP 2 X, s2[x] = s2(l) asin theoem2. Thentherandomvalue
h hasa distribution functionF, (y) = .

Proof. We will assumehatthe coordinatesystemhasbeenchosenin a way
that E[X] = 0. Supposethe contrary assumptionthat for x from the theorem,
Fn(y) 6 y. The theoremwill be proved, if underthis condition, there exists a
randomvaluex associateavith aprobabilitymeasurd® 2 X for whichs?[x ]>
s?[x]. Therandomvaluex will be searchedor a certaina 2 [0;1], usingthe
expression:

b HaFn (M) + (1 a)u(x)];  x2 [a;b;
W Hak (L)) + (1 a)px)];  x2 [cd]:

X =

Hencewe needto nd a 2 [0;1] suchthats?[x ]> s?[x]. Butat rst, checkthat
X generateshe probabilitymeasurd® 2 X. To do this, we needto con rm that
theinequality

(V)= Pf(x) yg y

is valid. Actually,
h =ux)=ak(uXx)+ (1 a)ux);

Fn () = Pfaf (u(x)) + (1 a)ux) vg:

SinceRn(y) vy, thenfaF, (W(x))+ (1 a)u(x) vyg FF(U(X)) yg: There-
fore,

Fa(y) PIR(MX) yg=P ) F ') =F R ') =V

Thus,it hasbeenshovnthatP 2 X. Furtherwewill provethats?[x ]> s?[x] for
acertaina 2 [0;1] . To dothis, calculatederivative of
h i
d

_d 2 2
ESZ[X]—E E () (ExD™ __

atthepointa = 0.SinceE[x ],-o= E[X] = O,

h i
d > _d 2 _
ES [X ] a=0_ EE (X) a=0_

0 1
Zb

0@ AR )+ (1 auw] TdPA  +

a a=0
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0 1
zd

+ 3@, R @)+ (1 2)u] a9
C a=0

Takingderivativew.r.t. a atthepointa = 0, we get

Zb
d _ d
asz[x ] o ) 2Xa,ull(y) y:u(x)(Fh(P-(X)) H(X)) dP(x)+
zd d
+ 2 d_Uzl(Y) (Fn (M(X)) (X)) dP(x):
c y y=H(X)

Analyzesignsof factorsstatingin theintegrands.

DR (X)) ux) 0,inaddition,sinceaccordingo oursuppositiort,(y) 6
v,y 2 [0;1], thereexistsa non-emptysetof points,in which F, (u(X)) (x) < 0.
Sincek, is continuousincreasingunction, Pf F, (u(x)) p(x) < 0g> O:

2) The function p is increasingon [a; b], therefore,diypl Yy) > 0 if
y:

M(x)
x2 (a;b).
3) Accordingto thecorollaryof theoren?, P[0; ¢) = 0. It enablego exchange
theareaof integrationto (a; minf b; 0g). Noticethat(2x) < 0if xisin thisinterval.

4) Thefunctiony is decreasingn|c; d], thus, %pz Y(y) < 0,whenever
y=

)
x2 (c;d).

5) Accordingto thecorollaryof theoren?, P[d; 0) = 0. It enabledo exchange
theareaof integrationto (maxf c; 0g; d) in thesecondntegral. Notethatthefactor
(2¥) > 0in thisinterval.

Analyzing signsof integrals,one cancon rm that value of eachof themis
non-neative;in addition,oneof themis strictly positive.Hence, %sz X],420>
0. It meansthatonecan nd a > 0 thats?[x ] > s?[x], i.e. the suppositiorhas
beenmadeis wrong,andit impliesF,(y) = y.

The proved theoremsenableto make somesimplifying of our optimization
problem.To do this, introduceinto consideratiorthe functions

Fr,(y) = Pfpa(x)  yix2 [ablg; Fn,(y) = Pfra(x)  yjx 2 [c;d]g:

It is clearthathy = p(x1), h2 = p(x2), andalsotherandomvaluex; is associated
with the probability measurePf jx 2 [a;b]g, x2 with the probability measure

Pf jx2 [c;d]g. LetP 2 X ands?[x] = s2(l), thenPf Rn[a;b][ [c;d]g= 0, and,
usingformulaof compositeprobability, onecanwrite:

Fn(y) = Fn,(Y)Pfx 2 [a;blg+ Fn,(y)PfXx 2 [c;d]g:
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By theorem3, Fn(y) = y. AssumethatfunctionsF, (y) andFn,(y) aredifferen-
tiable,thenthe calculationof probabilityis transformedo Riemanniarintegral:
4 4
Pfx2 Ag= Pfx2 [a;b]g dFn, (y) + Pfx 2 [c;d]g dFn,(y):
Hf A\ [a;blg uf A\ [c;d]g
. 2
: o My (hg);x 2 [a;b]; .
By analogy usingthe expressionx = onecanwrite the
y analogytisingine e® b, 1(h2);x 2 [c;d;
formulafor calculatingmoments:

h i 2 z
E X =Pix2[ably  w'y) “dF0)+ PIx2[cdly ') “dFn(y):
0 0

Introducethefollowing notations:

ha(y) = Pfx 2 [a;blgF2 (v); ha(y) = Pfx 2 [c;dlgF2,(y):
Then
hi Z k z k
E X = ply) hydy+ () ha(y)dy: )
0 0

It is clear that functionsh;, hy have to be non-ngative in [0;1], in addition,
hi(y) + hyo(y) = 1 by theorem3.

Theorem 4. Letx beassociatedvith a probability measue P, P2 X, s?[x] =
s2(W), E[x] = 0, andE x¥ is calculatedby formula (3). In addition, functions
hy, hy are piecavisecontinuousThenin the range of h; continuitythe following
formulais valid:

- L'y > wie): _ .
MW= gy < iy 0= Mo @

Proof. Assumepnthecontrary thatthe conditionof thetheorentakesplace,
butformula(4) is notvalid atleastfor onepointof h;(y) continuity. Thetheorermis
validif, for thiscasewe can nd arandomvaluex , associateavith a probability
measurd® 2 X suchthats?[x ]> s?[x]. To dothis, introduceinto consideration
thefollowing functions:

8

< Loy > o)
a=. 0 wiy < kLY eWM=1 gy
o) wty) = i)

andalso

h(y) = qiy)a+ hi(y) (1 a); hy(y) = g2(y)a+ ha(y)(1 a); y2[0;1]:
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It is assumedhat functionsh,, h, generatehe probability distribution of x by
theformula:
VA VA

Pfx 2 Ag= hy(y)dy+ hy(y)dy:
Hf A\ [a;blg uf A\ [c;dg
It is clearthatthe lastformulais ananalogof formula(2), andthe randomvalue
X generateshe probability mgasureP 2 X for all valuesa 2 [0;1]. Calculate
dervativeof &s?[x ]= & E (x)* (E[x ])2h 0atthepointa = 0.Since
a= |

E[x ]= Ofora=0,weget &s?[x ] _,= &£ E (x)? . Then
a=

OIEh Zi—d21 1(y) 2 + hy(y)(1 dy+
7Y (x) =g M (y) “[ow(y)a+ hy(y)(1 a)]dy
0
71
d 1 2 _
taa e (y) “[g2(y)a+ ha(y)(1 a)ldy=

0
A3 il
= W) Cloy) hOIdyr i) lgy)  ha(y)ldy:
0 0

Sincegi(y) hi(y) = ha(y) ga(y), wegetatlast

1
d Z

=K1 = ') k') T ) meldy
a=0 0

Analyzesignsof integrandsfactors.

1) Letga(y) > ha(y), thenga(y) = 1,i.e.py *(y) > 1, (y) by formula(4).

2) Letga(y) < hu(y), thengu(y) = 0.i.e.p; X(y) < W, 1(y) by formula(4).

From this, one can make a conclusionthat the integrandon [0; 1] is non-
negative. In addition, by our assumptionthereis a pointin the rangeof hy(y)
continuity suchthatgi(y) 6 hi(y). It implies %sz[x ] .- > 0.1t meansthere
is apointa > 0 suchthats?[x ] > s?[x], i.e. the assumptiormadeis wrong. It
provesthetheoremin thewhole.

Theorem 5. Let a setf x;g of randomvalueswith maximalvariances ?[x;] =

s2(W), E[xi] = 0, bein a fuzzyinterval F with the membeship functionp. Then
thereis arandomvaluex = fx;g sud that

8
< Lty > wiy);

)= 0 iy < L) hd=1 hy); a2[01]:
Caiu) = k)
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Proof. By theoremd, the setf x;g includesa randomvaluex suchthat

1 1y -
ha(y) = é ﬁilgg Z 318; o h(y) =1 hy):
DenoteA= y2[0;1]j Yy) = pzl(y) . For the randomvaluex , choose
parameten 2 [0;1] asfollows. Underthe condition,E[x] = E[x ] = 0, in addi-

tion, hi(y) = h; (y) if y2 A. Therefore,
z z
Ex] EX= wl(hdy+ p, (y)ha(y)dy

A A

0 1
z z

@ p tyh(dy+  w(y)ho(y)dyA:
A A

Fory2 A t(y) = w,X(y), thus,
VA VA
My hy)dy+ i) ha(y)dy =
A A
VA VA
= WO hy)dy=b iy
A A
whereb 2 [0; 1]. Thelastequalityis obtainedwith the help of mean-aluetheo-
rem.By analogy
Z Z
W MhMdy+ 1t (Y)ha(y)dy =
A A
Z Z
= w'Oh(y) hy)dy=(2a 1) p'(ydy:
A A
Thus,E[x]= E[x ]= 0if b= 2a 1.Letusshaw thats?[x ]= s?[x]in thiscase.
Actually, h i
s?[x] s’[x]=Ex? E (x)? =

1
4 z

@ wly) ‘hydy+  y) “hy(y)dyA =

A A
z Zz

2 2
= KO dy iy “dy=o0
A A
Thetheoremis proved.
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5 The practical calculation of maximal variance

Theorem 6. Letthe functionp, 1y [V ! beincreasing Thenfunctionsh; for cal-
culatingthemaximalvariancehavea form:

Ly<a;

M= gysa  O=1 Mmb): vazol) ®)

__ Proof. Let x be associatedvith a probability measureP 2 X ands?[x] =
s2(). SupposehatE[x] = m, thenby theoren¥,

o L) m> i) m;
MO oty m< iy m

Thus,we needto solve theinequality p, y) m> pzl(y) m . Onecancon-
siderthatp, 1(y) m< Oandw,(y) m> 0 (seecorollaryof theorenp). There-
fore, thelastinequalityis transformedo aform:

W) + ) < 2me

Let the number2m belongto the rangeof valuesof the functionp, v o 1 gbe
an inversefunction to this median,then, sinceg is increasingfunction, we get
thaty < g(2m) = a. Thecaseswhere2m doesnot belongto therangeof median
values.arealsodescribedy formula(5).

Corollaries of the(irem 6. L?twe usenotationsof theoem®6. Then

- Ly Wi (<O0; _ - _

1) hl(y) - 0: Hy 1(y) + W, 1(y) > 0 hz(y) =1 hl(Y)’ if E[X] = 0.

2) Letthe function 1y Hy ! beincreasingon [0; 1], thenthere is a certain
az[eysudthathu(y) = oY7 % hay)=1 huy).yva2 01

Theorem 7. Let x belongto a fuzzyinterval F with a membeship functionp
ands?[x] = s2(W). ThenEX] 2y *(y) + 1, ' (V)iy2 [0;1] .

Proof. Assumethatthe conditionof thetheoremis not satis ed. Then,using
corollaryl of theorenmb, we getthateitherhi(y) 1orhy(y) 1.Forthesale of
determinay, letE[x] = 0.1) Lethi(y) 1,thenE[x]< b. It meanghatP[O0;c) >
0, butthiscontradictgo thecorollaryof theoren?.2) Lethy(y) 1,thenE[x]> c.
It meanghatP(b;0] > 0, but this contradictsto the corollary of theorem2. The
contradictiondound prove thetruth of thetheorem.

Corollary. Leta fuzzyinterval F besymmetricj.e. i, *(y) + W, *(y) = cong,

— R
and,for thesale of determinacycong = 0. Thens?(p) = Yy) 2dy.
0

Proof. Accordingto theorem?, for x with maximalvariance the value E[X]
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belongsto therangeof p, * + p, * valuesj.e. E[x] = cong = 0. Therefore,

71 71
s2X= Ay Chdy+ () ha(y)dy:
0 0

; Iy 2= 1, 2 - 2= R 1y 2
Since p ~(y) "= Ky (y) ~andhi(y)+ ha(y) = 1,wegets[x] = S (y) “dy.
Thecorollaryis proved.

Theorem 8. Let functionsh;(y) in the formula (3) for calculating maximal
variancehavea form:
1,y< a;

oy>a W1 M) vaz0l]) (6)

ha(y) =

Thena canbefoundfromtheequality:
1%
L) WY Ay S k) ) dy= 0
0
. ()
if the coodinatesystems chosensud that pzl(y)+ My Y(y) dy= 0.Theris
0

@)+ i@, ~
2
0

a uniquesolutionif thefunctionp, *+ p, * isincreasing
Proof. Let thefunctionsh; have aform (6). Then

Za
S2=E X E’X=  pN(y) “hi(y)dy+
0

z Oza z1 1o
i) Chdy @ pliydy+ o l(y)dyA

a 0 a

Takingderivative w.r.t. a andusingthe necessityconditionfor extremum,we get
theequality:

2 3
22 z1

2 2
wia ® wia) T 2pia) wia) 4 wldy+ wlydyd=o0:
0 a

Sincea < 1andy, Ya) [ Y(a) < 0, thenwe canreducethis factor As result,

2 3
22 z1

mi@+ ki@ 24 plydy+ pwlydyd=o (8)
0 a
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Transformthe expression:

2 3
22 zt 22 22 zL

24 pltydy+ wiydyd = wliydy  wlydy+  pt(y)dy
0 a 0 0 0

0
zL zt zL zL

+ wlydy o ty)dyr+ wly)dy=@  piy) w(y) dy
0 a a a
1
za Z1
LAY WY dyA + i)+ ty) dy:
0 0

R

By the supposition, p21(y)+ Hy Y(y) dy= 0, in addition,the rst itemin the
0

lastexpressiorcanbetransformedo aform:

Z1 22
LIY) WY dy 20 wiy) K Ny) dy:
0 0

Takingthis into accountthe equality(8) is written asfollows:
2 ZL
1 1 1 1 1 1 - N
W@+ @)+ 2  (y) (Y dy o (y) W (y) dy=0;

0 0
(9

i.e.we really prove thetruth of equation(7).
Denotethe left part of equation(9) by f(a). Let the function p,; Ly “21 be

R
increasingthen,sinceby supposition p21(y)+ Hy Yy) dy= 0, it is obvious
0

thatp, 2(0) + b, 1(0) Oandy, *(1) + w, (1) 0. Takingthisinto our account,
analyzesignsof f(a) attheendsof [0; 1]:

f(0)= 'O+ KO S

f(0)= 'O+ D+sS
whereSis anareaof thefuzzyinterval. Therefore,f(0) < 0Oandf(1) > 0,i.e.the
equatiorhasat leastoneroot. Analyzethe sign of

fa)= & @)+ ) +2 W@ @) :

It is obvious,thatfYa) > Ofor a 2 [0; 1]. Thus theequalityf(a) = 0 hasonly one
root, andthis root is a point of maximum(you shouldremind,thatfor obtaining
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equality(8), we reducetheexpressiorby thenegativefactor 1, Ya) [V Y@) ).
Thus,thetheoremis provedin thewhole.

Remarks.

1) Theorem8 is easilygeneralizedor the case where

Ly> a;

mO)=  gyZal M) =1 h) ya2 o1

andthe function ull+ y ! is decreasingln this casea canbe found from the
equation:
17
'O W) Ayt S ) W) dy= 0
0 0

M 1(a) + W 1(3-)
2

R
We alsosupposehat 1, X(y) + p; X(y) dy= 0.
0
2) Theequation(7) hasageometricalnterpretation g. 2).

y 0.5[m* (y)+m (y)]

1
m(y) V m(y)

TN

a b ¢ d 7

Figure2: Fuzzyinterval: inversefunctions

a) 0:5(, 1+ K, 1) is themedianof thefuzzy interval;

R
b)) wy) K (y) dyistheareaof thefuzzyinterval;
0

R
C) Wy Yy) My Y(y) dy is the areaof the part of the fuzzy interval thatis
0

below of a level;
d) Ya) My 1(a) is thelengthof thelevel line y = a for thefuzzyinterval.
3) Introduceinto consideratiorfunctions

mly)
2

K1) W)
LAY

22
0" 1 0), F=  wy+

0

m(y) = w(y) = dy:

Thenequation(7) canbetransformedo aform:

2F(a) F(1)=0: (7)
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Example.Considerhow to calculatehemaximalvarianceor thefuzzyinter
val having aform of trapezium( g. 3). In this casethefunctionsm, w arelinear.

yl
B C my

o\

A D

\ 4

Figure3: Fuzzyinterval with aform of trapezium

R
We assumehat m is increasingand m(y)dy = 0. In this case,one caneasily
0

shav thatm(y) = k(y 0:5), wherek > 0. The functionw is expressedhrough
lengthsof the trapeziumsidesl; = jBCj andl, = jADj. Sincew(0) = 0:5I, and
w(1) = 0:511, thenw(y) = 0:5[1> (I2 I1)y]. Theparameter canbefoundfrom
equation(7*). ThenF(a) = 0:5(k+ I,)a 0:25(l, 1)a? , andwe needto solve
theequation:
(2 Wa? 2+ a+ L2
Solvingit, we get
r h i
(k+12) 05 (k+ 12)%+ (k+ 19)?

a: 1
L Ip

in addition,a 2 [0;1]. The precisevalueof s2() canbe calculatedby formula
(3). Namely accordingo the form of hy; h, we canwrite

2 z Oza z 12

SAW= i) Syt wly) Cdy @ pl()dy+  pml(y)dyA ;
0 a 0 a

where

W i(y) = [k+ 0502 1)y 05) 0:25(I2+ la);

Liy)= [k 05(2 1)y 05)+ 0:25(2+ ly):
Letli= 1; I, = 3; k= 0:5,thena = 0:404,s2(}) = 1:342.Fig. 4 shavsthisfuzzy
interval, and probability distribution function F of the extremerandomvaluex,
beingin thefuzzyinterval, for which s2(p) = s?[x].
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H(x)
F(X)

Figure4: Numericalexample
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