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Abstract

Thepapergivesthesolutionof calculatingmaximalvarianceof fuzzy inter-
val in thescopeof the theoryof impreciseprobabilities.As it appears,this
problemis moredif�cult thananalogousoneconnectedwith evaluationof
lower andupperexpectationsof fuzzy interval. This papergivessomecon-
tribution to possibilitytheoryin theframework of probabilityapproach.
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1 Intr oduction

Thereis a well-known interpretationof fuzzy interval in the framework of the
theoryof impreciseprobabilities [1, 2]. To getthis,we associatewith any fuzzy
interval a possibility or necessitymeasure,andthenconsiderthat valuesof the
pointedmeasuresgiveuslower or upperassessmentsof probabilities.This inter-
pretationwasdiscussedin detail in [3], andthereit is proposedto useupperand
lower expectationsfor evaluatinguncertaintyof suchintervals.Thesecharacter-
istics andothercrudemomentsof orderk canbe easilycalculatedby Choquet
integral.However, to calculateupperandlowercentralmomentsis moredif�cult
asit is shown in investigations,presentedbelow.

Throughoutthe paperwe will usethe following notations:1) E [x] is an or-

dinaryexpectationof therandomvariablex, i.e. E [x] =
+ ¥R

� ¥
xdP(x), whereP is a

probabilitymeasureassociatedwith therandomvariablex; 2) s 2[x] is anordinary
varianceof therandomvariablex, i.e. s 2 [x] = E

�
x2

�
� (E [x])2.

� I would like to expressmy sincerethanksto theGermanAcademicExchangeService(DAAD),
BremenUniversityandProf.Dr. DieterDenneberg for theresearchopportunityprovided.
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Figure1: Membershipfunctionof a fuzzy interval

2 Basicde�nitions and problem statement

We will considerfuzzy intervals with a form (�g.1). The function µ is assumed
to be continuous,andthe functionsµ1 andµ2 aredifferentiableon the intervals
(a;b) and(c;d) correspondingly.

µ(x) =

8
>><

>>:

0; x � a or x � d;
µ1(x); a < x < b;

1; b � x � c;
µ2(x); c < x < d:

(1)

In addition,µ1 is increasingon(a;b), µ2 is decreasingon(c;d).
In possibility theory, for eachfuzzy interval, a possibility measureP(A) =

sup
x2A

µ(x) anda necessitymeasureN(A) = inf
x=2A

[1 � µ(x)] are introduced,andcan

be consideredas lower or upperestimationof probability of the event A 2 Á
(whereÁ is Borelalgebraof realaxis).Takingthis into account,possibilitymea-
sureP and necessitymeasureN de�ne a family of probability measuresX =
f PjN(A) � P(A) � P(A) g, andtheproblemarises,how to calculatedigital char-
acteristicsof suchfamily, in particular, themaximalvariances 2(µ) = sup

Pi2X
s2[xi ].

In the lastexpression,it is assumedthat theprobabilitymeasurePi determinesa
randomvaluexi . For thefuzzy interval, thevalues2(µ) canserve assomechar-
acteristicof uncertainty.

3 The research of possibilistic inclusion

Theorem 1 [4, 5]. Let P be a probability measure, X a family of probability
measures,generatedbya fuzzyintervalwith a membershipfunctionµ.ThenP2 X
iff Pf A(p)g � p for all p 2 [0;1], whereA(p) = f x 2 Rjµ(x) � pg.

Theorem1 canbereformulatedby usingstandardtermsfor randomvaluesas
follows.
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Theorem 1*. Letweusethesamenotationsasin theorem1, andtherandom
valuex is describedby theprobability measure P on Á. Consideralsoa random
valueh = µ(x) 2 [0;1]. ThenP 2 X iff Fh(y) � y, whereFh(y) = Pf h � y).

Remark. ThefunctionFh is a distribution functionof h, wheneverh is con-
tinuous.

4 The solution of the optimization problem

Theorem2. Let x bea randomvalue, describedbya probability measure P 2 X,
in addition,s2[x] = s2(µ). ThenwehavePf (b;c)g = 0 for fuzzyinterval (1).

Proof. Supposethat the coordinatesystemhasbeenchosenin a way that
E[x] = 0. Assumealso that b < 0, and the conditionof the theoremis not ful-
�lled, i.e.P(b;0] > 0. Thetheoremis valid if onecan�nd suchameasureP� that
P� 2 X ands2[x� ] > s2[x]. We will searchtheprobabilitymeasureP� in a form:

P� (A) =

8
<

:

P(A)e;
Pf bg+ P(b;0](1� e);

P(A);

A � (b;0];
A = f bg;

A\ [b;0] = /0:

It is obviousthatP� extendsonÁ uniquelyandP� 2 X. Calculatederivativeof

s2[x� ] =

+ ¥Z

� ¥

x2dP� (x) �

2

4
+ ¥Z

� ¥

xdP� (x)

3

5

2

w.r.t. e at thepointe= 1. Since
+ ¥R

� ¥
xdP� (x) = 0 at thepointe= 1,

d
de

�
s2[x� ]

�
e= 1 =

d
de

2

4
+ ¥Z

� ¥

x2dP� (x)

3

5

e= 1

:

Describethelastexpressionin detail.

+ ¥Z

� ¥

x2dP� (x) =
Z

Rn[b;0]

x2P(x) + b2(Pf bg+ P(b;0](1� e)) + e
Z

(b;0]

x2dP(x):

Therefore,
d
de

�
s2[x� ]

�
e= 1 = � b2P(b;0] +

Z

(b;0]

x2dP(x) < 0:

It meansthatthereexistse< 1 thats2[x� ] > s2[x]. For thecompleteproofof the
theorem,we mustconsideralsoacase,wherec > 0 andP[0;c) > 0.
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Corollary. Let P 2 X, s2[x] = s2(µ) as in theorem2, in addition,E[x] = 0.
Then

1) P[0;c) = 0 if c > 0;
2)P(b;0) = 0 if b < 0.
Theorem3. LetP 2 X, s2[x] = s2(µ) asin theorem2. Thentherandomvalue

h hasa distribution functionFh(y) = y.
Proof. We will assumethat thecoordinatesystemhasbeenchosenin a way

that E[x] = 0. Supposethe contraryassumption,that for x from the theorem,
Fh(y) 6= y. The theoremwill be proved, if underthis condition, thereexists a
randomvaluex� associatedwith aprobabilitymeasureP� 2 X for whichs2[x� ] >
s2[x]. The randomvaluex� will be searchedfor a certaina 2 [0;1], using the
expression:

x� =
�

µ� 1
1 [aFh (µ(x)) + (1� a)µ(x)] ;

µ� 1
2 [aFh (µ(x)) + (1� a)µ(x)] ;

x 2 [a;b];
x 2 [c;d]:

Hence,we needto �nd a 2 [0;1] suchthats 2[x� ] > s2[x]. But at �rst, checkthat
x� generatestheprobabilitymeasureP� 2 X. To do this,we needto con�rm that
theinequality

Fh� (y) = Pf µ(x� ) � yg � y

is valid. Actually,

h� = µ(x� ) = aFh (µ(x)) + (1� a)µ(x);

Fh� (y) = Pf aFh (µ(x)) + (1� a)µ(x) � yg:

SinceFh(y) � y, thenf aFh (µ(x)) + (1� a)µ(x) � yg � f Fh (µ(x)) � yg: There-
fore,

Fh (y) � Pf Fh (µ(x)) � yg = P
�

µ(x) � F � 1
h (y)

	
= Fh

�
F � 1

h (y)
�

= y:

Thus,it hasbeenshown thatP� 2 X. Furtherwewill provethats2[x� ] > s2[x] for
acertaina 2 [0;1] . To do this,calculatederivativeof

d
da

s2 [x� ] =
d

da

�
E

h
(x� )2

i
� (E [x� ])2

�

a= 0

at thepointa = 0. SinceE[x� ]a= 0 = E[x] = 0,

d
da

s2 [x� ]

�
�
�
�
a= 0

=
d

da
E

h
(x� )2

i �
�
�
�
a= 0

=

d
da

0

@
bZ

a

�
µ� 1

1 [aFh (µ(x)) + (1� a)µ(x)]
� 2

dP(x)

1

A

a= 0

+
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+
d

da

0

@
dZ

c

�
µ� 1

2 [aFh (µ(x)) + (1� a)µ(x)]
� 2

dP(x)

1

A

a= 0

:

Takingderivativew.r.t. a at thepoint a = 0, we get

d
da

s2 [x� ]

�
�
�
�
a= 0

=

bZ

a

2x
d
dy

µ� 1
1 (y)

�
�
�
�
y= µ(x)

(Fh (µ(x)) � µ(x)) dP(x)+

+

dZ

c

2x
d
dy

µ� 1
2 (y)

�
�
�
�
y= µ(x)

(Fh (µ(x)) � µ(x)) dP(x):

Analyzesignsof factorsstatingin theintegrands.
1)Fh (µ(x)) � µ(x) � 0, in addition,sinceaccordingtooursuppositionFh(y) 6=

y, y 2 [0;1], thereexistsanon-emptysetof points,in whichFh (µ(x)) � µ(x) < 0.
SinceFh is continuous,increasingfunction,Pf Fh (µ(x)) � µ(x) < 0g > 0:

2) The function µ1 is increasingon [a;b], therefore, d
dyµ� 1

1 (y)
�
�
�
y= µ(x)

> 0 if

x 2 (a;b).
3) Accordingto thecorollaryof theorem2, P[0;c) = 0. It enablesto exchange

theareaof integrationto (a;minf b;0g). Noticethat(2x) < 0 if x is in thisinterval.

4) Thefunctionµ2 is decreasingon[c;d], thus, d
dyµ� 1

2 (y)
�
�
�
y= µ(x)

< 0,whenever

x 2 (c;d).
5) Accordingto thecorollaryof theorem2,P[d;0) = 0. It enablesto exchange

theareaof integrationto (maxf c;0g;d) in thesecondintegral.Notethatthefactor
(2x) > 0 in this interval.

Analyzing signsof integrals,onecancon�rm that valueof eachof themis
non-negative;in addition,oneof themis strictly positive.Hence, d

da s2 [x� ]
�
�
a= 0 >

0. It meansthat onecan�nd a > 0 that s2[x� ] > s2[x], i.e. the suppositionhas
beenmadeis wrong,andit impliesFh(y) = y.

The proved theoremsenableto make somesimplifying of our optimization
problem.To do this, introduceinto considerationthefunctions

Fh1(y) = Pf µ1(x) � yjx 2 [a;b]g;Fh2(y) = Pf µ2(x) � yjx 2 [c;d]g:

It is clearthath1 = µ(x1), h2 = µ(x2), andalsotherandomvaluex1 is associated
with the probability measurePf � jx 2 [a;b]g, x2 with the probability measure
Pf � jx 2 [c;d]g. Let P 2 X ands2[x] = s2(µ), thenPf Rn[a;b] [ [c;d]g = 0, and,
usingformulaof compositeprobability, onecanwrite:

Fh(y) = Fh1(y)Pf x 2 [a;b]g+ Fh2(y)Pf x 2 [c;d]g:
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By theorem3, Fh(y) = y. Assumethat functionsFh1(y) andFh2(y) aredifferen-
tiable,thenthecalculationof probabilityis transformedto Riemannianintegral:

Pf x 2 Ag = Pf x 2 [a;b]g
Z

µf A\ [a;b]g

dFh1(y) + Pf x 2 [c;d]g
Z

µf A\ [c;d]g

dFh2(y):

(2)

By analogy, usingthe expressionx =
�

µ� 1
1 (h1);x 2 [a;b];

µ� 1
2 (h2);x 2 [c;d];

onecanwrite the

formulafor calculatingmoments:

E
h
xk

i
= Pf x 2 [a;b]g

1Z

0

�
µ� 1

1 (y)
� k

dFh1(y) + Pf x 2 [c;d]g

1Z

0

�
µ� 1

2 (y)
� k

dFh2(y):

Introducethefollowing notations:

h1(y) = Pf x 2 [a;b]gF0
h1

(y); h2(y) = Pf x 2 [c;d]gF0
h2

(y):

Then

E
h
xk

i
=

1Z

0

�
µ� 1

1 (y)
� k

h1(y)dy+

1Z

0

�
µ� 1

2 (y)
� k

h2(y)dy: (3)

It is clear, that functionsh1, h2 have to be non-negative in [0;1], in addition,
h1(y) + h2(y) = 1 by theorem3.

Theorem4. Letx beassociatedwith a probabilitymeasureP, P 2 X, s 2[x] =
s2(µ), E[x] = 0, and E

�
xk

�
is calculatedby formula (3). In addition, functions

h1, h2 are piecewisecontinuous.Thenin therange of hi continuitythefollowing
formulais valid:

h1(y) =
�

1;
�
�µ� 1

1 (y)
�
� >

�
�µ� 1

2 (y)
�
� ;

0;
�
�µ� 1

1 (y)
�
� <

�
�µ� 1

2 (y)
�
� ;

h2(y) = 1� h1(y): (4)

Proof. Assume,on thecontrary, thattheconditionof thetheoremtakesplace,
but formula(4) is notvalidat leastfor onepointof hi(y) continuity. Thetheoremis
valid if, for thiscase,wecan�nd arandomvaluex� , associatedwith aprobability
measureP� 2 X suchthats2[x� ] > s2[x]. To do this, introduceinto consideration
thefollowing functions:

g1(y) =

8
<

:

1;
0;

h1(y);

�
�µ� 1

1 (y)
�
� >

�
�µ� 1

2 (y)
�
� ;�

�µ� 1
1 (y)

�
� <

�
�µ� 1

2 (y)
�
� ;�

�µ� 1
1 (y)

�
� =

�
�µ� 1

2 (y)
�
� ;

g2(y) = 1� g1(y);

andalso

h�
1(y) = g1(y)a + h1(y)(1� a); h�

2(y) = g2(y)a + h2(y)(1� a); y 2 [0;1]:
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It is assumedthat functionsh�
1, h�

2 generatetheprobabilitydistribution of x� by
theformula:

Pf x� 2 Ag =
Z

µf A\ [a;b]g

h�
1(y)dy+

Z

µf A\ [c;d]g

h�
2(y)dy:

It is clearthat thelast formulais ananalogof formula(2), andtherandomvalue
x� generatesthe probability measureP� 2 X for all valuesa 2 [0;1]. Calculate

derivativeof d
da s2 [x� ] = d

da

�
E

h
(x� )2

i
� (E [x� ])2

�

a= 0
at thepointa = 0. Since

E[x� ] = 0 for a = 0, weget d
da s2 [x� ]

�
�
a= 0 = d

da E
h
(x� )2

i �
�
�
a= 0

. Then

d
da

E
h
(x� )2

i
=

d
da

1Z

0

�
µ� 1

1 (y)
� 2

[g1(y)a + h1(y)(1� a)]dy+

+
d

da

1Z

0

�
µ� 1

2 (y)
� 2

[g2(y)a + h2(y)(1� a)]dy =

=

1Z

0

�
µ� 1

1 (y)
� 2

[g1(y) � h1(y)] dy+

1Z

0

�
µ� 1

2 (y)
� 2

[g2(y) � h2(y)] dy:

Sinceg1(y) � h1(y) = h2(y) � g2(y), wegetat last

d
da

s2 [x� ]

�
�
�
�
a= 0

=

1Z

0

� �
µ� 1

1 (y)
� 2

�
�
µ� 1

2 (y)
� 2

�
[g1(y) � h1(y)] dy:

Analyzesignsof integrandsfactors.
1) Let g1(y) > h1(y), theng1(y) = 1, i.e.µ� 1

1 (y) > µ� 1
2 (y) by formula(4).

2) Let g1(y) < h1(y), theng1(y) = 0. i.e.µ� 1
1 (y) < µ� 1

2 (y) by formula(4).
From this, one can make a conclusionthat the integrandon [0;1] is non-

negative. In addition,by our assumption,thereis a point in the rangeof h1(y)
continuitysuchthatg1(y) 6= h1(y). It implies d

da s2 [x� ]
�
�
a= 0 > 0. It means,there

is a point a > 0 suchthat s2[x� ] > s2[x], i.e. theassumptionmadeis wrong. It
provesthetheoremin thewhole.

Theorem 5. Let a setf xig of randomvalueswith maximalvariances 2[xi ] =
s2(µ), E[xi ] = 0, be in a fuzzyinterval F with themembership functionµ. Then
there is a randomvaluex� = f xig such that

h�
1(y) =

8
<

:

1;
�
�µ� 1

1 (y)
�
� >

�
�µ� 1

2 (y)
�
� ;

0;
�
�µ� 1

1 (y)
�
� <

�
�µ� 1

2 (y)
�
� ;

a;
�
�µ� 1

1 (y)
�
� =

�
�µ� 1

2 (y)
�
� ;

h�
2(y) = 1� h�

1(y); a 2 [0;1]:
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Proof. By theorem4, thesetf xig includesa randomvaluex suchthat

h1(y) =
�

1;
�
�µ� 1

1 (y)
�
� >

�
�µ� 1

2 (y)
�
� ;

0;
�
�µ� 1

1 (y)
�
� <

�
�µ� 1

2 (y)
�
� ;

h2(y) = 1� h1(y):

DenoteA =
�

y 2 [0;1]j
�
�µ� 1

1 (y)
�
� =

�
�µ� 1

2 (y)
�
� 	 . For the randomvaluex� , choose

parametera 2 [0;1] asfollows.Underthecondition,E [x] = E [x� ] = 0, in addi-
tion, hi(y) = h�

i (y) if y 2 Ā. Therefore,

E [x� ] � E [x] =
Z

A

µ� 1
1 (y)h1(y)dy+

Z

A

µ� 1
2 (y)h2(y)dy�

�

0

@
Z

A

µ� 1
1 (y)h�

1(y)dy+
Z

A

µ� 1
2 (y)h�

2(y)dy

1

A :

For y 2 A, µ� 1
1 (y) = � µ� 1

2 (y), thus,
Z

A

µ� 1
1 (y)h1(y)dy+

Z

A

µ� 1
2 (y)h2(y)dy =

=
Z

A

µ� 1
1 (y) (h1(y) � h2(y)) dy = b

Z

A

µ� 1
1 (y)dy;

whereb 2 [0;1]. The lastequalityis obtainedwith thehelpof mean-valuetheo-
rem.By analogy,

Z

A

µ� 1
1 (y)h�

1(y)dy+
Z

A

µ� 1
2 (y)h�

2(y)dy =

=
Z

A

µ� 1
1 (y) (h�

1(y) � h�
2(y)) dy = (2a � 1)

Z

A

µ� 1
1 (y)dy:

Thus,E [x] = E [x� ] = 0 if b = 2a � 1.Let usshow thats2[x� ] = s2[x] in thiscase.
Actually,

s2 [x] � s2 [x� ] = E
�
x2�

� E
h
(x� )2

i
=

�

0

@
Z

A

�
µ� 1

1 (y)
� 2

h�
1(y)dy+

Z

A

�
µ� 1

2 (y)
� 2

h�
2(y)dy

1

A =

=
Z

A

�
µ� 1

1 (y)
� 2

dy�
Z

A

�
µ� 1

2 (y)
� 2

dy = 0:

Thetheoremis proved.
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5 The practical calculation of maximal variance

Theorem 6. Let the functionµ� 1
1 + µ� 1

2 beincreasing. Thenfunctionshi for cal-
culatingthemaximalvariancehavea form:

h1(y) =
�

1;y < a;
0;y > a;

h2(y) = 1� h1(y); y;a 2 [0;1]: (5)

Proof. Let x be associatedwith a probability measureP 2 X and s 2[xi ] =
s2(µ). SupposethatE[x] = m, thenby theorem4,

h1(y) =
�

1;
�
�µ� 1

1 (y) � m
�
� >

�
�µ� 1

2 (y) � m
�
� ;

0;
�
�µ� 1

1 (y) � m
�
� <

�
�µ� 1

2 (y) � m
�
� :

Thus,weneedto solvetheinequality,
�
�µ� 1

1 (y) � m
�
� >

�
�µ� 1

2 (y) � m
�
�. Onecancon-

siderthatµ� 1
1 (y) � m< 0 andµ� 1

2 (y) � m> 0 (seecorollaryof theorem2).There-
fore, thelastinequalityis transformedto a form:

µ� 1
1 (y) + µ� 1

2 (y) < 2m:

Let thenumber2m belongto therangeof valuesof thefunctionµ� 1
1 + µ� 1

2 , g be
an inversefunction to this median,then,sinceg is increasingfunction, we get
thaty < g(2m) = a. Thecases,where2mdoesnotbelongto therangeof median
values,arealsodescribedby formula(5).

Corollaries of theorem6. Letweusenotationsof theorem6. Then

1) h1(y) =
�

1;µ� 1
1 (y) + µ� 1

2 (y) < 0;
0;µ� 1

1 (y) + µ� 1
2 (y) > 0;

h2(y) = 1� h1(y), if E[x] = 0.

2) Let the functionµ� 1
1 + µ� 1

2 be increasingon [0;1], thenthere is a certain

a 2 [0;1] such thath1(y) =
�

1;y > a;
0;y < a;

h2(y) = 1� h1(y), y;a 2 [0;1]:

Theorem 7. Let x belongto a fuzzyinterval F with a membershipfunctionµ
ands2[x] = s2(µ). ThenE[x] 2

�
µ� 1

1 (y) + µ� 1
2 (y) jy 2 [0;1]

	
.

Proof. Assumethattheconditionof thetheoremis not satis�ed.Then,using
corollary1 of theorem6,wegetthateitherh1(y) � 1 or h2(y) � 1. For thesakeof
determinacy, let E[x] = 0. 1) Let h1(y) � 1, thenE[x] < b. It meansthatP[0;c) >
0,but thiscontradictsto thecorollaryof theorem2.2)Leth2(y) � 1, thenE[x] > c.
It meansthatP(b;0] > 0, but this contradictsto thecorollaryof theorem2. The
contradictionsfoundprovethetruthof thetheorem.

Corollary. Let a fuzzyinterval F besymmetric,i.e. µ� 1
1 (y) + µ� 1

2 (y) = const,

and,for thesakeof determinacy, const = 0. Thens 2(µ) =
1R

0

�
µ� 1

1 (y)
� 2

dy.

Proof. Accordingto theorem7, for x with maximalvariance,thevalueE[x]
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belongsto therangeof µ� 1
1 + µ� 1

2 values,i.e.E[x] = const = 0. Therefore,

s2 [x] =

1Z

0

�
µ� 1

1 (y)
� 2

h1(y)dy+

1Z

0

�
µ� 1

2 (y)
� 2

h2(y)dy:

Since
�
µ� 1

1 (y)
� 2

=
�
µ� 1

2 (y)
� 2

andh1(y)+ h2(y) = 1,wegets2 [x] =
1R

0

�
µ� 1

1 (y)
� 2

dy.

Thecorollaryis proved.
Theorem 8. Let functionshi(y) in the formula (3) for calculatingmaximal

variancehavea form:

h1(y) =
�

1;y < a;
0;y > a;

h2(y) = 1� h1(y); y;a 2 [0;1]: (6)

Thena canbefoundfromtheequality:

µ� 1
1 (a) + µ� 1

2 (a)
2

+

aZ

0

�
µ� 1

2 (y) � µ� 1
1 (y)

�
dy�

1
2

1Z

0

�
µ� 1

2 (y) � µ� 1
1 (y)

�
dy = 0;

(7)

if thecoordinatesystemis chosensuch that
1R

0

�
µ� 1

2 (y) + µ� 1
1 (y)

�
dy = 0. There is

a uniquesolutionif thefunctionµ� 1
1 + µ� 1

2 is increasing.
Proof. Let thefunctionshi havea form (6). Then

s2 [µ] = E
�
x2�

� E2 [x] =

aZ

0

�
µ� 1

1 (y)
� 2

h1(y)dy+

+

1Z

a

�
µ� 1

2 (y)
� 2

h2(y)dy�

0

@
aZ

0

µ� 1
1 (y)dy+

1Z

a

µ� 1
2 (y)dy

1

A

2

:

Takingderivativew.r.t. a andusingthenecessityconditionfor extremum,weget
theequality:

�
µ� 1

1 (a)
� 2

�
�
µ� 1

2 (a)
� 2

� 2
�
µ� 1

1 (a) � µ� 1
2 (a)

�
2

4
aZ

0

µ� 1
1 (y)dy+

1Z

a

µ� 1
2 (y)dy

3

5 = 0:

Sincea < 1 andµ� 1
1 (a) � µ� 1

2 (a) < 0, thenwe canreducethis factor. As result,

µ� 1
1 (a) + µ� 1

2 (a) � 2

2

4
aZ

0

µ� 1
1 (y)dy+

1Z

a

µ� 1
2 (y)dy

3

5 = 0: (8)
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Transformtheexpression:

2

2

4
aZ

0

µ� 1
1 (y)dy+

1Z

a

µ� 1
2 (y)dy

3

5 =

aZ

0

µ� 1
1 (y)dy�

aZ

0

µ� 1
2 (y)dy+

1Z

0

µ� 1
2 (y)dy

+

1Z

0

µ� 1
1 (y)dy�

1Z

a

µ� 1
1 (y)dy+ +

1Z

a

µ� 1
2 (y)dy =

0

@
1Z

a

�
µ� 1

2 (y) � µ� 1
1 (y)

�
dy�

�

aZ

0

�
µ� 1

2 (y) � µ� 1
1 (y)

�
dy

1

A +

1Z

0

�
µ� 1

2 (y) + µ� 1
1 (y)

�
dy:

By the supposition,
1R

0

�
µ� 1

2 (y) + µ� 1
1 (y)

�
dy = 0, in addition,the �rst item in the

lastexpressioncanbetransformedto a form:

1Z

0

�
µ� 1

2 (y) � µ� 1
1 (y)

�
dy� 2

aZ

0

�
µ� 1

2 (y) � µ� 1
1 (y)

�
dy:

Takingthis into account,theequality(8) is writtenasfollows:

µ� 1
1 (a) + µ� 1

2 (a) + 2

aZ

0

�
µ� 1

2 (y) � µ� 1
1 (y)

�
dy� �

1Z

0

�
µ� 1

2 (y) � µ� 1
1 (y)

�
dy = 0;

(9)
i.e.we reallyprovethetruthof equation(7).

Denotethe left part of equation(9) by f (a). Let the function µ� 1
1 + µ� 1

2 be

increasing,then,sinceby supposition
1R

0

�
µ� 1

2 (y) + µ� 1
1 (y)

�
dy = 0, it is obvious

thatµ� 1
1 (0) + µ� 1

2 (0) � 0 andµ� 1
1 (1) + µ� 1

2 (1) � 0. Takingthis into our account,
analyzesignsof f (a) at theendsof [0;1]:

f (0) = µ� 1
1 (0) + µ� 1

2 (0) � S;

f (1) = µ� 1
1 (1) + µ� 1

2 (1) + S;

whereSis anareaof thefuzzyinterval.Therefore,f (0) < 0 and f (1) > 0, i.e. the
equationhasat leastoneroot.Analyzethesignof

f 0(a) =
d

da

�
µ� 1

1 (a) + µ� 1
2 (a)

�
+ 2

�
µ� 1

2 (a) � µ� 1
1 (a)

�
:

It isobvious,that f 0(a) > 0 for a 2 [0;1]. Thus,theequality f (a) = 0hasonlyone
root, andthis root is a point of maximum(you shouldremind,that for obtaining
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equality(8),wereducetheexpressionby thenegativefactor
�
µ� 1

1 (a) � µ� 1
2 (a)

�
).

Thus,thetheoremis provedin thewhole.
Remarks.
1) Theorem8 is easilygeneralizedfor thecase,where

h1(y) =
�

1;y > a;
0;y < a;

h2(y) = 1� h1(y); y;a 2 [0;1];

andthe function µ� 1
1 + µ� 1

2 is decreasing.In this casea canbe found from the
equation:

µ� 1
1 (a) + µ� 1

2 (a)
2

�

aZ

0

�
µ� 1

2 (y) � µ� 1
1 (y)

�
dy+

1
2

1Z

0

�
µ� 1

2 (y) � µ� 1
1 (y)

�
dy = 0:

We alsosupposethat
1R

0

�
µ� 1

2 (y) + µ� 1
1 (y)

�
dy = 0.

2) Theequation(7) hasageometricalinterpretation(�g. 2).

a
 b
 c
 d


1


x


m
1

-1
(y)


y


m
2

-1
(y)


0.5[
m
1

-1
(y)
+
m
2


-1
(y)
]


a


Figure2: Fuzzyinterval: inversefunctions

a) 0:5(µ� 1
1 + µ� 1

2 ) is themedianof thefuzzy interval;

b)
1R

0

�
µ� 1

2 (y) � µ� 1
1 (y)

�
dy is theareaof thefuzzy interval;

c)
aR

0

�
µ� 1

2 (y) � µ� 1
1 (y)

�
dy is the areaof the part of the fuzzy interval that is

below of a level ;
d) µ� 1

2 (a) � µ� 1
1 (a) is thelengthof thelevel line y = a for thefuzzy interval.

3) Introduceinto considerationfunctions

m(y) =
µ� 1

1 (y) + µ� 1
2 (y)

2
; w(y) =

µ� 1
2 (y) � µ� 1

1 (y)
2

; F(a) =

aZ

0

�
w(y) +

m0(y)
2

�
dy:

Thenequation(7) canbetransformedto a form:

2F(a) � F(1) = 0: (7� )
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Example.Consider, how to calculatethemaximalvariancefor thefuzzyinter-
val having a form of trapezium(�g. 3). In this case,thefunctionsm, w arelinear.

A


B
 C


D


y


x


m
(
y
)


0.5


Figure3: Fuzzyinterval with a form of trapezium

We assumethat m is increasingand
1R

0
m(y)dy = 0. In this case,onecaneasily

show thatm(y) = k(y� 0:5), wherek > 0. The functionw is expressedthrough
lengthsof the trapeziumsidesl1 = jBCj andl2 = jADj. Sincew(0) = 0:5l2 and
w(1) = 0:5l1, thenw(y) = 0:5[l2 � (l2 � l1)y]. Theparametera canbefoundfrom
equation(7*). ThenF(a) = 0:5(k+ l2)a � 0:25(l2 � l1)a2 , andweneedto solve
theequation:

(l2 � l1)a2 � 2(k+ l2)a +
l1 + l2 + 2k

2
= 0:

Solvingit, weget

a =
(k+ l2) �

r

0:5
h
(k+ l2)2 + (k+ l1)2

i

l2 � l1
;

in addition,a 2 [0;1]. The precisevalueof s 2(µ) canbe calculatedby formula
(3). Namely, accordingto theform of h1;h2 we canwrite

s2(µ) =

aZ

0

�
µ� 1

1 (y)
� 2

dy+

1Z

a

�
µ� 1

2 (y)
� 2

dy�

0

@
aZ

0

µ� 1
1 (y)dy+

1Z

a

µ� 1
2 (y)dy

1

A

2

;

where
µ� 1

1 (y) = [k+ 0:5(l2 � l1)](y� 0:5) � 0:25(l2+ l1);

µ� 1
2 (y) = [k� 0:5(l2 � l1)](y� 0:5) + 0:25(l2+ l1):

Let l1 = 1; l2 = 3; k= 0:5, thena = 0:404,s2(µ) = 1:342.Fig.4 showsthisfuzzy
interval, andprobability distribution function F of the extremerandomvaluex,
beingin thefuzzy interval, for whichs2(µ) = s2 [x].
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µ x( )

F x( )

x
2 1 0 1 2

0

1

Figure4: Numericalexample
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