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Abstract

Dempster's rule for combiningtwo belief functionsassumesthe indepen-
denceof the sourcesof information. If this assumptionis questionable,I
suggestto usetheleastspeci�c combinationminimizing thecon�ict among
the onesallowed by a simple generalizationof Dempster's rule. This in-
creasesthemonotonicityof thereasoningandhelpsusto managesituations
of dependence.Somepropertiesof this combinationrule andits usefulness
in a generalizationof Bayes'theoremarethenconsidered.
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1 Intr oduction

In thetheoryof belieffunctions,Dempster'sruleallowsusto pooltheinformation
issuedfrom severalsources,if we assumethattheseareindependent.In his orig-
inal work [2], Dempsterbasedthe independenceconcepton theusualstatistical
oneandunderlinedthevaguenessof its realworld meaning.Shaferreinterpreted
Dempster's work andin his monograph[8] de�ned a belief functionwithout as-
suminganunderlyingprobabilityspace,makingsotheindependenceassumption
evenmoreproblematic.

In probability theory, the independenceconceptrefersto classesof eventsor
to randomvariables,with respectto a singleprobabilitydistribution (this kind of
independencefor belief functionsis studiedfor instancein BenYaghlane,Smets
andMellouli [1]). On thecontrary, theconceptconsideredhererefersto several
sourcesof information issuingseveral belief functionsover the sameframe of
discernment.Theassumptionof theindependenceof thesourcescanbejusti�ed
only by analogieswith other situationsin which this assumptionproved to be
sensible(cf. Smets[10]).

Following DuboisandPrade[3], I considera generalizationof Dempster's
rule which allows thesourcesof informationto be dependent.This generalrule
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justassignsto apairof belieffunctionsasetof possiblecombinations,compelling
usto makeachoice.If theindependenceof thesourcesof informationis doubtful
(thatis, wecannotadequatelyjustify its assumption),I suggestto choosetheleast
speci�c combinationminimizing thecon�ict. This increasesthemonotonicityof
the reasoning(in particular, completemonotonicityis assuredif it doesnot en-
tail incoherence)andhelpsusto managesituationsof dependence(in particular,
idempotency is assured).

2 Settingand Notation

It is assumedthat the readerhasa basicknowledgeof theDempster-Shaferthe-
ory andof classicalpropositionallogic (refer for instanceto Shafer[8] and to
Epstein[4], respectively).

Let U be a �nite set of propositionalvariables,which representsthe topic
considered.LU denotesthelanguageof propositionallogic built overthealphabet
U [ f> ; : ;_ ;^ ; !g , where> is the tautology. VU denotesthesetof (classical)
valuationsof LU , i.e. theconsistentassignmentsv : LU � ! f t; f g of truthvalues
to theformulasof LU (thusjVU j = 2jU j). Themapping

TU : LU � ! 2VU

j 7�! f v 2 VU : v(j ) = tg

assignsto eachformulaof LU thesetof its models,i.e. thevaluationsfor which
theformulais true.1

De�nition 1 A basicbeliefassignment(bba)is a function

m: 2VU � ! [0;1] such thatm( /0) = 0 and å
A� VU

m(A) = 1.2

MU is thesetof bbason2VU .
Thebeliefandtheplausibility aboutU with bbam are thefunctions

bel : LU � ! [0;1]

j 7�! å
A� TU (j )

m(A) ,

pl : LU � ! [0;1]

j 7�! å
A\ TU (j )6= /0

m(A) .

1TU is not injective (LU is redundant)but it is surjective (LU is suf�cient).
2Thebeliefsarenormalized,sincethe“open-world assumption”(seefor instanceSmets[9]) does

not make sensein thesettingof classicalpropositionallogic: a formulaandits negationcannotboth
befalse.
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Considertwo �nite setsof propositionalvariablesU � V . If bel is a belief
aboutV , thebeliefbel � U aboutU is therestrictionof bel to LU . If bel is abelief
aboutU, thebelief bel � V aboutV is thevacuousextensionof bel to LV , i.e. the
minimalbeliefaboutV whoserestrictionto LU is bel (whereminimalmeansthat
if bel0 is abelief aboutV satisfyingbel0� U= bel, thenbel � V � bel0).3

De�nition 2 A joint beliefassignment(jba) with marginal bbasm1;m2 2 MU is
a function

m: 2VU � 2VU � ! [0;1] such that

å
B� VU

m(A;B) = m1 (A) for all A � VU and

å
A� VU

m(A;B) = m2 (B) for all B � VU .

M m1;m2
U is thesetof jbaswith marginal bbasm1;m2 2 MU .
Thecon�ict of a jba m is thequantity

c(m) = å
A\ B= /0

m(A;B) .

For any m1;m2 2 MU , thefunctionmD on2VU � 2VU de�ned by

mD (A;B) = m1 (A) m2 (B)

is a jba with marginal bbasm1 andm2 (it is the jba which correspondsto the
independenceassumption).ThusM m1;m2

U cannotbeempty.
In thefollowing, bel1 andbel2 will denotetwo beliefsaboutU with bbasm1

andm2, respectively (andpl1 andpl2 will denotetherespective plausibilities).If
m2 M m1;m2

U with c(m) < 1, thefunctionmon2VU de�ned by m( /0) = 0 and

m(A) =
1

1� c(m) å
B\ C= A

m(B;C) if A 6= /0

isabba.ThebeliefaboutU with bbamis calledcombinationof bel1 andbel2 with
respectto m, andis denotedby bel1 
 mbel2. Therule 
 generalizesDempster's
one� , sincethelatteris thecombinationwith respectto theparticularjbamD , or
symbolically� = 
 mD .

3 Monotonicity and Con�ict

A reasoningprocessis called monotonicif the acquisitionof new information
doesnot compelus to give up someof our beliefs;otherwiseit is callednon-
monotonic.In theDempster-Shafertheory, the reasoningprocessconsistsin the

3If m is thebbaassociatedwith bel, thenthebbaassociatedwith bel � V is thefunctionm0on 2VV

de�ned by m0(TV (j )) = m(TU (j )) for all j 2 LU , andm0(A) = 0 if A =2 TV (LU ).
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combinationof beliefs.Thatis, thereasoningwouldbemonotoniconly if

bel1 
 mbel2 � max(bel1;bel2) ,

whichdoesnotalwayshold(cf. Yager[12]). Proposition1 givesthebestpossible
lowerboundfor bel1 
 mbel2 (j ) basedonlyontheknowledgeof bel1 (j ), bel2 (j )
andc(m).

Proposition1 If m2 M m1;m2
U with c(m) < 1, andj 2 LU , then

bel1 
 mbel2 (j ) � max
�

bel1 (j ) � c(m)
1� c(m)

;
bel2 (j ) � c(m)

1� c(m)
;0

�
.

Proof. (1� c(m)) bel1 
 mbel2 (j ) = å
/06=( A\ B)� TU (j )

m(A;B) �

� å
A� TU (j )

å
B� VU

m(A;B) � å
A\ B= /0

m(A;B) = bel1 (j ) � c(m) .

Similarly, (1� c(m)) bel1 
 mbel2 (j ) � bel2 (j ) � c(m). 2

From Proposition1 it follows that if m hasno con�ict (i.e. c(m) = 0), then
wehavemonotonicity. But if mhassomecon�ict (i.e. c(m) > 0), thenthemono-
tonicity is assuredonly for theformulasj suchthatmax(bel1 (j ) ;bel2 (j )) = 1.
In generalwecanaf�rm thatthemoremhascon�ict, themorewehavenonmono-
tonicity.

The monotonicity is admissibleonly if thereis a belief bel aboutU with
bel � max(bel1;bel2). If thereis a formula j with bel1 (j ) > pl2 (j ),4 thenthe
monotonicityis notadmissible,sincebel � max(bel1;bel2) impliesthat

bel(> ) � bel(j ) + bel(: j ) � bel1 (j ) + bel2 (: j ) > 1.

Proposition2 assuresthatif themonotonicityis admissible,thenit is feasible(that
is, thereis a jbawithout con�ict).

Proposition2
min

m2M m1;m2
U

c(m) = max
j 2LU

(bel1 (j ) � pl2 (j )) .

Proof. Let m bea jba minimizing thecon�ict (sucha jba certainlyexistssince

M m1;m2
U � R22jVU j

is compactandnotempty).
If A1;A2;B1;B2 � VU with A1 \ B1 = /0, A1 \ B2 6= /0, A1 6= A2, m(A1;B1) > 0

andm(A2;B2) > 0, thenA2 \ B1 = /0 andA2 \ B2 6= /0, andwithout lossof gener-
ality we mayassumethatm(A2;B1) > 0.

4Noticethatbel2 (y ) � pl1 (y ) = bel1 (j ) � pl2 (j ) with j = : y .
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To provethis,considerthefunctionm0on2VU � 2VU de�ned by

m0(A;B) =

8
<

:

m(A;B) � e if (A;B) 2 f (A1;B1) ; (A2;B2)g,
m(A;B) + e if (A;B) 2 f (A1;B2) ; (A2;B1)g,
m(A;B) otherwise,

for an e suchthat 0 < e < min(m(A1;B1) ;m(A2;B2)) . It is easilyveri�ed that
m02 M m1;m2

U andc(m0) � c(m), with equalityonly if A2 \ B1 = /0 andA2 \ B2 6= /0.

Let A = f A � VU : 9 B � VU A\ B = /0;m(A;B) > 0g andA =
[

A2A
A.

If B\ A 6= /0, thenm2 (B) = å
A2A;A\ B6= /0

m(A;B).

This can be proven as follows. SinceB\ A 6= /0, thereis an A1 2 A with
A1 \ B 6= /0. SinceA1 2 A, thereis aB1 � VU with A1 \ B1 = /0 andm(A1;B1) > 0.
If A2 � VU with A1 6= A2 andm(A2;B) > 0, thenwearein thesituationconsidered
above (with B2 = B). ThereforeA2 2 A (sinceA2 \ B1 = /0 andm(A2;B1) > 0)
andA2 \ B 6= /0. Thusm(A;B) > 0 impliesA 2 A andA\ B 6= /0.

Let j 2 LU with TU (j ) = A. Then

c(m) = å
A2A;A\ B= /0

m(A;B) = å
A2A

m1 (A) � å
A2A;A\ B6= /0

m(A;B) =

= å
A2A

m1 (A) � å
B\ A6= /0

m2 (B) � bel1 (j ) � pl2 (j ) .

On theotherhand,for any y 2 LU (let C = TU (y ) andC = VUnC),

c(m) � å
A� C;B� C

m(A;B) = å
A� C

m1 (A) � å
A� C;B* C

m(A;B) �

� å
A� C

m1 (A) � å
B* C

m2 (B) = bel1 (y ) � pl2 (y )

2

Let cm1;m2
min denotethevalueof min

m2M m1;m2
U

c(m), andlet bel1 andbel2 becalled

compatibleif bel1 � pl2. Proposition2 enablesusto determinecm1;m2
min andto prove

Corollary1.

Corollary 1 Thefollowing assertionsare equivalent.

� Themonotonicityof thecombinationof bel1 andbel2 is admissible.

� bel1 andbel2 arecompatible.

� cm1;m2
min =0.
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4 The Choiceof a Combination Rule

Theonly casein which themarginal bbasuniquelydeterminethe jba is thecon-
ditioning of a belief. Theconditioningon j 2 LU of a belief bel aboutU is the
resultof its combinationwith beljU , wherebeljU denotestheminimal beliefabout
U assigningthevalue1 to the formula j .5 It is easilyveri�ed that if oneof the
two beliefswhich have to becombinedhastheform beljU , thenthejba is unique
(i.e.M m1;m2

U = f mDg). Thusin thecaseof conditioningthegeneralrule
 reduces
itself to Dempster'sone.

Generally, in orderto combinetwo beliefsbel1 andbel2 aboutU, we must
choosea jba m 2 M m1;m2

U . Sometimeswe cananalysein detail thesituationand
baseourchoiceonspeci�c assumptionsaboutthenatureof thedependenceof the
sourcesof information,but usuallywe canat mostassumetheir independence.
Thus there is little loss of generalityin consideringonly the two usualcases:
the one in which the independenceis assumed,and the one in which nothing
is assumedabout the sources.In both caseswe needa combinationrule; that
is, we needan operator? assigningto every pair of bbasm1;m2 2 MU a jba
m1?m2 2 M m1;m2

U , for any �nite setof propositionalvariablesU. Suchanoperator
canbesensibleonly if it satis�esthefollowing basicrequirements(the �rst two
make the combinationrule independentof the particularlogical formalization,
whereasthethird oneis a technicalnecessity).

� Thein�uence of U on? mustbelimited to thecardinalityof VU . Thatis, if
V is asetof propositionalvariablesand f : VV � ! VU is a bijection,then

(m1 � f ) ?(m2 � f ) (A;B) = m1 ?m2 ( f (A) ; f (B)) for all A;B � VV .

� The operator? mustbe “equivariant” with respectto the vacuousexten-
sions.Thatis, if V is a�nite setof propositionalvariableswith U � V and
m0

1;m0
2 arethebbasassociatedwith bel1 � V andbel2 � V , respectively, then

m0
1 ?m0

2 (TV (j ) ;TV (y )) = m1 ?m2 (TU (j ) ;TU (y )) for all j ;y 2 LU .

� Thecombinationwith respectto m1 ?m2 mustbede�ned asoftenaspossi-
ble.Thatis, if cm1;m2

min < 1, thenc(m1 ?m2) < 1.

It is easily veri�ed that the operatorwhich correspondsto Dempster's rule
(m1?m2 = mD) satis�esthesebasicrequirements.Thusif in theconsideredsitua-
tion theassumptionof theindependenceof thesourcesof informationis sensible,
we shouldemploy Dempster's rule.But if theindependenceis doubtful,employ-
ing this rule canbehazardous,sincethecon�ict is in generalprettyhigh (evenif

5Thebbaassociatedwith beljU is thefunctionm on 2VU de�ned by m(TU (j )) = 1 andm(A) = 0
if A 6= TU (j ). In particular, bel>U is thevacuousbeliefaboutU.
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thecombinedbeliefsareexactly thesame)andthismeansunnecessarynonmono-
tonicity.

In orderto reducetheunnecessarynonmonotonicity, I suggestto choosethe
jbawhichminimizesthecon�ict (with thischoicethemonotonicityis assuredif it
is admissible).If this is notunique,it seemsnaturalto meto choosetheleastspe-
ci�c one.This is the jba whoserespective combinationof beliefsmaximizesthe
well establishedmeasureof nonspeci�city(seefor instanceKlir andWierman[7])
amongthecombinationswith respectto thejbaswith minimalcon�ict.

De�nition 3 If bel is a beliefaboutU with bbam, themeasure of nonspeci�city
of bel is thequantity

N(bel) = å
A6= /0

m(A) log2 jAj .

Thus if cm1;m2
min < 1, I suggestto chooseas m1 ? m2 a jba m maximizing

N
�
bel1 
 mbel2

�
amongthem 2 M m1;m2

U with c(m) = cm1;m2
min (if cm1;m2

min = 1, the
choiceof a jba is useless,sinceanywaywe cannotcombinebel1 andbel2). From
Proposition3 follows that the task of �nding sucha m is a problemof linear
programming.6

Proposition3 If m1;m2 2 MU , cm1;m2
min < 1 and f : N � ! R with f (0) < � jU j

and f (n) = log2n for all n > 0, then

arg max
m2M m1;m2

U
c(m)= c

m1;m2
min

N
�
bel1 
 mbel2

�
= arg max

m2M m1;m2
U

å
A;B� VU

m(A;B) f (jA\ Bj) .

Proof. Let F(m) = å
A;B� VU

m(A;B) f (jA\ Bj). If c(m) = cm1;m2
min , then

F(m) = cm1;m2
min f (0) +

�
1� cm1;m2

min

�
N

�
bel1 
 mbel2

�
.

Thereforeit suf�ces to show that if m maximizesF(m), thenc(m) = cm1;m2
min .

In the proof of Proposition2 it is shown that c(m) = cm1;m2
min is implied by the

following property:if A1;A2;B1;B2 � VU with A1 \ B1 = /0, A1 \ B2 6= /0, A1 6= A2,
m(A1;B1) > 0 andm(A2;B2) > 0, thenA2 \ B1 = /0 andA2 \ B2 6= /0.

Assumethat m maximizesF(m) andconsiderthe transformationm 7�! m0

de�ned in the proof of Proposition2. If the hypothesisof the propertystated
aboveholds,wehave

F
�
m0� = F(m) + e( f (jA1 \ B2j) + f (jA2 \ B1j) � f (jA1 \ B1j) � f (jA2 \ B2j)) >

> F(m) + e( f (jA2 \ B1j) + jU j � f (jA2 \ B2j)) .

6The proof of Proposition3 suggestsan iteration algorithm for solving this problem:start for
instancefrom mD andrecursively apply a transformationof the form m 7�! m0 in orderto increase
the valueof the linear functionalå m(A;B) f (jA\ Bj). I have not studiedthe propertiesof suchan
algorithmyet.
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ThereforeF(m0) � F(m) implies f (jA2 \ B1j) < 0 and f (jA2 \ B2j) � 0; that is,
A2 \ B1 = /0 andA2 \ B2 6= /0. 2

The least speci�c jba minimizing the con�ict is not always unique, thus
m1 ?m2 is notalwaysde�ned.Consider�rst thesetSof pairs(m1;m2) for which
the operator? is de�ned: the following propertiescan be easily veri�ed. In S
the operator? satis�es the threebasicrequirementsstatedabove (notice that if
(m1;m2) 2 S, then(m1 � f ;m2 � f ) 2 S and(m0

1;m0
2) 2 S). If (m1;m2) 2 S, then

(m2;m1) 2 S andm1 ?m2 (A;B) = m2 ?m1 (B;A) for all A;B � VU . If m 2 MU ,
then(m;m) 2 S andm?m(A;A) = m(A) for all A � VU . Thelast two properties
imply commutativity andidempotency for therespectivecombinationsof beliefs.

Commutativity is a necessaryrequirementin symmetricalsituationswhere
thetwo sourcesof informationhavethesameimportanceandcredibility. In other
situationswe canprefer that oneof the two beliefshasa prominentrole in the
combination:sincethesecasescanbe worked out with othermethods(suchas
discounting),I shallconsidercommutativity asnecessary.

For any pairof bbasm1;m2 2 MU , theleastspeci�c jbasminimizing thecon-
�ict form a convex polytope(i.e. theboundedintersectionof a �nite numberof

closedhalf-spaces)in R22jVU j
. Thereforethe completionof the de�nition of the

operator? consistsin a rule for assigningto every pair of bbasa point of the
respective convex polytope,in sucha way that commutativity andthe �rst two
basicrequirementsremainsatis�ed (thethird onebeingtrivially satis�ed).Sym-
metryconsiderationscould leadto thechoiceof thecentreof thepolytope(that
is, the barycentrewith respectto the uniform massdensity):this choiceful�lls
therequirements.Anotherpossibility ful�lling themis for instancetheselection
of thepoint of thepolytopewhich minimizestheEuclideandistancefrom mD. I
think that the choiceof a rule shouldbe basednot only on its theoreticalprop-
erties,but alsoonconsiderationsaboutthecomputationalcomplexity of possible
implementationsof this rule; sinceI havenot analysedthis aspectyet, I leave the
questionof the completionof the de�nition of ? open.The contentsof the rest
of thispaperareindependentof any particularcompletionof thisde�nition (such
that the above requirementsareful�lled): simply let ? be the obtainedoperator
andlet � betherespectiverule for thecombinationof beliefs.

Both rules � and � satisfy the threebasicrequirements(to be precise,the
correspondingoperatorssatisfythem)andcommutativity; � is associative,while
� is idempotent.Dempster's one is perhapsthe only rule of the form 
 with
the four commonpropertiesandassociativity;7 anyway, Example1 shows that
associativity and idempotency are two incompatiblepropertiesfor rulesof this
form, evenif we abandoneveryotherassumption.

7The axiomaticderivationsof Dempster's rule in Klawonn andSchwecke [5] andSmets[9] do
not allow ananswerto this question,sincebothsetsof axiomscontaina propertywhich is stronger
thanthe onesconsideredhere;while Klawonn andSmets[6] considera framework which is more
restrictive thantheoneusedhere.
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Example1 Let q 2 U and 1
2 < a < 1. Let bel1 andbel2 be theminimal beliefs

with bel1 (q) = a andbel2 (: q) = a, respectively. That is, m1 (Q) = m2
�
Q

�
= a

andm1 (VU) = m2 (VU ) = 1� a, with Q = TU (q) andQ = VUnQ.
Thenthebbam associatedwith bel1 
 bel2 satis�esm(Q) = m

�
Q

�
= b and

m(VU) = 1� 2b, for a b such that0 � b � 1
2 (thevalueof b dependsonthechoice

of a jba).
If weassumeidempotencyandassociativity, weobtain

bel1 
 bel2 = (bel1 
 bel1) 
 bel2 = bel1 
 (bel1 
 bel2) .

Thatis, there is a jba m2 M m1;m
U with

m
�
Q

�
=

m
�
VU ;Q

�

1� c(m)
=

m
�
Q

�
� m

�
Q;Q

�

1� m
�
Q;Q

� .

Thereforec(m) = m
�
Q;Q

�
= 0, andfromProposition1 followsthat

b = bel1 
 bel2(q) � bel1 (q) = a,

which is a contradiction to b � 1
2 < a. Thusidempotencyand associativityare

incompatible(if jU j � 1).

In order to combinetwo beliefswithout assumingthe independenceof the
sources,I suggestthe rule � . This canbe consideredas the mostconservative
rule of theform 
 : it conservesasmuchaspossibleof bothbeliefs(it hasmini-
malcon�ict, i.e.maximalmonotonicity)withoutaddinganything(it hasminimal
speci�city amongthe ruleswith minimal con�ict). It is idempotent,thusit can-
notbeassociative.It canbeeasilyveri�ed (for instanceby consideringepistemic
probabilities,de�ned in Example3) that associativity is incompatiblealsowith
theminimizationof thecon�ict (which is thebasicfeatureof therule � ).

Idempotency is only a particularcaseof thefollowing propertyof therule � :
if bel2 is aspecializationof bel1 (i.e.m2 canbeobtainedthroughredistributionof
m1 (A) to thenon-emptysetsB � A, for all A � VU ), thenbel1 � bel2 = bel2. This
propertyis importantif strongdependenceis possible:if bel2 is a specialization
of bel1, the informationencodedby bel1 canbepartof the informationencoded
by bel2, in whichcasetheresultof poolingtheinformationis actuallybel2.

Associativity is importantbecause(with commutativity) it impliesthatthere-
sult of the combinationof n beliefs is independentof the order in which these
beliefsarecombined.In a sense,this independenceof theordercanbeobtained
alsofor therule � : if we have to combinen beliefssimultaneously, we cancon-
siderthesetof n-dimensionaljbasandextendour rule for theselectionof a jba
to then-dimensionalcase.An interestingproblemcouldbethesearchfor anana-
logueof Proposition2 for then-dimensionalcase.

Example2 andExample3 illustratethedifferencesbetweenthetwo rules�
and� in two simplesituations.
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Example2 Considerthesituationof Example1.Sincebel1 andbel2 arenotcom-
patible, themonotonicityof their combinationis not admissible. In fact, for both
j 2 f q; : qg wehavemax(bel1;bel2) (j ) = a > 1

2, whilebel1 
 bel2 (j ) = b � 1
2.

Using� weobtainb = a
a+ 1 < 1

2, whereasusing� weobtainb = 1
2. Thus,unlike

therule � , therule � allowsonly thenecessarynonmonotonicity.
In Example1 wehaveseenthat no rule of theform 
 cansatisfybothequa-

tionsbel1 
 bel1 = bel1 and(bel1 
 bel1) 
 bel2 = bel1 
 (bel1 
 bel2). Obviously,
� satis�esthesecondone, whereas� satis�esthe�r stone. If wewantto combine
thethreebeliefsof thesecondequationin a uniquewaywith therule � , wecan
extendit to the 3-dimensionalcase. The3-dimensionaljba minimizingthe con-
�ict is uniqueand the respectivecombinationof the threebeliefsis theonethat
weobtainbyusingtherule � in theleft-handsideof theequation:bel1 � bel2.

Example3 Thebeliefsbel1 andbel2 consideredin Example2 are consonant.In
somesenses,at theoppositeextremefromconsonantbeliefswe�nd theepistemic
probabilities.A beliefaboutU with bbamis anepistemicprobability if m(A) = 0
for all A � VU with jAj 6= 1. Such a belief is completelyde�ned by the r = jVU j
valuesp1; : : : ; pr that m assignsto theA � VU with jAj = 1 (it suf�ces to decide
anorder for theelementsof VU).

Let bel1 andbel2 betwo epistemicprobabilitiesde�ned by p(1)
1 ; : : : ; p(1)

r and

p(2)
1 ; : : : ; p(2)

r , respectively. Thentheir combinationbel1 
 bel2 is still anepistemic
probability; let it bede�nedby p1; : : : ; pr . Themonotonicityis admissibleonly if
bel1 = bel2, andto assure this monotonicitya rule mustbe idempotent.Using�
weobtain that pi = bp(1)

i p(2)
i for each i 2 f 1; : : : ; rg, where b � 1 is a normaliz-

ing constant.Using � weobtain that pi = cmin
n

p(1)
i ; p(2)

i

o
� min

n
p(1)

i ; p(2)
i

o

for each i 2 f 1; : : : ; rg, where c � 1 is a normalizingconstant(notice that the
inequalityis strict unlessbel1 = bel2).

If we want to simultaneouslycombinen epistemicprobabilitiesde�ned, re-
spectively, by p( j)

1 ; : : : ; p( j)
r (for each j 2 f 1; : : : ;ng), we can easily extendthe

rule � to the n-dimensionalcase. The result of the combinationis the epis-

temicprobability de�ned by p1; : : : ; pr , with pi = dmin
n

p(1)
i ; : : : ; p(n)

i

o
for each

i 2 f 1; : : : ; rg, where d � 1 is a normalizingconstant.

5 A Generalizationof Bayes' Theorem

Now I presenta situationin which a combinationrule minimizing the con�ict
is especiallysensibleandin which we cangetmany resultswithout needto con-
siderthewholecombinationof beliefs:it suf�ces to know thevalueof thecon�ict
betweenthem(which for a combinationrule minimizing thecon�ict canbe de-
terminedthanksto Proposition2).
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Considera hypothesish implying a belief bel aboutU (with h =2 U). If we
have a belief belH aboutH = f hg, we cancombinethesetwo beliefsin thefol-
lowing way. We �rst expandbel to thebelief aboutU0= U [ H which contains
nothingmorethanthe implicationh ) bel: let (h ) bel) be the minimal belief
aboutU0assigningfor all j 2 LU thevaluebel(j ) to theformulah ! j .8 Then
wecancombine(h ) bel) with thevacuousextensionof belH to LU0, obtaining

belH � U0
� (h ) bel) .

Theuseof Dempster's rule is justi�ed in thesensethatthis is only a formal con-
structionto apply a “metabelief” belH aboutH to the consequencebel of the
hypothesish (in particular, therecanbenocon�ict). TheresultingbeliefaboutU
is �

belH � U0
� (h ) bel)

�
� U= belH (h) bel+ (1� belH (h)) bel>U ;

that is, the discountingof bel with discountrate1 � belH (h). This is sensible,
sinceplH (: h) = 1� belH (h) measurestheamountof our uncertaintyaboutthe
hypothesish.

If we getsomeinformationin theform of a belief bel0aboutU, we cancom-
bineits vacuousextensionto LU0 with ourbeliefaboutU0, obtainingin particular
anew belief bel0H aboutH :

bel0H =
� �

belH � U0
� (h ) bel)

�

 mbel0� U0

�
� H .

Thusin orderto getbel0H , we mustchoosea jba m. If we reasonon the form of
themarginalbbas,we canseethatm is sensibleonly if it is “naturally” basedon
a jba mh for the combinationof bel andbel0.9 Thenc(m) = belH (h) c(mh), so
thecombinationis possibleunlesswe aresureof thehypothesisandthis totally
con�icts with thenew information(i.e.belH (h) = 1 andc(mh) = 1).Thechanges
in thebelief aboutH areentirelydeterminedby thecon�ict c(mh):

bel0H (h) =
belH (h) � c(m)

1� c(m)
� belH (h) and

bel0H (: h) =
belH (: h)
1� c(m)

� belH (: h) .

8If m is the bba associatedwith bel, then the bba associatedwith (h ) bel) is the func-

tion m0 on 2
VU0

de�ned by m0(TU0(h ! j )) = m(TU (j )) for all j 2 LU , and m0(A) = 0 if
A =2 TU0(f h ! j : j 2 LU g).

9If mH andm0 arethe bbasassociatedwith belH andbel0, respectively, thenm is the jba which
satis�es(for all j ;y 2 LU )

m(TU0(h^ j ) ;TU0(y )) = mH (TH (h)) mh (TU (j ) ;TU (y )) ,

m(TU0(h ! j ) ;TU0(y )) = mH (VH ) mh (TU (j ) ;TU (y )) and

m(TU0(: h) ;TU0(y )) = mH (TH (: h)) m0(TU (y )) .
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If 0 < belH (h) < 1, thenbel0H (h) is a strictly decreasingfunctionof c(mh), and
in particularwe maintainour belief in h only if c(mh) = 0. Thusc(mh) (that is,
thecon�ict betweentheimplicationsof thehypothesish andthenew information)
is clearlyameasureof disagreement.Thereforeit is especiallysensibleto choose
a jba mh minimizing thecon�ict (andif we areonly interestedin thenew belief
aboutH , then knowing the minimal con�ict suf�ces). With sucha choicewe
obtainin particularthatif bel andbel0arecompatible,thenwemaintainourbelief
in h (this is in generalnot trueif mh = mD, evenif bel = bel0).

Considernow thegeneralcasewith n hypothesesh1; : : : ;hn implying, respec-
tively, thebeliefsbel1; : : : ;beln aboutU (with h1; : : : ;hn =2 U). Givenan“a priori”
beliefbelH aboutH = f h1; : : : ;hng andan“observation” beliefbel0aboutU, we
cancombinethesebeliefsto obtainan“a posteriori”belief bel0H aboutH :

bel0H =

  

belH � U0
�

nO

i= 1

(hi ) beli) � U0

!


 mbel0� U0

!

� H .

As before,U0= U [ H andtheuseof Dempster's rule in the �rst combination

canbejusti�ed asa formal construction.Thenew elementis
nO

i= 1

(hi ) beli) � U0
,

which is any combinationof then beliefs(hi ) beli) � U0
usingthegeneralrule 


(we canobtainit by n� 1 applicationsof thebinaryrule or with a n-dimensional
jba).This allows thehypothesesto bedependent(for instanceif two hypotheses
differ only by a detailandthetwo implied beliefsarealmostthesame),andit is
importantto noticethatanyway therecanbeno con�ict amongthen+ 1 beliefs
belH � U0

and(hi ) beli) � U0
.

This way to updatea belief aboutH is a broadgeneralizationof Bayes'the-
orem for epistemicprobabilitiesand of Smets' generalizedBayesiantheorem
(gBt) for normalizedbeliefs (seefor instanceSmets[11]). The constructionof

nO

i= 1

(hi ) beli) � U0
allows a lot of freedom,which of coursecanbe limited by

someadditionalassumptions.Before introducingtwo suchassumptions,I con-
sidera simplespecialcase.

Let belH beabelief aboutH satisfying

n

å
i= 0

belH (j i) = 1, where

j 0 = : h1 ^ : : : ^ : hn and
j i = : h1 ^ : : : ^ : hi� 1 ^ hi ^ : hi+ 1 : : : ^ : hn if i 2 f 1; : : : ;ng;

thatis, belH is anepistemicprobabilityon j 0; : : : ; j n. Then

belH � U0
�

nO

i= 1

(hi ) beli) � U0
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is independentof thechoiceof
nO

i= 1

(hi ) beli) � U0
, andits restrictionto LU is

n

å
i= 1

belH (hi) beli + belH (j 0) bel>U .

Thisshowsthatj 0 canbeconsideredasanadditionalhypothesish0 implying the
vacuousbelief bel0 = bel>U , andbelH canbeseenasanepistemicprobabilityon
themutuallyexclusive andexhaustive hypothesesh0; : : : ;hn. As before,in order
to get bel0H , we mustchoosea jba m. And asbefore,if we reasonon the form
of themarginalbbas,we canseethatm is sensibleonly if it is “naturally” based
on the jbas mi of the combinationsof beli andbel0 (for eachi 2 f 0; : : : ;ng).10

Thenc(m) =
n

å
i= 1

belH (hi) c(mi ) (notice that c(m0) = 0), so the combinationis

possibleunlesswearesurethatthetruth is amongsomehypothesesandtheseto-
tally con�ict with thenew information.Thebelief aboutH remainsanepistemic
probabilityon j 0; : : : ; j n, andasbefore,the changesareentirely determinedby
thecon�icts c(m1) ; : : : ;c(mn):

bel0H (hi) =
1� c(mi)
1� c(m)

belH (hi) for eachi 2 f 0; : : : ;ng.

Thusthebelief in a hypothesishi increasesif andonly if the respective con�ict
c(mi) is lessthanc(m), which is a weightedaverageof thecon�icts of then+ 1
hypotheses(h0 included).Thereforethe con�icts c(m1) ; : : : ;c(mn) measurethe
disagreementbetweenthe respective hypothesesand the new information,and
thus it is especiallysensibleto choosejbasm1; : : : ;mn minimizing the con�ict.
With sucha choicewe obtain in particularthat if beli andbel0 arecompatible,
thenthe belief in hi doesnot decrease(and it increasesif c(m) > 0); this is in
generalnot trueif mi = mD, evenif beli = bel0.

I now considerthetwo announcedassumptionswhichlimit thefreedomin the

constructionof
nO

i= 1

(hi ) beli) � U0
. The�rst oneis thatthehypothesesh1; : : : ;hn

aremutuallyexclusive(i.e. belH (j 0 _ : : : _ j n) = 1), but notnecessarilyexhaus-
tive (which would meanbelH (j 1 _ : : : _ j n) = 1). The secondone is that the
beliefs bel1; : : : ;beln are issuedfrom independentsourcesof information (the
sourcescanbeidenti�ed with therespectivehypothesesh1; : : : ;hn). Sincethehy-
pothesesaremutuallyexclusive,thissimplymeansthatthebeliefaboutU implied

10m is thejbawhichsatis�es(for all j ;y 2 LU andi 2 f 0; : : : ;ng)

m(TU0(j i ^ j ) ;TU0(y )) = belH (j i ) mi (TU (j ) ;TU (y )) .
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by adisjunctionof hypothesesis thedisjunctivecombinationof therespectivebe-
liefs (the disjunctive rule of combinationis de�ned for instancein Smets[11]).
With thesetwo additionalassumptions,we obtain

bel0H =

  

belH � U0
�

nM

i= 1

(hi ) beli) � U0

!


 mbel0� U0

!

� H .

This is a generalizationof Smets'gBt for normalizedbeliefs(which corresponds
to thespecialcasewith m= mD), andthusalsoof Bayes'theoremfor epistemic
probabilities.If bel0 hasthe form beljU (in the literaturethe gBt is usually re-
strictedto this case),the jba m is uniqueandtheupdatedbelief bel0H is theone
thatwewouldobtainby applyingthegBt to then+ 1 hypothesesh0; : : : ;hn (with
bel0 = bel>U). But if bel0 hasnot the form beljU , we mustchoosea jba m; andas
before,mcanbesensibleonly if it is “naturally” basedonthejbasof thecombina-
tionsof thenew informationbel0with thebeliefsimpliedby thehypothesesor by
any disjunctionof hypotheses.Sincealsoin this moregeneralcasethecon�icts
measurethedisagreementbetweentherespective hypotheses(or disjunctionsof
hypotheses)andthenew information,it is especiallysensibleto choosejbasmin-
imizing thecon�ict. With sucha choicewe obtainin particularthat if thebeliefs
implied by somehypothesesarecompatiblewith the new information,thenthe
valuesof thebelief in thesehypothesesandin their disjunctionsdo not decrease
(andthey increaseif c(m) > 0). If insteadweuseDempster's rule (thatis, weuse
the gBt), we canget very badresults,sincethe con�ict betweenthe new infor-
mationbel0 anda hypothesish implying thebelief bel canbevery high, even if
bel0= bel (i.e. theprevisionof h is perfect).In fact,if ahypothesisis correct,can
weassumethatthebeliefwhichis atheoreticalconsequenceof thehypothesisand
thebeliefwhichis apracticalconsequenceof thecorrectnessof thehypothesisare
independent?

6 Conclusion

In this papera rule hasbeenproposedto combinetwo belief functionsissued
from sourcesof informationwhoseindependenceis doubtful.This rule increases
themonotonicityof thereasoning,assuringin particularcompletemonotonicityif
thisisadmissible.Theproposedcombinationruleiscommutativeandidempotent.
It is not associative, but it canbe easilyextendedto a rule for thesimultaneous
combinationof any numberof belief functions.

Theproposedcombinationrule leadsto sensibleresultsin a generalizationof
Bayes' theoremfor epistemicprobabilitiesandof Smets'generalizedBayesian
theorem.Thisgeneralizationallowsthenew informationto beany belieffunction:
in thissituationtheuseof Dempster's rule (thatis, theindependenceassumption)
leadsto questionableresults.
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