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Abstract

Dempsters rule for combiningtwo belief functionsassumeghe indepen-
denceof the sourcesof information. If this assumptioris questionable)
suggesto usetheleastspeci ¢ combinationminimizing the con ict among
the onesallowed by a simple generalizationof Dempsters rule. This in-
creaseshe monotonicityof thereasoningandhelpsusto managesituations
of dependenceSomepropertiesof this combinationrule andits usefulness
in ageneralizatiorof Bayes'theoremarethenconsidered.
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1 Intr oduction

In thetheoryof belieffunctionsDempstersrule allowsusto pooltheinformation
issuedfrom severalsourcesif we assumeéhattheseareindependentn his orig-
inal work [2], Dempsteibasedhe independenceoncepton the usualstatistical
oneandunderlinecthe vaguenessf its realworld meaning Shaferreinterpreted
Dempsters work andin his monograpH8] de ned a belief function without as-
suminganunderlyingprobability spacemakingsotheindependencassumption
evenmoreproblematic.

In probability theory the independenceonceptrefersto classeof eventsor
to randomvariableswith respecto a singleprobability distribution (this kind of
independencéor belief functionsis studiedfor instancein Ben Yaghlane Smets
andMellouli [1]). On the contrary the conceptconsiderechererefersto several
sourcesof informationissuingseveral belief functionsover the sameframe of
discernmentThe assumptiorof theindependencef the sourcecanbejusti ed
only by analogieswith other situationsin which this assumptiorproved to be
sensiblgcf. Smetq10]).

Following Dubois and Prade[3], | considera generalizatiorof Dempsters
rule which allows the sourcef informationto be dependentThis generalrule
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justassigngo apairof belieffunctionsasetof possiblecombinationsgompelling
usto make achoice.If theindependencef thesourcef informationis doubtful
(thatis, we cannotadequateljustify its assumption), suggesto chooseheleast
speci ¢c combinationminimizing the con ict. This increaseshe monotonicityof
the reasoning(in particulay completemonotonicityis assuredf it doesnot en-
tail incoherenceandhelpsusto managesituationsof dependencén particular
idempoteny is assured).

2 Settingand Notation

It is assumedhatthe readerhasa basicknowledgeof the DempsterShaferthe-
ory and of classicalpropositionallogic (refer for instanceto Shafer[8] andto
Epstein[4], respectiely).

Let U be a nite setof propositionalvariables,which representshe topic
consideredLy denoteshelanguagef propositionalogic built overthealphabet
U[ f>;:;_;~;lg , where> is thetautology Viy denoteghe setof (classical)
valuationsof Ly, i.e. theconsistenassignments: Ly ! ft; fgof truthvalues
to theformulasof Ly (thusjVyj = 2Y)). Themapping

Tu: Lu ! W
jo7t fv2Wwiv(j)=tg

assigngo eachformulaof Ly the setof its models,i.e. the valuationsfor which
theformulais true?

De nition 1 A basicbeliefassignmentbba)is a function

m:2%W 1 [0;1] sudthatm(®)= Oand § m(A) = 1.2
A W

My is thesetof bbason 2'U.
Thebeliefandthe plausibility aboutU with bbam are thefunctions

bel: Ly ! [0;1]
i 7 a maA),
A Tu(i)
pl: Lu ' [0;1]
i 7 a maA).
ATy )80

1Ty is notinjective (Ly is redundantputit is surjectve (Ly is sufcient).

2Thebeliefsarenormalized sincethe “open-world assumption{seefor instanceSmetg9]) does
not make sensdn the settingof classicalpropositionallogic: a formulaandits negationcannotboth
befalse.
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Considertwo nite setsof propositionalvariablesU V. If bel is a belief
aboutV, thebeliefbel y aboutU is therestrictionof belto Ly . If belis abelief
aboutU, thebeliefbel ¥ aboutV is thevacuousextensionof belto Ly, i.e.the
minimalbeliefaboutV whoserestrictionto Ly is bel (whereminimalmeanghat
if bellis abeliefaboutV satisfyingbel® y= bel, thenbel V bel9.3

De nition 2 A joint beliefassignmengjba) with mamginal bbasmy;m, 2 My is
a function
m:2W  2Yu 1 [0;1] sudhthat
& m(AB)= m(A) forall A Vy and
B W
a m(A;B)= my(B) forall B V.
A Wy
M "™ is the setof jpaswith marginal bbasmy;m, 2 My .
Thecon ict of ajba mis the quantity

c(m= § m(AB).
A\ B=0

For ary mg;mp 2 My, thefunctionmy on2"u 2V de ned by
my (A;B) = my (A) my(B)

is a jba with mamginal bbasm; andmy (it is the jba which corresponddo the
independencassumption)ThusM {}*'™ cannotbe empty

In thefollowing, bel, andbeb will denotetwo beliefsaboutU with bbasm
andmy, respectrely (and pl; and pl, will denotethe respectre plausibilities).If
m2 M ™ with c(m) < 1, thefunctionmon 2V de ned by m(0) = 0 and

1 a m(BC)ifA6 0

m(A = 1 c(m)pgcon

isabba.ThebeliefaboutU with bbamis calledcombinatiorof bel; andbeb with
respecto m, andis denotedby bel; mbeb. Therule generalizeempsters
one , sincethelatteris thecombinationwith respecto the particularjba my, or
symbolically = .

3 Monotonicity and Con ict

A reasoningprocessis called monotonicif the acquisitionof new information
doesnot compelus to give up someof our beliefs; otherwiseit is called non-
monotonic.ln the DempsteiShafertheory the reasoningprocessconsistsn the

3If mis thebbaassociateavith bel, thenthe bbaassociateavith bel V is thefunctionm®on W
de nedby m(Ty, (j )) = m(Ty (j )) forallj 2 Ly, andm®(A) = 0if A2 Ty, (Ly).
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combinationof beliefs.Thatis, thereasoningvould be monotoniconly if
beli mbeb max(bel;beb),

whichdoesnotalwayshold (cf. Yager[12]). Propositionl givesthe bestpossible
lowerboundfor beli mbeb(j ) basednly ontheknowledgeof beli (j ), beb(j )
andc(m).

Proposition1 If m2 M [J*™ with c(m) < 1, andj 2 Ly, then

_ beh(j) c(m) beb(j) c(m),
beh mbebk(j) max I ocm 1 om ;0

Proof. (1 c(m)beh mbeb(i)= &  m(AB)
08(A\ B) Ty(i)
a & mAB 4 m(AB)=bek() c(m).
A Tyu(i)B WU A\ B=0

Similarly, (1 c(m)) beh mbek(j) bek(j) c(m). 2

From Propositionl it follows thatif m hasno conict (i.e. c(m) = 0), then
we have monotonicity But if mhassomecon ict (i.e.c(m) > 0), thenthemono-
tonicity is assurednly for theformulasj suchthatmax(bely(j );beb(j)) = 1.
In generalve canaf rm thatthemoremhascon ict, themorewe have nonmono-
tonicity.

The monotonicityis admissibleonly if thereis a belief bel aboutU with
bel max(bek;beb). If thereis aformulaj with bel (j ) > pl2(j ),* thenthe
monotonicityis notadmissiblesincebel max(bel;; beb) impliesthat

bel(>) bel(j)+bel(:j) bek(j)+beb(:j)> 1.

Propositior2 assureshatif themonotonicityis admissiblethenit is feasible(that
is, thereis ajbawithoutcon ict).

Proposition 2
min_c(m) = max(beh(j) pl2(j))-
i2Lky

my;mp

My

Proof. Letm beajbaminimizingtheconict (suchajbacertainlyexistssince
M Hm R s compacindnot empty).

If A1;A2;B1;B>, WU with A]_\ By = 0, Aj_\ B> 6 0, Aq 6 Ao, m(Aj_; Bj_) >0
andm(Ag; By) > 0,thenAy\ By = 0 andA;\ B, 6 0, andwithoutlossof gener
ality we mayassumehatm(Ay; B;) > 0.

“Noticethatbeb (y) pli(y)=bek(j) pla(j)withj =:y.
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To provethis, considetthefunctionm®on2u  2YU de ned by
8
< m(A;B) e if (A;B)2f(A1;B1);(A2B2)4g,
m(A;B)= . m(AB)+e if (AB)2 f(A1;B2);(A2B1)g,
" m(A;B) otherwise,

for ane suchthat0 < e< min(m(A1;B1);m(A2;B2)). It is easilyveri ed that
mP2 M "™ andec(m®)  c(m), with equalityonly if Ay\ By = 0 andAy\ B, 6 0.

LetA=fA Vy:9B Wy A\ B= 0;m(A;B) > OgandA = A
A2A
If B\ A6 0, thenmp(B)= & m(AB).
A2A;A\ B0

This can be proven as follows. SinceB\ A 6 0, thereis an A; 2 A with
A1\ B6 0.SinceA; 2 A, thereisaB;  Vy with A;\ By = 0 andm(Ag;B;) > 0.
If A, Wy with A; 6 Ap andm(Ay;B) > 0,thenwe arein thesituationconsidered
above (with B2 = B). ThereforeA; 2 A (sinceAz\ Br = 0 andm(Az;B1) > 0)
andAz\ B8 0. Thusm(A;B) > 0impliesA2 A andA\ B6 0.

Letj 2 Ly withTy(j ) = A.Then

cm= & mAB)= 4 m(A a4 mAB)=
A2A:A\ B=0 A2A A2AA B6 0D
= 3 m(A) & m(B) bek(j) plh().
A2A B\ A60

Ontheotherhand,foraryy 2 Ly (letC = Ty (y) andC = VynC),

ctm) 4 mAB=am@ a4 mAB)

ACBC AC A CB+C
& m(A) & m(B)=beh(y) pl(y)
A C B*C
2
Let cit™ denotethe valueof min_c(m), andlet bek andbel, be called
m2M

compatiblef bel  pl,. Propositior2 enablesisto determinee, ™ andto prove
Corollary1.

Corollary 1 Thefollowing assertionsare equivalent.
Themonotonicityof the combinationof bel, andbeb is admissible
bel andbeb are compatible

My _
Crin -=0.
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4 The Choiceof a Combination Rule

Theonly casein which the mamginal bbasuniquelydeterminethe jba is the con-
ditioning of a belief. The conditioningonj 2 Ly of abelief bel aboutU is the
resultof its combinatiorwith bel;, wherebel; denoteshe minimal beliefabout
U assigninghevalue1l to theformulaj .5 It is easilyveri ed thatif oneof the
two beliefswhich have to be combinecdhastheform bel,, thenthejbais unique
(i.e.MBl”“2 = fmpQ). Thusin thecaseof conditioningthegeneratule reduces
itself to Dempsters one.

Generally in orderto combinetwo beliefsbel; andbeb aboutU, we must
chooseajbam?2 M’f}l;mz. Sometimesve cananalysen detail the situationand
baseour choiceon speci ¢ assumptionaboutthe natureof thedependencef the
sourcesof information, but usuallywe canat mostassumeheir independence.
Thusthereis little loss of generalityin consideringonly the two usualcases:
the onein which the independencés assumedand the one in which nothing
is assumedaboutthe sourceslin both caseswe needa combinationrule; that
is, we needan operator? assigningto every pair of bbasm;;m, 2 My a jba
My ?2mp 2 M’E}l;mz, for ary nite setof propositionalariabledJ. Suchanoperator
canbe sensibleonly if it satis esthe following basicrequirementgthe rst two
malke the combinationrule independenbf the particularlogical formalization,
whereaghethird oneis atechnicalnecessity).

Thein uence of U on? mustbelimited to the cardinalityof Viy. Thatis, if
V is asetof propositionahariablesandf : V4, ! Wy is abijection,then

(m f)?2(m f)(AB)= m?2mp(f(A);f(B) forallAB .

The operator? mustbe “equivariant” with respectto the vacuousexten-
sions.Thatis, if V isa nite setof propositionalvariableswithU V and
m‘f;mg arethebbasassociatedvith bel; V andbeb V, respectiely, then

me 2m3(Ty (i ); Ty (¥)) = m?2me(Tu ( ); Tu (y)) forallj;y 2 Ly.

The combinationwith respecto m; ?m, mustbede ned asoftenaspossi-
ble. Thatis, if ci™ < 1,thenc(my ?mp) < 1.

It is easilyveri ed thatthe operatorwhich correspondd¢o Dempsters rule
(my ?mp = mp) satis esthesebasicrequirementsThusif in theconsidereditua-
tion theassumptiorof theindependencef the sourcef informationis sensible,
we shouldemploy Dempstersrule. But if theindependences doubtful,employ-
ing this rule canbe hazardoussincethecon ict is in generalpretty high (evenif

5Thebbaassociateavith be{J is thefunctionmon 2V de ned bym(Ty (j )) = Landm(A) = 0
if A8 Ty (j ). In particular bef} is thevacuousbeliefaboutU.
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thecombinecdbeliefsareexactly thesame)andthis meansinnecessargonmono-
tonicity.

In orderto reducethe unnecessargonmonotonicityl suggesto choosethe
jbawhich minimizesthecon ict (with thischoicethe monotonicityis assuredf it
is admissible)If thisis notunique,it seemsaturalto meto chooseheleastspe-
ci ¢ one.Thisis thejbawhoserespectie combinationof beliefsmaximizesthe
well establishedneasuref nonspeci city(seefor instanceKlir andWierman[7])
amongthe combinationswith respecto the jbaswith minimal con ict.

De nition 3 If belis a beliefaboutU with bbam, the measue of nonspeci city
of bel is the quantity
N(bel) = & m(A)log,jA].
A8 O

Thus if cm}nmz < 1, | suggestto chooseas my ’>mz a jba m maximizing
N beh mbeb amongthem?2 M {F™ with c(m) = cT™ (if MM = 1, the
choiceof ajbais uselesssmcearywaywe cannotcombinebel; andbeb). From
Proposition3 follows that the task of nding sucha m is a problemof linear
programmingf
Proposition3 If m;mp 2 My, cl*™ < 1andf:N ! Rwith f(0) < jUj

' ¥min
and f(n) = log,nfor all n> 0, then

ag max N beli mbeb =amg max é m(A;B) f(JA\ Bj).
meM [T m2M 1™ AB vy
o(m)=c LM

'min

Proof. LetF(m= & m(AB)f(jA\ Bj).If c(m) = c™™ then

min
AB W
F(m) = cr™f(0)+ 1 cii™ N beh mbeb .
Thereforeit sufces to shav thatif m maximizesF(mm), thenc(m) = ¢ ™.
In the proof of Proposition2 it is shavn thatc(m) = cm}ﬁmz is implied by the

following property:if A;;A2;B1;B2,  Vy with A\ By = 0,A1\ B2 6 0,A1 6 Ay,
m(A1;B;) > 0andm(Az; By) > 0,thenAz\ By = 0andA,\ B, 6 0.

Assumethat m maximizesF (m) and considerthe transformatioorm7!
de ned in the proof of Proposition2. If the hypothesisof the property stated
above holds,we have

F o’ = F(m)+e(f(iA\ Ba)+ f(jA2\ Baj) f(iAL\ Bij) f(jA2\ Baj)) >
> F(m)+ e(f(jA2\ Byj) +jUj  f(jA2\ By)).

6The proof of Proposition3 suggestsan iteration algorithm for solving this problem: start for
instancefrom my, andrecursiely apply a transformatiorof the form m7!  m°in orderto increase
the value of the linear functionald m(A;B) f (jJA\ Bj). | have not studiedthe propertiesof suchan
algorithmyet.



140 ISIPTA '03

ThereforeF(m%  F(m) implies f(jA2\ Bgj) < 0 and f(jA2\ Byj) O; thatis,
A2\ B; = Q)andAz\ B, 6 0. 2

The least speci ¢ jba minimizing the conict is not always unique, thus
m ?my is not alwaysde ned. Considerrst thesetS of pairs(my; mp) for which
the operator? is de ned: the following propertiescan be easily veri ed. In S
the operator? satis esthe threebasicrequirementstatedabove (notice that if
(mg;mp) 2 S, then(my f;mp f) 2 Sand(md;md) 2 S). If (my;mp) 2 S, then
(mp;my) 2 Sandmy ?mp (A;B) = mp ?my (B; A) for all A; B Wy. If m2 My,
then(m;m) 2 Sandm?m(A;A) = m(A) forall A Vy. Thelasttwo properties
imply commutatvity andidempotenyg for therespectre combination®f beliefs.

Commutatvity is a necessaryequirementin symmetricalsituationswhere
thetwo sourcef informationhave the sameimportanceandcredibility. In other
situationswe canpreferthat one of the two beliefshasa prominentrole in the
combination:sincethesecasescanbe worked out with other methods(suchas
discounting)/) shallconsidecommutatvity asnecessary

For ary pair of bbasmy;m, 2 My, theleastspeci ¢ joasminimizingthecon-
ict form a corvex polytope(i.e. the boundedntersectionof a nite numberof

closedhalf-spaces)n R Thereforethe completionof the de nition of the
operator? consistsin a rule for assigningto every pair of bbasa point of the
respectie corvex polytope,in sucha way that commutatvity andthe rst two
basicrequirementsemainsatis ed (thethird onebeingtrivially satis ed). Sym-
metry considerationgould leadto the choiceof the centreof the polytope(that
is, the barycentrewith respecto the uniform massdensity):this choiceful lls
therequirementsAnotherpossibility ful lling themis for instancethe selection
of the point of the polytopewhich minimizesthe Euclideandistancefrom my. |
think thatthe choiceof a rule shouldbe basednot only on its theoreticalprop-
erties,but alsoon considerationaboutthe computationatompleity of possible
implementationsf thisrule; sincel have notanalysedhis aspecyet, | leave the
guestionof the completionof the de nition of ? open.The contentsof the rest
of this paperareindependendf any particularcompletionof this de nition (such
thatthe above requirementsareful lled): simply let ? be the obtainedoperator
andlet betherespectierule for thecombinationof beliefs.

Bothrules and satisfythe threebasicrequirementgto be precise the
correspondingperatorsatisfythem)andcommutatvity;  is associatie, while

is idempotent.Dempsters oneis perhapsthe only rule of the form  with
the four commonpropertiesand associatiity;’ arnyway, Examplel shaws that
associatiity andidempotenyg aretwo incompatiblepropertiesfor rulesof this
form, evenif we abandorevery otherassumption.

"The axiomaticderivations of Dempstess rule in Klawonn and Schweck [5] and Smets[9] do
not allow ananswerto this question sinceboth setsof axiomscontaina propertywhich is stronger
thanthe onesconsiderechere;while Klawonn and Smets[6] considera framevork which is more
restrictve thanthe oneusedhere.
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Examplel Letgq2 U and% < a < 1. Letbel; andbek bethe minimal beliefs
with bel; (q) = a andbebk (: q) = a, respectivelyThatis,m (Q)=m Q = a
andmy (Vy) = mp(Vy)=1 a,withQ= Ty (q) andQ= VynQ.

Thenthe bbam associatedvith bel; beb satisesm(Q)=m Q = b and
m(My)=1 2b,forabsudthat0 b % (thevalueof b depend®nthechoice
of ajba).

If weassumedempotencyndassociativitywe obtain

belk beb= (bek behk) beb=belh (beh beb).
Thatis, thereis ajpam2 M '™ with

—~ _mVW;Q mQ

m Q;Q
"I m - 1 mao

Q
Q

Theeforec(m) = m Q;Q = 0, andfromProposition1 followsthat

b= beh bek(q) beh(q)=a,

which is a contradictionto b % < a. Thusidempotencyand associativityare

incompatible(if jUj  1).

In orderto combinetwo beliefs without assumingthe independencef the
sources] suggestherule . This canbe consideredasthe mostconserative
rule of theform : it conseresasmuchaspossibleof both beliefs(it hasmini-
mal con ict, i.e. maximalmonotonicity)withoutaddinganything (it hasminimal
speci city amongthe ruleswith minimal con ict). It is idempotentthusit can-
notbeassociatie. It canbeeasilyveri ed (for instanceby consideringepistemic
probabilities,de ned in Example3) that associatiity is incompatiblealsowith
theminimizationof thecon ict (whichis thebasicfeatureof therule ).

Idempoteny is only a particularcaseof thefollowing propertyof therule
if beb is a specializatiorof bel; (i.e. mp canbe obtainedthroughredistritution of
my (A) tothenon-emptysetsB A, forallA W), thenbely beb = beb. This
propertyis importantif strongdependences possibleif bel, is a specialization
of bel, theinformationencodeddy bel, canbe partof the informationencoded
by beb, in which casetheresultof poolingtheinformationis actuallybel,.

Associatvity is importantbecauséwith commutatvity) it impliesthatthere-
sult of the combinationof n beliefsis independenbdf the orderin which these
beliefsarecombined.In a sensethis independencef the ordercanbe obtained
alsofor therule : if we have to combinen beliefssimultaneouslywe cancon-
siderthe setof n-dimensionajbasandextendour rule for the selectionof a jba
to then-dimensionatase An interestingoroblemcouldbethesearctor anana-
logueof Proposition? for the n-dimensionatase.

Example2 andExample3 illustratethe differencesdbetweerthe two rules
and in two simplesituations.
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Example 2 Considerthesituationof Examplel. Sincebel; andbeb are notcom-
patible the monotonicityof their combinationis not admissibleIn fact, for both

j 2 fag;: qgwehavemax(beh;beb)(j )= a> %,While beh beb(j)=Db %

Using weobtainb= -2; < 1, wheeasusing weobtainb= 3. Thus,unlike
therule ,therule allowsonlythenecessaryyonmonotonicity
In Examplel we haveseernthat norule of theform cansatisfybothequa-
tionsbelh bel = beh and(bely bel) beb= bely (bel bek).Obviously
satis esthesecondne wheeas satis esthe r stone If wewantto combine
thethreebeliefsof the secondequationin a uniqueway with therule , wecan
extendit to the 3-dimensionakase The 3-dimensionajba minimizingthe con-
ict is uniqueand the respectivecombinationof the threebeliefsis the onethat

weobtainby usingtherule in theleft-handsideof theequation:bel; beb.

Example 3 Thebeliefsbel andbek consideedin Example2 are consonantin
somesensesat theoppositeextremefrom consonanbeliefswe nd theepistemic
probabilities.A beliefaboutU with bbamis anepistemigrobability if m(A) = 0
forall A Wy with jAj 6 1. Sut a beliefis completelyde ned by ther = jVyj

an orderfor theelementf\y).

Letbel andbek betwo epistemigrobabilitiesde ned by p(ll) ;oo pe and
p(lz);:::; $2), respectivelyThentheir combinatiorbel; beb is still anepistemic
bel = beb, andto assue this monotonicitya rule mustbe idempotentUsing
we obtainthat p; = bpi(l) pi(z) foreachi 2 f1;:::yg, wheep 1isanormalig-
ing constantUsing weobtainthat p; = cmin pi(l); pi(z) min pi(l); pi(z)
foreachi 2 f1;:::;rg, whee ¢ 1 is a normalizingconstant(notice that the
inequalityis strict unlessbeh = beb).

If we wantto simultaneoushcombinen epistemicprobabilities de ned, re-

spectively by p(lj);:::;pp) (for eadh j 2 f1;:::;ng), we can easily extendthe
rule  to the n-dimensionalcase The result of the ¢gpmbinationig,the epis-
temicprobability de ned by p1;:::; pr, with p; = dmin pi(l); G pi(") for eacth

5 A Generalization of Bayes' Theorem

Now | presenta situationin which a combinationrule minimizing the con ict
is especiallysensibleandin which we cangetmary resultswithout needto con-
siderthewholecombinatiorof beliefs:it sufces to know thevalueof thecon ict
betweerthem (which for a combinationrule minimizing the con ict canbe de-
terminedthanksto Proposition2).
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Considera hypothesish implying a belief bel aboutU (with h 2 U). If we
have a belief bely aboutH = f hg, we cancombinethesetwo beliefsin the fol-
lowing way. We rst expandbel to the beliefaboutU®= U[ H which contains
nothingmorethanthe implicationh) bel: let (h) bel) bethe minimal belief
aboutU%assigningor all j 2 Ly thevaluebel(j ) to theformulah! j .8 Then
we cancombine(h) bel) with thevacuousextensionof bely to Lo, obtaining

bel; Y7 (h) bel).

Theuseof Dempstersruleis justi ed in the sensahatthisis only a formal con-
structionto apply a “metabelief bely aboutH to the consequenceel of the
hypothesis (in particular therecanbeno con ict). TheresultingbeliefaboutU
is

bely ue (h) bel) y= bely (h)bel+ (1 bely (h))bely;

thatis, the discountingof bel with discountratel bely (h). This is sensible,
sinceply (: h)= 1 bely (h) measuresheamountof our uncertaintyaboutthe
hypothesig.

If we getsomeinformationin theform of a beliefbel’aboutU, we cancom-
bineits vacuousextensionto Lo with our beliefaboutU°, obtainingin particular
anew beliefbel®, aboutH :

bel, = beyy Y (h) be) mbel V°

Thusin orderto get belf_’| , we mustchoosea jba m. If we reasoron the form of
themarginal bbas,we canseethatmis sensibleonly if it is “naturally” basedon
a jbam, for the combinationof bel andbel®® Thenc(m) = bely (h)c(m,), so
the combinationis possibleunlesswe aresureof the hypothesisandthis totally
con icts with thenew information(i.e. bely (h) = 1andc(m,) = 1). Thechanges
in thebeliefaboutH areentirelydeterminedy thecon ict c(my):

behs (h) _c(m)

belp, (h) = ) bel (h) and
= el (Ch) .
beld, (: h) = T cm bely (: h).

8lf m is the bba associatedwith bel, then the bba associatedwith (h) bel) is the func-
tion m® on 2V° de ned by m(Tyo(h! j)) = m(Ty(j)) for all j 2 Ly, and m2(A) = O if
A2 Tyo(fh! j :j 2 Lug).

91f my andm’ arethe bbasassociateavith bel; andbel, respectiely, thenm is the jba which
satis es(forallj ;y 2 Ly)

m(Tyo(h™);Tuyo(y)) = my (Th (M) M (Tu ():Tu (),
m(Tye(h! j);Tuo(y)) = my (Vi) mh(Tu (j):Tu (y)) and
m(Tyo(: h);Tuo(y)) = my (T ¢ ) m(Tu (v)).
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If 0< bely (h) < 1, thenbelﬂ (h) is astrictly decreasindunctionof c(my,), and
in particularwe maintainour beliefin h only if c(m,) = 0. Thusc(m,) (thatis,
thecon ict betweertheimplicationsof thehypothesi andthe new information)
is clearlyameasuref disagreemeniThereforeit is especiallysensibleo choose
ajbam, minimizing the con ict (andif we areonly interestedn the new belief
aboutH, thenknowing the minimal con ict sufces). With sucha choicewe
obtainin particularthatif bel andbel’arecompatiblethenwe maintainour belief
in h (thisis in generahottrueif m, = my, evenif bel= bel.

cancombinethesebeliefsto obtainan“a posteriori’belief belﬂ aboutH :
! !

5 !
bel, = bely Y T () beh) Y nbel YT .
i=1

As before,U%= U[ H andthe useof Dempstets rule in the rst combination

canbejusti ed asaformal constructionThe new elements o (hy) bel) UO,
i=1

whichis any combinatiorof then beliefs(h; ) bel) ue usingthegeneratule
(we canobtainit by n 1 applicationsof the binaryrule or with a n-dimensional
jba). This allows the hypotheseso be dependentfor instanceif two hypotheses
differ only by a detailandthe two implied beliefsarealmostthe same) andit is
importantto noticethatanyway therecanbeno con ict amongthen+ 1 beliefs
bel; Y’and(hi) bel) YU°

This way to updatea belief aboutH is a broadgeneralizatiorof Bayes'the-
orem for epistemicprobabilitiesand of Smets' generalizedayesiantheorem
(gBt) for normalizedbeliefs (seefor instanceSmets[11]). The constructionof

(hy) bel) U° allows a lot of freedom,which of coursecanbe limited by
i=1
someadditionalassumptionsBeforeintroducingtwo suchassumptions| con-
sidera simplespecialcase.

Let bely beabeliefaboutH satisfying

n

a bely (j i) = 1, where

i=0

jo=:h”":::": hyand

ji=hr oy AN hisssN s hgifi2 115000 ng;
thatis, bely is anepistemigprobabilityonj o;:::;j n. Then

o
bel, Y° (hi) bel) Y°
i=1
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a
is independentf thechoiceof  (hj) bel) UO, andits restrictionto Ly is
i=1

n
o

4 bely () bek+ bely (j o) bek).
i=1

This shawvsthatj ¢ canbe considerecsanadditionalhypothesidg implying the
vacuousbelief bel = bef};, andbely canbe seenasanepistemicprobability on
the mutually exclusive and exhaustve hypotheses#y;:::; h,. As before,in order
to get bel,‘_’| we mustchoosea jba m. And asbefore,if we reasonon the form
of the mamginal bbas,we canseethatm s sensibleonly if it is naturally based
on the jpas m of the combinationsof bel andbel® (for eachi 2 f0;:::;ng).1°

Thenc(m) = a bely (hi) c(m) (noticethatc(my) = 0), so the combinationis

p035|bleunIeSSNe aresurethatthetruthis amongsomehypothesesndtheseto-
tally con ict W|th the new information.Thebelief aboutH remamsan eplstem|c

bely, (hy) = i ((::((m)) bely (h) for eachi 2 f0;:::;ng.

Thusthe belief in a hypothesigh; increasesf andonly if the respectie con ict
c(m) islessthanc(m), whichis aweightedaverageof the con icts of then+ 1
hypotheseghg included). Thereforethe con icts c(my) ;:::;c(m,) measurehe
disagreemenbetweenthe respectie hypotheseandthe new information, and
thusit is especiallysensibleto choosejbasm;:::;m, minimizing the con ict.
With sucha choicewe obtainin particularthatif bel andbel® are compatible,
thenthe belief in h; doesnot decreas€andit increasesf c(m) > 0); thisis in
generahottrueif m = my, evenif bef = bel®

I now considethetwo announce@dssumptionsvhich limit thefreedomin the

constructiorof o (hy) bel) U The rst oneis thatthe hypothese#$y;:::;hy
i=1

aremutually exclusive (i.e. bely (] o_:::_j n) = 1), but notnecessarilyxhaus-

tive (which would meanbely (j 1_:::_j n) = 1). The secondoneis that the

beliefs bely;:::;bel, are |ssuedfr0m independensourcesof information (the

sourceganbeidenti ed with therespectie hypothesess;:::;hy). Sincethehy-

pothesesremutuallyexclusive,this simply meanghatthebeliefaboutU implied

1%mis thejbawhichsatis es(for all j ;y 2 Ly andi 2 f0;:::;ng)
m(Tyo(ji”J);Tuo(y)) = beky (G i)m (Tu();Tu (y))-
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by adisjunctionof hypothesess the disjunctive combinationof therespectie be-
liefs (the disjunctive rule of combinationis de ned for instancein Smets[11]).
With thesetwo additionalassumptionsye obtain

I I

y ! !
bef, = bely Y (h) bet) Y pbel Y .
i=1

Thisis ageneralizatiorof Smets'gBt for normalizedbeliefs(which corresponds
to the specialcasewith m= mp), andthusalsoof Bayes'theorenfor epistemic
probabilities.If bel® hasthe form bel‘U (in the literaturethe gBt is usually re-
strictedto this case)the jba mis uniqueandthe updatedbelief belﬂ is the one

bel = bel)). But if bel® hasnot the form beIJU, we mustchoosea jba m; andas
before mcanbesensibleonly if it is “naturally” basednthejbasof thecombina-
tionsof thenew informationbel’with the beliefsimplied by the hypothesesr by
ary disjunctionof hypothesesSincealsoin this moregeneralcasethe con icts
measurghe disagreemenbetweerthe respectie hypothesegor disjunctionsof
hypothesesandthenew information,it is especiallysensibleo choosgbasmin-
imizing the con ict. With sucha choicewe obtainin particularthatif the beliefs
implied by somehypothesesre compatiblewith the new information,thenthe
valuesof the belief in thesehypotheseandin their disjunctionsdo not decrease
(andthey increasdf c(m) > 0). If insteadwe useDempstersrule (thatis, we use
the gBt), we canget very badresults,sincethe con ict betweenthe new infor-
mationbel® anda hypothesigh implying the belief bel canbe very high, evenif
bel®= bel (i.e. theprevision of his perfect).In fact,if ahypothesiss correct,can
weassumehatthebeliefwhichis atheoreticatonsequencef thehypothesisand
thebeliefwhichis apracticalconsequencef thecorrectnessf thehypothesisare
independent?

6 Conclusion

In this papera rule hasbeenproposedo combinetwo belief functionsissued
from sourcef informationwhoseindependences doubtful. This rule increases
themonotonicityof thereasoningassuringn particularcompletemonotonicityif
thisisadmissibleTheproposeaombinatiorruleis commutatveandidempotent.
It is not associatie, but it canbe easily extendedto a rule for the simultaneous
combinationof any numberof belieffunctions.

The proposecdcombinatiorrule leadsto sensibleresultsin a generalizatiorof
Bayes'theoremfor epistemicprobabilitiesand of Smets'generalizedBayesian
theoremThisgeneralizatiorallowsthenew informationto beany belieffunction:
in this situationtheuseof Dempstersrule (thatis, theindependencassumption)
leadsto questionableesults.
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