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Abstract

Wegeneralis¢heoptimisationtechniqueof dynamicprogrammindor discrete-
time systemswith an uncertaingain function. We assumethat uncertainty
aboutthegainfunctionis describedy animprecisegprobabilitymodel which
generaliseshewell-known Bayesianpr precisemodels.We comparevari-
ousoptimality criteriathat canbe associatedvith sucha model,andwhich
coincidein the precisecase:maximality, robust optimality and maximinity.
We shaw that(only) for the rst two anoptimalfeedbackcanbe constructed
by solvinga Bellman-like equation.
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1 Intr oduction to the Problem

The main objective in optimal controlis to nd out how a systemcanbein u-
enced,or controlled,in sucha way that its behaiour satis es certainrequire-
mentswhile atthe sametime maximisinga givengainfunction. A very effective
methodfor solving optimal control problemsfor discrete-timesystemss the re-
cursive dynamicprogrammingmethod,ntroducedby RichardBellman[1].

To explain the ideasbehindthis method,we referto Figuresl and2. In Fig-
ure 1 we depicta situationwherea systemcango from statea to statec through
stateb in threeways:following thepathsab, ag andad. We denoteheassociated
gainsby Jap, Jag andJ,q respectiely. Assumethatpathag is optimal: Jag > Jyp
andJag > Jag. Thenit followsthatpathgis the optimalwayto gofrombto c. To
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Figurel: Principleof Optimality Figure2: DynamicProgramming

seethis, obsenethatJan, = Jg + Jy for n 2 f b; g dg (gainsareassumedo beaddi-
tive) andderive from theinequalitiesabove thatJy > J, andJg > Jy. This simple
obsenation,which Bellmancalledthe principle of optimality, formsthe basisfor

therecursve techniqueof dynamicprogrammingor solving an optimal control
problem.To seehow this is donein principle, considerthe situationdepictedin

Figure 2. Supposenve wantto nd the optimal way to go from statea to state
e. After onetime step,we canreachthe statesb, ¢ andd from statea, andthe
optimal pathsfrom thesestateso the nal statee areknownto bea, gandh, re-

spectvely. To nd theoptimalpathfrom ato e, we only needto comparehecosts
J + Ja, Jut+ JgandJ, + Jn of therespectie candidateoptimal pathsla , ugand
nh, sincethe principle of optimality tells us thatthe pathslb , nd andne cannot
beoptimal:if they were ,thensowould bethe pathsh, d ande. This, writtendown

in amoreformal languageis whatis essentiallyknown asBellmans equation It

allows usto solve anoptimalcontrolproblemvery ef ciently througharecursve

procedureby calculatingoptimal pathsbackwardsfrom the nal state.

In applicationsjt may happerthatthe gainfunction,which associatea gain
with every control actionandthe resultingbehaiour of the system,is not well
known. This problemis mostoftentreatedoy modellingtheuncertaintyaboutthe
gainby meansof a probabilitymeasureandby maximisingtheexpectedyainun-
derthis probability measureDueto thelinearity of the expectationoperatorthis
approactdoesnot changehe natureof the optimisationproblemin ary essential
way, andthe usualdynamicprogrammingmethodcanthereforestill beapplied.

It hashowever beenarguedby variousscholargsee[11, Chapter5] for ade-
tailed discussiorwith mary referencesjhat uncertaintycannotalwaysbe mod-
elled adequatelyby (precise)probability measuresbecauseroughly speaking,
theremay not be enoughinformationto identify a single probability measureln
thosecasesit is moreappropriatdo modelthe availableinformationthroughan
impreciseprobabilitymodel,e.g.,by alower prevision, or by a setof probability
measured-or applicationf this approachseefor instancg4, 10].

Two questionsiow arisenaturally First,how shouldwe formulatethe optimal
controlproblem:whatdoesit meanfor a controlto be optimalwith respecto an
uncertaingain function wherethe uncertaintyis representedhroughanimpre-
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ciseprobabilitymodel?n Section2 we identify threedifferentoptimality criteria,
eachwith adifferentinterpretationalthoughthey coincidefor preciseprobability
models) andwe studytherelationsbhetweerthem.Secondlyis it still possibleto
solvethecorrespondingptimalcontrolproblemausingtheideasunderlyingBell-
man's dynamicprogrammingmethod Ve show in Section3 thatthisis the case
for only two of thethreeoptimality criteriawe study:only for theseageneralised
principle of optimality holds,andthe optimal controlsare solutionsof suitably
generalisedellman-like equationsTo arrive at this, we studythe propertieghat
anabstrachotionof optimality shouldsatisfyfor the Bellmanapproactto work.
We recognisethat otherauthors(seefor instance[8]) have extendedthe dy-
namic programmingalgorithmto systemswith imprecisegain and/orimprecise
dynamics Howeverin doing so,noneof themseemdo have questionedn what
sensedheir generalisedlynamicprogrammingmethodleadsto optimal paths.In
this articlewe approactthe problemfrom the opposite andin our opinion,more
logical side:oneshould r st de ne a notion optimality and investigatewhether
the dynamicprogrammingargumentholdsfor this notion of optimality, instead
of blindly “generalising”’Bellman’s algorithm.In the remainderof this section,
we introducethe basicterminologyandnotationthatwill allow usto give a pre-
ciseformulationof the problemaunderstudy We have omittedproofsof technical
resultsthatdo not contributeto a betterunderstandingf themainideas.

1.1 Preliminaries
1.1.1 The System

For a andb in N, the setof naturalnumbersc thatsatisfya ¢ b is denoted
by [a;b]. Let xx+ 1 = f(Xk; Uk; K) describea discrete-timedynamicalsystemwith
k2 N, x« 2 X andug 2 U. ThesetX is thestatespacge.g.,R", n2 Nnf 0g), and
thesetU isthecontrolspacge.g.,R™, m2 Nnf0g). Themapf: X U N! X
describeghe evolution of the statethroughtime: giventhe statex, 2 X andthe
controlug 2 U attime k 2 N, it returnsthe next statexy. ; of the system.For
practicalreasonsweimposea nal time N beyondwhichwe arenotinterestedn
thedynamicsof system Moreover, it mayhapperthatnotall statesandcontrols
areallowedat all times:we demandhatxy shouldbelongto a setof admissible
statesXy ateveryinstantk 2 [0; N], andthatuy shouldbelongto asetof admissible
contols Uy ateveryinstantk 2 [O;N 1], whereX, X andUy U aregiven.
ThesetXy maybethoughtof asthe setwe wantthe stateto endupin attime N.

1.1.2 Paths

A pathis atriple (x;k;u), wherex 2 X is a state,k 2 [0;N] atime instant,and
u: kN 1]! U asequencef controls.A path x esa uniquestatetrajectory
x: [k;N]! X, whichis de ned recursiely throughxx = x andxi+1 = f(xi;ui;i)
for everyi 2 [K;N 1]. It is saidto be admissibleif x- 2 X- for every ™ 2 [k;N]
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andu- 2 U- for every ™ 2 [k;N 1]. We denotethe uniquemapfrom 0 to U by
up. If k= N, thecontrolu doesnothing:it is equalto ugp.

The setof admissiblepathsstartingin the statex 2 X, attime k 2 [0;N] is
denotedby U(x;K), i.e.,U(x;k) = f(x;k;u): (xk;u) admissiblepattg. For ex-
ample,U(x;N) = f (x;N;ug)g wheneverx 2 Xy andU (x;N) = 0 otherwise.

If we considera pathwith nal time M differentfrom N, then we write
(xkju)m (assumek M N). Obsere that (x;k;u )x canbe identi ed with
(% k; up)k; it is the uniquepath (of lengthzero) startingandendingat time k in
x.Let0 k ° m Two paths(x;k;u)- and(y;; v)m canbe concatenated
y = x. The concatenatioiis denotedby (X;k;u ;™ v)mor (x;ku) (¥ ;V)m,
andrepresentshe paththat startsin statex at time k, andresultsfrom applying
controly; fortimesi 2 [k;~ 1] andcontroly; for timesi 2 [; m 1].In particular

(xku) = (xku)k (xku) =xku) (x;5u):

The setof admissiblepathsstartingin statex 2 Xy attime k 2 [0;N] andending
attime * 2 [k;N] is denotedoy U(x;K)-. In particularwe have that U(x;K), =

f(x;k; up)kg if x2 X, andU (x;K)x = 0 otherwise Moreover, for any (x;k;u )- 2

U(x;k): andaryV  U(x;"), weusethenotation(x;k;u)- V for theset

fixku) (x;5v):(x;5v)2Vae:

1.1.3 The Gain Function

Applyingthecontrolactionu2 U tothesystenin statex2 X attimek2 [O;N 1]

yields a real-valuedgain g(x; u; k; w). Moreover, reachingthe nal statex2 X at
time N alsoyieldsagainh(x; w). The parametew 2 Wrepresentthe (unknown)

stateof the world, usedto model uncertaintyof the gains.If we knew thatthe
real stateof the world wasw,, we would know the gainsto be g(x; u; k;w,) and
h(x;wo). As it is, the real stateof the world is uncertain,and so are the gains,
which could be consideredasrandomvariables.It is importantto notethatthe
parametemw only in uencesthe gains;it hasno effect on the systemdynamics,
whichareassumedo be known perfectlywell.

Assuminggainadditivity, we canalsoassociat@ gainwith a path(x;k;u ):

Jockousw) = &R o0 Ui w) + h(x;w);
forary w2 W. If M < N, we alsousethe notation
Jockiuswim = &M ol uisisw):
It will be corvenientto associatea zerogain with an empty control action: for
k2 [0;N] we let J(x; k;u ;w)x = 0.
Themainobjective of optimalcontrolcannow beformulatedasfollows: given

thatthe systemis in the initial statex 2 X attime k2 [0;N], nd a control se-
quenceu : [k;N 1]! U resultingin anadmissiblepath(x;k;u ) suchthatthe
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correspondingainJ(x; k; u ; w) is maximal.Moreover, we would lik e this control
sequence to besuchthatits valueug atthetime instantk is afunctionof x and
k only, sincein thatcasethe controlcanberealisecthroughstatefeedback.

If wis known, thenthe problemreducedo the classicalproblemof dynamic
programming,rst studiedandsolved by Bellman[1]. We assumeéherethatthe
availableinformationaboutthe true stateof the world is modelledthrougha co-
herent lower prevision P de ned on the setL (W) of gamblesor boundedreal-
valuedmaps,on W. A specialcaseof this obtainswhenP is a linear prevision
P. Linearprevisionsarethe preciseprobabilitymodelsithey canbeinterpretedas
expectatioroperatorassociatesvith ( nitely additive) probabilitymeasuresand
they areprevisionsor fair pricesin thesenseof de Finetti[6]. We assumehatthe
readeiis familiar with lower previsionsandcoherencésee[11] for moredetails).

For agivenpath(x; k;u ), thecorrespondingainJ(x; k; u ; w) canbeseerasa
real-valuedmapon W, whichis denotedby J(x; k;u ) andcalledthe gaingamble
associatewvith (x;k;u ). In thesamewaywe de ne thegaingamblesy(x; uk; k),
h(xn) and J(x;k;u)m. Thereis gain additivity: J(Kku ;5 v)m = J(XKku) +
J(x;5v)mfork © m N, andJ(x;k;u )k = 0. We denoteby J(x;k) theset
of gaingambledfor admissiblgpathsfrom initial statex 2 Xy attimek 2 [O; N]:

J(x;k) = fI(xku): (xku)2 U(xKag:

For x edk2 [O;N 1] andx2 X, thegainJ(x;k;u ;w) canalsobeinterpretedas
amapfrom U(x; k) to L (W); this mapis denotedoy J(x;K).

2 Optimality Criteria
2.1 P-Maximality

The lower prevision P(X) of a gambleX hasa behaioural interpretationas a
subjects supremumacceptableorice for buying the gambleX: it is the highest
valueof u suchthatthe subjectacceptshe gambleX x (i.e., acceptgo buy X
for apricex) for all x< p. TheconjugateupperprevisionP(X) = P( X) of X
is thenthe subjects in mum acceptablgricefor selling X. This way of looking
atalower prevision P de ned onthe setL (W) of all gamblesallows usto de ne
astrict partialorder> p on L (W) whoseinterpretatioris thatof strict preference.

De nition 1 For anygamblesX andY in L (W) wesaythat X strictly dominates
Y, or X is strictly preferredto Y (with respecto P), andwrite X >p Y, if

P(X Y)>O0or(X YandX6Y):

Indeed,if X Y andX 6 Y, thenthe subjectshouldbe willing to exchange
Y for X, sincethis transactioncan only improve his gain. On the other hand,

1To simplify the discussionye assumehis mapis bounded.
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P(X Y) > 0 expresseshatthe subjectis willing to pay a strictly positive price
to exchangey for X, which againmeanghathestrictly prefersX to'Y.

It is clearthatwe canalsousethe lower prevision P to expressa strict pref-
erencebetweenary two paths (x;k;u) and (x;k;v), basedon their gains: if
J(x;k;u) > p J(x; k;v) thismeanghattheuncertaingainJ(x; k; u ) is strictly pre-
ferredto theuncertaingainJ(x; k; v ). We thensaythatthe path(x; k;u ) is strictly
preferredo (x; k;v ), andwe usethe notation(x; k;u) > p (X;k;v).

> p is anti-re exiveandtransitive,andthereforeastrict partialorderon L (W),
andin particularalsoon J(x; k) andon U (x; k). But it is generallynotlinear:ary
two pathsneednotbecomparablavith respecto thisorder, andit doesnotalways
male senseo look for greateselementsj.e., for pathsthatstrictly dominateall
the others .Rather we shouldlook for maximal,or undominatedelementspaths
that are not dominatedby ary otherpath. Obsene thata maximalgambleX in
asetK with respecto > p is amaximalelementof K with respecto  (i.e., it
is point-wiseundominatedgsuchthatP(X Y) OforallY 2 K. In caseP is
alinearprevision P, maximalgambleswith respecto > p arejust the point-wise
undominatedjamblesvhoseprevisionis maximal;they maximiseexpectedgain.

De nition 2 Letk2 [O;N], x2 X, andV  U(xk). A path (x;k;u ) in V is
called P-maximal or > p-optimal, in V if no pathin V is strictly preferred to
(x;kyu),ie, (xku)sp(xku) forall (xk;u) 2 V. We denotethe setof the
P-maximalpathsin V by opt., (V). Theopemator opt, , is calledthe optimality
operatoiinducedby > p, associatedvith U (x; k). -

The P-maximal pathsin U(x;k) are just thoseadmissiblepathsstarting at
time k in statex for which the associatedjain gambleis a maximal elementof
J(x; k) with respecto thestrictpartialorder> p. If we denotethesetof these> p-
maximalgaingamblesn J(x; k) by opt, , (J(x;K)), thenfor all (x;k;u ) 2 U (x;k):

(xku)2opt ,(U(xK) () JI(xku)2opt,(J(xK):

P-maximalpathsdo notalwaysexist: not every partially orderedsethasmaximal
elementsA fairly generakufcient conditionfor the existenceof P-maximalel-
ementsin J(x;k) (andhencein U(x;k)) is thatJ(x;k) shouldbe compact (and
of coursenon-empty).This follows from a generalresultmentionedn [11, Sec-
tion 3.9.2].In fact, Theoreml is a strongerresult,whoseCorollary 1 turnsout to
be very importantin proving thatthe dynamicprogrammingapproachworks for
P-maximality (seeSection3.2).Its proofis basedn Zorn'slemma.

Theorem1 For every elementX of a compactsubsetK of L(W) thatis nota
maximalelemenbf K with respecto > p there is somemaximalelementy of K
with respecto > p sudi thatY >p X.

2In this paper we alwaysassumehatL (W) is provided with the supremum-norntopology
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Corollary 1 Letk 2 [O;N] andlet x 2 X. If J(x;k) is compactthenfor every
admissible non-Pmaximalpath (x;k;u) in U(x;k) there is a P-maximalpath
(xk;u ) in U(x; k) thatis strictly preferredtoit.

2.2 P-Maximinity

We now turn to anotheroptimality criterion that canbe associatedvith a lower
prevision P. We canuseP to de ne anotherstrictorderon L (W):

De nition 3 For anygamblesX andY in L (W) wewrite X Ap Y if
P(X)>P(Y)or(X YandX6Y):

Ap inducesa strict partialorderon U (x; k), sinceit is anti-re exive andtran-
sitive on L (W). A maximalelementX of asubseK of L (W) with respecto Ap
is easilyseento be a point-wiseundominatecelementof K that maximiseshe
lower prevision: P(X)  P(Y) forallY 2 K.

We can consideras optimal in U(x;k) thoseadmissiblepaths(x;k;u) for
which theassociategjaingambleJ(x;k;u ) is amaximalelementof J(x;k) with
respecto Ap; they arethepaths(x; k; u ) thatmaximisethe “lower expectedgain'
P(J(x;k;u)) andwhosegaingambles](x;k;u ) arepoint-wiseundominated.

De nition 4 Letk2 [O;N], x2 X andV  U(xKk). A path(x;k;u ) inV is
called P-maximin, or Ap-optimal, in V if no pathin V is strictly preferred to
(xku),ie,(xku)Bp(xku)forall (xku)2 V.We denotethe setof the
P-maximinpathsin V by opt, , (V). Theoperator opt, , is calledthe optimality
operatorinducedoy Ap, associateawvith U (x; k). -

Proposition1 P-maximinityimplies P-maximality For a linear prevision P, P-
maximinityis equivalento P-maximality

The existenceof maximalelementswith respecto Ap in anarbitrarysetof
gambleK is obviously notguaranteedButif K is compactthenwe mayeasily
infer from the continuity of any coherentower prevision P, thatthe counterparts
of Theoreml andCorollary1 hold for Ap.

2.3 M -Maximality

Thereis atendeng, especiallyamongrobustBayesiansto consideranimprecise
probabilitymodelasacompactorvex setof linearprevisionsM ~ P(W), where
P(W) isthesetof all linearprevisionson L (W). M is assumedio containthetrue,
but unknown, linearprevision Pt thatmodelsthe availableinformation[2, 7].

A gambleX is thencertainto be strictly preferredto a gambleY underthe
true linear prevision Pt if andonly if it is strictly preferredunderall candidate
modelsP 2 M. Thisleadsto a ‘robusti ed' strictpartialorder>,; onL (W).
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De nition 5 X> ), Yif X>pYforall P2 M.

SinceM is assumedo be compactand corvey, it is not dif cult to shav
thatthe strict partial orders> ), and> p areoneandthe samewherethe coher
entlower prevision P is the so-calledlower ervelopeof M, de ned by P(X) =
inf P(X): P2 M forall X2 L(W).2 Converselygivenacoherentower previ-
sionP, thestrict partialorders> ®) and> p areidentical,where

M(P)=fP2 P(W: (8X2 L(W)(P(X) P(X)g

is thesetof linearprevisionsthatdominateP. Thesestrict partialorderstherefore
have the samemaximalelementsandleadto the samenotionof optimality.
Butthereisin theliteratureyetanothemotionof optimality thatcanbeassoci-
atedwith a compactconvex setof linearprevisionsM : agambleX is considered
optimalin a setof gamblesK if it is a maximalelementof K with respecto
the strict partial order>p for someP 2 M. This notion of optimality is called
"E-admissibility' by Levi [9, Section4.8]. It doesnot generallycoincidewith the
onesassociateavith thestrict partialorders> ), and> p, unlessthesetK is con-
vex [11, Section3.9]. We aretherefordedto considerathird notionof optimality:

De nition 6 Letx2 X, k2 [O;N]JandV  U(xk). Apath(x;k;u ) 2 V is said
tobeM -maximalin V if it is P-maximaln V for someP in M, or in otherwords
ifitis -maximalin V andmaximise$(J(x;k;u)) overV for someP2 M. The
setof all M -maximalelement®f V is denotedoy opty; (V).

Interestinglyfor ary setof pathsV  U(x;Kk):

[
opty (V) = opt, . (V): 1)
P2M

3 Dynamic Programming

3.1 A General Notion of Optimality

We have discussedhreedifferentwaysof associatingptimalpathswith alower
prevision P, all of which occurin the literature.We now proposeto nd out
whether for thesedifferenttypesof optimality, we canusethe ideasbehindthe
dynamicprogrammingmethodto solve the correspondingptimal control prob-
lems.To do this, we take a closerlook at Bellman's analysisasdescribedn Sec-
tion 1, andwe investigatewhich propertiesa genericnotion of optimality must
satisfyfor his methodto work. Let usthereforeassumehatthereis someprop-
erty, called -optimality, which a pathin agivensetof pathsP eitherhasor does
not have. If a pathin P hasthis property we saythatit is -optimalin P. We

3SinceM is compactthisin mum is actuallyachieed.
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Figure3: A More GeneralType of DynamicProgramming

shall denotethe setof the -optimal elementsof P by opt (P). By de nition,
opt (P) P. Furtheron,we shallapplyour ndings to the variousinstanceof
-optimality describedabove.

ConsiderFigure 3, wherewe wantto nd the -optimal pathsfrom statea
to statee. Supposehat after onetime step,we canreachthe statesb, ¢ andd
from statea. The -optimalpathsfrom thesestatego the nal statee areknown
to bea, g andd andh, respectiely. For the dynamicprogrammingapproacho
work, we needto be ableto infer from this a generalisedorm of the Bellman
equationstatingessentiallythatthe -optimalpathsfrom ato e, a priori givenby
opt (fla ;b ;ug nd;ne nhg), areactuallyalsogivenby opt (fla ;ug nd;nhg),
i.e.,the -optimalpathsin thesetof concatenationsf | , pandn with therespec-
tive -optimalpathsa, g, andd andh. It is thereforenecessaryo excludethatthe
concatenationtb andnewith thenon- -optimalpathsb andn canbe -optimal.
This amountgo requiringthatthe operatoropt shouldsatisfysomeappropriate
generalisatiomf Bellman's principle of optimality thatwill allow usto conclude
thatlb andnecannotbe -optimalbecausehenb ande wouldbe -optimalas
well. De nition 8 belaw providesa precisegeneraformulation.

But, perhapssurprisinglyfor someondamiliar with the traditional form of
dynamicprogrammingpopt shouldsatisfyan additional property:the omission
of the non- -optimal pathslb andne from the setof candidate -optimal paths
shouldnothave ary effectontheactual -optimalpaths:we needthat

opt (fla ;lb ;ug nd;nenhg) = opt (fla ;ug nd;nhg):

This is obviously true for the simpletype of optimality that we have looked at
in Sectionl, but it neednot be true for the more abstractypesthatwe wantto
considethere Equalitywill beguaranteed opt is insensitve to theomissionof
non- -optimalelementgrom f la ;b ;ug nd; ng nhg, in thefollowing sense.

De nition 7 Considera setS6 0 andan optimality operatoropt de nedonthe
setA (S) of subset®f Ssudthatopt (T) Tforall T S Elementofopt (T)
are called -optimalin T. opt is called insensitve to the omissionof non- -
optimalelementdrom Sif opt (S) = opt (T) forall T sudthatopt (S T S
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Thefollowing propositiongivesaninterestingsufcient conditionfor thisin-
sensitvity in caseoptimalityis associateavith a (family of) strict partialorder(s):
it sufces thatevery non-optimalpathis strictly dominatedoy anoptimal path.

Proposition2 Let S be a non-emptyset providedwith a family of strict partial
orders>j,j2J.DeneforT S opt, (TY= a2T:(8b2 T)(lSJSj a) asthe

setof maximalelement®f T withrespecto > j, andletopt; (T) =  j,;0pt j (M.
Thenopt>j, j 2 J andopt, are optimalityopetators. If for somej 2 J,
(822 Snopt,, (9)(9b2 opt. , (9)(b>; a); @)

thenopt, . is insensitiveto omissionof non-> j-optimal elementdrom S. If (2)
holdsfor all j 2 J, thenopt, is insensitiveto omissionof non-Joptimalelements
fromS.

Proof. Considerj in J, andassumethat (2) holdsfor this j. Let opt, | (9
T Sthenwe mustprovethatopt>j (9= opt, (T). Firstofall, if a2 opt, | (9
thenb & a for all b in S, anda fortiori for all b in T, sothata 2 opt, ().
Consequentl,yopt>j (9 opt, | (T). Corversely let a 2 opt, | (T) andassume
ex absudo that a 620pt>j (9. It thenfollows from (2) that thereis somec in
opt, (S andthereforein T suchthatc > j a, which contradictsa 2 opt, | ().
Next, assumehat(2) holdsfor all j 2 J. Letopt;(S) T S thenwe must
prove that opt; (S) = opt; (T). Considerary j 2 J, then opt, | (9 opy(9
T S sowemayinfer fromthe rst partof theproofthatopt>j (9= opt, | ().
By takingtheunionoverall j 2 J, we nd thatindeedopt; (S) = opt; (T). 2
We are now readyfor a preciseformulation of the dynamic programming
approachor solving optimal control problemsassociatedavith generaltypesof
optimality. We assumehatwe have sometype of optimality, called -optimality,
thatallows usto associatavith the setof admissiblgpathsU (x; k) s}artingattime
k in initial statex, an optimality operatoropt de ned on the setA (U(x;k)) of
subsetof U (x; k). For eachsuchsubsed/ , opt (V) is thenthesetof admissible
pathshatare -optimalin V. Theprincipleof optimality stateshattheoptimality
operatorsassociateavith thevariousU (x; k) shouldberelatedin a specialvay.

De nition 8 (Principle of Optimality) -optimalitysatis estheprincipleof op-
timality if it holdsfor all k2 [0;N], x2 X, 2 [k;N] and(x;k;u ) in U(x;k) that
if (x;k;u)is -optimalin U(x;k), then(x-;";u) is -optimalin U(x:;").

Thismayalsobeexpresseas:

opt (U(xK) [ (xku) opt (U(x;):

(xku)2U(xk)
TheBellmanequatiomow stateghatapplyingthe optimality operatotto theright
handsidesufces to achieve equality (Usuallythisis statedwith * = k+ 1.)
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Theorem 2 (Bellman Equation) Letk 2 [0;N] andx 2 X¢. Assumeahat -opti-
mality satis esthe principle of optimality, and that the optimality opemator opt
for U(x;k) is insensitiveto the omissionof non- -optimalelementgrom U (x; k).
Thenfor all * 2 [k;N]:

opt (U(xk)) = opt [ (xku) opt (U(x;7);
(x:k;u)- 2U (x;K)-~

thatis, a pathis -optimalif andonly if it is a -optimal concatenatiorof an
admissiblepath(x;k;u ) anda -optimalpathof U(x;").

Proof. Fixkin [O;N], " 2 [k;N] andx 2 X. De ne

Vi= [ (x;k;u)»  opt (U(x;")); and,
(xkiu): 2U (%K)

V= (xku:  (U(x;)nopt (Ux;)):
(x;k;u)-2U (xK)~

Obviously, U(x;k) = Vi[ V2 and V1 \ V, = 0. We have to prove that
opt (U(x;k)) = opt (V7). By the principle of optimality, no pathin V3 is -
optimalin U (x;k), soV2\ opt (U(x;k)) = 0. Thisimpliesthatopt (U(x;k))
Vi U(xKk), andsinceopt is assumedo beinsensitve to the omissionof non-
-optimalelementdrom U (x; k), it followsthatopt (U(x;k)) = opt (V1). 2

3.2 P-Maximality

Let us now apply thesegeneralresultsto the speci ¢ typesof optimality intro-
ducedbefore.We rst considerthe optimality operatoropt, , thatselectsrom a
setof gambleqor paths)Sthosegamblegor paths)}thatarethe maximalelements
of Swith respecto thestrictpartialorder> p. Thefollowinglemmaroughlystates
thatthe preferenceamongsipathswith respecto > p is preseredunderconcate-
nationandtruncationlt yieldsasufcient conditionfor theprincipleof optimality
with respecto P-maximality to hold. Moreover, the lemma,andthe principle of
optimality, do not necessarilynold for preferencevith respecto P-maximinity.

Lemmal Letk 2 [0;N] and" 2 [k;N]. Considerthe paths(x;k;u )- in U(x;k)-
and (x;5;v), (x;55w) in U(x;"). Then(x;;v) >p (x;;w) if and only if
(xku) (x:hv)>p(xsku) (x;w).

Proof. LetX,Y andZ begamblesonW. Thestatemenis provenif we canshowv
thatY >p ZimpliesX+ Y >p X+ Z. AssumethatY >p Z. If P(Y Z) > 0, then
P(X+Y) (X+2)=P(Y 2)>0.IfY ZthenX+Y X+ Z, and nally,
if Y6 Z, thenX+Y 6 X+ Z. It followsthatX+ Y >p X+ Z. 2
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Proposition 3 (Principle of Optimality) Letk 2 [O;N], x 2 Xk and (x;k;u ) 2
U(xK). If (x;k;u ) isP-maximalin U(x; k) then(x:; *; u ) isP-maximalin U(x:;")
forall ~ 2 [k; N].

Proof. If (x;7;u) is not P-maximal, thereis a path (x:;*;u) such that
(x;5u)>p(x;;u).By Lemmal we nd that

(xku) O u)>p(xku) (55 u)=(xku):

This meansthat (x;k;u ) (x;7;u) is preferredto (x;k;u ), and therefore
(x;k;u ) cannotbe P-maximal,a contradiction. 2
As adirectconsequencef Corollary1 andPropositior2, we seethatif J(x; k)
is compactthenthe optimality operatoropt, , associateavith U(x;K) is insen-
sitive to the omissionof non-> p-optimal elementsTogetherwith Proposition3
andTheorem?2, this allows usto infer a Bellmanequationfor P-maximality.

Corollary 2 Letk?2 [0;N] andx 2 X. If J(x; k) is compactthenfor all * 2 [k; N]

[ .
opt., (U(xk) = opt., (xkiu)» opt, (Ux;7):  (3)
(xkiu)-2U(xK)-

thatis, a pathis P-maximalif andonly if it is a P-maximalconcatenatiorof an
admissiblepath (x;k;u ) anda P-maximalpathof U(x;").

Corollary 2 resultsin a procedureo calculateall P-maximal paths.Indeed,
opt, ,(U(x;N)) = f upg for everyx2 Xy, andopt, ,(U(x;k)) canbecalculatede-
cursiely throughEg. (3). It alsoprovidesa methodfor constructinga P-maximal
feedback:for every x 2 X, chooseary (x;k;u (x;k)) 2 opt, (U(x;K)). Then
f (x;K) = u,(x;K) realisesa P-maximalfeedback. -

3.3 M -Maximality

We now turn to the optimality operatoropty, , satisfying(1). By Proposition2
and (1), it follows thatopty, is insensitve to the omissionof nonM -maximal
elementof U (x; k) whenererJ(x; k) is compactBy Propositior, opty; satis es
the principle of optimality (indeed,if a pathis M -maximal,thenit mustbe P-
maximal for someP 2 M, and by the propositionary truncationof it is also
P-maximal,hencealsoM -maximal). This meanshatthe Bellmanequationalso
holdsfor M -maximalityundersimilar conditionsasfor P-maximality. As already
mentionedn Section2.3, bothtypesof optimality coincideif J(x;k) is corvex.

3.4 P-Maximinity

Finally, we cometo the type of optimality associatedvith the strict partial order
Ap. It follows from Proposition2 andthe discussiorat the end of Section2.2
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Figure4: A Countergample

thatif J(x;k) is compact.the optimality operatoropt, , for U(x;K) is insensi-
tive to the omissionof non-A p-optimal pathsfrom U (x; k). But, asthefollowing
countergampleshowns, we cannotguarante¢hattheprinciple of optimality holds
for Ap-optimality, andthereforedynamicprogrammingmay notwork here—not
evenwith avacuousuncertaintymodel.Essentiallythisis becausehe partial or-
derAp is notavectororderingon L (W)—it is notcompatiblewith gainadditivity:
contraryto expectedgain,lower expectedgainsarenot additive.

Example1 Considerthe dynamicalsystendepictedn Figure4. LetW= f]; g,
let P bethe vacuoudower previsionon W, and denotethe gamble] 7! x,[ 7! y
by hx;yi. AssumehatJ(a) = H2;0i, J(b) = H0; 1i andJ(g) = h 2;0i (theris
zeo gain associatedvith the nal state).Thenab 8 p ag: indeed,i2; 1i does
not dominatehD; 0i point-wise andinfh2; 1i & infh0;0i or equivalentlyhD; Oi

maximiseghe worst expectedgain. Hence we nd that ag is P-maximin.But
b Ap g indeed,infl0; 1i > infl0; 2i which meansthat g is not P-maximin.
Thusthe“principle of P-maximinoptimality” doesnothold here.

3.5 Yet Another Type of Optimality

We endthis discussiomwith anothettypeof optimality associateavith astrictpar
tial order introducedby Harmanedn [8, De nition 3.4].1n our setting(precisely
known systemdynamics)jts de nition basicallyreducedo

X>3Y if P(X)> P(Y) or (X Y andX 6 Y):

It canbe shavn easilythatif J(x;k) is compactthe optimality operatorinduced
by > 2 for U(x;K) is insensitve to the omissionof non-> 2-optimal pathsfrom

U(x;K). But, asthe following counter&ampleshavs, we cannotguaranteehat
the principle of optimality holds for > '-’P—optimality, and thereforethe dynamic
programmingapproachmaynotwork here—nokvenwith avacuousuncertainty
model.Again, thisis becaus¢hepartialorderA p is notcompatiblewith gainad-
ditivity. It alsoindicateghatthe solutionof the Bellman-typeequatioradwocated
in [8] will notnecessarilyeadto optimal paths,in the sensave describechbore.

Example 2 Considerthe dynamicalsystendepictedn Figure4. LetW= f]; g,
let P bethe vacuoudower previsionon W, and denotethe gamble] 7! x,[ 7! y
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by hx;yi. AssumehatJ(a) = R2;0i, J(b) = HD;0i andJ(g) = h 1; 1i (theris
zeo gain associatedvith the nal state).Thenab 6 2 ag: indeedn2;0i doesnot
dominatehl; 1i point-wisg and,inf2;0i & suphl; 1i.Hencewe nd thatag
is > 2-maximal.Butb > 2 g indeed0;0i dominatesh 1; 1i point-wise which
meanghatgis not> ,?D—rﬁaximal.Thusthe“principle of > ,?D—maximaloptimality”
doesnot hold for this example -

4 Conclusion

Themainconclusiorof ourwork is thatthemethodof dynamicprogrammingcan
beextendedo systemswith imprecisegain.Our generaktudyof whatconditions
ageneralisedotionof optimality shouldsatisfyfor theBellmanapproacho work
is of someinterestin itself too. In particular besidesan obvious extensionof
thewell-known principle of optimality, anotherconditionemepgesthatrelatesto
the natureof the optimality operatorgper se the optimality of a pathshouldbe
invariantunderthe omissionof non-optimalpathsfrom the setof pathsunder
considerationlf optimality is inducedby a strict partial orderingof paths,then
this secondconditionis satis ed whenever the existenceof dominatingoptimal
pathsfor non-optimalonesis guaranteed.

Anotherimportantobsenation is that, in contradistinctionto P-maximality
and M -maximality, the dynamicprogrammingmethodcannotbe usedto solve
optimisationproblemscorrespondingo P-maximinity: for this notionthe princi-
ple of optimality doesnot hold in general.

Throughoutthe paperwe assumedhe systemdynamicsto be deterministic,
thatis, independenof w. This greatlysimpli es thediscussionstill encompasses
a large numberof interestingapplicationsanddoesnot suffer from the compu-
tationalissuesftenencountereavhendealingwith non-deterministicynamical
systems—simplpecausén generathe numberof possiblegrandom)pathstends
to grow exponentiallywith thesizeof thestatespaceX. However, we shouldnote
thatdroppingthis assumptiorstill leadsto a Bellman-typeequation,connecting
operatorof optimality associateavith randomstates<: W!  X. A discussiorof
thesemattershasbeenomittedfrom the presenpaperdueto limitationsof space.
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