
Dynamic Programming for Discrete-Time
Systemswith Uncertain Gain�

G. DE COOMAN
GhentUniversity, Belgium

M. C. M. TROFFAES
GhentUniversity, Belgium

Abstract

Wegeneralisetheoptimisationtechniqueof dynamicprogrammingfor discrete-
time systemswith an uncertaingain function. We assumethat uncertainty
aboutthegainfunctionisdescribedbyanimpreciseprobabilitymodel,which
generalisesthewell-known Bayesian,or precise,models.We comparevari-
ousoptimality criteria thatcanbeassociatedwith sucha model,andwhich
coincidein theprecisecase:maximality, robustoptimality andmaximinity.
Weshow that(only) for the�rst two anoptimalfeedbackcanbeconstructed
by solvinga Bellman-like equation.
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1 Intr oduction to the Problem

The main objective in optimal control is to �nd out how a systemcanbe in�u-
enced,or controlled,in sucha way that its behaviour satis�es certainrequire-
ments,while at thesametimemaximisingagivengainfunction.A veryeffective
methodfor solvingoptimalcontrolproblemsfor discrete-timesystemsis there-
cursivedynamicprogrammingmethod,introducedby RichardBellman[1].

To explain the ideasbehindthis method,we refer to Figures1 and2. In Fig-
ure1 we depicta situationwherea systemcango from statea to statec through
stateb in threeways:following thepathsab, ag andad. Wedenotetheassociated
gainsby Jab , Jag andJad respectively. Assumethatpathag is optimal:Jag > Jab
andJag > Jad. Thenit followsthatpathgis theoptimalway to go from b to c. To

� This paperpresentsresearchresultsof projectG.0139.01of the Fund for Scienti�c Research,
Flanders(Belgium),andof theBelgianProgrammeon InteruniversityPolesof Attractioninitiatedby
theBelgianstate,PrimeMinister's Of�ce for Science,TechnologyandCulture.
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Figure1: Principleof Optimality
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Figure2: DynamicProgramming

seethis,observethatJan = Ja + Jn for n 2 f b;g;dg (gainsareassumedto beaddi-
tive) andderive from theinequalitiesabove thatJg > Jb andJg > Jd. This simple
observation,whichBellmancalledtheprincipleof optimality, formsthebasisfor
the recursive techniqueof dynamicprogrammingfor solvinganoptimalcontrol
problem.To seehow this is donein principle,considerthesituationdepictedin
Figure2. Supposewe want to �nd the optimal way to go from statea to state
e. After onetime step,we canreachthe statesb, c andd from statea, andthe
optimalpathsfrom thesestatesto the�nal statee areknown to bea, gandh, re-
spectively. To �nd theoptimalpathfrom a to e, weonly needto comparethecosts
Jl + Ja , Jµ + Jg andJn + Jh of therespective candidateoptimalpathsla , µgand
nh, sincetheprincipleof optimality tells us that thepathslb , nd andne cannot
beoptimal:if they were,thensowouldbethepathsb, d ande. This,writtendown
in amoreformal language,is whatis essentiallyknown asBellman'sequation. It
allowsusto solveanoptimalcontrolproblemveryef�ciently througharecursive
procedure,by calculatingoptimalpathsbackwardsfrom the�nal state.

In applications,it mayhappenthatthegainfunction,which associatesa gain
with every control actionandthe resultingbehaviour of the system,is not well
known.Thisproblemis mostoftentreatedby modellingtheuncertaintyaboutthe
gainby meansof aprobabilitymeasure,andby maximisingtheexpectedgainun-
derthis probabilitymeasure.Dueto thelinearity of theexpectationoperator, this
approachdoesnot changethenatureof theoptimisationproblemin any essential
way, andtheusualdynamicprogrammingmethodcanthereforestill beapplied.

It hashoweverbeenarguedby variousscholars(see[11, Chapter5] for a de-
taileddiscussionwith many references)thatuncertaintycannotalwaysbe mod-
elled adequatelyby (precise)probability measures,because,roughly speaking,
theremaynot beenoughinformationto identify a singleprobabilitymeasure.In
thosecases,it is moreappropriateto modeltheavailableinformationthroughan
impreciseprobabilitymodel,e.g.,by a lower prevision,or by a setof probability
measures.For applicationsof this approach,seefor instance[4, 10].

Two questionsnow arisenaturally. First,how shouldweformulatetheoptimal
controlproblem:whatdoesit meanfor a controlto beoptimalwith respectto an
uncertaingain function, wheretheuncertaintyis representedthroughan impre-
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ciseprobabilitymodel?In Section2 weidentify threedifferentoptimalitycriteria,
eachwith adifferentinterpretation(althoughthey coincidefor preciseprobability
models),andwestudytherelationsbetweenthem.Secondly, is it still possibleto
solvethecorrespondingoptimalcontrolproblemsusingtheideasunderlyingBell-
man'sdynamicprogrammingmethod?We show in Section3 thatthis is thecase
for only two of thethreeoptimalitycriteriawestudy:only for theseageneralised
principle of optimality holds,andthe optimal controlsaresolutionsof suitably
generalisedBellman-likeequations.To arriveat this,westudythepropertiesthat
anabstractnotionof optimalityshouldsatisfyfor theBellmanapproachto work.

We recognisethatotherauthors(seefor instance[8]) have extendedthedy-
namicprogrammingalgorithmto systemswith imprecisegainand/orimprecise
dynamics.However in doingso,noneof themseemsto have questionedin what
sensetheir generaliseddynamicprogrammingmethodleadsto optimalpaths.In
this articlewe approachtheproblemfrom theopposite,andin our opinion,more
logical side:oneshould�r st de�ne a notion optimality andinvestigatewhether
the dynamicprogrammingargumentholdsfor this notion of optimality, instead
of blindly “generalising”Bellman's algorithm.In the remainderof this section,
we introducethebasicterminologyandnotationthatwill allow usto give a pre-
ciseformulationof theproblemsunderstudy. Wehaveomittedproofsof technical
resultsthatdonot contributeto a betterunderstandingof themainideas.

1.1 Preliminaries

1.1.1 The System

For a andb in N, thesetof naturalnumbersc that satisfya � c � b is denoted
by [a;b]. Let xk+ 1 = f (xk;uk;k) describea discrete-timedynamicalsystemwith
k 2 N, xk 2 X anduk 2 U. ThesetX is thestatespace(e.g.,Rn, n 2 Nnf 0g), and
thesetU is thecontrolspace(e.g.,Rm, m2 Nnf 0g).Themapf : X � U � N ! X
describestheevolution of thestatethroughtime: giventhestatexk 2 X andthe
control uk 2 U at time k 2 N, it returnsthe next statexk+ 1 of the system.For
practicalreasons,weimposea�nal timeN beyondwhichwearenot interestedin
thedynamicsof system.Moreover, it mayhappenthatnot all statesandcontrols
areallowedat all times:we demandthatxk shouldbelongto a setof admissible
statesXk ateveryinstantk2 [0;N], andthatuk shouldbelongto asetof admissible
controlsUk at every instantk 2 [0;N � 1], whereXk � X andUk � U aregiven.
ThesetXN maybethoughtof asthesetwewantthestateto endup in at timeN.

1.1.2 Paths

A path is a triple (x;k;u�), wherex 2 X is a state,k 2 [0;N] a time instant,and
u� : [k;N � 1] ! U a sequenceof controls.A path�x esa uniquestatetrajectory
x� : [k;N] ! X, which is de�ned recursively throughxk = x andxi+ 1 = f (xi ;ui ; i)
for every i 2 [k;N � 1]. It is saidto be admissibleif x` 2 X̀ for every ` 2 [k;N]
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andu` 2 U` for every ` 2 [k;N � 1]. We denotetheuniquemapfrom /0 to U by
u/0. If k = N, thecontrolu� doesnothing:it is equalto u/0.

The setof admissiblepathsstartingin the statex 2 Xk at time k 2 [0;N] is
denotedby U(x;k), i.e., U(x;k) = f (x;k;u�) : (x;k;u�) admissiblepathg. For ex-
ample,U(x;N) = f (x;N;u/0)g wheneverx 2 XN andU(x;N) = /0 otherwise.

If we considera path with �nal time M different from N, then we write
(x;k;u�)M (assumek � M � N). Observe that (x;k;u�)k can be identi�ed with
(x;k;u/0)k; it is the uniquepath(of lengthzero)startingandendingat time k in
x. Let 0 � k � ` � m. Two paths(x;k;u�)` and(y; `; v�)m canbe concatenatedif
y = x` . The concatenationis denotedby (x;k;u�; `; v�)m or (x;k;u�)` � (y; `; v�)m,
andrepresentsthepaththat startsin statex at time k, andresultsfrom applying
controlui for timesi 2 [k; ` � 1] andcontrolvi for timesi 2 [`; m� 1]. In particular,

(x;k;u�)` = (x;k;u�)k � (x;k;u�)` = (x;k;u�)` � (x` ; `; u�)` :

Thesetof admissiblepathsstartingin statex 2 Xk at time k 2 [0;N] andending
at time ` 2 [k;N] is denotedby U(x;k)` . In particularwe have that U(x;k)k =
f (x;k;u/0)kg if x 2 Xk, andU(x;k)k = /0 otherwise.Moreover, for any (x;k;u�)` 2
U(x;k)` andany V � U(x` ; `), we usethenotation(x;k;u�)` � V for theset

f (x;k;u�)` � (x` ; `; v�) : (x` ; `; v�) 2 V g:

1.1.3 The Gain Function

Applying thecontrolactionu2 U to thesystemin statex2 X attimek2 [0;N� 1]
yieldsa real-valuedgaing(x;u;k;w). Moreover, reachingthe�nal statex 2 X at
timeN alsoyieldsagainh(x;w). Theparameterw 2 Wrepresentsthe(unknown)
stateof the world, usedto modeluncertaintyof the gains.If we knew that the
realstateof theworld waswo, we would know thegainsto be g(x;u;k;wo) and
h(x;wo). As it is, the real stateof the world is uncertain,andso are the gains,
which could be consideredasrandomvariables.It is importantto notethat the
parameterw only in�uencesthe gains;it hasno effect on thesystemdynamics,
whichareassumedto beknown perfectlywell.

Assuminggainadditivity, we canalsoassociatea gainwith a path(x;k;u�):

J(x;k;u�;w) = å N� 1
i= k g(xi ;ui ; i;w) + h(xN;w);

for any w 2 W. If M < N, wealsousethenotation

J(x;k;u�;w)M = å M� 1
i= k g(xi ;ui ; i;w):

It will be convenientto associatea zerogain with an emptycontrol action: for
k 2 [0;N] we let J(x;k;u�;w)k = 0.

Themainobjectiveof optimalcontrolcannow beformulatedasfollows:given
that the systemis in the initial statex 2 X at time k 2 [0;N], �nd a control se-
quenceu� : [k;N � 1] ! U resultingin anadmissiblepath(x;k;u�) suchthat the
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correspondinggainJ(x;k;u�;w) is maximal.Moreover, wewould likethiscontrol
sequenceu� to besuchthatits valueuk at thetime instantk is a functionof x and
k only, sincein thatcasethecontrolcanberealisedthroughstatefeedback.

If w is known, thentheproblemreducesto theclassicalproblemof dynamic
programming,�rst studiedandsolved by Bellman[1]. We assumeherethat the
availableinformationaboutthetruestateof theworld is modelledthrougha co-
herent lower prevision P de�ned on the setL (W) of gambles, or boundedreal-
valuedmaps,on W. A specialcaseof this obtainswhenP is a linear prevision
P. Linearprevisionsarethepreciseprobabilitymodels;they canbeinterpretedas
expectationoperatorsassociatedwith (�nitely additive)probabilitymeasures,and
they areprevisionsor fair pricesin thesenseof deFinetti [6]. Weassumethatthe
readeris familiarwith lowerprevisionsandcoherence(see[11] for moredetails).

For agivenpath(x;k;u�), thecorrespondinggainJ(x;k;u�;w) canbeseenasa
real-valuedmapon W, which is denotedby J(x;k;u�) andcalledthegain gamble
associatedwith (x;k;u�).1 In thesamewaywede�ne thegaingamblesg(xk;uk;k),
h(xN) and J(x;k;u�)M. Thereis gain additivity: J(x;k;u�; `; v�)m = J(x;k;u�)` +
J(x` ; `; v�)m for k � ` � m � N, andJ(x;k;u�)k = 0. We denoteby J(x;k) theset
of gaingamblesfor admissiblepathsfrom initial statex 2 Xk at timek 2 [0;N]:

J(x;k) = f J(x;k;u�) : (x;k;u�) 2 U(x;k)g:

For �x edk 2 [0;N � 1] andx 2 Xk, thegainJ(x;k;u�;w) canalsobeinterpretedas
amapfrom U(x;k) to L (W); this mapis denotedby J(x;k).

2 Optimality Criteria

2.1 P-Maximality

The lower prevision P(X) of a gambleX hasa behavioural interpretationas a
subject's supremumacceptableprice for buying the gambleX: it is the highest
valueof µ suchthat thesubjectacceptsthegambleX � x (i.e., acceptsto buy X
for a pricex) for all x < µ. TheconjugateupperprevisionP(X) = � P(� X) of X
is thenthesubject's in�mum acceptablepricefor sellingX. This way of looking
at a lower previsionP de�ned on thesetL (W) of all gamblesallows usto de�ne
astrict partialorder> P onL (W) whoseinterpretationis thatof strict preference.

De�nition 1 For anygamblesX andY in L (W) wesaythat X strictly dominates
Y, or X is strictly preferredto Y (with respectto P), andwrite X > P Y, if

P(X � Y) > 0 or (X � Y andX 6= Y):

Indeed,if X � Y andX 6= Y, thenthesubjectshouldbewilling to exchange
Y for X, sincethis transactioncan only improve his gain. On the other hand,

1To simplify thediscussion,weassumethis mapis bounded.
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P(X � Y) > 0 expressesthat thesubjectis willing to paya strictly positive price
to exchangeY for X, whichagainmeansthathestrictly prefersX to Y.

It is clearthatwe canalsousethe lower prevision P to expressa strict pref-
erencebetweenany two paths (x;k;u�) and (x;k;v�), basedon their gains: if
J(x;k;u�) > P J(x;k;v�) thismeansthattheuncertaingainJ(x;k;u�) is strictly pre-
ferredto theuncertaingainJ(x;k;v�). Wethensaythatthepath(x;k;u�) is strictly
preferredto (x;k;v�), andwe usethenotation(x;k;u�) > P (x;k;v�).

> P is anti-re�exiveandtransitive,andthereforeastrictpartialorderonL (W),
andin particularalsoonJ(x;k) andonU(x;k). But it is generallynot linear:any
two pathsneednotbecomparablewith respectto thisorder, andit doesnotalways
make senseto look for greatestelements,i.e., for pathsthatstrictly dominateall
theothers.Rather, we shouldlook for maximal,or undominated,elements:paths
that arenot dominatedby any otherpath.Observe that a maximalgambleX in
a setK with respectto > P is a maximalelementof K with respectto � (i.e., it
is point-wiseundominated)suchthat P(X � Y) � 0 for all Y 2 K . In caseP is
a linearprevisionP, maximalgambleswith respectto > P arejust thepoint-wise
undominatedgambleswhoseprevisionis maximal;they maximiseexpectedgain.

De�nition 2 Let k 2 [0;N], x 2 Xk and V � U(x;k). A path (x;k;u�
� ) in V is

called P-maximal, or > P-optimal, in V if no path in V is strictly preferred to
(x;k;u�

� ), i.e., (x;k;u�)6> P(x;k;u�
� ) for all (x;k;u�) 2 V . We denotethe setof the

P-maximalpathsin V by opt> P
(V ). Theoperator opt> P

is calledtheoptimality
operatorinducedby > P, associatedwith U(x;k).

The P-maximal pathsin U(x;k) are just thoseadmissiblepathsstartingat
time k in statex for which the associatedgain gambleis a maximalelementof
J(x;k) with respectto thestrictpartialorder> P. If wedenotethesetof these> P-
maximalgaingamblesin J(x;k) byopt> P

(J(x;k)) , thenfor all (x;k;u�) 2 U(x;k):

(x;k;u�) 2 opt> P
(U(x;k)) ( ) J(x;k;u�) 2 opt> P

(J(x;k)) :

P-maximalpathsdonotalwaysexist: noteverypartiallyorderedsethasmaximal
elements.A fairly generalsuf�cient conditionfor theexistenceof P-maximalel-
ementsin J(x;k) (andhencein U(x;k)) is thatJ(x;k) shouldbecompact2 (and
of coursenon-empty).This follows from a generalresultmentionedin [11, Sec-
tion 3.9.2].In fact,Theorem1 is a strongerresult,whoseCorollary1 turnsout to
bevery importantin proving that thedynamicprogrammingapproachworksfor
P-maximality(seeSection3.2).Its proof is basedonZorn's lemma.

Theorem1 For every elementX of a compactsubsetK of L (W) that is not a
maximalelementof K with respectto > P there is somemaximalelementY of K
with respectto > P such thatY > P X.

2In this paper, wealwaysassumethatL (W) is providedwith thesupremum-normtopology.
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Corollary 1 Let k 2 [0;N] and let x 2 Xk. If J(x;k) is compactthen for every
admissible, non-P-maximalpath (x;k;u�) in U(x;k) there is a P-maximalpath
(x;k;u�

� ) in U(x;k) that is strictly preferredto it.

2.2 P-Maximinity

We now turn to anotheroptimality criterion that canbe associatedwith a lower
previsionP. We canuseP to de�ne anotherstrictorderonL (W):

De�nition 3 For anygamblesX andY in L (W) wewrite X A P Y if

P(X) > P(Y) or (X � Y andX 6= Y):

AP inducesa strict partialorderon U(x;k), sinceit is anti-re�exiveandtran-
sitive onL (W). A maximalelementX of a subsetK of L (W) with respectto A P
is easilyseento be a point-wiseundominatedelementof K thatmaximisesthe
lowerprevision:P(X) � P(Y) for all Y 2 K .

We can consideras optimal in U(x;k) thoseadmissiblepaths(x;k;u�) for
which theassociatedgaingambleJ(x;k;u�) is a maximalelementof J(x;k) with
respectto AP; they arethepaths(x;k;u�) thatmaximisethe`lowerexpectedgain'
P(J(x;k;u�)) andwhosegaingamblesJ(x;k;u�) arepoint-wiseundominated.

De�nition 4 Let k 2 [0;N], x 2 Xk and V � U(x;k). A path (x;k;u�
� ) in V is

called P-maximin, or A P-optimal, in V if no path in V is strictly preferred to
(x;k;u�

� ), i.e., (x;k;u�) 6AP (x;k;u�
� ) for all (x;k;u�) 2 V . We denotethesetof the

P-maximinpathsin V byoptA P
(V ). Theoperator optA P

is calledtheoptimality
operatorinducedby A P, associatedwith U(x;k).

Proposition1 P-maximinityimpliesP-maximality. For a linear prevision P, P-
maximinityis equivalentto P-maximality.

The existenceof maximalelementswith respectto A P in an arbitrarysetof
gamblesK is obviouslynotguaranteed.But if K is compact,thenwemayeasily
infer from thecontinuityof any coherentlower previsionP, thatthecounterparts
of Theorem1 andCorollary1 hold for A P.

2.3 M -Maximality

Thereis a tendency, especiallyamongrobustBayesians,to consideranimprecise
probabilitymodelasacompactconvex setof linearprevisionsM � P(W), where
P(W) is thesetof all linearprevisionsonL (W). M is assumedto containthetrue,
but unknown, linearprevisionPT thatmodelstheavailableinformation[2, 7].

A gambleX is thencertainto be strictly preferredto a gambleY underthe
true linear prevision PT if andonly if it is strictly preferredunderall candidate
modelsP 2 M . This leadsto a `robusti�ed' strict partialorder> M onL (W).
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De�nition 5 X > M Y if X > P Y for all P 2 M .

SinceM is assumedto be compactand convex, it is not dif�cult to show
that thestrict partialorders> M and> P areoneandthesame,wherethecoher-
ent lower prevision P is the so-calledlower envelopeof M , de�ned by P(X) =
inf

�
P(X) : P 2 M

	
for all X 2 L (W).3 Conversely, givenacoherentlowerprevi-

sionP, thestrict partialorders> M (P) and> P areidentical,where

M (P) = f P 2 P(W) : (8X 2 L (W))( P(X) � P(X))g

is thesetof linearprevisionsthatdominateP. Thesestrictpartialorderstherefore
havethesamemaximalelements,andleadto thesamenotionof optimality.

But thereis in theliteratureyetanothernotionof optimalitythatcanbeassoci-
atedwith a compactconvex setof linearprevisionsM : agambleX is considered
optimal in a setof gamblesK if it is a maximalelementof K with respectto
the strict partial order> P for someP 2 M . This notion of optimality is called
`E-admissibility'by Levi [9, Section4.8]. It doesnot generallycoincidewith the
onesassociatedwith thestrictpartialorders> M and> P, unlessthesetK is con-
vex [11, Section3.9].Wearethereforeledto considerathird notionof optimality:

De�nition 6 Let x 2 X, k 2 [0;N] andV � U(x;k). A path(x;k;u�
� ) 2 V is said

to beM -maximalin V if it is P-maximalin V for someP in M , or in otherwords
if it is � -maximalin V andmaximisesP(J(x;k;u�)) overV for someP 2 M . The
setof all M -maximalelementsof V is denotedbyoptM (V ).

Interestingly, for any setof pathsV � U(x;k):

optM (V ) =
[

P2M

opt> P
(V ) : (1)

3 Dynamic Programming

3.1 A GeneralNotion of Optimality

We havediscussedthreedifferentwaysof associatingoptimalpathswith a lower
prevision P, all of which occur in the literature.We now proposeto �nd out
whether, for thesedifferenttypesof optimality, we canusethe ideasbehindthe
dynamicprogrammingmethodto solve thecorrespondingoptimalcontrolprob-
lems.To do this,we take a closerlook at Bellman'sanalysisasdescribedin Sec-
tion 1, andwe investigatewhich propertiesa genericnotion of optimality must
satisfyfor his methodto work. Let us thereforeassumethat thereis someprop-
erty, called� -optimality, whicha pathin agivensetof pathsP eitherhasor does
not have. If a path in P hasthis property, we saythat it is � -optimal in P. We

3SinceM is compact,this in�mum is actuallyachieved.
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Figure3: A More GeneralTypeof DynamicProgramming

shall denotethe setof the � -optimal elementsof P by opt� (P). By de�nition,
opt� (P) � P. Furtheron, we shallapplyour �ndings to thevariousinstancesof
� -optimalitydescribedabove.

ConsiderFigure3, wherewe want to �nd the � -optimal pathsfrom statea
to statee. Supposethat after one time step,we canreachthe statesb, c andd
from statea. The� -optimalpathsfrom thesestatesto the�nal statee areknown
to bea, g, andd andh, respectively. For thedynamicprogrammingapproachto
work, we needto be able to infer from this a generalisedform of the Bellman
equation,statingessentiallythatthe� -optimalpathsfrom a to e, a priori givenby
opt� (f la ; lb ;µg;nd;ne;nhg), areactuallyalsogiven by opt� (f la ;µg;nd;nhg),
i.e., the� -optimalpathsin thesetof concatenationsof l , µ andn with therespec-
tive � -optimalpathsa, g, andd andh. It is thereforenecessaryto excludethatthe
concatenationslb andnewith thenon-� -optimalpathsb andn canbe� -optimal.
This amountsto requiringthat theoperatoropt� shouldsatisfysomeappropriate
generalisationof Bellman's principle of optimalitythatwill allow usto conclude
that lb andne cannotbe � -optimalbecausethenb ande would be � -optimalas
well. De�nition 8 below providesa precisegeneralformulation.

But, perhapssurprisinglyfor someonefamiliar with the traditional form of
dynamicprogramming,opt� shouldsatisfyan additionalproperty:theomission
of thenon-� -optimalpathslb andne from thesetof candidate� -optimalpaths
shouldnothaveany effecton theactual� -optimalpaths:we needthat

opt� (f la ; lb ;µg;nd;ne;nhg) = opt� (f la ;µg;nd;nhg) :

This is obviously true for the simple type of optimality that we have looked at
in Section1, but it neednot be true for themoreabstracttypesthatwe want to
considerhere.Equalitywill beguaranteedif opt� is insensitive to theomissionof
non-� -optimalelementsfrom f la ; lb ;µg;nd;ne;nhg, in thefollowing sense.

De�nition 7 Considera setS6= /0 andanoptimalityoperatoropt� de�nedon the
setÃ (S) of subsetsof Ssuch thatopt� (T) � T for all T � S. Elementsof opt� (T)
are called � -optimal in T. opt� is called insensitive to the omissionof non-� -
optimalelementsfrom Sif opt� (S) = opt� (T) for all T such thatopt� (S) � T � S.
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Thefollowing propositiongivesaninterestingsuf�cient conditionfor this in-
sensitivity in caseoptimality is associatedwith a(family of) strictpartialorder(s):
it suf�ces thateverynon-optimalpathis strictly dominatedby anoptimalpath.

Proposition2 Let S be a non-emptysetprovidedwith a family of strict partial
orders> j , j 2 J. De�ne for T � S, opt> j

(T) =
�

a 2 T : (8b 2 T)(b 6> j a)
	

asthe
setofmaximalelementsofT with respectto > j , andletoptJ (T) =

S
j2J opt> j

(T).
Thenopt> j

, j 2 J andoptJ areoptimalityoperators. If for somej 2 J,

(8a 2 Snopt> j
(S))(9b 2 opt> j

(S))( b > j a); (2)

thenopt> j
is insensitiveto omissionof non-> j-optimal elementsfrom S. If (2)

holdsfor all j 2 J, thenoptJ is insensitiveto omissionof non-J-optimalelements
fromS.

Proof. Consider j in J, andassumethat (2) holds for this j. Let opt> j
(S) �

T � S, thenwemustprovethatopt> j
(S) = opt> j

(T). Firstof all, if a 2 opt> j
(S)

then b 6> j a for all b in S, and a fortiori for all b in T, so that a 2 opt> j
(T).

Consequently, opt> j
(S) � opt> j

(T). Conversely, let a 2 opt> j
(T) andassume

ex absurdo that a 62opt> j
(S). It then follows from (2) that thereis somec in

opt> j
(S) andthereforein T suchthatc > j a, whichcontradictsa 2 opt> j

(T).
Next, assumethat(2) holdsfor all j 2 J. Let optJ (S) � T � S, thenwe must

prove that optJ (S) = optJ (T). Considerany j 2 J, thenopt> j
(S) � optJ (S) �

T � S, sowemayinfer from the�rst partof theproof thatopt> j
(S) = opt> j

(T).
By takingtheunionoverall j 2 J, we �nd thatindeedoptJ (S) = optJ (T). 2

We are now readyfor a preciseformulation of the dynamicprogramming
approachfor solving optimal control problemsassociatedwith generaltypesof
optimality. We assumethatwe have sometypeof optimality, called� -optimality,
thatallowsusto associatewith thesetof admissiblepathsU(x;k) startingat time
k in initial statex, an optimality operatoropt� de�ned on the setÃ (U(x;k)) of
subsetsof U(x;k). For eachsuchsubsetV , opt� (V ) is thenthesetof admissible
pathsthatare� -optimalin V . Theprincipleof optimalitystatesthattheoptimality
operatorsassociatedwith thevariousU(x;k) shouldberelatedin a specialway.

De�nition 8 (Principle of Optimality) � -optimalitysatis�estheprincipleof op-
timality if it holdsfor all k 2 [0;N], x 2 Xk, ` 2 [k;N] and(x;k;u�) in U(x;k) that
if (x;k;u�) is � -optimalin U(x;k), then(x` ; `; u�) is � -optimalin U(x` ; `).

This mayalsobeexpressedas:

opt� (U(x;k)) �
[

(x;k;u� )`2U(x;k)`

(x;k;u�)` � opt� (U(x` ; `)) :

TheBellmanequationnow statesthatapplyingtheoptimalityoperatorto theright
handsidesuf�ces to achieveequality. (Usuallythis is statedwith ` = k+ 1.)
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Theorem2 (Bellman Equation) Let k 2 [0;N] andx 2 Xk. Assumethat � -opti-
mality satis�estheprinciple of optimality, and that theoptimalityoperator opt�
for U(x;k) is insensitiveto theomissionof non-� -optimalelementsfromU(x;k).
Thenfor all ` 2 [k;N]:

opt� (U(x;k)) = opt�
[

(x;k;u)` 2U(x;k)`

(x;k;u)` � opt� (U(x` ; `)) ;

that is, a path is � -optimal if and only if it is a � -optimal concatenationof an
admissiblepath(x;k;u�)` anda � -optimalpathof U(x` ; `).

Proof. Fix k in [0;N], ` 2 [k;N] andx 2 Xk. De�ne

V1 =
[

(x;k;u)` 2U(x;k)`

(x;k;u)` � opt� (U(x` ; `)) ; and,

V2 =
[

(x;k;u)` 2U(x;k)`

(x;k;u)` � (U(x` ; `) nopt� (U(x` ; `))) :

Obviously, U(x;k) = V1 [ V2 and V1 \ V2 = /0. We have to prove that
opt� (U(x;k)) = opt� (V1). By the principle of optimality, no path in V2 is � -
optimalin U(x;k), soV2 \ opt� (U(x;k)) = /0. This impliesthatopt� (U(x;k)) �
V1 � U(x;k), andsinceopt� is assumedto beinsensitive to theomissionof non-
� -optimalelementsfrom U(x;k), it followsthatopt� (U(x;k)) = opt� (V1). 2

3.2 P-Maximality

Let us now apply thesegeneralresultsto the speci�c typesof optimality intro-
ducedbefore.We �rst considertheoptimality operatoropt> P

thatselectsfrom a
setof gambles(or paths)Sthosegambles(or paths)thatarethemaximalelements
of Swith respectto thestrictpartialorder> P. Thefollowing lemmaroughlystates
thatthepreferenceamongstpathswith respectto > P is preservedunderconcate-
nationandtruncation.It yieldsasuf�cient conditionfor theprincipleof optimality
with respectto P-maximality to hold.Moreover, the lemma,andtheprincipleof
optimality, donotnecessarilyhold for preferencewith respectto P-maximinity.

Lemma 1 Let k 2 [0;N] and` 2 [k;N]. Considerthepaths(x;k;u�)` in U(x;k)`
and (x` ; `; v�), (x` ; `; w�) in U(x` ; `). Then(x` ; `; v�) > P (x` ; `; w�) if and only if
(x;k;u�)` � (x` ; `; v�) > P (x;k;u�)` � (x` ; `; w�).

Proof. Let X, Y andZ begamblesonW. Thestatementis provenif wecanshow
thatY > P Z impliesX + Y > P X + Z. AssumethatY > P Z. If P(Y � Z) > 0, then
P((X + Y) � (X + Z)) = P(Y � Z) > 0. If Y � Z, thenX + Y � X + Z, and�nally ,
if Y 6= Z, thenX + Y 6= X + Z. It follows thatX + Y > P X + Z. 2
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Proposition3 (Principle of Optimality) Let k 2 [0;N], x 2 Xk and (x;k;u�
� ) 2

U(x;k). If (x;k;u�
� ) isP-maximalin U(x;k) then(x` ; `; u�

� ) isP-maximalin U(x` ; `)
for all ` 2 [k;N].

Proof. If (x` ; `; u�
� ) is not P-maximal, there is a path (x` ; `; u�) such that

(x` ; `; u�) > P (x` ; `; u�
� ). By Lemma1 we �nd that

(x;k;u�
� )` � (x` ; `; u�) > P (x;k;u�

� )` � (x` ; `; u�
� ) = (x;k;u�

� ):

This meansthat (x;k;u�
� )` � (x` ; `; u�) is preferredto (x;k;u�

� ), and therefore
(x;k;u�

� ) cannotbeP-maximal,acontradiction. 2

As adirectconsequenceof Corollary1 andProposition2,weseethatif J(x;k)
is compact,thentheoptimality operatoropt> P

associatedwith U(x;k) is insen-
sitive to the omissionof non-> P-optimalelements.Togetherwith Proposition3
andTheorem2, this allowsusto infer a Bellmanequationfor P-maximality.

Corollary 2 Letk 2 [0;N] andx 2 Xk. If J(x;k) is compact,thenfor all ` 2 [k;N]

opt> P
(U(x;k)) = opt> P

[

(x;k;u)` 2U(x;k)`

(x;k;u)` � opt> P
(U(x` ; `)) ; (3)

that is, a path is P-maximalif andonly if it is a P-maximalconcatenationof an
admissiblepath(x;k;u�)` anda P-maximalpathof U(x` ; `).

Corollary 2 resultsin a procedureto calculateall P-maximalpaths.Indeed,
opt> P

(U(x;N)) = f u/0g for everyx2 XN, andopt> P
(U(x;k)) canbecalculatedre-

cursively throughEq.(3). It alsoprovidesamethodfor constructingaP-maximal
feedback:for every x 2 Xk, chooseany (x;k;u�

� (x;k)) 2 opt> P
(U(x;k)) . Then

f (x;k) = u�
k(x;k) realisesa P-maximalfeedback.

3.3 M -Maximality

We now turn to the optimality operatoroptM , satisfying(1). By Proposition2
and(1), it follows that optM is insensitive to the omissionof non-M -maximal
elementsof U(x;k) wheneverJ(x;k) is compact.By Proposition3,optM satis�es
the principle of optimality (indeed,if a path is M -maximal,thenit mustbe P-
maximal for someP 2 M , and by the propositionany truncationof it is also
P-maximal,hencealsoM -maximal).This meansthattheBellmanequationalso
holdsfor M -maximalityundersimilarconditionsasfor P-maximality. As already
mentionedin Section2.3,bothtypesof optimalitycoincideif J(x;k) is convex.

3.4 P-Maximinity

Finally, we cometo thetypeof optimality associatedwith thestrict partialorder
AP. It follows from Proposition2 andthe discussionat the endof Section2.2
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Figure4: A Counterexample

that if J(x;k) is compact,the optimality operatoroptA P
for U(x;k) is insensi-

tive to theomissionof non-A P-optimalpathsfrom U(x;k). But, asthefollowing
counterexampleshows,wecannotguaranteethattheprincipleof optimalityholds
for AP-optimality, andthereforedynamicprogrammingmaynotwork here—not
evenwith a vacuousuncertaintymodel.Essentially, this is becausethepartialor-
derAP is notavectororderingonL (W)—it isnotcompatiblewith gainadditivity:
contraryto expectedgain,lowerexpectedgainsarenotadditive.

Example1 Considerthedynamicalsystemdepictedin Figure 4. Let W= f ]; [g,
let P be thevacuouslower previsionon W, anddenotethegamble] 7! x, [ 7! y
by hx;yi . Assumethat J(a) = h2;0i , J(b) = h0; � 1i andJ(g) = h� 2;0i (there is
zero gain associatedwith the �nal state).Thenab 6A P ag: indeed,h2; � 1i does
not dominateh0;0i point-wise, and inf h2; � 1i 6> inf h0;0i or equivalentlyh0;0i
maximisesthe worst expectedgain. Hence, we �nd that ag is P-maximin.But
b AP g: indeed,inf h0; � 1i > inf h0; � 2i which meansthat g is not P-maximin.
Thusthe“principle of P-maximinoptimality” doesnotholdhere.

3.5 Yet Another Type of Optimality

Weendthisdiscussionwith anothertypeof optimalityassociatedwith astrictpar-
tial order, introducedby Harmanecin [8, De�nition 3.4]. In oursetting(precisely
known systemdynamics),its de�nition basicallyreducesto

X > ?
P Y if P(X) > P(Y) or (X � Y andX 6= Y):

It canbeshown easilythat if J(x;k) is compact,theoptimality operatorinduced
by > ?

P for U(x;k) is insensitive to the omissionof non-> ?
P-optimal pathsfrom

U(x;k). But, asthe following counterexampleshows, we cannotguaranteethat
the principle of optimality holds for > ?

P-optimality, and thereforethe dynamic
programmingapproachmaynotwork here—notevenwith avacuousuncertainty
model.Again,this is becausethepartialorderA P is notcompatiblewith gainad-
ditivity. It alsoindicatesthatthesolutionof theBellman-typeequationadvocated
in [8] will notnecessarilyleadto optimalpaths,in thesensewedescribedabove.

Example2 Considerthedynamicalsystemdepictedin Figure 4. Let W= f ]; [g,
let P be thevacuouslower previsionon W, anddenotethegamble] 7! x, [ 7! y
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by hx;yi . Assumethat J(a) = h2;0i , J(b) = h0;0i andJ(g) = h� 1; � 1i (there is
zero gain associatedwith the�nal state).Thenab 6> ?

P ag: indeed,h2;0i doesnot
dominateh1; � 1i point-wise, and,inf h2;0i 6> suph1; � 1i . Hence, we�nd thatag
is > ?

P-maximal.Butb > ?
P g: indeed,h0;0i dominatesh� 1; � 1i point-wise, which

meansthat g is not> ?
P-maximal.Thusthe“principle of > ?

P-maximaloptimality”
doesnothold for thisexample.

4 Conclusion

Themainconclusionof ourwork is thatthemethodof dynamicprogrammingcan
beextendedto systemswith imprecisegain.Ourgeneralstudyof whatconditions
ageneralisednotionof optimalityshouldsatisfyfor theBellmanapproachto work
is of someinterestin itself too. In particular, besidesan obvious extensionof
thewell-known principleof optimality, anotherconditionemergesthatrelatesto
thenatureof the optimality operatorsper se: the optimality of a pathshouldbe
invariantunderthe omissionof non-optimalpathsfrom the set of pathsunder
consideration.If optimality is inducedby a strict partial orderingof paths,then
this secondconditionis satis�ed whenever the existenceof dominatingoptimal
pathsfor non-optimalonesis guaranteed.

Another importantobservation is that, in contradistinctionto P-maximality
andM -maximality, the dynamicprogrammingmethodcannotbe usedto solve
optimisationproblemscorrespondingto P-maximinity: for this notiontheprinci-
pleof optimalitydoesnothold in general.

Throughoutthepaperwe assumedthesystemdynamicsto be deterministic,
thatis, independentof w. Thisgreatlysimpli�es thediscussion,still encompasses
a largenumberof interestingapplications,anddoesnot suffer from thecompu-
tationalissuesoftenencounteredwhendealingwith non-deterministicdynamical
systems—simplybecausein generalthenumberof possible(random)pathstends
to grow exponentiallywith thesizeof thestatespaceX. However, weshouldnote
thatdroppingthis assumptionstill leadsto a Bellman-typeequation,connecting
operatorsof optimalityassociatedwith randomstatesx: W! X. A discussionof
thesemattershasbeenomittedfrom thepresentpaperdueto limitationsof space.
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