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Abstract

The natureof muchinformationavailableto decisionmakers is vagueand
imprecise,beit informationfor humanmanagersin organisationsor for pro-
cessagentsin a distributedcomputerenvironment.Severalmodelsfor han-
dling vagueandimpreciseinformationin decisionsituationshave beensug-
gested.In particular, variousinterval methodshave prevailed, i.e. methods
basedon interval estimatesof probabilitiesand,in somecases,interval util-
ity estimates.Evenif theseapproachesin generalarewell founded,little has
beendoneto takeinto considerationtheevaluationperspectiveand,in partic-
ular, computationalaspectsandimplementationissues.Thepurposeof this
paperis to demonstratea tool for handlingimpreciseinformationin decision
situations.The tool is an implementationof our earlier researchfocussing
on �nding fastalgorithmsfor solvingbilinearsystemsof equationstogether
with agraphicaluserinterfacesupportingtheinterpretationof evaluationsof
imprecisedata.
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1 Intr oduction

Theideaof usingcomputersto supportdecisionmakinghasbeenaroundalmost
as long ascomputershave beenavailable for humansin usableform. The past
decadeshave witnesseda tremendousdevelopmentin the graphicaluserinter-
face,which facilitatesthe useof more advancedcomputationaltechniquesto
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a wider groupof users.As a consequence,several decisionanalytic tools have
emergedduring the last decade.Decisionsoftware basedon classicaldecision
theory, suchasStandard& Poor's DPL (www.dpl.adainc.com),Palisades'Pre-
cisionTree(www.palisade.com),andTreeAge'sDATA (www.treeage.com),have
successfullybeencommercialisedandareusedby variousprofessionaldecision
analystsanddecisionmakersto aid themin theirwork.

However, mostclassicaldecisionmodelsandsoftwarebasedon themcon-
sistof somestraightforwardsetof rulesappliedto precisenumericalestimatesof
probabilitiesandvalues.Matrix, tree,andin�uence diagrammodelshave prolif-
erated,but sincethey mostlyhandleprecisenumeric�gures, sensitivity analysis
is oftennoteasyto carryout in morethanafew dimensionsatatime.Therequire-
mentto provide numericallypreciseinformationin suchmodelshasoften been
consideredunrealisticin real-life decisionsituations,and a numberof models
with representationsallowing imprecisestatementshavebeensuggested.Someof
themusestandardprobability theorywhile otherscontainsomespecialisedfor-
malism.Most of themfocusmoreon representationandprobabilisticinference,
andlessonevaluation[15], [21], [22], [23], [24].

The purposeof this paperis to presenta new decisiontool currentlybeing
developed,called DecideIT. It allows the decisionmaker to be as deliberately
impreciseashe feels is naturalandprovideshim with the meansof expressing
varyingdegreesof imprecisionin theinput sentences,facilitatingboththeuseof
decisiontreesandin�uence diagramsasdecisionmodels.The applicationtakes
advantageof a setof algorithmsde�ned astheDELTA method[4], [5], [8], [9],
combinedwith auser-friendly interfacewhichprovidesanintuitivegraphicalrep-
resentationof evaluationresults.

Pre-releaseversionsof DecideIT have beenusedin a numberof variousar-
easandsituations,suchas contractformulations[1], investmentdecisions[7],
and insurancepolicies and �ood management[10]. DecideIT is currently in a
beta-stageof the developmentphaseand will be distributedby Doctor Decide
(www.doctordecide.com).Academiclicenseswill beavailablefor asymbolicfee.

2 The DELTA Method

Themainconcernof theDELTA methodis evaluationof decisionproblems,with
probabilityandutility intervalsto expressnumericallyimpreciseinformation.The
methodoriginatesfrom researchonhandlingdecisionproblemsinvolving a �nite
numberof alternativesandconsequences[16].

Interval sentencesareof the form: “The probability of ci j lies betweenthe
numbersak andbk” andaretranslatedinto pi j 2 [ak;bk]. Comparative sentences
are of the form: “The probability of ci j is greaterthan the probability of ckl ”.
Sucha sentenceis translatedinto an inequality pi j � pkl . The conjunctionof
constraintsof the typesabove togetherwith å j pi j = 1 for eachalternative Ai
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involvedis calledtheprobabilitybase(P). Thevaluebase(V) consistsof similar
translationsof vagueandnumericallyimprecisevalueestimates.

A collection of interval constraintsconcerningthe sameset of variablesis
calleda constraint set. For sucha setof constraintsto bemeaningful,theremust
exist somevectorof variableassignmentsthat simultaneouslysatis�es eachin-
equality, i.e., thesystemmustbeconsistent. Theorthogonalhull is aconceptthat
in eachdimensionsignalswhich partsare incompatiblewith the constraintset,
thusit consistsof consistentvalueassignmentsfor eachvariable.

De�nition 1: Givena consistentconstraintsetX in f xigi2 I ; I = f 1; : : : ;ng, anda
function f , X max( f (x)) = def sup(ajf f (x) > ag[ X is consistent).
Similarly, X min( f (x)) = def inf(ajf f (x) < ag[ X is consistent).

De�nition 2: Givena consistentconstraintsetX in f xigi2 I ; I = f 1; : : : ;ng, theset
of pairsfhXmin(xi);X max(xi )ig is theorthogonalhull of thesetandis denoted
hXmin(xi);X max(xi)i n.

Theorthogonalhull greatlysimpli�es thecomputationaleffort andcanbepictured
astheresultof wrappingthesmallestorthogonalhyper-cubearoundtheconstraint
set.For the probability baseP, sucha wrappingof a consistentsystemyields
feasibleintervalprobabilities,in thesensethatnoneof thelowerandupperbounds
of theprobabilityassignmentsareinconsistent[24].

2.1 Strength of Alter natives

An informationframecontainstheprobabilityandvaluebases.In aninformation
frame,analternativeAi is representedby its consequencesetCi = f ci1; : : : ;cihi g.

De�nition 3: Given an information framehfC1; : : : ;Cng;P;Vi the strength, di j ,
denotestheexpressionE(Ci ) � E(Cj ), i.e., å k pik � vik � å k p jk � v jk, over all con-
sequencesin theconsequencesetsCi andCj .

To analysethestrengthof thealternatives,PVmax(di j ) is calculated.This means
thatwe choosethe feasiblesolutionsto theconstraintsin P andV thataremost
favourableto E(Ci) anddemeaningto E(Cj ). This meansthat if thereareno de-
pendencies1 betweenthealternatives,PVmax(di j ) = PVmax(E(Ci )) � PVmin(E(Cj ))
andPVmin(di j ) = PVmin(E(Ci )) � PVmax(E(Cj )) . Theconceptof strengthexpresses
themaximumdifferencesbetweenthealternativesunderconsideration.It is how-
ever usedin a comparative way so that formally themaximumandminimumis
calculated.In thisway, wegetameasureabouttheproportionsof theinformation
frame,wherethe respective alternativesaredominant.When applying the hull

1cf. [4] for detailswhentherearevariousdependenciesbetweenthealternatives.
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cutoperation(seesection2.2),we alsoreceivea measureof thestability of these
differences.

This is, however, not enough.Sometimes,the decisionmaker wantsto put
moreemphasisonthemaximaldifference(displayingadifference-pronebehaviour).
At othertimes,theminimal differenceis of moreimportance.This is capturedin
themediumdifference.

De�nition 4: Given an information frame hfC1; : : : ;Cng;P;Vi , let a 2 [0;1] be
a real number. The a-mediumdifferenceof di j in the frame is PV[a]mid(di j ) =
a �PVmax(di j ) + (1� a) �PVmin(di j ).

The a canbe considereda precedenceparameterthat indicatesif oneboundary
shouldbe given more weight than the other. It is, consequently, a measureof
differencein strengthbetweentheconsequencesets.Thisview duality is akey to
understandingtheselectionprocess.This is furtherdiscussedin [6].

For thepairwiseevaluationof ouralternatives,[4] suggeststhetwo algorithms
PBOpt andVBOpt. The�rst algorithm(probabilitybilinear optimisation) canhan-
dleany statementexceptcomparisonsbetweenvaluevariablesfrom differentCi 's,
andis describedasfollows.

De�nition 5: Given an information framehfC1; : : : ;Cng;P;Vi , let Ci be the set
f ci1; : : : ;cihi g. ThenVEmax

i is pi1 � ai1 + : : : + pihi � aihi , whereain, 1 � n � hi, is
sup(bjf b = ving[ f ai(n� 1) = vi(n� 1)g[ : : : [ f ai1 = vi1g is consistentwith V).

Further, VEmin
i is pi1 � ai1 + : : : + pihi � aihi , whereain;1 � n � hi , is inf(bjf b �

ving[ f ai(n� 1) = vi(n� 1)g[ : : : [ f ai1 = vi1g is consistentwith V).
LetCj bethesetf c j1; : : : ;c jh j g. ThenVdi j is VEmax

i � VEmin
j .

The ideabehindthis is to transforma bilinear expressioninto a linear expres-
sion with the propertyof having the sameextremalvalueunderspeci�c condi-
tions.Underconditionssatis�ed by a majority of informationframes,maxdi j =
maxV di j andmindi j = minV di j . Whencomparisonsbetweenvaluevariablesfrom
differentCi 's are important,the VBOpt algorithmshouldbe consideredinstead.
VBOpt is a twin algorithmto PBOpt, working essentiallyin thesameway, but for
otherpreconditions[4].

2.2 Cutting the Orthogonal Hull

A problemwith evaluatinginterval statementsis thattheresultscouldbeoverlap-
ping, i.e.,analternativemightnotbedominating2 for all instancesof thefeasible
valuesin theprobabilityandvaluebases.A suggestedsolutionto this is to further
investigatein which regionsof thebasestherespective alternativesaredominat-
ing. For this purpose,the hull cut is introducedin the framework. The hull cut

2Alternative i dominatesalternative j iff PVmin(di j ) > 0.
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canbeseenasgeneralisedsensitivity analysesto becarriedout to determinethe
stability of the relationbetweenthe consequencesetsunderconsideration.The
hull cut avoidsthecomplexity in combinatorialanalyses,but it is still possibleto
studythestability of a resultby gaininga betterunderstandingof how important
theinterval boundarypointsare.

If dominanceis evaluatedon a sequenceof ever-smallersub-bases,a good
appreciationof the strength's dependency on boundaryvaluescanbe obtained.
This is taken into accountby cutting off the dominatedregionsindirectly using
thehull cutoperation.This is denotedcuttingthebases,andtheamountof cutting
is indicatedasa percentagep, which canrangefrom 0 % to 100%. For a 100%
cut, thebasesaretransformedinto singlepoints,andtheevaluationbecomesthe
calculationof theordinaryexpectedvalue.

De�nition 6: X is a basewith the variablesx1; : : : ;xn, p 2 [0;1] is a variable
referredto as the cut level. hai ;bi i n is the orthogonalhull, andk = (k1; : : : ;kn)
is a consistentpoint in X. A p-cut of X is to add the interval statementsf xi 2
[ai + p � (ki � ai);bi � p � (bi � ki)] : i = 1; : : : ;ng to the baseX. k is called the
contractionpoint.

If no consistentcontractionpoint is given explicitly by the decisionmaker, De-
cideIT suggestsoneby minimisingthedistanceto theorthogonalhull midpoints.
Thechoiceof thecalculatedcontractionpoint is motivatedby beingthecentroid
in the (non-explicit) second-orderbelief distributionsover the intervals[12]. In-
tuitively, the hull cuts in DecideIT are basedon valuescloserto the centreof
the interval beingmorereliable,i.e., thereis an underlyingassumptionthat the
second-orderdistributionshave a massconcentratedto thecentre.Sincethebe-
lief in peripheralvaluesis somewhatless,theinterpretationof thecut is to zoom
in on morebelievablevaluesthat aremorecentrally located.The centroidof a
distribution is exactly this point wherethis geometricalpropertyof thedistribu-
tion canberegardedasconcentrated.Furthermore,it hasveryattractiveproperties
from computationalaswell asintuitiveview-points[12].

By co-varyingthecuttingof anarbitrarysetof intervals,it is possibleto gain
muchbetterinsight into the in�uence of the structureof the informationframe
on thesolutions.Contraryto volumeestimates,hull cutsarenot measuresof the
sizesof thesolutionsetsbut ratherof thestrengthof statementswhentheorigi-
nal solutionsetsaremodi�ed in controlledways.Both thesetof intervalsunder
investigationandthescaleof individualhull cutscanbecontrolled.

2.3 Risk Constraints and Security Levels

It is reasonableto extendtheframework basedontheprincipleof maximisingthe
expectedutility with otherdecisionrules.A numberof ruleshavebeensuggested,
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see,e.g.,[14], [18] and[20], but thesearemostly applicableto decisionsunder
strict uncertainty.

A moregeneralapproachis to introducerisk constraintsthatprovide thresh-
olds beyond which a strategy is undesirable.However, whenthe informationis
numericallyimprecise,themeaningof suchthresholdsis notobvious.In [11] it is
suggestedthattheinterval limits togetherwith stabilityanalysesshouldbeconsid-
eredin suchcases.In DecideIT, suchthresholdsarereferredto assecuritylevels,
andtheexclusionof undesirableconsequencesetstakesthefollowing form,

S(Ci ; r;s) = ( å
vi j � r

pi j � s)

wherer denotesthe lowestacceptablevalueands thehighestacceptableproba-
bility of endingupwith a lowervaluethanr. Thismeansthatthesumof theprob-
abilities,wheretheconsequencesviolate thesecuritylevel r, mustnot exceeds.
Whendealingwith interval statementsit is not obviouswhat r ands represents,
but oneapproachis to studythe worst andbestcaseby using lower andupper
bounds.The contractionpointscanbe usedto studythe normalcase.The con-
ceptof securitylevels is of generalusewhenimplementingrisk constraints,as
suggestedin [8].

3 The Tool

The decisiontools currentlyavailableon the market (e.g.,DPL, PrecisionTree,
DATA etc.)havesetausefuldefactostandardfor how usersmayinteractwith the
software,andconstructmodelsof their decisionproblems.Therefore,DecideIT
hasaboutthesamelook-and-feelasthesetools.
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Figure1: Screenshotof DecideIT holdinganin�uence diagramthathasbeenconverted
to a decisiontree.

Currently, threetypesof nodesmay be usedin the application:decisionnodes,
chancenodes,andconsequencenodes.Work is carriedoutondeterministicnodes
for in�uence diagrams.

3.1 DecisionTrees

A decisiontree is graphically illustratedon the screen,showing explicitly the
probabilitiesandvaluesfor all nodes.Interactionwith the model is performed
throughthe GUI. Editing probabilities,values,andotherpropertiesof a certain
nodeis performedthroughanodepropertyframe.

Figure2: Enteringimpreciseprobabilities,usingaprobabilitytemplatefor theoutcome
leadingto E6. For theoutcomeC12, we explicitly setthecontractionpoint to 0.55.
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3.2 In�uence Diagrams

In�uence diagramsare,whenevaluated,transformedinto a correspondingsym-
metricdecisiontreeusinga conversionalgorithmthatcreatesa total orderingof
all connectednodesin thediagram,barrennodesdiscarded.Thisconversionalgo-
rithm traversesalongthedirectedarcs,andordersthenodesaccordingto a setof
rules.In somecases,whenonly thetopologyof thegraphis not enoughto order
thenodes,a nodeplacedto the left is convertedbeforea nodeto the right. It is
alsopossibleto convert an in�uence diagraminto an instanceof a decisiontree,
andcontinuethemodellingwork on this tree.

Editing the propertiesof a nodein an in�uence diagramis analogousto the
sameprocedurefor a decisiontree.Thereis, however, somedifferencesbetween
the nodepropertyframesof the two models.In an in�uence diagram,the user
getsanoverview of theconditionalexpansionorderwheneditingpropertiesof a
conditionallydependentchancenode.

Figure3: Enteringconditionalprobabilitiesfor a conditionallydependentchancenode
in anin�uence diagram.

Reversalof arcsis possiblebetweentwo chancenodesin an in�uence diagram,
whosharesa commoninformationstateandhavenootherdirectedpathbetween
them.Thus,accordingto Shachter, thetwo chancenodesmustinheriteachother's
conditionalpredecessorsbeforereversalof anarcbetweenthem[19]. Bayes'the-
oremis invoked,andto determinethelowerboundwemaximisethedenominator
andminimisethenumerator, andviceversafor theupperbound.Thismeansthat
asof todayreversalof arcsin DecideIT simply employ the intuitive conceptof
conditionalprobability, anda re-�ip of thearcwill not restorethevaluesfor in-
terval probabilitiesasthey do in the precisecase.Onesolutionis to implement
the Fertig andBreesealgorithm[13], but sincewe do not wish to lose the up-
perboundsthis solutionseemslessinteresting.Theredoesnot exist onesuperior
algorithmfor this problemtaking both lower andupperboundsin account[2],
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[3].
Becauseof thisdrawback,developmentof DecideIT will focusonemploying

the canonicalconceptof conditionalprobabilities[24], but this is a matterof
further researchregardingthecomputationalaspects.Theuserof DecideIT may
howeverchoosenot to let thesoftwareautomaticallysuggestany new conditional
probabilitieswhen�ipping anarc.

3.3 Probability and ValueStatements

In a chancenodein a treeor in�uence diagram,it is possibleto setcomparative
statementsbetweentheprobabilitiesof differentoutcomes.Thesestatementsare
thenaddedto theconstraintsets.Valuestatementsaresetin ananalogousfashion.

Figure4: Settinga comparative probability statement,that the probability of the out-
comeleadingtoC5 is at least0.05higherthantheprobabilityof endingup with C3.

Notethatby usingthisfeature,it is possibleto handlequalitativeprobabilitiesand
utilities in a commonframework togetherwith theinterval approach.Suchstate-
mentslet bothdecisiontreesandin�uence diagramshandlebothquantitativeand
qualitative information,asa steptowardsevaluationof morequalitative models
de�ned in [17].

3.4 Presentationof Evaluation Results

Resultsarepresentedasa graph.Along the x-axis we have the cut in per cent
rangingfrom 0% to 100%,andalongthe y-axis the possibledifferencesof the
expectedvaluesbetweena pair of alternatives.It is alsopossibleto compareone
alternativeagainstanaverageof asetof alternatives.In Figure5, theupperline is
max(d13), themiddle is PV [0:5]mid(d13), andthe lower is min(d13). Theshrink-
ing areadepictstheexpectedvalueunderdifferentdegreesof cutting.As canbe
seen,thehighercut level thatis used,themoreequalthealternativesseemto be,
accordingto the principle of maximisingthe expectedutility. For a 100%cut,
wheretheresultsfrom thealgorithmscoincidewith theordinaryexpectedvalue,
theresultimpliesthatA3 is thebetteralternative.However, takingimpreciseness
in account,it maynotbethatsimple.
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Figure 5: Pairwise comparisonof two alternatives,using the DELTA method.After
about75%cut,weseethatPV [0:5]mid(d13) < 0.

3.5 Security Levels

In Figure6, weinvestigateatwhichcut level agivensecuritylevel will hold in the
worst case3. An all-green(light grey) alternative canthenfrom this perspective
beconsideredascompletelysafe.

Figure6: A securityanalysiswith asecuritylevel of -100asthelowestacceptablevalue
and0.02asthehighestacceptableprobability.

A3 doesnot violate thesecuritylevels for any cut level andseemsto be the de-
siredcourseof actionfor a risk avoidantdecisionmaker. This is representedby
green(brighter) in the �gure above. After a 70% cut level, A2 doesnot violate
thegivensecuritylevel. If thedecisionmaker is eagerfor choosingA1 or A3, the
securityanalysisimply thatA1 is morerisky thanA3, leaving thedecisionmaker
to seriouslyconsiderchoosingA3 overA1.

3It is possibleto investigatebestandnormalcasesaswell.
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3.6 PreferenceOrdering Among Consequences

In complex decisionsituationswith largesetsof consequences,it might betime-
consumingto identify the preferenceorderingof consequences,and DecideIT
offersa graphicaloverview of sucha relationon a setof consequences.The or-
deringis easilydeterminedby checkingwhethervi j � vkl > 0 is consistentwith
thevaluebase.If not,vi j is beforevkl in thepartialordering.Thereafter, obvious
transitiverelationshipsareremoved.

Figure7: Preferenceorderamongconsequences,whereC1 is themostpreferredconse-
quence.

3.7 Critical Values

Even thoughthe conceptof hull cut is a generalform of sensitivity analysis,a
modelmaybefurther investigatedthroughidentifying themostcritical elements
of a decisionproblem.By varying eachevent's probability and utility values
within their intervals, it is possibleto identify the elementswith highestimpact
ontheexpectedvalue.This featureletsadecisionmaker identify whereto puthis
efforts in the informationgatheringprocedurein orderto make moresafedeci-
sions.
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Figure8: Identifyingthecritical elementsof adecisionproblem,illustratedasatornado
diagram.

For probability variation, the event E6 hasthe highestimpact on the expected
value.By varying the probabilitiesfor this uncertainevent, the expectedvalue
maydiffer 397.9valueunits.For valuevariation,the imprecisenessin thevalue
of consequenceC6 affectstheexpectedvaluethemost.

4 Concluding Remarks

Basedonourearlierresearchonfastalgorithmsfor solvingbilinearproblems,we
have presenteda tool integratingvariousproceduresfor handlingvagueandnu-
mericallyimpreciseprobabilitiesandutilities. Thetool hasbeentestedin several
real-lifeapplications,andprovidesmeansfor evaluatingdecisionsituationsusing
alternative evaluationprinciplesbesidetheconventionalpointwisemaximisation
of the expectedutility. The latter hasturnedout to be too limited in many situ-
ations.Thus,we alsosuggestthat thealternativesshouldbe further investigated
with respectto their relativestrengthsandalsoto thenumberof valuesconsistent
with thegivendomain.Furthermore,thealternativescanalsobe evaluatedrela-
tive to a setof securityparametersconsideringhow risky they are.To re�ne the
evaluations,wehavealsoshown how hull cutprocedurescanbeintroducedin the
model.Theseindicatetheeffectsof choosingdifferentdegreesof reliability of the
input data.In this way, it is possibleto investigatecritical variablesandthesta-
bility of theevaluations.Theresultof suchananalysisoftenpointout reasonable
strategies,but alsowhat aspectsarecrucial to considerfor a reliableandstable
result.
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