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Abstract

Upper and lower conditional probabilities assigned by Hausdorff outer and
inner measures are given; they are natural extensiongo the class of all sub-
sets of Q=[0,1] of finitely additive conditional probabilities, in the sense of
Dubins, assigned by a class of Hausdorff measures. A weakdisintegration
propertyis introduced when conditional probability is defined by a class of
Hausdorff dimensional measures. Moreover the definition of s-independence
and s-irrelevanceare given to assure that logical indepedence is a necessary
condition of independence. The interpretation of commensiable events in
the sense of de Finetti as sets with finite and positive Hausdorff measure and
with the same Hausdorff dimension is proposed.
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1 Intr oduction

Thenecessityto introducea new tool to assessonditionalprobabilitiesis dueto

someproblemgelatedto theaxiomaticde nition of regularconditionalprobabil-
ity (or regularconditionaldistribution) Q(A,w) onas- eld F givenasubs- eld

G. A regular conditionalprobability cannot exist [7]; moreover evenif it exists,
if Fisas-eld countablygenerateéndG is subs- eld of F notcountablygen-
eratedthanthereexists no regular, proper conditionalprobability Q(A,w) on F

givenG, thatis Q(H,w) =1forw2H2G ([2], [3]). In arecentpaperof Seidenfeld,
SchervishandKadane[16] improper regular conditionaldistributions are stud-
ied. The authorsestablishedhatwhenregular conditionalprobability exists and
thesubs- eld G is countablygenerate@lmostsurelyit is proper but whenthe
subs- eld G is notcountableggeneratedheregularconditionalprobabilitycanbe
maximallyimproper, thatis Q(H,w) =0 for w 2H2 G, almostsurely Alternative
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probabilisticapproacheshatalwaysassurehe existenceof a properconditional
probability arethoseproposedby de Finetti [5, 6], Dubins[9] andWalley [17].
In [8] nitely additive conditionalprobabilitiesin the senseof Dubinsaregiven
by a classof Hausdorf dimensionameasuresTheir natural extensionsaregiven
in Section2 of this paperby outerandinner Hausdorf measuresln particular
thecasewherethes- eld of the conditioningeventsis not countablegenerateds
analysedIn factwe considerG equalto thes- eld of countableor co-countable
sets,to thetail s- eld andequalto thes- eld of symmetricevents.A problem
relatedto thetheoryof nitely additive conditionalprobabilityis thatit doesnot
always satisfy the disintegration property In section3 we analysethe meaning
of thedisintegrationpropertywhenconditionalprobabilityis assignedy a class
of Hausdorf dimensionaimeasuresn particulara weakdisintegration property
is introducedandit is provedthatthis propertyis veri ed by conditionalproba-
bility assigneddy a classof Hausdorf measuresThereis anotherreasonto in-
vestigatecoherentonditionalprobabilitiesit is that,someparadoxicakituations
aboutstochastidndependencesanbe solvedif a strongerde nition of indepen-
dence testedwith respecto upperandlower conditionalprobabilitiesassigned
by outerandinner Hausdorf measureis given. To this aim in section4 we in-
troducethe de nitions of s-independencands-irrelevancethatarebasedn the
factthat epistemicindependencandirrelevance,introduceby Walley, mustbe
testedfor eventsA andB suchthatthe intersectionA\ B andthe eventsA and
B have the sameHausdorf dimensionWith this further conditionwe prove that
s-independencienplieslogical independencel he resultsproposedn this paper
arebasedon the ideathat commensuable eventsin the senseof de Finetti [4],
aresubsetof Wwith the sameHausdorf dimensiorwhenconditionalprobabil-
ity is assignedby a classof Hausdorf measuresAt the end of this paperwe
putin evidencethe possibilityto useconditionalprobabilities assignedy Haus-
dorff dimensionaimeasuresto dealuncertaintyin complex naturalphenomena
andto give hazardassessmenttn factin different elds of sciencegeology bi-
ology, architectureymary datasetsarefractal sets,i.e. aresetswith non-integer
Hausdorf dimension.So conditionalprobabilities,assignedy a Hausdorf di-
mensionaimeasuresganbe usedastool to make inferencegiven fractal setsof
data.

2 Upper and Lower Conditional Probabilities As-
signedby Hausdorff Outer and Inner Measures

In Walley [17] (Chap.6) coherentconditionalprobabilitiesare consideredas a
specialcaseof coherentonditionalprevisions,thatarecharacterizeih the case
whereconditioningeventsform a partition B of W The real numberP(XjB) are
speci edfor B in B andall gamblesX in somedomainH(B). Conditionalpre-
visions P(XjB), de ned for B in B andall gamblesX in H(B), are sepamtely
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coheentwhenfor every conditioningevent B, P( jB) is a coherentupperprevi-
siononthedomainH(B) andP(BjB) = 1.

Whenthe domainH(B) is a classof events,that canbe regardedasa class
of 0-1 valuedgambles,P(X]B) is a coherentupperconditional probability. In
particularwhenP( jB) is acountablyadditive probabilityde ned onas- eld, its
natural extensiongo theclassof all subset®f W, calledcoherentipperandlower
probabilitiesarethe outerandinnermeasuregeneratedby it (seeTheorem3.1.5
of [17]).

In the standardheory conditionalprevisionsP(XjG) arede ned with respect
toas- eld of eventsG, ratherthena partition B. Thetwo approchesreclosely
relatedwhenG is thes- eld madeup of all unionsof setsin B.

In this sectioncoherentipperandlower conditionalprobabilitiesaregivenby
theinnerandoutermeasuregeneratedy the Hausdorf dimensionaimeasures.
They arenatural extensiongo the classof all subsetof W=[0,1] of nitely ad-
ditive conditionalprobabilities,in the senseof Dubins[9] assignedy a classof
Hausdorf measures.

Let F andG betwo elds of subset®f W, with G F, P*is a nitely additive
conditional probability [9] on (F,G) if it is a real function de ned on F G°,
whereG= G-f 0g suchthatthefollowing conditionshold:

) givenary H2G? andAy,...,A, 2F with A\ Aj = 0 for i, the function
P*(jH) de ned onF is suchthat

n n

P (AH) OP (|JAdH)= ) P (AdH);P (jH)=1
k=1 k=1

1) P*(HjH)=1if H2F\ G°

ll) givenE2F, H2F, EH2F with A2G® andEA2 G then

P*(EHjA)=P*(EjA)P*(HJEA).

Fromconditionsl) andll) we have

I P*(AjH)=1if A2F, H2G%ndH A.

Theseconditionalprobabilitiesare coherentin the senseof de Finetti, since
conditiond)), 1), 111) aresufcient [14] for thecoherencef P*onC=F G°when
F andG are elds of subsetof Wwith G F or whenG is anadditive subclass
of F; otherwiseif F andG aretwo arbitraryfamiliesof subsetof W, suchthat
W2F the previous conditionsare necessaryor the coherencdl1, 14], but not
sufcient.

Now we recallsomede nitions aboutHausdorf dimensionabutermeasures
thatwe useastool to give upperconditionalprobabilities(for moredetailsabout
Hausdorf measureseefor example[10]).

Let (W,d) be the Euclideanmetric spacewith W=[0,1]. The diameterof a
nonemptysetU of Wis de ned asjUj=sufd]j x-yj: x,y2Ug andif asubse® of Wis
suchthatA  JU; and0< jUjj < dfor eachi, theclassf Uig is calledad-coverof

|
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¥
A. Let s be a non-negyative number For d > 0 we de ne hS(A)=inf 3 a JU.J S, where

thein mum is over all (countable)d-coversf U;g. The Hausdorf s- dlmenS|onaI
outermeasuref A, denotedby h3(A), is de ned ashS(A)= I|m h3(A). This limit

exists,but maybein nite, sincehj(A) increasessd decreases

TheHausdorf dimensionof asetA dimy (A), is de ned astheuniquevalue,
suchthathS(A)=¥ if 0 s<dimyA andh3(A)=0 if dimyA< s< ¥. We canob-
sene that if 0< hg(A)< ¥ thendimy(A)=s, but the corverseis not true. We
assumehe Hausdorf dimensionof the empty setequalto -1. So no eventhas
Hausdorf dimensionequalto theemptyset.
Remark: It is importantto notethe link betweenthe Hausdorf dimensionof
an event and the Hausdorf dimensionof its complementlIn fact, denotedby
dimy (A) theHausdorf dimensionof A we have[10] that

dimy (A[ B) = max dimy(A); dimy (B)g;

in particularif A=B°we obtainthat1=dimy(W)=maxf dimy(B), dimy (B®)g; soif
dimy (B) < dimy(BC) thendim(B®)=1.

Upperconditionalprobabilitiesaregivenby outerHausdorf dimensionamea-
sures, rstly in the casewhereconditioningeventshave nite andpositve Haus-
dorff outermeasure.

Theorem1 LetW=[0,1] andlet F bethes- eld of all subset®f[0,1] andlet G
beanadditivesubclasof F of setssud thatfor everyH in G wehave0< hs (H)<
¥, whee sis theHausdorf dimensiorof H andhg is the Hausdorf s-dimensional
outermeasue. Thenfor each H in G thereal functionP(jH) de nedon F, such
that hE(AH)

P(AH)= ——~
veri es thefollowing properties:

a)0 P(AH) 1;

b) P(A[ BjH) P(AjH)+ P(BjH) andP(A[ BjH) = P(AjH)+ P(BjH) whenever
A andB arepositively separatedhatis d(A,B)=inff d(x,y): X2 A, y2Bg> 0;

c) for eachH2 G P( jH) is a coherenupperprobability.

Proof. For eachH belongingto G we have, for the monotory of the Hausdorf
outermeasureghat

h3(AH)  h3(H)
h°(H)  h%(H)
Moreover, since h® is an outer measurefor every s thenit is subadditie.

For every s the Hausdorf outer measureh® is a metric outer measue that is
hS(A[ B)=hS(A)+hS(B) whenerer A andB arepositively separated.

0 P(AH) = = 1;
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Propertyc) follows from Theorem3.1.5.0f [17]. 2

In the generalcase whenconditioningeventscanhave in nite or zeroHaus-
dorff measureconditionalprobabilityis de ned by a0-1 valued nitely additive
(but not countableadditive) probability measuram; this assuregonditionlll) of
a nitely conditionalprobabilityin the senseof Dubins,is veri ed.

Theorem2 Let W=[0,1], let F bethes- eld of all subsetsf [0,1] andlet G
be an additivesub-clasf F. Let us denotedby h® the Hausdorf s-dimensional
outermeasue, by stheHausdorf dimensiorof H andbyt Hausdorf dimensiorof
AH; letmbea 0-1valued nitely additive(but notcountableadditive)probability
measue. ThenthefunctionP de nedonC=F G° suc that

hS(AH)
P(AH) = GO !f 0< hS(H) < ¥
m(AH) if h3(H)= 0;¥

is an upperconditionalprobability.

Proof. Firstly we prove that the restrictionof P to the Cartesianproduct of
B GO, whereB is theBorels- eld of [0,1] is acoherentonditionalprobability.
Therestrictionof theHausdorf s-dimensionabutermeasurdo thes- eld of the
boreliansetsof [0,1] is a measurdor every s so, by de nition, we have, that P
(jH) veri es conditionl) andll).

To prove condition lll), thatis P(EHjA)=P(EjA)P(HJEA), for E2B, H2B
EH2B with A2 G® andEA2 G°, we distinguishthefollowing cases:

a) conditioningeventsA andEA have positive and nite Hausdorf measures,
thenconditionlll) canbewrittenas

hS(EAH) _ hS(EA) h'(EAH)
hS(A) ~ h%A) ~ h(EA)

Two casesarepossiblei) s= t orii) s> t.

If i) holdsthan(1) is obviously satis ed.If ii) holdsthanhS(EA)=0 andalso,
by the monotory of h%, hS(EAH)=0; soequation(1) is satis ed.

b) conditioningeventsA andEA have bothin nite or zeroHausdorf mea-
suresthenconditionlll) becomesn(EAH)=m(EAH)mM(EA)andit is alwayssat-
is ed becausen is monotone;

c) conditioningeventA hasin nite Hausdorf measurendconditioningevent
EA haspositive and nite Hausdorf measurethenfrom the de nition of m it
followsthatconditionlll) become®=0, andit is obviously satis ed.

Thenfrom Theorem3.1.50f [16] we have thatif 0< hS(H)< ¥ thenP is the
naturalextensionto C=F G° moreaverif h(H)=0 or ¥ thenm canbeextended
toC=F G°sincemis nitely additive, but notcountableadditive. 2

The upper conditional probability de ned in the previous Theorem2 can
be usedto assesgonditionalupperprobabilitieswhenthe classof conditioning

@)
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eventsis notacountablygenerated- eld. In particulanf G is equalto thes- eld
of countableor co-countablesets to thetail s- eld ortothes- eld of symmetric
events.In all thesecasesonditioningeventshave Lebesgueneasurequalto one
or zero.Soupperconditionalprobabilitycanbede ned asin Theorenm?2.

Examplel Let (W,F,P) be a probability spacewhere W=[0,1], F is thes- eld

of Borel of Wand P is the Lebesgueneasue on F. Let G bethe subs- eld of
F of setsthat are either countableor co-countable Sincethe probability of the
eventsof thes- eld G is either0 or 1, we havethat the probability of A given
G is equalto P(A), with probability 1, if conditionalprobability is de ned by the
Radon-Nilbdymderivative Thatis

PIAjGlw = P(A)

exceptonaP zerosubsebf [0,1].

Given A=[a,b] with 0< a< b< 1let P be the real function de ned on
C=F G suchthat the restrictionP, to E=f (A,fwg):w 2 [0;1]g is equal,with
probability 1, to theRadon-Nilodymderivative P[Ajj G] w. We have thatP* is not
coherenbn C, sinceit doesnot satisfythe propertythat P*(A,f wg) is equalto 1
or 0 accordingio whetherw belongsto A or not.

A nitely additive conditionalprobabilityon C=F G° canbede ned by

h1(AH)
o W H co-countable
P(AH) = —o—hh ((AHH)) H nite

m(AH) H countable

wherem is a 0-1 valued nitely additive (but not countablyadditive) proba-
bility measure.

ThefunctionP is acoherentonditionalprobabilitysinceit veri es theaxioms
of a nitely additive probabilityin the senseof Dubinsasprovedin Theorem2.

The lower conditional probability P(AjH) can be de ne asin the previous
theoremsf h® denoteghe Hausdorf s-dimensionainnermeasure.

3 The Disintegration Property

In this sectionwe analysethe meaningof the disintegrationpropertywhencon-
ditional probabilityis assignedy a classof Hausdorf dimensionameasuresn
particulara weakdisintegration propertyis introducedIf conditionalprobability
is de ned by the Radon-Nilodym derivative P[AjjG]w, it veri es the disintegra-
tion property thatis the functionalequationP(A\ H)= [P[Ajj G]JwdP with H2G.

H
This propertyis not alwayssatis edin the theoryof nitely additive probability
of Dubins.In factwith a nitely additive probabilityPit is notassuredhatP(A)=
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JP[AjjG]wdPfor A in F. In the paperof SchervishSeidenfeldandKadane[15]
W

hasbeenshovn thateach nitely but notcountablyadditive probability P will fail
to bedisintegrableon somedenumerabl@artition of W.

Let W=[0,1], let F bethes- eld of theBorel subset®of [0,1], G asubs- eld
of F andlet P be equalto hl, thatis the LebesguaneasureWe recall that since
the classof subsetof W measurablevith respecto hS, for every s, is the class
of Borel subset®f [0,1], thaneachh® is a measurds-additive) on F. We denote
by P* the restrictionto F G°, of the upperconditionalprobability assignedn
Theoren2. For eachH in GOP (AjH) is afunctionon H.

Thestartingpointis thatwhenthe conditioningeventH hasHausdorf dimen-
sionslessthenl, theequationP(A\ H)=/P*(AjH)dPis obviously veri ed since

H
dim(A\ H) dim(H)<1 thenP(A\ H)=0=P(H)and [P*(AjH)dP=0.Soit canbe
H

interestingto investigateaf ananalogougquationholdswith respecto the mea-
surehs. We obsene that, if hS(H)=¥ thenthe functionsP*(AjH), de ned in the
previous section,arenot integrablesinceno constandifferentfrom zerois inte-
grableon H with respecto hS; sowe introducethefollowing de nition

De nition 1. Let W=[0,1], let F bethes- eld of the Borel subsetof [0,1]
andlet P beequalto h?, thatis the LebesgueneasureLet G beasubs eld of
F. Denotedby h® the Hausdorf s-dimensionaimeasuravheres is the Hausdorf
dimensionof H. A coherentonditionalprobability P* veri es the weakdisinte-
gration propertyif the following functionalequationh3(A\ H)=/P*(AjH)dh® is

H

veri ed for everyH in G with hS(H)< ¥.
Remark: If dim(A\ H)< dim(H)=sandhS(H)< ¥ thentheequation

hS(A\ H)= [P (AjH)dhS
/

is satis edsincebothmemberareequalto zero.Soto verify thatagivencoherent
conditionalprobabilitysatis edtheweakdisintegrationpropertywe haveto prove
thatthe equationis veri ed for every pair of eventA, H with dim(AH)=dim(H).

Theorem3 Let W=[0,1], let F bethe s- eld of the Borel subsetof [0,1] and
let P be equalto h', that is the Lebesguaneasue. Let G be a subs- eld of F.
Having xed A in F, let us denotedby h® the Hausdorf s-dimensionameasue,
by stheHausdorf dimensiorof H; let mbea 0-1 valued nitely additive(but not
countableadditive)probability measue. Thecoheentconditionalprobability P*
de nedonC=F G suc that

hS(AH) S
P (AH) = TS ?f 0< h%(H) < ¥
m(AH) if hS(H)= 0;¥

veri es theweakdisintegration property
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Proof. We haveto provethattheequation

hS(A\ H) = /P (AjH)dh® ?)
H

is veri ed for every H in G° with hS(H)< ¥.

Firstly we supposenS(H) positive and nite; for eachA andH, the function
P*(AjH) is nonngyative andlessor equalto 1, soit is integrablewith respecto
h®; thenwe obsene thatthe equation(2) is alwayssatis edsince

/P (AjH)dh® = /%dh% hS(A\ H):
A A

Moreoverif hS(H) is equalto zero,thenequation(2) vanishego 0=0. 2

4 Independence

In this sectionwe introducea new de nition of independencéor events,calleds-
independencdasednthefactthattherelative eventsandtheirintersectiormust
have the sameHausdorf dimensionThis notiondoesnotrequireary assumption
of positivity for the probabilityof theconditioningevent. Thisis oneof thediffer-
encewith the conceptsof con rmational irr elevanceand strong con rmational
irrelevance proposedy Levi [12].

We prove that s-independencbetweeneventsimplies their logical indepen-
dencewhen both eventshave Hausdorf dimensionlessthan 1. Moreover also
when the events have Hausdorf dimensionequalto 1 and positive and nite
Lebesgueouter measurethen logical dependencés a necessarycondition for
thes-independencéirstly we analysethe concepbf epistemicallyindependence
for eventsproposediy Walley [17] with respectto conditionalupperandlower
probabilitiesde ned by Hausdorf dimensionabuterandinnermesuresThecon-
ceptof epistemicindependenceé basedon the notion of irrelevence giventwo
eventsA andB, we saythatB isirrelevantto A whenP(AjB)=P(AjB®)=P(A) and
P(AjB)=P(AjB°)=P(A).

A andB areepistemidndependentvhenB is irrelevantto A andA is irrel-
evantto B. As a consequencef this de nition we can obtainthe factorisation
propertyP(A\ B)=P(A)P(B) that constituteghe standardde nition of indepen-
dencefor events.Let W=[0,1] andlet P andP bethe upperandlower conditional
probabilitiesde ned by the outerandinner Hausdorf measuresThe uncondi-
tional upperandlower probabilitiescanbe obtainedrom the conditionalonesby
the equalitiesP(A)=P(AjW)= andP(A)=P(AjW).

Whenthe eventsA andB or their complementdiave not upperprobability
equalto zero,epistemidndependencanplieslogical independencdi.e. eachof
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four setsA\ B, A\ BS, A\ B, A®\ B arenon-empty)Otherwisdogically depen-
denteventscanbeepistemicallyindependent.

Example2 LetW=[0,1], let F bethes- eld of all subset®of[0,1] andlet G be
the additive sub-classf F of setsthat are nite and co- nite. Let A and B two
nite subset®f[0,1] sud that A\ B=0. If conditionalprobability is de nedasin
Theoem?2 we havethat

0
P(AIB) = P(AB) = hhéf;‘) -
1 C
P(AE) = PAE) = {70 =
1
() = P(A) = P(AW) = [ =

SoA andB arelogical dependenbut epistemicallyindependent.

The previousexampleputsin evidencethe necessityto introducethe follow-
ing de nition.

De nition 2. Let W=[0,1], let F bethe s- eld of all subsetf [0,1] andlet
G=F. Denotedby P andP betheupperandlower conditionalprobabilitiesde ned
by the outerandinner Hausdorf measuresindgiven A andB in G°, thenthey
ares-independerif the following conditionshold:

1) dimy (AB)=dimy (B)=dimy (A)

2) P(AjB)=P(AjB)=P(A) andP(AjB)=P(AjB)=P(A)

3) P(BjA)=P(AjA°)=P(B) andP(BjA)=P(BjA°)=P(B)

Remark: Two disjoint eventsA andB ares-dependensincethe Hausdorf di-
mensiorof theemptysetcannotbeequalto thatoneof any othersetsocondition
lis neversatis ed.In particulartheeventsA andB of Examplel, thatarelogical
dependenbut epistemicallyindependentarenot s-independent.

We prove thatlogical independenceetweenwo eventsA andB is a heces-
saryconditionfor s-independencehendimy (A) anddimy (B) arebothlessthen
1.

Theorem4 LetWE[0,1], letF bethes- eld of all subset®f[0,1], let G=F and
letusdenotecby P andP betheupperandlower conditionalprobabilitiesde ned
by the outer andinner Hausdorf measuesasin Theoem?2. Thentwo eventsA
andB of G°, s-independerandwith Hausdorf dimensiorlessthen1, are logical
independent.

Proof. Sincedimy(A) anddimy(B) are both lessthen1 if A andB are s-
independenthenthefollowing conditionshold:
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1) dimy (AB)=dimy (B)=dimy (A)

2) P(AjB)=P(AjB®)=P(A)=h"(A)=0 andP(BjA)=P(AjA%)=P(B)=h"(B)=0

3) P(AjB)=P(AjB®)=P(A)=h"(A)=0 andP(BjA)=P(BjA°)=P(B)=h"(B)= 0.

From 1) we have that A\ BE 0 sincethe Hausdorf dimensionof the empty
setcannot be equalto thatoneof ary otherset,from 3) we have P(AjB)=0 then
B is not containedin A andP(BjA)=0 thenA is not containedin B. Moreover
sincedimyA anddimy B arebothlessthen1 thenh!(A[ B)=0 while h'(W)=1 so
W6 A[ B. 2

We provethatlogicalindependencis anecessargonditionfor thes-independence
when the events have Hausdorf dimensionequalto 1 and positive and nite
Lebesgumutermeasure.

Theorem5 LetWE[0,1], let F bethes- eld of all subset®f[0,1], let G=F and
letusdenotedby P andP betheupperandlower conditionalprobabilitiesde ned
by the outerandinner Hausdorf asin Theoem2. Two eventsA and B of G, s-

independentyith Hausdorf dimensiorequalto 1 andsud that 0< ﬁl(A)< land
=1 . .
0< h"(B)< 1, arelogically independent.

Proof. Since A and B are s-independent,from condition 1 we
have dimyA\ B=1, that implies A\ B6 0; from condition 3 we have

P(AjB)=P(Aj BC):ﬁ(A):ﬁl(A)S 1 soB is not containedn A andB¢ is not con-
tainedin A; moreorerP(BjA)=P(BjA®)=P(B)= Hl(B) 6 1s0A is notcontainedn
B andAC° is notcontainedn B.ThenA andB arelogically independent. 2

We can obsenre that the corverseof Theorems3 and5 is not true; in fact
logicalindependences notasufcient conditionfor thes-independence.

Example 3 Let WE[0,1], let F be the s- eld of all subsetsof [0,1], let G=F
andlet us denotedby P and P be the upperand lower conditional probabilities
de nedbytheouterandinner Hausdorf measuesasin Theoem2. LetA andB
two nite subset®f[0,1] sud thatead of four setsA\ B, A\ B®, A®\ B, A%\ B®is
non-emptythatis A andB are logical independent\e havethat A andB are not
s-independerginceconditions2 and 3 of De nition 2 are never satis ed.

If G is properly containedin F andA belongto F-G, for ary H in G® we
cannotestthes-independendeetweem andH becausepistemidandependence
is symmetric,soit requiresthatalsoA belongsto GY; in this casewe introduce
thefollowing de nition.

De nition 2. LetW=[0,1],letF bethes- eld of all subset®f[0,1] andletG a
sub eld of F. Denotedby P andP betheupperandlowerconditionalprobabilities
de ned by the outerandinnerHausdorf measuresndgivenA in F andB in G°,
thenB is s-irrelevantto A if thefollowing conditionshold:

1) dimy (AB)=dimy (B)=dimy (A)

2) P(AjB)=P(A|B°)=P(A) andP(A]jB)=P(AjB)=P(A).
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Proposition1 LetW=[0,1], let F bethes- eld of all subsetof [0,1] andG a
sub eld properlycontainedn F. GivenAin F andB in G° sudh thatdimy (A)< 1,
dimy(B)< 1 andB is s-irrelevantto A thenthefollowing conditionshold:

la)A\ B8 0;

2a)Bis notcontainedn A andB€ is notcontainedn A;

3a)W6 Al B;

Proof. Theresultfollowsfrom Theoremb. 2

De nition 3. LetW=[0,1], let F bethes- eld of all subset®f [0,1] andlet G
anadditive subclasgontainedn F. GivenA in F we saythatG is s-irrelevantto
A if any eventH of G suchthatdimy (A)=dimg (H) is irrelevantto A.

The previousresultscanbe usedto solve paradoxicakituationsproposedn
literaturethat shaw that the interpretationof conditionalprobability in termsof
partialknowledgebreaksdown in certaincasesA conditionalprobabilitycanbe
usedto represenpartialinformationasproposedy Billingsley [1]. A probability
space(W,F,P) canbe useto representa randomphenomenoror an experiment
whoseoutcomeis dravn from W accordingto the probability givenby P. Partial
informationaboutthe experimentcanbe representedby a subs- eld G of Fin
the following way: an obsenrer doesnot know which w hasbeendravn but he
knowsfor eachH in G, if w belongsto H or if w belongsto HE.

A subs- eld G of F canbeidenti ed aspartialinformationabouttherandom
experiment,and, x ed A in F, conditionalprobability can be usedto represent
partial knowledgeaboutA giventhe informationon G. By standardde nition,
aneventA is independenfrom thes-eld G if it is independenfrom eachH
in G, thatis, if conditionalprobabilityis de ned by the Radon-Nilodymderiva-
tive, P[Ajj Glw=P(A) with probability 1. Example3 shavs thattheinterpretation
of conditionalprobability in termsof partial knowledgebreaksdown in certain
casesln facttheeventA is independenfrom the informationrepresentetty G
andthis is a contradictionaccordingto the factthatthe informationrepresented
by G is completesinceG containsall the singletonsof W. The contradictioncan
bedissolhedif s-irrelevanceis testedwith respecto conditionalprobabilitiesas-
signedby a classof Hausdorf dimensionameasures.

Example4 Let (W,F,P) be a probability spacewhere W=[0,1], F is thes- eld

of Borel of Wand P is the Lebesgueneasue on F. Let G bethe subs- eld of
F of setsthat are either countableor co-countableLet P bethe nitely additive
conditionalprobability de nedonC=F G° by

hﬁl((/m) H co-countable
PAH) = ¢ 08 h e ©)

m(AH) H countable

whele mis a 0-1 valued nitely additive (but not countablyadditive)probability
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measue.

GivenA=[a,b] with 0< a< b< 1, we have thatG is not s-irrelevantto A, since
condition2 of thede nition of s-irrelevanceis not satis ed.

In factfor every H= [0,1]-f wg we have thatP(A)=P(AjW)=h(A) is different
from 0 and1, while P*(AjH®)=P*(Ajf wg) mustbe, for the coherencegqualto 1
or 0 accordingo thefactthatw belongsto A or not.

5 Conclusionsand Applications

The resultsproposedn this paperwould be an attemptto shov that Hausdorf
dimensionameasuregsanbe usedasatool to de ne coherentconditionalprob-
abilities. This approachs basedon the ideathatcommensuable events[4] with
respectto the given coherentconditionalprobability, are subsetof W with the
sameHausdorf dimension GivenacoherentonditionalprobabilitiesP* de ned
onC =F G?, ary pair of eventsA andB of G canbe compareasproposecby
deFinetti.In fact
P (AJA[ B)+ P (BJA[ B) 1

sothe above conditionalprobabilitiescannotbe both zeroandtheir ratio canbe
usedto introduceanorderingbetweerA andB. In factthisratiois nite if either
P (AJA[ B) andP (BjA[ B) are nite andin thiscaseA andB arecalledcommen-
surable. Otherwisef oneof the conditionalprobabilityis zerothe corresponding
eventhasa probabilityin nitely lessthenthe otherandthe two eventsA andB
belongto differentlayers[5]. We canobsene thatwhenconditionalprobability
P is countablyadditivetherecanbeonly nitely mary layersaboseagivenlayer,
but notsowhenP is only nitely additive.

Two eventsA andB of G° commensurableith respecto thecoherenton-
ditional probability de ned by (3) of Example4, aresubsetof Wwith the same
Hausdorf dimension.The corverseis not true, in factif A is countableand B
nite thenthe two eventshave Hausdorf dimensionequalto 0, but they arenot
commensurableith respecto the previous conditionalprobability, sincecoher
encerequiresthatP (BjA[ B)=0. Two eventsarecommensurablé the senseof
deFinettiif andonly if they have both nite andpositive Hausdorf measureand
the sameHausdorf dimension.

Also from a practicalpoint of view thereare someadwantagego asses€o-
herentconditionalprobabilities by a classof Hausdorf dimensionameasuredn
factthey canbe usedasa tool to assesprobabilityto an event given a dataset
comingfrom arealproblem.In different elds of sciencggeology biology, archi-
tecture,economicsmary datasetsarefractal sets,i.e. aresetswith non-integer
Hausdorf dimension;for examplethe hypocentredistribution of earthquaksis
afractalsetsoif we wantto assesshe probability thata givenplacewill bethe
hypocentreof a future earthquak knowing the setof the previousones,we need
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to have atool ableto handlingfractal sets.Moreover the classi cationof several
soils canbe doneby their Hausdorf dimensionsA future aim of this research
is to implementtheseresultsto dealinguncertaintyin naturalhazardand risk
assessment.
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