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Abstract

Upper and lower conditional probabilities assigned by Hausdorff outer and
inner measures are given; they are natural extensionsto the class of all sub-
sets of Ω=[0,1] of finitely additive conditional probabilities, in the sense of
Dubins, assigned by a class of Hausdorff measures. A weakdisintegration
propertyis introduced when conditional probability is defined by a class of
Hausdorff dimensional measures. Moreover the definition of s-independence
and s-irrelevanceare given to assure that logical indepedence is a necessary
condition of independence. The interpretation of commensurable events in
the sense of de Finetti as sets with finite and positive Hausdorff measure and
with the same Hausdorff dimension is proposed.
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1 Intr oduction

Thenecessityto introducea new tool to assessconditionalprobabilitiesis dueto
someproblemsrelatedto theaxiomaticde�nition of regularconditionalprobabil-
ity (or regularconditionaldistribution) Q(A,w) on a s-�eld F givena subs-�eld
G. A regularconditionalprobabilitycannot exist [7]; moreoverevenif it exists,
if F is a s-�eld countablygeneratedandG is subs-�eld of F not countablygen-
erated,thanthereexists no regular, proper conditionalprobabilityQ(A,w) on F
givenG, thatis Q(H,w) =1 for w 2H2G ([2], [3]). In arecentpaperof Seidenfeld,
SchervishandKadane[16] improper regular conditionaldistributionsarestud-
ied. Theauthorsestablishedthatwhenregularconditionalprobabilityexistsand
thesubs-�eld G is countablygeneratedalmostsurelyit is proper, but whenthe
subs-�eld G is notcountablegeneratedtheregularconditionalprobabilitycanbe
maximallyimproper, that is Q(H,w) =0 for w 2H2G, almostsurely. Alternative
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probabilisticapproachesthatalwaysassuretheexistenceof a properconditional
probabilityarethoseproposedby de Finetti [5, 6], Dubins[9] andWalley [17].
In [8] �nitely additive conditionalprobabilitiesin thesenseof Dubinsaregiven
by aclassof Hausdorff dimensionalmeasures.Theirnatural extensionsaregiven
in Section2 of this paperby outerandinner Hausdorff measures.In particular
thecasewherethes-�eld of theconditioningeventsis notcountablegeneratedis
analysed.In factwe considerG equalto thes-�eld of countableor co-countable
sets,to the tail s-�eld andequalto the s-�eld of symmetricevents.A problem
relatedto thetheoryof �nitely additive conditionalprobability is that it doesnot
alwayssatisfy the disintegrationproperty. In section3 we analysethe meaning
of thedisintegrationpropertywhenconditionalprobabilityis assignedby a class
of Hausdorff dimensionalmeasures.In particulara weakdisintegration property
is introducedandit is provedthat this propertyis veri�ed by conditionalproba-
bility assignedby a classof Hausdorff measures.Thereis anotherreasonto in-
vestigatecoherentconditionalprobabilities:it is that,someparadoxicalsituations
aboutstochasticindependence,canbesolvedif a strongerde�nition of indepen-
dence,testedwith respectto upperandlower conditionalprobabilitiesassigned
by outerandinner Hausdorff measure,is given.To this aim in section4 we in-
troducethede�nitions of s-independenceands-irrelevancethatarebasedon the
fact that epistemicindependenceandirrelevance,introduceby Walley, mustbe
testedfor eventsA andB suchthat the intersectionA\ B andthe eventsA and
B have thesameHausdorff dimension.With this furtherconditionwe prove that
s-independenceimplies logical independence.Theresultsproposedin this paper
arebasedon the ideathat commensurable eventsin the senseof de Finetti [4],
aresubsetsof Wwith thesameHausdorff dimensionwhenconditionalprobabil-
ity is assignedby a classof Hausdorff measures.At the end of this paperwe
put in evidencethepossibilityto useconditionalprobabilities,assignedby Haus-
dorff dimensionalmeasures,to dealuncertaintyin complex naturalphenomena
andto give hazardassessments.In fact in different�elds of science(geology, bi-
ology, architecture)many datasetsarefractal sets,i.e. aresetswith non-integer
Hausdorff dimension.So conditionalprobabilities,assignedby a Hausdorff di-
mensionalmeasures,canbe usedastool to make inferencegiven fractal setsof
data.

2 Upper and Lower Conditional Probabilities As-
signedby Hausdorff Outer and Inner Measures

In Walley [17] (Chap.6) coherentconditionalprobabilitiesareconsideredasa
specialcaseof coherentconditionalprevisions,thatarecharacterizedin thecase
whereconditioningeventsform a partition B of W:The realnumberP(XjB) are
speci�ed for B in B andall gamblesX in somedomainH(B). Conditionalpre-
visions P(XjB), de�ned for B in B and all gamblesX in H(B), are separately
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coherentwhenfor every conditioningeventB, P(�jB) is a coherentupperprevi-
sionon thedomainH(B) andP(BjB) = 1.

Whenthe domainH(B) is a classof events,that canbe regardedasa class
of 0-1 valuedgambles,P(XjB) is a coherentupperconditionalprobability. In
particularwhenP(�jB) is acountablyadditiveprobabilityde�ned onas-�eld, its
natural extensionsto theclassof all subsetsof W, calledcoherentupperandlower
probabilitiesaretheouterandinnermeasuresgeneratedby it (seeTheorem3.1.5
of [17]).

In thestandardtheory, conditionalprevisionsP(XjG) arede�ned with respect
to a s-�eld of eventsG, ratherthena partitionB. Thetwo approchesareclosely
relatedwhenG is thes-�eld madeupof all unionsof setsin B.

In thissectioncoherentupperandlowerconditionalprobabilitiesaregivenby
the innerandoutermeasuresgeneratedby theHausdorff dimensionalmeasures.
They arenatural extensionsto the classof all subsetsof W=[0,1] of �nitely ad-
ditive conditionalprobabilities,in thesenseof Dubins[9] assignedby a classof
Hausdorff measures.

Let F andG betwo �elds of subsetsof W, with G� F, P* is a �nitely additive
conditional probability [9] on (F,G) if it is a real function de�ned on F� G0,
whereG0= G-f /0g suchthatthefollowing conditionshold:

I) given any H2G0 andA1,...,An 2F with A i \ A j = /0 for i6= j, the function
P*(�jH) de�ned onF is suchthat

P� (AjH) � 0;P� (
n

[

k= 1

AkjH) =
n

∑
k= 1

P� (AkjH);P� (jH) = 1

II) P*(HjH)=1 if H2F\ G0

III) givenE2F, H2F, EH2F with A2G0 andEA2G0 then
P*(EHjA)=P*(EjA)P*(HjEA).
FromconditionsI) andII) we have
II') P*(AjH)=1 if A2F, H2G0andH� A.
Theseconditionalprobabilitiesarecoherentin the senseof de Finetti, since

conditionsI), II), III) aresuf�cient [14] for thecoherenceof P* onC=F� G0 when
F andG are�elds of subsetsof Wwith G� F or whenG is anadditive subclass
of F; otherwiseif F andG aretwo arbitraryfamiliesof subsetsof W, suchthat
W2F the previous conditionsarenecessaryfor the coherence[11, 14], but not
suf�cient.

Now we recallsomede�nitions aboutHausdorff dimensionaloutermeasures
thatwe useastool to giveupperconditionalprobabilities(for moredetailsabout
Hausdorff measuresseefor example[10]).

Let (W,d) be the Euclideanmetric spacewith W=[0,1]. The diameterof a
nonemptysetU of Wis de�nedasjUj=supfj x-yj: x,y2Ug andif asubsetA of Wis
suchthatA�

S

i
Ui and0< jUi j < d for eachi, theclassf Uig is calledad-coverof



234 ISIPTA ' 03

A. Let s bea non-negativenumber. For d > 0 we de�ne hs(A)=inf
¥
å
i= 1

jUi js, where

the in�mum is over all (countable)d-coversf Uig. TheHausdorff s-dimensional
outermeasureof A, denotedby hs(A), is de�ned ashs(A)= lim

d! 0
hs

d(A). This limit

exists,but maybein�nite, sincehs
d(A) increasesasd decreases.

TheHausdorff dimensionof asetA, dimH(A), is de�ned astheuniquevalue,
suchthaths(A)=¥ if 0� s< dimHA andhs(A)=0 if dimHA< s< ¥ . We canob-
serve that if 0< hs(A)< ¥ then dimH(A)=s, but the converseis not true. We
assumethe Hausdorff dimensionof the emptysetequalto -1. So no event has
Hausdorff dimensionequalto theemptyset.
Remark: It is importantto note the link betweenthe Hausdorff dimensionof
an event and the Hausdorff dimensionof its complement.In fact, denotedby
dimH(A) theHausdorff dimensionof A wehave [10] that

dimH(A[ B) = maxf dimH(A);dimH (B)g;

in particularif A=Bcwe obtainthat1=dimH(W)=maxf dimH(B), dimH(Bc)g; soif
dimH(B) < dimH(Bc) thendim(Bc)=1.

UpperconditionalprobabilitiesaregivenbyouterHausdorff dimensionalmea-
sures,�rstly in thecasewhereconditioningeventshave �nite andpositiveHaus-
dorff outermeasure.

Theorem1 LetW=[0,1] andlet F bethes-�eld of all subsetsof [0,1] andlet G
beanadditivesubclassof F of setssuch thatfor everyH in G wehave0< hs (H)<
¥ , wheres is theHausdorff dimensionof H andhs is theHausdorff s-dimensional
outermeasure. Thenfor each H in G thereal functionP(�jH) de�nedon F, such
that

P(AjH) =
hs(AH)
hs(H)

veri�es thefollowing properties:

a) 0� P(AjH)� 1;
b) P(A[ BjH)� P(AjH)+ P(BjH) andP(A[ BjH) = P(AjH)+ P(BjH) whenever

A andB arepositively separated,thatis d(A,B)= inff d(x,y): x2A, y2Bg> 0;
c) for eachH2G P(�jH) is acoherentupperprobability.

Proof. For eachH belongingto G we have, for themonotony of theHausdorff
outermeasures,that

0 � P(AjH) =
hs(AH)
hs(H)

�
hs(H)
hs(H)

= 1;

Moreover, sincehs is an outer measurefor every s then it is subadditive.
For every s the Hausdorff outer measurehs is a metric outer measure that is
hs(A[ B)=hs(A)+hs(B) wheneverA andB arepositively separated.
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Propertyc) follows from Theorem3.1.5.of [17]. 2

In thegeneralcase,whenconditioningeventscanhave in�nite or zeroHaus-
dorff measure,conditionalprobabilityis de�ned by a 0-1 valued�nitely additive
(but not countableadditive) probabilitymeasurem; this assuresconditionIII) of
a �nitely conditionalprobabilityin thesenseof Dubins,is veri�ed.

Theorem2 Let W=[0,1], let F be the s-�eld of all subsetsof [0,1] and let G
bean additivesub-classof F. Let usdenotedby hs theHausdorff s-dimensional
outermeasure, bystheHausdorff dimensionof H andbyt Hausdorff dimensionof
AH; let mbea 0-1valued�nitely additive(but notcountableadditive)probability
measure. ThenthefunctionP de�nedonC=F� G0 such that

P(AjH) =

{
hs(AH)
hs(H) i f 0 < hs(H) < ¥

m(AH) i f hs(H) = 0;¥

is anupperconditionalprobability.

Proof. Firstly we prove that the restrictionof P to the Cartesianproductof
B� G0, whereB is theBorel s-�eld of [0,1] is a coherentconditionalprobability.
Therestrictionof theHausdorff s-dimensionaloutermeasureto thes-�eld of the
boreliansetsof [0,1] is a measurefor every s so,by de�nition, we have, that P
(�jH) veri�es conditionI) andII).

To prove condition III), that is P(EHjA)=P(EjA)P(HjEA), for E2B, H2B
EH2B with A2G0 andEA2G0, we distinguishthefollowing cases:

a)conditioningeventsA andEA havepositiveand�nite Hausdorff measures,
thenconditionIII) canbewrittenas

hs(EAH)
hs(A)

=
hs(EA)
hs(A)

:
ht (EAH)
ht (EA)

(1)

Two casesarepossible:i) s= t or ii) s> t.
If i) holdsthan(1) is obviously satis�ed.If ii) holdsthanhs(EA)=0 andalso,

by themonotony of hs, hs(EAH)=0; soequation(1) is satis�ed.
b) conditioningeventsA andEA have both in�nite or zeroHausdorff mea-

suresthenconditionIII) becomesm(EAH)=m(EAH)m(EA)andit is alwayssat-
is�ed becausem is monotone;

c) conditioningeventA hasin�nite Hausdorff measureandconditioningevent
EA haspositive and �nite Hausdorff measurethen from the de�nition of m it
follows thatconditionIII) becomes0=0, andit is obviouslysatis�ed.

Thenfrom Theorem3.1.5of [16] we have that if 0< hs(H)< ¥ thenP is the
naturalextensionto C=F� G0 moreover if hs(H)=0 or ¥ thenm canbeextended
to C=F� G0 sincem is �nitely additive,but not countableadditive. 2

The upper conditional probability de�ned in the previous Theorem2 can
be usedto assessconditionalupperprobabilitieswhentheclassof conditioning
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eventsis notacountablygenerateds-�eld. In particularif G is equalto thes-�eld
of countableor co-countablesets,to thetail s-�eld or to thes-�eld of symmetric
events.In all thesecasesconditioningeventshaveLebesguemeasureequalto one
or zero.Soupperconditionalprobabilitycanbede�ned asin Theorem2.

Example1 Let (W,F,P) be a probability spacewhere W=[0,1], F is thes-�eld
of Borel of W and P is the Lebesguemeasure on F. Let G be the subs-�eld of
F of setsthat are either countableor co-countable. Sincethe probability of the
eventsof the s-�eld G is either 0 or 1, we havethat the probability of A given
G is equalto P(A),with probability 1, if conditionalprobability is de�nedby the
Radon-Nikodymderivative. Thatis

P[AjjG]w = P(A)

exceptona P zerosubsetof [0,1].
Given A=[a,b] with 0 < a < b < 1 let P� be the real function de�ned on

C=F� G0 suchthat the restrictionP�
r to E=f (A,f wg):w 2 [0;1]g is equal,with

probability1, to theRadon-NikodymderivativeP[AjjG] w. WehavethatP* is not
coherenton C, sinceit doesnot satisfythepropertythatP*(A,f wg) is equalto 1
or 0 accordingto whetherw belongsto A or not.

A �nitely additiveconditionalprobabilityonC=F� G0 canbede�ned by

P(AjH) =





h1(AH)
h1(H)

H co-countable
h0(AH)
h0(H) H �nite

m(AH) H countable

wherem is a 0-1 valued�nitely additive (but not countablyadditive) proba-
bility measure.

ThefunctionP isacoherentconditionalprobabilitysinceit veri�es theaxioms
of a �nitely additiveprobabilityin thesenseof Dubinsasprovedin Theorem2.

The lower conditionalprobability P(AjH) can be de�ne as in the previous
theoremsif hs denotestheHausdorff s-dimensionalinnermeasure.

3 The Disintegration Property

In this sectionwe analysethemeaningof thedisintegrationpropertywhencon-
ditional probability is assignedby a classof Hausdorff dimensionalmeasures.In
particulara weakdisintegrationpropertyis introduced.If conditionalprobability
is de�ned by theRadon-Nikodymderivative P[AjjG]w, it veri�es thedisintegra-
tion property, that is the functionalequationP(A\ H)=

R

H
P[AjjG]wdP with H2G.

This propertyis not alwayssatis�ed in the theoryof �nitely additive probability
of Dubins.In factwith a �nitely additiveprobabilityP it is notassuredthatP(A)=
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R

W
P[AjjG]wdPfor A in F. In thepaperof Schervish,SeidenfeldandKadane[15]

hasbeenshown thateach�nitely but notcountablyadditiveprobabilityPwill fail
to bedisintegrableonsomedenumerablepartitionof W.

Let W=[0,1], let F bethes-�eld of theBorel subsetsof [0,1], G a subs-�eld
of F andlet P beequalto h1, that is theLebesguemeasure.We recall thatsince
theclassof subsetsof W measurablewith respectto hs, for every s, is theclass
of Borel subsetsof [0,1], thaneachhs is a measure(s-additive)on F. We denote
by P* the restrictionto F� G0, of the upperconditionalprobability assignedin
Theorem2. For eachH in G0P� (AjH) is a functiononH.

Thestartingpoint is thatwhentheconditioningeventH hasHausdorff dimen-
sions lessthen1, theequationP(A\ H)=

R

H
P*(AjH)dPis obviously veri�ed since

dim(A\ H)� dim(H)< 1 thenP(A\ H)=0=P(H)and
R

H
P*(AjH)dP=0.So it canbe

interestingto investigateif ananalogousequationholdswith respectto themea-
surehs. We observe that, if hs(H)=¥ thenthe functionsP*(AjH), de�ned in the
previoussection,arenot integrablesinceno constantdifferentfrom zerois inte-
grableonH with respectto hs; sowe introducethefollowing de�nition

De�nition 1. Let W=[0,1], let F be the s-�eld of the Borel subsetsof [0,1]
andlet P beequalto h1, thatis theLebesguemeasure.Let G bea sub-s� �eld of
F. Denotedby hs theHausdorff s-dimensionalmeasurewheres is theHausdorff
dimensionof H. A coherentconditionalprobabilityP* veri�es theweakdisinte-
gration property if the following functionalequationhs(A\ H)=

R

H
P*(AjH)dhs is

veri�ed for everyH in G0 with hs(H)< ¥ .
Remark: If dim(A\ H)< dim(H)=sandhs(H)< ¥ thentheequation

hs(A\ H) =
Z

H

P� (AjH)dhs

is satis�edsincebothmembersareequalto zero.Soto verify thatagivencoherent
conditionalprobabilitysatis�edtheweakdisintegrationpropertywehaveto prove
thattheequationis veri�ed for everypairof eventA, H with dim(AH)=dim(H).

Theorem3 Let W=[0,1], let F be the s-�eld of the Borel subsetsof [0,1] and
let P be equalto h1, that is theLebesguemeasure. Let G be a sub-s-�eld of F.
Having �xed A in F, let usdenotedby hs theHausdorff s-dimensionalmeasure,
bys theHausdorff dimensionof H; let mbea 0-1valued�nitely additive(but not
countableadditive)probabilitymeasure. ThecoherentconditionalprobabilityP*
de�nedonC=F� G0 such that

P� (AjH) =

{
hs(AH)
hs(H) i f 0 < hs(H) < ¥

m(AH) i f hs(H) = 0;¥

veri�es theweakdisintegrationproperty.
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Proof. We haveto provethattheequation

hs(A\ H) =
Z

H

P� (AjH)dhs (2)

is veri�ed for everyH in G0 with hs(H)< ¥ .
Firstly we supposehs(H) positive and�nite; for eachA andH, the function

P*(AjH) is nonnegative andlessor equalto 1, so it is integrablewith respectto
hs; thenweobservethattheequation(2) is alwayssatis�edsince

Z

H

P� (AjH)dhs =
Z

H

hs(A\ H)
hs(H)

dhs = hs(A\ H):

Moreover if hs(H) is equalto zero,thenequation(2) vanishesto 0=0. 2

4 Independence

In thissectionweintroduceanew de�nition of independencefor events,calleds-
independence, basedonthefactthattherelativeeventsandtheir intersectionmust
havethesameHausdorff dimension.Thisnotiondoesnot requireany assumption
of positivity for theprobabilityof theconditioningevent.This is oneof thediffer-
encewith the conceptsof con�rmational irrelevanceandstrong con�rmational
irrelevance, proposedby Levi [12].

We prove that s-independencebetweeneventsimplies their logical indepen-
dencewhen both eventshave Hausdorff dimensionlessthan1. Moreover also
when the eventshave Hausdorff dimensionequal to 1 and positive and �nite
Lebesgueouter measurethen logical dependenceis a necessarycondition for
thes-independence.Firstly weanalysetheconceptof epistemicallyindependence
for eventsproposedby Walley [17] with respectto conditionalupperandlower
probabilitiesde�nedby Hausdorff dimensionalouterandinnermesures.Thecon-
ceptof epistemicindependenceis basedon thenotionof irrelevence; giventwo
eventsA andB, wesaythatB is irrelevantto A whenP(AjB)=P(AjBc)=P(A) and
P(AjB)=P(AjBc)=P(A).

A andB areepistemicindependentwhenB is irrelevant to A andA is irrel-
evant to B. As a consequenceof this de�nition we canobtain the factorisation
propertyP(A\ B)=P(A)P(B) that constitutesthe standardde�nition of indepen-
dencefor events.Let W=[0,1] andlet P andP betheupperandlowerconditional
probabilitiesde�ned by the outer and inner Hausdorff measures.The uncondi-
tionalupperandlowerprobabilitiescanbeobtainedfrom theconditionalonesby
theequalitiesP(A)=P(AjW)= andP(A)=P(AjW).

Whenthe eventsA andB or their complementshave not upperprobability
equalto zero,epistemicindependenceimplieslogical independence, (i.e. eachof
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four setsA\ B, A\ Bc, Ac\ B, Ac\ Bc arenon-empty).Otherwiselogically depen-
denteventscanbeepistemicallyindependent.

Example2 Let W=[0,1], let F bethes-�eld of all subsetsof [0,1] andlet G be
the additivesub-classof F of setsthat are �nite and co-�nite. Let A and B two
�nite subsetsof [0,1] such thatA\ B= /0. If conditionalprobability is de�nedasin
Theorem2 wehavethat

P(AjB) = P(AjB) =
h0(AB)

h0(B)
= 0

P(AjBc) = P(AjBc) =
h1(ABc)

h1(Bc)
= 0

P(A) = P(A) = P(AjW) =
h 1(A)

h1(W)
= 0

SoA andB are logical dependentbut epistemicallyindependent.

Thepreviousexampleputsin evidencethenecessityto introducethefollow-
ing de�nition.

De�nition 2. Let W=[0,1], let F be thes-�eld of all subsetsof [0,1] andlet
G=F. Denotedby P andPbetheupperandlowerconditionalprobabilitiesde�ned
by the outerandinner Hausdorff measuresandgiven A andB in G0, thenthey
ares-independentif thefollowing conditionshold:

1) dimH(AB)=dimH(B)=dimH(A)
2) P(AjB)=P(AjBc)=P(A) andP(AjB)=P(AjBc)=P(A)
3) P(BjA)=P(AjAc)=P(B) andP(BjA)=P(BjAc)=P(B)

Remark: Two disjoint eventsA andB ares-dependentsincetheHausdorff di-
mensionof theemptysetcannotbeequalto thatoneof any othersetsocondition
1 is neversatis�ed.In particulartheeventsA andB of Example1, thatarelogical
dependentbut epistemicallyindependent,arenot s-independent.

We prove that logical independencebetweentwo eventsA andB is a neces-
saryconditionfor s-independencewhendimH(A) anddimH(B) arebothlessthen
1.

Theorem4 LetW=[0,1], let F bethes-�eld of all subsetsof [0,1], let G=F and
let usdenotedbyP andP betheupperandlowerconditionalprobabilitiesde�ned
by theouter and inner Hausdorff measuresas in Theorem2. Thentwo eventsA
andB of G0, s-independentandwith Hausdorff dimensionlessthen1, are logical
independent.

Proof. SincedimH(A) and dimH(B) are both less then 1 if A and B are s-
independentthenthefollowing conditionshold:
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1) dimH(AB)=dimH(B)=dimH(A)
2) P(AjB)=P(AjBc)=P(A)=h1(A)=0 andP(BjA)=P(AjAc)=P(B)=h1(B)=0

3) P(AjB)=P(AjBc)=P(A)=h
1
(A)=0 andP(BjA)=P(BjAc)=P(B)=h

1
(B)= 0.

From 1) we have that A\ B6= /0 sincethe Hausdorff dimensionof theempty
setcannot beequalto thatoneof any otherset,from 3) we have P(AjB)=0 then
B is not containedin A andP(BjA)=0 thenA is not containedin B. Moreover
sincedimHA anddimHB arebothlessthen1 thenh1(A[ B)=0 while h1(W)=1 so
W6= A[ B. 2

Weprovethatlogicalindependenceisanecessaryconditionfor thes-independence
when the eventshave Hausdorff dimensionequal to 1 and positive and �nite
Lebesgueoutermeasure.

Theorem5 LetW=[0,1], let F bethes-�eld of all subsetsof [0,1], let G=F and
let usdenotedbyP andP betheupperandlowerconditionalprobabilitiesde�ned
by theouterandinner Hausdorff as in Theorem2. Two eventsA andB of G0, s-
independent,with Hausdorff dimensionequalto 1 andsuch that0< h

1
(A)< 1 and

0< h
1
(B)< 1, are logically independent.

Proof. Since A and B are s-independent,from condition 1 we
have dimHA\ B=1, that implies A\ B6= /0; from condition 3 we have
P(AjB)=P(AjBc)=P(A)=h

1
(A)6= 1 so B is not containedin A andBc is not con-

tainedin A; moreoverP(BjA)=P(BjAc)=P(B)= h
1
(B) 6= 1 soA is notcontainedin

B andAc is not containedin B.ThenA andB arelogically independent. 2

We can observe that the converseof Theorems3 and5 is not true; in fact
logical independenceis notasuf�cient conditionfor thes-independence.

Example3 Let W=[0,1], let F be the s-�eld of all subsetsof [0,1], let G=F
and let usdenotedby P andP be theupperand lower conditionalprobabilities
de�nedby theouterandinner Hausdorff measuresasin Theorem2. LetA andB
two �nite subsetsof [0,1] such thateach of four setsA\ B, A\ Bc, Ac\ B, Ac\ Bc is
non-empty, that is A andB are logical independent.WehavethatA andB arenot
s-independentsinceconditions2 and3 of De�nition 2 areneversatis�ed.

If G is properlycontainedin F andA belongto F-G, for any H in G0 we
cannottestthes-independencebetweenA andH becauseepistemicindependence
is symmetric,so it requiresthatalsoA belongsto G0; in this casewe introduce
thefollowing de�nition.

De�nition 2. Let W=[0,1], let F bethes-�eld of all subsetsof [0,1] andlet G a
sub�eld of F. DenotedbyP andPbetheupperandlowerconditionalprobabilities
de�ned by theouterandinnerHausdorff measuresandgivenA in F andB in G0,
thenB is s-irrelevantto A if thefollowing conditionshold:

1) dimH(AB)=dimH(B)=dimH(A)
2) P(AjB)=P(AjBc)=P(A) andP(AjB)=P(AjBc)=P(A).
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Proposition1 Let W=[0,1], let F be the s-�eld of all subsetsof [0,1] and G a
sub�eld properlycontainedin F. GivenA in F andB in G0 such thatdimH(A)< 1,
dimH(B)< 1 andB is s-irrelevantto A thenthefollowing conditionshold:

1a) A\ B6= /0;
2a) B is not containedin A andBc is notcontainedin A;
3a) W6= A[ B;

Proof. Theresultfollows from Theorem5. 2

De�nition 3. Let W=[0,1], let F bethes-�eld of all subsetsof [0,1] andlet G
anadditivesubclasscontainedin F. GivenA in F wesaythatG is s-irrelevantto
A if any eventH of G suchthatdimH(A)=dimH(H) is irrelevantto A.

The previousresultscanbeusedto solve paradoxicalsituationsproposedin
literaturethat show that the interpretationof conditionalprobability in termsof
partialknowledgebreaksdown in certaincases.A conditionalprobabilitycanbe
usedto representpartialinformationasproposedby Billingsley [1]. A probability
space(W,F,P) canbe useto representa randomphenomenonor an experiment
whoseoutcomeis drawn from Waccordingto theprobabilitygivenby P. Partial
informationabouttheexperimentcanberepresentedby a subs-�eld G of F in
the following way: an observer doesnot know which w hasbeendrawn but he
knowsfor eachH in G, if w belongsto H or if w belongsto Hc.

A subs-�eld G of F canbeidenti�ed aspartialinformationabouttherandom
experiment,and, �x ed A in F, conditionalprobability canbe usedto represent
partial knowledgeaboutA given the informationon G. By standardde�nition,
an event A is independentfrom the s-�eld G if it is independentfrom eachH
in G, that is, if conditionalprobability is de�ned by theRadon-Nikodymderiva-
tive,P[AjjG]w=P(A) with probability1. Example3 shows that theinterpretation
of conditionalprobability in termsof partial knowledgebreaksdown in certain
cases.In fact theeventA is independentfrom the informationrepresentedby G
andthis is a contradictionaccordingto the fact that the informationrepresented
by G is completesinceG containsall thesingletonsof W. Thecontradictioncan
bedissolvedif s-irrelevanceis testedwith respectto conditionalprobabilitiesas-
signedby a classof Hausdorff dimensionalmeasures.

Example4 Let (W,F,P) be a probability spacewhere W=[0,1], F is thes-�eld
of Borel of W and P is the Lebesguemeasure on F. Let G be the subs-�eld of
F of setsthat are eithercountableor co-countable. Let P bethe�nitely additive
conditionalprobabilityde�nedonC=F� G0 by

P(AjH) =





h1(AH)
h1(H) H co-countable

h0(AH)
h0(H) H �nite

m(AH) H countable

(3)

where m is a 0-1 valued�nitely additive(but not countablyadditive)probability
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measure.

GivenA=[a,b] with 0< a< b< 1, we have thatG is not s-irrelevantto A, since
condition2 of thede�nition of s-irrelevanceis not satis�ed.

In factfor everyH= [0,1]-f wg we have thatP(A)=P(AjW)=h1(A) is different
from 0 and1, while P*(AjHc)=P*(Ajf wg) mustbe,for thecoherence,equalto 1
or 0 accordingto thefactthatw belongsto A or not.

5 Conclusionsand Applications

The resultsproposedin this paperwould be an attemptto show that Hausdorff
dimensionalmeasurescanbeusedasa tool to de�ne coherentconditionalprob-
abilities.This approachis basedon the ideathatcommensurableevents[4] with
respectto the given coherentconditionalprobability, aresubsetsof W with the
sameHausdorff dimension.GivenacoherentconditionalprobabilitiesP* de�ned
on C =F� G0, any pair of eventsA andB of G0 canbecompareasproposedby
deFinetti. In fact

P� (AjA[ B) + P� (BjA[ B) � 1

so theabove conditionalprobabilitiescannotbe bothzeroandtheir ratio canbe
usedto introduceanorderingbetweenA andB. In factthis ratio is �nite if either
P� (AjA[ B) andP� (BjA[ B) are�nite andin thiscaseA andB arecalledcommen-
surable. Otherwiseif oneof theconditionalprobabilityis zerothecorresponding
eventhasa probability in�nitely lessthentheotherandthe two eventsA andB
belongto differentlayers[5]. We canobserve thatwhenconditionalprobability
P� is countablyadditivetherecanbeonly �nitely many layersaboveagivenlayer,
but not sowhenP is only �nitely additive.

Two eventsA andB of G0, commensurablewith respectto thecoherentcon-
ditional probabilityde�ned by (3) of Example4, aresubsetsof Wwith thesame
Hausdorff dimension.The converseis not true, in fact if A is countableandB
�nite thenthe two eventshave Hausdorff dimensionequalto 0, but they arenot
commensurablewith respectto thepreviousconditionalprobability, sincecoher-
encerequiresthatP� (BjA[ B)=0. Two eventsarecommensurablein thesenseof
deFinetti if andonly if they have both�nite andpositive Hausdorff measureand
thesameHausdorff dimension.

Also from a practicalpoint of view therearesomeadvantagesto assessco-
herentconditionalprobabilities,by aclassof Hausdorff dimensionalmeasures.In
fact they canbe usedasa tool to assessprobability to an eventgivena dataset
comingfrom arealproblem.In different�elds of science(geology,biology, archi-
tecture,economics)many datasetsarefractal sets,i.e. aresetswith non-integer
Hausdorff dimension;for examplethe hypocentredistribution of earthquakesis
a fractalsetso if we want to assesstheprobability thata givenplacewill be the
hypocentreof a futureearthquakeknowing thesetof thepreviousones,we need



Doria: Independencewith UpperandLowerConditionalProbabilities 243

to have a tool ableto handlingfractalsets.Moreover theclassi�cationof several
soils canbe doneby their Hausdorff dimensions.A future aim of this research
is to implementtheseresultsto dealinguncertaintyin naturalhazardand risk
assessment.
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