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Abstract

We adoptthesamemathematicalmodelof a setM of probabilitymeasures
as is centralto the theoryof coherentimpreciseprobability. However, we
endow this modelwith anobjective, fr equentist interpretation in placeof
a behavioral subjective one. We seekto useM to model stable physical
sourcesof time seriesdata that have highly irr egular behavior andnot
to modelstatesof belief or knowledgethatareassuredlyimprecise.Theap-
proachwe presentin this paperis to understanda setof measuresmodelM
not asa traditionalcompoundhypothesis,in which oneof the measuresin
M is a true description,but ratherasone in which noneof the individual
measuresin M providesanadequatedescriptionof thepotentialbehavior of
thephysicalsourceasactualizedin theform of a long timeseries.

Weprovideaninstrumental interpretationof randomprocessmeasures
consistentwith M andthehighly irregularphysicalphenomenawe intendto
modelbyM. Thisconstructionprovidesuswith thebasictoolsfor simulation
of our models.

We presenta methodto estimateM from datawhich studiesany given
datasequenceby analyzingit into subsequencesselectedby a setof com-
putablerules.Weproveresultsthathelpusto chooseanadequatesetof rules
andevaluatetheperformanceof theestimator.
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1 Intr oduction

1.1 Orientation

Weadoptthesamemathematicalmodelof asetM = f ng of probabilitymeasures
asis centralto thetheoryof coherentimpreciseprobability(e.g.,seeWalley [18]).
However, we endow this modelwith anobjective, fr equentistinterpretation in
placeof a behavioral subjective one,andaskcompletelydifferentquestionsof
this model.While themathematicalmodelM is thesamein the two theoriesof
probability (asit is in a varietyof interpretationsthathave beenofferedfor con-
ventionalprobability),on our accountthereis no focuson imprecisionasis ap-
propriatein thebehavioral account.In orderto signalthedistinctionbetweenthe
two theoriessharingthesamemathematicalmodel,we do not usethedescriptor
“imprecise”andinsteaduse“chaotic” . Althoughweremaininterestedin alterna-
tivesto thisterm,it doesconnoteahighly irregularsequenceof physical(typically
mechanical)origin. We seekto useM to modelstable(althoughnotstationaryin
the traditionalstochasticsense)physical sourcesof time seriesdata that have
highly irr egular behavior andnotto modelstatesof beliefor knowledgethatare
assuredlyimprecise.Supportfor theexistenceof suchchaoticsourcesis lent by
thefollowing quotationfrom Kolmogorov [9]:

In everydaylanguage wecall randomthosephenomenawhere wecannot�nd a reg-

ularity allowing us to predict preciselytheir results.Generally speaking, there is no

ground to believe that randomphenomenashouldpossessany de�nite probability.

Therefore, weshoulddistinguishbetweenrandomnessproper(asabsenceof anyreg-

ularity) andstochasticrandomness(which is thesubjectof probability theory).There

emergestheproblemof �nding reasonsfor theapplicabilityof themathematicaltheory

of probability to thereal world.

1.2 PreviousWork

Previous work focusedon asymptoticsor laws of large numbersfor interval-
valuedprobability modelscanbe found in Fine et al. [10][12][7][15]. Cozman
andChrisman[1] estimatecredalsetsby looking at thelimiting relative frequen-
ciesalongseveral subsequencesof a time series.Our currentwork focussedon
modelling�nite lengthtimeseries.

Ourpreviousattemptatsupplyinganobjectivefrequentistinterpretationfor a
setof measuresM, reportedatISIPTA '01 in FierensandFine[3], wasbasedupon
theuseof Kolmogorov complexity to enableusto simulatehighly complex time
seriesdatafrom themodelandthento estimatethemodelfrom suchdatathrough
thesequenceof alternatingminimaandmaximaof relativefrequenciescalculated
alonga givensequence.Theunderlyingmotivationwasanattemptat ananalog
of the i:i:d: standardprobability model; the model M gave us the marginal or
univariatedescriptionandthehighcomplexity wasmeantto ensurethattherewas
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nofurtherexploitablestructurein thetimeevolution.Wesubsequentlyjudgedthis
approachto beinadequate,in partafterconsideringtheperformanceof martingale
bettingsystemson suchtime seriesas advocatedby the then newly-published
ShaferandVovk [16].

1.3 Overview

As in our previous work, we focus on a descriptionof univariateor marginal
eventsandnotondescriptionsof k-tuplesof outcomes.Thisrestrictionis intended
only to simplify our searchfor a meaningfulinterpretationandnot becausewe
deny the importanceof an extensionto k-tuples.In Section2.1, we provide an
instrumental interpretation of randomprocessmeasuresconsistentwith M and
thehighly irregularphysicalphenomenawe intendto modelby M. Althoughwe
do not offer this descriptionasanexplanationfor realworld data,we develop it
becauseit helpsusto betterunderstandchaoticprobabilitymodelsby referenceto
well-known standardstochasticprocesses,and,at thesametime, this description
providesus with the basictools for simulationof our models(seeSection2.2).
Essentially, our instrumentalinterpretationconsistsof a decisionmechanismthat
at eachtime instantchoosesa probability measuren 2 M from which the next
outcomeof a sequencewill be generated.This measureselectionfunction has
bothpropertiesof beinghighly complex so that it is dif�cult to discover it from
any given datasequence,and having enoughsimple structureto allow for the
estimationof M (seeTheorems1-3).Theapproachwe presentin this paperis to
understanda setof measuresmodelM notasa traditionalcompoundhypothesis,
in whichoneof themeasuresin M is atruedescription,but ratherasonein which
noneof the individual measuresin M providesan adequatedescriptionof the
potentialbehavior of thephysicalsourceasactualizedin theform of a long time
series.Instead,it is the whole setM that describesthe potentialbehavior, and
thisdistinctionhasoperationalsigni�cancein termsof thetimeseriesdatathatis
anticipatedfrom thephysicalsource.

As explainedin Section3, we estimateM fr om a data sequenceby com-
puting the relative fr equenciesalong someof its subsequences. Subsequence
selectionis a well-entrenchedmethodof exposingbehavioral patternsin time
series.It formed the basisof Richardvon Mises' pioneeringde�nition of ran-
domness([17],[4],[11],[13]) for in�nitely long sequencesandthe seminalwork
of A.N. Kolmogorov on randomnessof �nite strings([8]). CozmanandChris-
man[1] estimatecredalsetsby looking at the relative frequenciesalongseveral
subsequences.In a similar way, we alsostudya givensequenceby analyzingit
into subsequencesselectedby rules in somesetY . Technically, we usecausal
subsequenceselectionrules, alsoknown asChurch placeselectionrules (see
De�nition 1 andalsoLi andVitányi [11]). For any givenmodelM, we expectto
�nd somesetof rulesYV for which M becomes“visible” , that is, a setof rules
suchthatall measuresin M canbeestimatedby therelativefrequenciesalongthe
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selectedsubsequences(seeDe�nition 2 andTheorems2 and3). Althoughsuch
a setYV may exist, identifying it will not be easy. Furthermore,therearesets
of rulesY T for which a chaoticsourcemayappearto be“temporally homoge-
neous”, that is, for a certainsetY T theremayexist a chaoticsourcegenerating
sequencessuchthattherelativefrequenciesalongsubsequencesselectedby rules
in Y T cannotexposemorethana small neighborhoodof a singlemeasurecon-
tainedin theconvex hull of M (seeDe�nition 3, Lemma1 andTheorem4).

Proofshave beenomittedin whatfollows.However, they areavailablein the
appendicesof Fierens[2].

2 From the Model to Data

2.1 An Instrumental Inter pretation of the Model

Let X = f z1;z2; � � � ;zxg be a �nite samplespace.We denoteby X � the set of
all �nite sequencesof elementstaken in X. A particularsequenceof n samples
from X is denotedby xn = f x1;x2; � � � ;xng. P denotesthesetof all measureson
thepower setof X. A chaoticprobability modelM is a subsetof P andmodels
the“marginals” of someprocessgeneratingsequencesin X � . In this section,we
presentan instrumental(that is, without commitmentto reality) interpretationof
suchaprocess.

Considerthegenerationof a sequencexn by thefollowing pseudo-algorithm:

FOR k = 1 TO k = n

1. Choose n 2 M.

2. Generate xk according to n.

If thedecisionmechanismin 1 is verycomplex1, say, random,with decisions
madein an i:i:d: manneraccordingto somedistribution on M, we would not be
able to distinguishwhetherxn was producedby an i:i:d: processaccordingto
somemeasurein ch(M), theconvex hull of M, or by thealgorithmin question.
On the otherhand,if the decisionrule werevery simpleanddeterministic,we
would possiblybe able to make sucha distinction.For example,considerthe
simplechoicemechanismthat alternatesbetweentwo measuresn1;n2 2 M. In
this case,for suf�ciently large n, we expectto discover the alternating-measure
ruleandto beableto estimaten1 andn2. However, if thechoicemechanismin 1
wereneithertoocomplex (asin the�rst example)nor toosimple(asin thesecond
example),wemaystill beableto estimateM (orpartof it), but wewouldprobably

1Although Kolmogorov complexity capturespart of thecomplexity to which we make reference
here,it seemsnot to suf�ce. Thus,thediscussionin thisparagraphfollows at amoreintuitive level.
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�nd it dif�cult (if not impossiblegivenour computationalresources)to discover
thechoicemechanismitself. It is in this casethatwe believe chaoticprobability
modelsto be useful:whendealingwith chaoticsources,the measureselection
function F hasboth propertiesof beinghighly complex so that it is dif�cult to
discover it from any givendatasequence,andhaving enoughsimplestructureto
allow for theestimationof M.

We formalizethedecisionin 1 of thepreviousalgorithmby meansof a func-
tion F : X � ! M. Furthermore,we restrictourselvesto causallymadedecisions,
onesdependentonly uponthepast:

FOR k = 1 TO k = n

1. Choose n = F(xk� 1) 2 M.

2. Generate xk according to n.

Let nk = F(xk� 1). For any k � n, F determinestheprobabilitydistribution of
thepotentialkth outcomeXk of thesequence,

(8A � X) P(Xk 2 AjXk� 1 = xk� 1) = nk(Xk 2 A):

An actualdatasequencexn is assessedby thegradedpotentialof the realization
of asequenceof randomvariablesXn describedby

P(X1 = x1; : : : ;Xn = xn) =
n

Õ
k= 1

nk(Xk = xk):

Wedenoteby M � thefamily of all suchprocessmeasuresP. Fromtheanalysisof
data,we do not expectin generalto beableto pinpointa singleP 2 M � or even
a smallsubsetof M � , whatwe call a �ne-grained pictur e of thesource.On the
contrary, we expectour knowableoperational quantities to be (large)subsets
of M � which provide an appropriatecoarse-graineddescriptionof the source.
Theseideasarerelatedto thoseof coarsegrainednessand�ne grainednessin
physics.For example,in classicalphysicswe commonlyhave situations,say, ki-
netic theory, in which a coarsedescriptionsuf�ces even thoughwe have access
in principleto a moredetailedquantummechanicalone.Unlike thecaseof clas-
sical physics,thereneedbe no morethaninstrumentalreality in the �ne details
of ourmodelM � . A similar situationmaybefoundin quantummechanicswhere
thereare�ne-grainedpicturesthathave no empiricalreality (seeGell-Mann[6],
Chapter11,especiallypp.143-147).

2.2 Simulation

Simulationof sequencescoming from a sourcemodelledby a setof measures
M canbe achievedby simply choosingan appropriatefunction F andapplying



250 ISIPTA ' 03

the algorithmpresentedabove. Sincewe expectnot to know F in general,the
choiceof the measureselectionfunctionsusedfor simulationdependson our
judgment,basedon our knowledgeof thephysicalphenomenonbeingmodelled,
theintendeduseof thesimulatedsequences,etc.

In the typical casewhereM hasin�nite cardinality, we needa notionof ap-
proximationto the measuresin M by �nitely many othermeasuresin (or close
to) M. Givena distanceor metric d on P, a particularform of approximationis
providedby ane-covering of M, thatis, by a coveringof thesetM by openballs
of radiuse (accordingto d) andcentersin somesetM e � P (perhapsa subsetof
M). Note that, if P is compactwith respectto d, we can�nd a �nite e-covering
of M. Choosea minimal setMe so that eachball hasa non-emptyintersection
with M andcall B(e;n) theball with centern 2 M e andradiuse. Then,givenan
appropriatemeasureselectionfunctionF : X � ! Me, thefollowing algorithmcan
beusedfor simulation.

FOR k = 1 TO k = n

1. Choose n = F(xk� 1) 2 Me.

2. Choose any n02 B(e;n) \ M.

3. Use a pseudo-random number generator to
generate xk according to n0.

Sincewe wantto exposeall of M in a single,but suf�ciently long,simulated
sequence,we requireF to visit, many times,eachmeasurein M e. Theorems1-2
in Section3 canhelpuschoosetheminimumnumberof timesthateachmeasure
shouldbevisited.Examplesof simulationalgorithmsbasedon thebasicstrategy
presentedaboveareavailablein theappendicesof Fierens[2] (see,e.g.,theproof
of Theorem4) andin Section3.5

3 From Data to the Model

3.1 SubsequenceAnalysis

We begin the study of a sequencexn 2 X � by analyzingit into several subse-
quences.Thesesubsequencesareselectedby rulesthatsatisfythefollowing

De�nition 1 (CausalSubsequenceSelectionRule)
An effectivelycomputablefunctiony is a causalsubsequenceselectionrule

(alsoknownasa Church placeselectionrule) if

y : X � ! f 0;1g;
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and, for any xn 2 X � , xk is the j-th term in the generatedsubsequencexy ;n, of
lengthl y ;n, if

y (xk� 1) = 1;
k

å
i= 1

y (xi� 1) = j; l y ;n =
n

å
k= 1

y (xk� 1):

Let Y = f y ag beasetof causalsubsequenceselectionrules.For eachy 2 Y,
westudythebehavior of therelativefrequency of (only) marginaleventsalongthe
chosensubsequence.Thatis,givenxn andaselectionruley 2 Y wedeterminethe
fr equentistempirical (relativefr equency)measureµ̄y ;n alongthesubsequence
xy ;n through

(8A � X) µ̄y ;n(A) =
1

l y ;n

n

å
k= 1

IA(xk)y (xk� 1);

whereIA(�) is the f 0;1g-valuedindicator function of the event A. In a similar
manner, for any suchrule y , we may computethe time average conditional
measure n̄y ;n de�ned by

(8A � X) n̄y ;n(A) =
1

l y ;n

n

å
k= 1

E
h
IA(Xk)

�
�
�Xk� 1 = xk� 1

i
y (xk� 1):

Rewritten in termsof our instrumentalunderstandingof the measureselection
functionF,

n̄y ;n(A) =
1

l y ;n

n

å
k= 1

nk(A)y (xk� 1);

wherenk = F(xk� 1).
Sincewewantto exposesomeof thestructureof thechaoticprobabilitymodel

M by meansof therulesin Y , weareinterestedin how goodanestimatorof n̄y ;n
is µ̄y ;n. Introducethenorm-basedmetric

(8µ;µ02 P) d(µ;µ0) = max
z2X

�
�µ(z) � µ0(z)

�
� ;

whichquanti�esthe“closeness”betweentwo probabilitymeasuresonX. Wecall
aruley appliedto xn causallyfaithful if theresultingsubsequenceyieldsasmall
valueof d(n̄y ;n; µ̄y ;n). Theexistenceof suchrulesis guaranteedby

Theorem1 Letx bethecardinality of X anddenotethecardinality of Y bykYk.
Letm� n. If kYk � tn, thenfor anyprocessmeasureP 2 M �

P
�

max
y 2Y

�
d(µ̄y ;n; n̄y ;n) : l y ;n � m

	
� e

�
� 2xtne� e2m2

2n :
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Hence,so long aswe restrictto a family of causalselectionrulesof sizetn and
examinediscrepanciesof sizeeonly oversubsequencesof lengthat leastm, with
m large, we can with high probability avoid uncontrollablyimposingour own
patternsthroughsomeof theselectedsubsequencesandinsteadexhibit only the
patternsthathave inductivevalidity. If, to thecontrary, weallow thesetof subse-
quenceselectionrulesto betoo large,wewill observewith non-negligible proba-
bility measuresthatareoutsidetheconvex hull of M. For example,if we enlarge
thesetof subsequenceselectionrulesby includingall possiblesubsequences,then
wewill observemeasuresthatconcentrateall themassonasingleatom(outcome
in X).

3.2 Visibility and Estimation

The possibilityof exposingall of M by meansof the rulesin Y is expressedin
thefollowing

De�nition 2 (Visibility)
(a) M is madevisible (Y ;q;d;m;n) byP 2 M � if

P

 
\

µ2M

[

y 2Y

f Xn : l y ;n(Xn) � m;d(µ̄y ;n;µ) � qg

!

� 1� d:

(b) A subsetof M � rendersM uniformly visible (Y ;q;d;m;n) if M is made
visible(Y ;q;d;m;n) byeach of its elements.Themaximalsuch subsetis denoted
MV (Y ) andMV (Y ) maybeempty.

Thenon-triviality of De�nition 2(a), and,hence,of De�nition 2(b), is asserted
in

Theorem2 Let0 < 2e< q andMe � M bethecentersof a minimalcoveringof
M byNe ballsof radiuse(accordingto themetricd asde�nedabove2). Then,for
largen, thereexistsa processmeasureP anda familyY of sizeNe such thatM is
madevisible(Y ;q;d;m;n) with

d = 2(x+ 1)Nee
�

(q� 2e)2m2

2n :

Theorem2 assertstheexistenceof asetof rulesY suchthatMV (Y ) is notempty.
Thefollowing theoremshowshow it is possibleto estimateM by meansof an

appropriatesetof rulesY.

2Accordingto our choiceof d, althoughM is not necessarilycompact,P certainlyis. Therefore,
asasubsetof compactP, M will alwayshavea �nite opencovering.
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Theorem3 Let Ma be a subsetof the non-emptymaximalMV(Y ) � M � that
rendersM uniformlyvisible(Y ;q;d;m;n). Let [A]e denotethee-enlargementof
a setA de�nedby

(8A � P) (8e> 0) [A]e = f µ : (9µ
0
2 A)d(µ;µ

0
) < eg:

Let M̂q;Y beanestimatorof M de�nedby

(8xn 2 X � ) M̂q;Y (xn) =
[

f y :y 2Y ; l y ;n(xn)� mg
B(q; µ̄y ;n):

ThentheestimatorM̂q;Y satis�es

(8P 2 Ma ) P
�

[ch(M)]q+ e � M̂q;Y � M
�

� 1� d� t n;

wherech(M) is theconvex hull of M and

t n = 2xkYke� e2m2

2n :

3.3 Temporal Homogeneity

Not every set of rules Y can exposeall of M. The following de�nition deals
with somesetsof rules that canonly exposea small neighborhoodof a single
probabilitymeasurein ch(M).

De�nition 3 (Temporal Homogeneity)
(a) P 2 M � is temporally homogeneous(Y ;q;d;m;n) if

P
�

max
y 1;y 22Y

�
d(µ̄y 1;n; µ̄y 2;n) : l y 1;n(Xn); l y 2;n(Xn) � m

	
� q

�
� 1� d:

(b) A subsetof M � is uniformly temporally homogeneous(Y ;q;d;m;n) if
each of its elementsis temporally homogeneous(Y ;q;d;m;n). Themaximalsuch
subsetis denotedMT (Y ).

Thenon-triviality of De�nition 3(a), and,hence,of De�nition 3(b), is estab-
lishedby

Lemma 1 Chooseµ0 2 P and 0 < 2e < q and constrain the measure selection
mechanismF sothat

(8x� 2 X � ) F(x� ) 2 B(e;µ0);
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where B(e;µ0) is a ball with centerµ0 and radius e; that is, every P induced
by F is approximatelyi:i:d: µ0. Theneach such P is temporally homogeneous
(Y ;q;d;m;n) providedthatd satis�es

d = 2xtne�
[(q� 2e)m]2

8n ;

wheretn = kYk.

3.4 ConsistencybetweenVisibility and Temporal Homogene-
ity

We canbetterappreciatethedif�culty of choosinganappropriatesetof rulesfor
estimationof M by meansof thenext theorem,whichin somesensecomplements
Theorem2 andLemma1.

Theorem4 Lete> 1
m. Assumethatthereis ane-coverof M byNe openballswith

centers in a setMe = f µ1;µ2; � � � ;µNeg such that, for each µi , there is a recursive
probability measure n 2 B(e;µi) \ M. Let Y 0 bea setof (causaldeterministic)
placeselectionrules.Then,there are a processmeasure P anda family Y 1 such
that, for large enoughn, P will bothrenderM visible(Y 1;3e;d;m;n) andensure
temporal homogeneity(Y 0;6e;d;m;n) with

d = 2xtne� e2m2
2n ;

where
tn = maxf kY 0k;kY 1kg:

A moretransparentversionof Theorem4, givenin termsof ananalyzingset
Y 0 formedby �nite history rules de�ned asfollows

De�nition 4 Finite History Rules
Wesaythaty is a �nite history rule if there is a positiveinteger L, calledthe

history length of y , anda functionG: XL ! f 0;1g such that for all xn 2 X we
have

y (xk� 1) =

(
G(xk� L;xk� L+ 1; � � � ;xk� 1) if k > L,

0 otherwise.

Thenext theoremis similar to Theorem4:

Theorem5 AssumethatM makesall atomspossible, i.e., thereis f > 0 such that

inf
µ2M

min
z2X

µ(f zg) � f :
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LetY 0 consistof �nite historyruleswith lengthsmallerthana givenL. Then,for
e> 0, therearea processmeasureP anda familyY 1 such thatP will bothrender
M visible(Y 1;2e;d;m;n) andensure temporal homogeneity(Y 0;4e;d;m;n) with

d = 4xtne� e2m2
2n ;

where
tn = maxf kY 0k;kY 1kg:

Althoughwedonotpresenta completeproofhere(it canbefoundin Fierens
[2]), we give thebasicideabehindtheconstructionof P in Section3.5becauseit
providesa simpleexampleof severalideasin this paper.

Put picturesquely, the resultsin this sectionshow that Y determinesthe re-
solving power of the analytical microscopewith which we examineM. When
onepreparesasampleto beputunderthelensesof themicroscope,little or noth-
ing is seenof thestructureof thesample,e.g.,it mayjust look like somewatery
solution.Similarly, in thecaseof achaoticprobabilitymodel,thetemporalhomo-
geneitypropertytells usthatM looksjust like thetraditionalsinglemeasure.As
we exploreM with a largenumbersof morecomplex selectionrules,say, under
themorepowerful lensesof themicroscope,we begin to seeor isolatedifferent
relative frequency measuresandbegin to seeM asa setof measures.However,
we do not know in advancethe�nal scaleat which M exhibitsall of its structure
anddo not know in advancehow to chooseY to renderall of M visible. Our
abilitiesat progressive explorationare,of course,limited bothby the increasing
computationalburden,andby considerationsof extractingfaithful subsequences.
Preservingthefaithful subsequencepropertyrequiresarelationbetweenkYk and
the resultingcon�dencelevel 1 � d. As kYk increases,maintainingcon�dence
levels requireslongersubsequences(largerm) andin turn moredata(larger n).
Theseconsiderationsmakegoodtraditionalstatisticalsense.

3.5 Simulation Example

Let Me = f µ1;µ2; � � � ;µNeg � M bethecentersof a�nite e-coverof M by Ne open
balls.Let gbede�ned as

g=
l
logx Ne

m
:

Let B1; � � � ; BNe be a partition of Xg, the historiesof lengthg, into Ne subsets
andconsiderthe memory-g Markov processde�ned by the following transition
probabilities:

(8A � X) P
�
Xk 2 AjXk� 1 = xk� 1; � � � ;Xk� g = xk� g

�
= µi (Xk 2 A) ; (1)

if f (xk� g; � � � ;xk� 1) 2 Bi . It canbeprovedthat this Markov processhasa unique
stationaryprobabilitymeasureµS (seeFierens[2]).



256 ISIPTA ' 03

Let R be an integer greaterthana given L andconsiderthe constructionof
a processmeasureP 2 M � by an algorithm that: a) initializes R i:i:d: Markov
processes(as describedby Eqn. 1) at the stationarymeasure;b) generatesthe
sequencexn by choosingoutcomesfrom theRMarkov processesin around-robin
fashion.A moredetaileddescriptionof this algorithmfollows.

FOR l = 1 TO l = R

1. Generate (xl ;1;xl ;2; � � � ;xl ;g) according to µS.

2. FOR k = g+ 1 TO k = dn=Re

(a) Find the set Bi such that (xk� g; � � � ;xk� 1) 2 Bi .
(b) Generate xk according to µi .

Set R counters i1; i2; � � � ; iR to 1.

FOR k = 1 TO k = n

1. Let l = [(k � 1) mod R]+ 1.

2. Let xk = xl ;i l .

3. Let i l = i l + 1.

We now sketchtheproof thatthepreviousalgorithmsucceedsin constructing
a processmeasureP 2 M � satisfyingtheconditionsstatedin Theorem5. By the
previousalgorithm,for k > Rg, theoutcomeXk dependsonXk� Rg, Xk� R(g� 1), � � � ,
Xk� R, but it doesnot dependon Xk� R+ 1, Xk� R+ 2, � � � , Xk� 1. Let y beany rule in
Y 0. Sincey hasalimited timehorizonL whichis strictly smallerthanR, wehave
for all A � X

E
n

å
k= 1

y (Xk� 1)
h
E

h
IA(Xk)

�
�
�Xk� 1

i
� µS(A)

i
=

=
n

å
k= 1

P
�

y (Xk� 1) = 1
�

E
h
IA(Xk) � µS(A)

�
�
�y (Xk� 1) = 1

i
= (by memoryL)

=
n

å
k= 1

P
�

y (Xk� 1) = 1
�

E
h
IA(Xk) � µS(A)

�
�
�y (Xk� L:k� 1) = 1

i
= (by indep.)

=
n

å
k= 1

P
�

y (Xk� 1) = 1
�

E[IA(Xk) � µS(A)] = 0:

It canbeshown, by meansof thesametechniquesusedin theproof of Theorem
1, thatthis factimpliesthat

P
�

max
y 2Y 0

�
d(n̄y ;n;µS) : l y ;n � m

	
� e

�
� 2xkY 0ke� e2m2

2n :
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Finally, this statementtogetherwith Theorem1 imply that M is Y 0-temporal
homogeneous.

Let Y 1 = f y 1; � � � ;y Neg beasetof rulessuchthat

y i(xk� 1) =

(
1 if k > Rgand(xk� Rg;xk� R(g� 1); � � � ;xk� R) 2 Bi ;

0 otherwise:

Then,it is easyto seethat

(8A � X) n̄y i ;n(A) =
1

l y i ;n

n

å
k= 1

E
h
IA(Xk)

�
�
�Xk� 1 = xk� 1

i
y i(xk� 1) = µi(A):

This facttogetherwith Theorem1 ensureY 1-visibility.

4 Conclusionsand Futur e Work

As is well known in cognitivepsychology(see,e.g.,[5]), perceptionis intimately
relatedto expectation:in many cases,we seewhatwe expectto see.In a similar
manner, our capacityto recognizenew phenomenais conditionedby our exist-
ing mathematicalconstructs(seeFierensandFine [3]). In thewordsof Menoto
Socrates3:

Andhowwill youenquire, Socrates,into that which youdo not know?Whatwill you

put forth as thesubjectof enquiry?Andif you�nd whatyouwant,howwill youever

knowthat this is thethingwhich youdid notknow? (From[14]).

Wehavepresentedhereanew wayof “seeing”timeseriesby introducingchaotic
probabilitymodels.Althoughwe have not shown real-world datasupportingour
models,we have provided the basictools neededto recognizeand study such
data.We have developeda basicunderstandingof chaoticsourcesby meansof
the instrumentalinterpretationin Section2 and we have presentedmethodsto
estimatethemodelfrom dataandto simulateit giventhemodelin Section3.

Bridge-building providesa metaphorfor our approachto thedevelopmentof
anobjective theorybasedon setsof probabilitymodelsM. The two piersof the
bridgeare:themodelM asa setof probabilitymeasureson all subsetsof X (see
Section2) representingpotential;time seriesdatain theform of a sequencexn of
�nite lengthn with termsin the sequenceall drawn from a �nite samplespace
X (seeSection3) representingthe actualizationof potential.Our modelsneed
to show consistentdescriptionsof bothpiersandmethodsto traversethis bridge
in both directions.In estimationwe have many waysto proceedfrom a unique
datasequenceto an approximatemodel. In simulationwe have many ways to
proceedfrom a modelto multiple datasequencesthat aretypical of the model.

3Weowe this quoteto ananonymousreferee.
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Structuralsoundnessof thebridgeamountsto self-consistency of estimationand
simulation,in thesensethata modelM̂ estimatedfrom a simulatedsequencêxn

mustbesimilar to theoriginalmodelM beingsimulated:

M � � � � � � !
sourcegen.

xn � � � � � !
estimation

M̂(xn)( � M) � � � � � !
simulation

x̂n � � � � � !
estimation

M̂ (x̂n) � M:

More work remainsto bedoneonestimationandsimulationbeforebeingableto
evaluatefairly this kind of consistency in our chaoticprobability models.Also,
we needto �nd a way of quantifyingsuchconsistency. Do themodelsobtained
from simulatedsequenceslook similar to the modelsusedfor simulation?How
dowequantifythesesimilarities?Thesequestionsneedananswerif wewantthe
framework of chaoticprobabilitymodelsto beconsistent.

In view of theinstrumentalinterpretationin Section2.1,it maybearguedthat
a setof probabilitymeasuresM providesonly anun�nishedpictureof a chaotic
source,the descriptionof F beingneededfor a completemodel.However, we
believe that M provides,not an incompletepicture of the source,but a coarse
grainedone.As thermodynamicsin physicsprovides good (complete)enough
modelsof gasesfor many practicalpurposes,webelievesetsof measuresM may
be good(complete)enoughmodelsof chaoticsourcesin many cases.Although
examplesof thesuccessfuluseof chaoticmodelsin appliedprobabilityhave yet
to beprovided,themainelementsneededfor theapplicationof our modelshave
beengivenin thispaper.
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