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Abstract

We adoptthe samemathematicamodelof a setM of probability measures
asis centralto the theory of coherentimpreciseprobability However, we
endav this modelwith anobjective, fr equentistinter pretation in placeof
a behaioral subjectve one. We seekto useM to model stable physical
sourcesof time seriesdata that have highly irr egular behavior andnot
to modelstatesof belief or knowledgethatareassuredlymprecise The ap-
proachwe presenin this paperis to understana setof measuresnodelM
not asa traditionalcompoundhypothesisjn which oneof the measuresn
M is a true description,but ratheras onein which noneof the individual
measuretn M providesanadequat@escriptionof the potentialbehaior of
thephysicalsourceasactualizedn theform of alongtime series.

We provide aninstrumental inter pr etation of randomprocessneasures
consistentvith M andthehighly irregularphysicalphenomenave intendto
modelby M. This constructiorprovidesuswith thebasictoolsfor simulation
of our models.

We presenta methodto estimateM from datawhich studiesary given
datasequencédy analyzingit into subsequenceselectedby a setof com-
putablerules.We prove resultsthathelpusto chooseanadequateetof rules
andevaluatethe performancef the estimator
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1 Intr oduction

1.1 Orientation

We adoptthesamemathematicamodelof asetM = f ng of probabilitymeasures
asis centralto thetheoryof coherentmpreciseprobability (e.g.,seeWalley [18]).
However, we endav this modelwith anobjective, fr equentistinter pretation in
placeof a behaioral subjectve one, and ask completelydifferentquestionsof
this model. While the mathematicamodelM is the samein the two theoriesof
probability (asit is in a variety of interpretationghat have beenofferedfor con-
ventionalprobability),on our accountthereis no focuson imprecisionasis ap-
propriatein the behaioral accountln orderto signalthedistinctionbetweerthe
two theoriessharingthe samemathematicaimodel,we do not usethe descriptor
“imprecise”andinsteaduse“chaotic” . Althoughwe remaininterestedn alterna-
tivesto thisterm,it doesconnotea highly irregularsequencef physical(typically
mechanicalprigin. We seekto useM to modelstable (althoughnot stationaryin
the traditional stochasticsensephysical sourcesof time seriesdata that have
highly irr egular behavior andnotto modelstatef beliefor knowledgethatare
assuredlyimprecise Supportfor the existenceof suchchaoticsourcess lent by
thefollowing quotationfrom Kolmogorov [9]:

In everydaylanguaye we call randomthosephenomenavhee we cannot nd a reg-
ularity allowing usto predict preciselytheir results.Geneerlly speakingthere is no
groundto believe that randomphenomenahould possessany de nite probability:
Theefore, we shoulddistinguishbetweenmrandomnesgroper (asabsencef anyreg-
ularity) and stohasticrandomnesg§which is the subjectof probability theory). Thee
emepgestheproblemof nding reasondor theapplicability of themathematicatheory
of probability to thereal world.

1.2 PreviousWork

Previous work focusedon asymptoticsor laws of large numbersfor interval-
valuedprobability modelscanbe found in Fine et al. [10][12][7][15]. Cozman
andChrisman[1] estimatecredalsetsby looking at the limiting relative frequen-
ciesalongseveral subsequencesf a time series.Our currentwork focussedon
modelling nite lengthtime series.

Our previousattemptat supplyinganobjective frequentistinterpretatiorfor a
setof measureM, reportecatISIPTA '01 in FierensandFine[3], wasbasedipon
the useof Kolmogoros compleity to enableusto simulatehighly complec time
seriedatafrom the modelandthento estimatehe modelfrom suchdatathrough
thesequencef alternatingminimaandmaximaof relative frequenciegalculated
alonga given sequenceT he underlyingmotivation was an attemptat an analog
of the i:i:d: standardprobability model; the modelM gave us the marginal or
univariatedescriptiorandthe high compleity wasmeanto ensurehattherewas
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nofurtherexploitablestructuren thetime evolution. We subsequentljudgedthis
approacho beinadequaten partafterconsideringheperformancef martingale
betting systemson suchtime seriesas adwocatedby the then newly-published
ShaferandVovk [16].

1.3 Overview

As in our previous work, we focus on a descriptionof univariateor mamginal
eventsandnotondescription®of k-tuplesof outcomesThisrestrictionis intended
only to simplify our searchfor a meaningfulinterpretationand not becausave
dery the importanceof an extensionto k-tuples.In Section2.1, we provide an
instrumental inter pretation of randomprocessneasuresonsistenwith M and
thehighly irregularphysicalphenomenave intendto modelby M. Althoughwe
do not offer this descriptionasan explanationfor realworld data,we developit
becausé helpsusto betterunderstana@haoticprobabilitymodelsby referenceo
well-known standardstochastigrocessesand,at the sametime, this description
providesus with the basictools for simulationof our models(seeSection2.2).
Essentiallyour instrumentalnterpretatiorconsistof a decisionmechanisnthat
at eachtime instantchoosesa probability measuren 2 M from which the next
outcomeof a sequencevill be generatedThis measureselectionfunction has
both propertiesof beinghighly complec sothatit is dif cult to discoverit from
ary given datasequenceand having enoughsimple structureto allow for the
estimationof M (seeTheoremsl-3). The approachwe presenin this paperis to
understand setof measuresnodelM notasatraditionalcompounchypothesis,
in whichoneof themeasureg M is atruedescriptionjput ratherasonein which
noneof the individual measuresn M provides an adequatedescriptionof the
potentialbehaior of the physicalsourceasactualizedn the form of along time
series.Instead,it is the whole setM that describeghe potentialbehaior, and
this distinctionhasoperationakigni cancein termsof thetime seriesdatathatis
anticipatedrom thephysicalsource.

As explainedin Section3, we estimateM from a data sequenceby com-
puting the relative frequenciesalong someof its subsequencesSubsequence
selectionis a well-entrenchednethodof exposingbehaioral patternsin time
series.It formedthe basisof Richardvon Mises' pioneeringde nition of ran-
domnesg[17],[4],[11],[13]) for in nitely long sequenceandthe seminalwork
of A.N. Kolmogoros on randomnes®f nite strings([8]). Cozmanand Chris-
man[1] estimatecredalsetsby looking at the relative frequenciesalongseveral
subsequence a similar way, we alsostudya given sequencdy analyzingit
into subsequenceselectedby rulesin somesetY . Technically we usecausal
subsequenceselectionrules, alsoknown as Church place selectionrules (see
De nition 1 andalsoLi andVitaryi [11]). For ary givenmodelM, we expectto
nd somesetof rulesYy for whichM becomesvisible” , thatis, a setof rules
suchthatall measureth M canbeestimatedy therelative frequencieglongthe
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selectedsubsequencegseeDe nition 2 and Theorems2 and 3). Although such
a setYy may exist, identifying it will not be easy Furthermorethereare sets
of rulesY 1 for which a chaoticsourcemay appeatto be “temporally homoge-
neous”, thatis, for a certainsetY 1 theremay exist a chaoticsourcegenerating
sequencesuchthattherelative frequencieslongsubsequenceselectedy rules
in Yt cannotexposemorethana small neighborhoodf a single measurecon-
tainedin the corvex hull of M (seeDe nition 3,Lemmal andTheoremy).

Proofshave beenomittedin whatfollows. However, they areavailablein the
appendicesf Fierend2].

2 Fromthe Model to Data

2.1 An Instrumental Inter pretation of the Model

Let X = fz;2; ;20 bea nite samplespace.We denoteby X the set of
all nite sequencesf elementgakenin X. A particularsequencef n samples
from X is denotedby X" = fx1;%2; ;Xng. P denoteghe setof all measuresn
the power setof X. A chaoticprobability modelM is a subsetof P andmodels
the “marginals” of someprocesgeneratingsequences X . In this section,we
presen@aninstrumentalthatis, without commitmentto reality) interpretationof
suchaprocess.

Considerthe generatiorof a sequencea” by the following pseudo-algorithm:

FORKk =1 TOk =n

1. Choose n2 M.
2. Generate x¢ according to n.

If thedecisionmechanisnin 1 is very complect, say randomwith decisions
madein ani:i:d: manneraccordingto somedistribution on M, we would not be
ableto distinguishwhetherx" was producedby ani:i:d: processaccordingto
somemeasuran ch(M), the corvex hull of M, or by the algorithmin question.
On the otherhand,if the decisionrule were very simple and deterministic,we
would possiblybe able to make sucha distinction. For example, considerthe
simple choicemechanisnthat alternatesetweentwo measuresi;;ny 2 M. In
this case for sufciently large n, we expectto discover the alternating-measure
rule andto be ableto estimaten; andn,. However, if the choicemechanisnin 1
wereneithertoo comple (asin the rst example)nortoo simple(asin thesecond
example) we maystill beableto estimateM (or partof it), but wewould probably

1Although Kolmogora compleity capturespartof the compleity to which we male reference
here,it seemsotto sufce. Thus,thediscussiorin this paragrapHollows at a moreintuitive level.
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nd it dif cult (if notimpossiblegiven our computationatesourcesjo discover
the choicemechanisnitself. It is in this casethatwe believe chaoticprobability
modelsto be useful: when dealingwith chaoticsourcesthe measureselection
function F hasboth propertiesof being highly complex sothatit is dif cult to
discoverit from ary givendatasequenceandhaving enoughsimplestructureto
allow for the estimationof M.

We formalizethedecisionin 1 of thepreviousalgorithmby meansof afunc-
tionF : X ! M. Furthermoreye restrictourselesto causallymadedecisions,
onesdependenonly uponthe past:

FORk =1 TOk =n

1. Choose n= F(x )2 M.
2. Generate x¢ according to n.

Letngc= F(x 1). Foranyk n, F determineshe probabilitydistribution of
the potentialkth outcomeX, of the sequence,

(BA  X) P(Xc2 AjXK 1=K 1) = n(X 2 A):

An actualdatasequence” is assesselly the gradedpotentialof the realization
of asequencef randomvariablesx" describedy

We denoteby M thefamily of all suchprocessneasure®. Fromtheanalysisof
data,we do not expectin generalto be ableto pinpointasingleP 2 M or even
asmallsubseof M , whatwe call a ne-grained pictur e of the source Onthe
contrary we expectour knowable operational quantities to be (large) subsets
of M which provide an appropriatecoarse-graineddescriptionof the source.
Theseideasarerelatedto thoseof coarsegrainednessand ne grainednessin
physics.For example,in classicalphysicswe commonlyhave situations say ki-
netictheory in which a coarsedescriptionsufces eventhoughwe have access
in principleto a moredetailedquantummechanicabne.Unlike the caseof clas-
sical physics,thereneedbe no morethaninstrumentakeality in the ne details
of ourmodelM . A similar situationmaybefoundin quantummechanicsvhere
thereare ne-grainedpicturesthathave no empiricalreality (seeGell-Mann|[6],
Chapterll, especiallypp.143-147).

2.2 Simulation

Simulationof sequencesoming from a sourcemodelledby a setof measures
M canbe achiezed by simply choosingan appropriatefunction F andapplying
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the algorithm presentedabore. Sincewe expectnot to know F in generalthe
choice of the measureselectionfunctionsusedfor simulationdependson our
judgment,basedon our knowledgeof the physicalphenomenomeingmodelled,
theintendeduseof the simulatedsequencestc.

In the typical casewhereM hasin nite cardinality we needa notion of ap-
proximationto the measuresn M by nitely mary othermeasuresn (or close
to) M. Givena distanceor metricd on P, a particularform of approximationis
providedby ane-covering of M, thatis, by a coveringof thesetM by openballs
of radiuse (accordingto d) andcentersn somesetMe P (perhaps subsebf
M). Notethat,if P is compactwith respecto d, we can nd a nite e-covering
of M. Choosea minimal setM¢ so that eachball hasa non-emptyintersection
with M andcall B(g;n) theball with centern 2 M ¢ andradiuse. Then,givenan
appropriateneasureselectiorfunctionF : X | Mg, thefollowing algorithmcan
be usedfor simulation.

FORKk =1 TOk =n

Choose n= F(xX 1) 2 Me.
Choose any n°2 B(e;n)\ M.

Use a pseudo-random number generator to
generate  xc according to n°

Sincewe wantto exposeall of M in asingle,but sufciently long, simulated
sequenceye requireF to visit, mary times,eachmeasurén Me. Theoremsl-2
in Section3 canhelpuschooseghe minimumnumberof timesthateachmeasure
shouldbevisited. Examplesof simulationalgorithmsbasedon the basicstrateyy
presented@bove areavailablein theappendicesf Fierend?2] (seee.g.,the proof
of Theoremd) andin Section3.5

3 From Datato the Model

3.1 Subsequencénalysis

We begin the study of a sequence" 2 X by analyzingit into several subse-
guencesThesesubsequencemeselectedy rulesthatsatisfythefollowing

De nition 1 (CausalSubsequencé&electionRule)
An effectivelycomputabldunctiony is a causalsubsequenceselectionrule
(alsoknownasa Church placeselectiorrule) if

y:X ! f0;1g;
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and, for anyx" 2 X , x is the j-th termin the geneited subsequence¥ ", of
lengthl y .p, if

k . n
y&E D=1 vy Y= lyn= AyE Y
i=1 k=1

LetY = fy,gbeasetof causakubsequencselectiorrules.Foreachy 2 Y,
we studythebehavior of therelative frequeng of (only) marginaleventsalongthe
chosersubsequenc&hatis, givenx" andaselectiorruley 2 Y wedeterminghe
frequentistempirical (relative fr equency)measure py ;, alongthesubsequence

x/ " through
n

_ 1
(BA  X) yn(A) = 17— & a0y (¥ %);
yink=1
wherela() is the f 0; 1g-valuedindicator function of the event A. In a similar
manney for any suchrule y, we may computethe time average conditional

measure ny ., de ned by
_ 1 N
(8A  X)ny:n(A)= — E
lyinica

i
Ia() XA t= Xy (D

Rewritten in termsof our instrumentalunderstandingf the measureselection
functionF,

1 g K 1y.
— a M(A)y (X 7);

Myin(A) = ; -
M k=1

wheren, = F(xk 1).

Sincewewantto exposesomeof thestructureof thechaoticprobabilitymodel
M by meanf therulesin Y, we areinterestedn how goodanestimatorof ny .,
iS Py :n. Introducethe norm-basednetric

(B2 P) d(i ) = maxu@ 112 ;

which gquanti esthe“closenessbetweertwo probabilitymeasuresn X. We call
aruley appliedto x" causallyfaithful if theresultingsubsequencgeldsasmall
valueof d(ny:n; Py :n). Theexistenceof suchrulesis guaranteedby

Theorem1 Letx bethecardinality of X anddenotethecardinality of Y bykY k.
Letm n.IfkYk tp, thenfor anyprocesameasueP2 M

— e
P mze\l(x d(l-ly;n;ny;n): |y;n m e 2xte 2n
y
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Hence,solong aswe restrictto a family of causalselectionrulesof sizet, and
examinediscrepanciesf sizee only over subsequences lengthatleastm, with

m large, we canwith high probability avoid uncontrollablyimposingour own

patternghroughsomeof the selectedsubsequenceandinsteadexhibit only the
patternghathave inductive validity. If, to thecontrary we allow the setof subse-
guenceselectiorrulesto betoolarge,we will obsenewith non-negligible proba-
bility measureshatareoutsidethe corvex hull of M. For example,if we enlage
thesetof subsequenceelectiorrulesby includingall possiblesubsequencethen
wewill obsenemeasurethatconcentratall themassonasingleatom(outcome
in X).

3.2 Visibility and Estimation

The possibility of exposingall of M by meansof therulesin Y is expressedn
thefollowing

De nition 2 (Visibility)
(&) M is madevisible (Y ;q;d;m;n) byP2 M if
!

Vo _
P fX" T yn(X™) md(py:ni)  ag 1 d

12My2Y

(b) A subsebf M rendersM uniformly visible (Y;q;d;m;n) if M is made
visible (Y ;q;d; m;n) by eadh of its elementsThemaximalsud subseis denoted
My (Y) andMy(Y) maybeempty

Thenon-triviality of De nition 2(a), and,hencepf De nition 2(b), is asserted
in
Theorem2 LetO< 2e< gandM, M bethecentes of a minimalcoveringof
M by Ne balls of radiuse (accoding to themetricd asde nedabove?). Then for

large n, there existsa procesameasue P anda family Y of sizeNe sudhthatM is
madevisible (Y ; g; d; m;n) with

(9 _2¢)%?
d=2(x+ 1)Nee 20

Theorem? assertsheexistenceof asetof rulesY suchthatMy (Y) is notempty
Thefollowing theoremshowvs how it is possibleto estimateM by meansof an
appropriatesetof rulesY .

2Accordingto our choiceof d, althoughM is not necessariljcompactP certainlyis. Therefore,
asasubsebf compactP, M will awayshave a nite opencovering.
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Theorem3 Let M, be a subsetof the non-emptymaximalMy(Y) M that
rendes M uniformlyvisible (Y ;q;d;m;n). Let[A]® denotethe e-enlargementof
a setA de nedby

(8A P)(8e>0) [A°= fyu: (9’2 A)d(i ) < eg:

LetM qy beanestimatorof M de nedby

- [ _
(8Xn 2X) Mgy (Xn) = B(d; Ky :n):

fy3y2Y;|y;n(Xn) mg
Thenthe estimatorM qv satis es
(8P2Mj,) P [ch(M)]*® Mgy M 1 d tp

wheee ch(M) is thecorvex hull of M and

e
th= 2xkYke "2n:

3.3 Temporal Homogeneity

Not every setof rulesY canexposeall of M. The following de nition deals
with somesetsof rulesthat canonly exposea small neighborhoodf a single
probabilitymeasurén ch(M).

De nition 3 (Temporal Homogeneity)
(@ P2 M istemporally homogeneougY ;q;d; m;n) if

P max  d(bynibyyn) ¢l yin(X");lyn(X") m g 1 d
y1y22Y
(b) A subseif M is uniformly temporally homogeneougY ;q; d; m;n) if
ead of its elementsgs tempoally homaeneougY ; g; d; m; n). Themaximalsud
subsetis denoted 1+ (Y).

The non-triviality of De nition 3(a), and,henceof De nition 3(b), is estab-
lishedby

Lemmal Choosel 2 P and0 < 2e< g and constain the measue selection
medtanismF sothat
(8x 2 X )F(x)2B(eW);
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whee B(g o) is a ball with centerpg and radius €, that is, every P induced
by F is approximatelyi:i:d: po. Thenead sud P is tempoally homaeneous
(Y;q;d; m;n) providedthatd satis es

(g 29m?
d= 2xt,e 8n

wheet, = kYk.

3.4 ConsistencybetweenVisibility and Temporal Homogene-
ity

We canbetterappreciatahe dif culty of choosinganappropriatesetof rulesfor
estimatiorof M by meansf thenext theoremwhichin somesensecomplements
Theorem2 andLemmal.

Theorem4 Lete> nlq Assumehatthereis ane-coverof M by Ne openballswith

centesinasetMe = fi;2;  ;HN.O Sudh that, for eadh ;, thereis arecursive

probability measure n2 B(e; )\ M. LetY o bea setof (causaldeterministic)
placeselectionrules. Then,there are a processmeasue P anda family Y 1 sudh

that, for large enoughn, P will bothrenderM visible (Y 1;3e;d; m;n) andensue

tempoal homaeneity(Y o; 6€;d; m;n) with

AP
d= 2xt,e 20 ;

whee
th = maxf kY ok; KY 1kg:

A moretransparentersionof Theorem4, givenin termsof ananalyzingset
Y o formedby nite history rules de ned asfollows

De nition 4 Finite History Rules

We saythaty isa nite history rule if thereis a positiveinteger L, calledthe
history length of y, anda functionG: Xt ! f0;1g sud thatfor all X" 2 X we
have
G(Xk L;Xk L+1; ;Xk 1) if k> L,

kK 1y —
X =
v ) 0 otherwise

Thenext theoremis similarto Theoremé:

Theorem5 AssumehatM malesall atomspossiblei.e., thereisf > 0 sud that

JZ”J/. minu(fzg) f:
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LetY o consistof nite historyruleswith lengthsmallerthana givenL. Then,for
e> 0, therearea processneasue P anda family Y 1 sud that P will bothrender
M visible(Y 1;2e;d; m;n) andensuetempoal homaeneity(Y o; 4€; d; m; n) with

22
d= 4xtne 20 ;

whee
th = maxf kY ok; kY 1kg:

Althoughwe do not presenta completeproof here(it canbefoundin Fierens
[2]), we givethebasicideabehindthe constructiorof P in Section3.5becausét
providesa simpleexampleof severalideasin this paper

Put picturesquelythe resultsin this sectionshav thatY determineghere-
solving power of the analytical microscopewith which we examineM. When
oneprepares sampleto be putunderthelensesof the microscopelittle or noth-
ing is seenof the structureof the sample e.g.,it mayjustlook like somewatery
solution.Similarly, in thecaseof achaoticprobabilitymodel,thetemporahomo-
geneitypropertytells usthatM looksjust lik e the traditionalsinglemeasureAs
we explore M with alarge numbersof morecomplex selectionrules,say under
the more powerful lensesof the microscopewe begin to seeor isolatedifferent
relative frequengy measuresndbegin to seeM asa setof measurestHowever,
we do notknow in advancethe nal scaleatwhich M exhibits all of its structure
anddo not know in advancehow to chooseY to renderall of M visible. Our
abilities at progressie explorationare,of course Jlimited both by theincreasing
computationaburden,andby considerationsf extractingfaithful subsequences.
Preservinghefaithful subsequenceropertyrequiresarelationbetweerkY k and
theresultingcon dencelevel 1  d. As kY k increasesmaintainingcon dence
levels requireslongersubsequencedarger m) andin turn more data(larger n).
Theseconsiderationsake goodtraditionalstatisticalsense.

3.5 Simulation Example

LetMe= fug; ;N M bethecentersof a nite e-coverof M by Ne open
balls.Let gbede ned as | m

g= logyNe :

Let By; ; BN, be a partition of X9, the historiesof lengthg, into Ne subsets
and considerthe memoryg Markov processde ned by the following transition
probabilities:

(BA X)P X2AjX 1= X 11 X g=X g = MH(X2A); (1)

iff (% ¢ ;X 1) 2 Bj. It canbe provedthatthis Markov processhasa unique
stationaryprobabilitymeasurgis (seeFiereng?2]).
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Let R be aninteger greaterthana given L and considerthe constructionof
a processmeasureP 2 M by an algorithmthat: a) initializes R i:i:d: Markov
processegas describedby Eqgn. 1) at the stationarymeasurep) generateshe
sequence” by choosingoutcomesgrom the R Markov processes around-robin

fashion. A moredetaileddescriptionof this algorithmfollows.

FORI =1 TOIl =R
1. Generate (X;1;%;2; X9 according to s
2. FORk = g+1 TO k = dn=Re

(@ Find the set Bj such that (X ¢ % 1)2Bi.

(b) Generate x¢ according to .

Set R counters igip; igr to 1.
FORk =1 TOk =n

1. Let I=[(k 1) mod RJ+ 1
2. Let xc= Xy,
3. Let ij=i+1L

We now sketchthe proofthatthe previousalgorithmsucceed constructing
aprocessneasurd® 2 M satisfyingthe conditionsstatedin Theorem5. By the
previousalgorithm,for k > Rg, theoutcomeXy depend®nXx rg, Xk rig 1)) -

Xk R, butit doesnotdependon Xy r+1, Xk rRe2, , Xk 1. Lety bearyrulein
Y o. Sincey hasalimited time horizonL whichis strictly smallerthanR, we have

forallA X
D h h i i
EAy(XK Y E a4 X1 pg(A) =
k=1
h i
=aP yX*H=1E 1a(%) ps(A) y(X<H=1 = (bymemoryl)
h i
PyX¥H=1E Ia(X) us(A) y(X* ** =1 = (byindep.)

T Qo T Qo
[

[N

n
=& P yXXH=1ElaX) ps(A)=0:
k=1
It canbe shovn, by meansof the sametechniquesusedin the proof of Theorem

1, thatthis factimpliesthat

_ m?
P max d(ny:n;ps): ly;n m e 2xkY oke "2n :
y2Yo
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Finally, this statementogetherwith Theorem1 imply that M is Y o-temporal
homogeneous.
LetY1=1fy1; ;yn.0beasetof rulessuchthat

«
K1y = 1 if k> Rgand(X« rgX« rg 1)) X R) 2 Bi;

i(X
yil 0 otherwise

Then,it is easyto seethat
h

n [
"8 E a0 XK T L yi(¢ = w(A):

(8A X) ﬁyi;n(A) = Iy
N k=1

This facttogethemwith Theoreml ensureY ;-visibility.

4 Conclusionsand Futur e Work

As is well known in cognitive psychology(seee.g.,[5]), perceptioris intimately
relatedto expectationin mary casesye seewhatwe expectto see.ln a similar
manney our capacityto recognizenew phenomenas conditionedby our exist-
ing mathematicatonstructgseeFierensandFine [3]). In the wordsof Menoto
Socrate$

Andhowwill youenquie, Socates,into that which you do not know?Whatwill you
put forth asthe subjectof enquiry?Andif you nd whatyouwant,howwill you ever
knowthatthisis thething which youdid notknow? (From[14]).

We have presentedherea new way of “seeing”time serieshy introducingchaotic
probability models.Although we have not shaovn real-world datasupportingour
models,we have provided the basictools neededto recognizeand study such
data.We have developeda basicunderstandingf chaoticsourceshy meansof
the instrumentalinterpretationin Section2 and we have presentednethodsto
estimatehe modelfrom dataandto simulateit giventhemodelin Section3.
Bridge-kuilding providesa metaphoffor our approacho the developmentof
an objective theorybasedon setsof probability modelsM. The two piersof the
bridgeare:themodelM asa setof probabilitymeasuresn all subsetof X (see
Section2) representingotential;time seriesdatain the form of asequencea” of
nite lengthn with termsin the sequencall dravn from a nite samplespace
X (seeSection3) representinghe actualizationof potential. Our modelsneed
to showv consistentlescriptionsof both piersandmethodgo traversethis bridge
in both directions.In estimationwe have mary waysto proceedfrom a unique
datasequencedo an approximatemodel. In simulationwe have mary waysto
proceedirom a modelto multiple datasequencethat are typical of the model.

3We owe this quoteto ananorymousreferee.
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Structuralsoundnessf the bridgeamountgo self-consisteng of estimationand
simulation,in the sensethata modelM estimatedrom a simulatedsequence”
mustbe similar to the original modelM beingsimulated:

XY MY M) R M) M
sourcegen. estimation simulation estimation

More work remaingo be doneon estimatiorandsimulationbeforebeingableto
evaluatefairly this kind of consisteng in our chaoticprobability models.Also,
we needto nd away of quantifyingsuchconsisteng. Do the modelsobtained
from simulatedsequencetook similar to the modelsusedfor simulation?How
dowe quantifythesesimilarities?Thesequestionsieedananswerif we wantthe
frameawork of chaoticprobabilitymodelsto be consistent.

In view of theinstrumentalnterpretatiorin Section2.1,it maybearguedthat
a setof probability measure$! providesonly anun nished pictureof a chaotic
source,the descriptionof F beingneededor a completemodel. However, we
believe that M provides, not an incompletepicture of the source,but a coarse
grainedone. As thermodynamicsn physicsprovides good (complete)enough
modelsof gasedor mary practicalpurposeswe believe setsof measure$! may
be good (complete)enoughmodelsof chaoticsourcedn mary casesAlthough
examplesof the successfuliseof chaoticmodelsin appliedprobability have yet
to be provided, the main elementsieededor the applicationof our modelshave
beengivenin this paper
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