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Abstract

For cancerswith morethanonerisk factor, thesumof probabilisticestimates
of the numberof cancersattributableto eachindividual factormay exceed
the total numberof casesobserved whenuncertaintiesaboutexposureand
dose-responsefor somefactorsis high. In this studywe outline a method
to boundthefractionof lung cancerfatalitiesnot attributedto speci�c well-
studiedcausesin which availabledataandexpert judgmentareusedto at-
tributeportionsof theobservedlung cancermortality to known causessuch
assmoking,residentialradon,andasbestos�bers. An upperboundon the
residualrisk dueto othercausesis theninferredusingacoherenceconstraint
on thetotal numberof deaths,a maximumuncertaintyprinciple,andimpre-
ciseprobabilities.

Keywords

boundinganalysis,lung cancer, belief functions,assessmentmethods,medicine

1 Intr oduction

Usually, the healthrisk of exposureto an environmentalcontaminantis calcu-
latedusinga“front-to-back”procedure,which involvesestimatingtoxic releases,
modelingenvironmentalandphysiologicaltransformations,andthenemploying
exposuremodelsanddose-responsefunctions,seefor example[6]. Thatmethod-
ology works bestwhen the relevant scienceis well developed;however, when
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Well characterizedfactors Lesswell characterizedfactors
Cigarettesmoking Occupationalexposures:
Passivesmoking Asbestos
Indoorradon Arsenic

Chromates
Chloromethylethers
Dieselexhaust
Nickel

Polycyclic aromatichydrocarbons(PAHs)
Ambientair pollution

Table1: Examplesof environmentalrisk factorsfor lung cancer

thereareseveralrisk factors (astheexpressionis usedin theepidemiologyliter-
ature),anduncertaintyaboutsomeof thescienceis large,sucha procedurecan
leadto estimatesfor thenumbersof cancersattributableto thevariousfactorsthat,
summed,exceedthetotalnumberof casesactuallyobserved.

Morgan [12] arguedthat methodsof boundinganalysiscould be usedfor
environmentalrisk analysis.For healthrisks with multiple externalcauses,the
availableknowledgeconstrainsthe magnitudeof thepoorly characterizedrisks.
If mostriskswereknown with precision,thiswouldbeasimplesubtractionprob-
lem. However diseaserisks from environmentalcausesareoftenestimatedfrom
modelsor inferredfrom studiesinvolving limited numbersof subjectsandincon-
sistentnotionsof controlsor have othermethodologicalproblemsthatcontribute
to theuncertaintyof theresults.It is commonto seethecentraltendenciesof such
risk estimatesexpressedasranges,especiallywhentherearecompetingplausible
models.Sometimesthesumof theindividual risksexceedsthetotal risk. How to
quantifyandboundtheresidual“unclaimed”risk is thesubjectof this paper.

Using lung cancermortality from environmentalfactorsasan illustrative ex-
ample,thispaperpresentsamethodfor boundingtheremaininguncertaintywhen
only someof therisk factorsarewell characterized.Theresultis anupperbound
on the mortality that canbe attributed to all other, lesswell-characterizedfac-
tors.Someof themajorenvironmentalrisk factorsfor lung cancerareshown in
Table1. “Well characterized”heremeansthatpopulation-widelongitudinalattri-
butionalstudiesexist.

In the methodpresented,expert judgmentis usedto attribute a portion of
theobservedcancersto known causessuchassmoking,radonandasbestos.In-
formationaboutthe risks from unspeci�edcausesis inferredusinga coherence
constrainton the total numberof deaths,anda principlewe termmaximumun-
certainty.

Our methodbuilds uponthework of Walley [23, chapter4]. Mathematically,
this is an applicationof Smets'TransferableBelief Model [20], which wasde-
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velopedto solve someparadoxesin combiningexpert opinion in the theoryof
evidence[19]. We elicit informationabouta �nite setof variables(risk factors
for cancer)andrepresentthis informationasconstraintsona linearprogramming
probleminvolving a convex family of probabilities.We invokethemaximumun-
speci�city criterionin orderto estimatetheupperboundfor thelesswell-studied
membersof theset.

Ours is not the �rst combinationof linear programming,expert elicitation,
and impreciseprobabilities.Lins combinedtheseelements[10] to assessprior
probabilitiesfor a singlecontinuousparameter.

The paperis organizedasfollows. Section2 presentstheconceptualmodel,
which is an applicationof the mathematicalTransferableBeliefs Model to risk
assessment.Basedon this, Section3 discussesour methodto elicit andvalidate
expertopinionusinga maximumunspeci�city criterion.Fromour readingof the
literature,we thenprovide a tentative attribution amongthecauses(becausethe
expertelicitationphaseof this projectis currentlyincomplete),andin Section4
illustratethemethodwith a numericalapplication.

2 Model

2.1 Multiple pollutants may causelung cancer

Let N denotethemagnitudeof thehealthend-point,in this case,thetotal annual
numberof lung cancerdeaths.Let Wdenotethesetof all possiblecausesof lung
cancerdeaths.For example,W= f C; R;A;XgwhereC meanstobaccosmoke
primarily from cigarettes,R meansindoor exposureto radon,A meansasbestos
andX is thegroupof all othermorepoorly understoodenvironmentalfactorsof
interest.

The modelassumesthat N is readily observableand thereforeknown with
precision.While this is not strictly true in the caseof lung cancer[3, 2] the as-
sumptionis not limiting, sincetheresultsof themethodcanbestatedin percent-
agetermsandthenappliedto a rangeof possiblenumericalvaluesof N. We also
assumeexposureto bebinary, which is of coursenot true,but theassumptionis
consistentwith the exposurede�nitions usedin the supportingepidemiological
studies.With thesetwo assumptions,eachdeathcanbe linked to zeroor more
possiblecausesin W. Most lung cancerdeathsarecausedby smokingalone,but
thereare synergistic casesin which more than one causeis involved, suchas
smokingandradon.

Figure1 shows oneway to subdivide N by causesthat includessynergistic
effects.We denotethenumberof deathslinkedto causes asn(s), wheres is any
subsetof W. In ourexampleweconsiderfour possiblecausesin W, sotherecould
besixteen(= 24) possibles, but to simplify theanalysisandto beconsistentwith
thecancerliterature,we will consideronly the two-factorinteractionsinvolving
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n(� ) n(C) n(R) n(CR) n(X) n(XC) n(XR) n(W)

-�
N = All lung cancercases

Figure1: Thebasicstatisticn, simpli�ed to includeonly therisk factorscigarettes
(C), radon(R), andall othercauses(X). N is thetotalnumberof lungcancerfatal-
ities. n is thenumberof fatalitiesattributableto eachrisk factor, or combination
of factors.n(� ) is thebackgroundnumberof lungcancerdeathsthatwouldoccur
absentall thevariousrisk factors.n(W) = n(CRX), thosecasesfor which no risk
factorcanbeexcluded.

cigarettesmoke.
To adopta morepreciseandcautiousde�nition, n(s) is thenumberof cases

not causedby pollutantsnot in s. This implies thatcausesnot in s areknown to
be non-contributing to that lung cancer. For deathsin n(s), any causein s may
havecausedthelung cancer, but whichoneis uncertainandtheremayhavebeen
synergies.

Our intuitive interpretationfor thisde�nition of “ambiguouscausality”is that
n(s) representsthe numberof casesthat wereexposedto the possiblymultiple
risk factorsin s.

Thenumberof lungcancerdeathswhereall causesof Whavebeenpositively
excludedis n(� ) shown to theleft of thebarin Figure1. Casesthatcouldnotbe
linkedto any pollutantin Wareconsideredspontaneouslung cancer. It is impor-
tant to underlinethatn(� ) doesnot have thesamestatusasn(X), which will be
deducedasa residual.It correspondsto thebackgroundrateof lung cancerthat
occursin a populationwithout exposureto any environmental,dietary, occupa-
tionalor othercarcinogen.

Thefunctionn doesnotcomefrom realdata.Directmeasurementof thebasic
statisticn is impossible,sinceexposureto a pollutantdoesnot necessarilyresult
in a cancerfatality andbecauseretrospectively, lifetime exposuresto thevarious
carcinogenscanonly beroughlyestimated.It is only a mathematicaltool usedin
to supportexpertelicitationof consistentbounds,asdiscussednext.

2.2 Bounding the risk attrib utable to single and joint pollu-
tants

The basicstatisticn can be usedto boundthe numberof casesattributableto
smokingC asfollows,wheren(C) andn(C) denotetheupperandlower bounds
onn(C), respectively:

� The lower boundis the numberof casesattributedonly to smoking(we
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n(C) n(CX) n(X) n(� )

-�
LowerboundonC

-�
UpperboundonX

-�
UpperboundonC

-�
LowerboundonX

-�
Synergisticeffects

Figure 2: Upper and lower boundson the numberof lung cancerdeathsat-
tributableto C andX

lump bothpassiveandactivesmokingtogether).Thatis n(C)=n(C).

� The upperboundis the numberof casesexposedto smoke andpossibly
otherfactors.That is n(C) = n(C) + n(XC) + n(CR) + n(XCR) + n(CA) +
n(XCA) + n(CRA) + n(XCRA) or:

n(C) = ∑
E

n(E) for all subsetsE of WcontainingC

Figure2 illustratesthis de�nition of theupperandlower boundsof thenum-
berof lung cancerdeathsattributableto X andC. For clarity the �gure is drawn
showing only two causes,with W= f C;Xg.

In epidemiologists'terms,theattributablefractionof pollutantC is thepro-
portionof all casesthatcouldbeavoidedif thispollutantwereeliminated,denoted
af (C). The modelsuggeststhe following boundsfor smokingattributablefrac-
tion:

n(C)
N

(1� r0) � af (C) �
n(C)

N
(1� r0) (1)

The lower boundaccountsfor the 1 � r0 shareof spontaneouslung cancer
casesin thosecasesexposedto cigarettes.Theupperboundattributesall cigarette-
exposeddeathsto this factor.

For this paperwe will assumethat the backgroundrateof lung cancermor-
tality in theU.S.,r0, is 3 deathsper100000people.This backgroundrateis the
numberof lung cancerdeathsin theunexposedpopulationdividedby theunex-
posedpopulation.DenotingpC, pR andpA astheexposureprobabilitiesof C;R;A;
andT asthetotal population;assumingindependence(meaningthatpeoplewho
smokearenomoreor lesslikely to beexposedto radonor to asbestos):

r0 =
n(� )

(1� pC)(1� pR)(1� pA)T
(2)
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Considernow theboundson deathsattributedto multiple synergistic causes.
Denotethesecausess, a subsetof W, for examples= CR. For the lower bound
on thenumberof deathsattributableto thesecausesactingjointly, wecontinueto
adoptthenumberof casesexposedonly to thesecauses,thatis:

n(s) = n(s) (3)

And astheupperbound,wecontinueto adoptthenumberof casesexposedto
sandpossiblyotherfactors,thatis:

n(s) = ∑
E

n(E) for all subsetsE of Wcontainings (4)

This n correspondsto the commonalityfunction in the TransferableBelief
Model [20]. Boundsontheattributablefractioncanbecomputedasin equation1.

2.3 Unspeci�city, a measure of uncertainty

Structurally, theonly uncertaintyin thisboundinganalysismodelcomesfrom the
synergistic causes,becauseit is not possibleto attributethecancerto any oneof
thesecauses.Considerthesetwo (of thethree)extremecases:

� If eachdeathwereattributedto exactly onecause,thentherewould beno
uncertainty, andall lower boundswould coincidewith their uppercoun-
terpart.We would have n(C) + n(R) + n(A) + n(X) = N � n(� ). Note that
sincen is a positive function thatsumsup to N, this implies thatn(s) = 0
for all othersubsets.

� If no informationwereavailable,eachdeathwouldbeattributedto thesyn-
ergy of all factors.We would have all the lower boundsat 0 andall upper
boundsat N. Mathematically, this is n(W) = N. Note that this constitutes
a properuninformative distribution: it is not the Bayesianuniform prior
probabilitydistributiononW. It representsthefamily of all probabilitydis-
tributionsthatcanbede�ned onW.

Unspeci�city is annumericindicatorthatequalsonein the �rst case,andin
thesecondcaseequalsthenumberof elementsof W. It is theexpectedvalueof the
numberof elementsof s with respectto theprobabilitydistribution m(s) = n(s)

N ,
thatis:

U =
n(C) + n(R) + n(A) + n(X) + 2(n(CR) + n(RA) + : : :) + 3: : :+ 4n(W)

N
(5)

In this paperunspeci�city is a kind of generalizedcardinality, that speci�es
thenumberof alternatives.Thereasonfor usingthis word is thatwhena deathis
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attributedto thesynergy of k factors,it canbe saidthat theunspeci�city of this
informationis k. See[16] for anextensivediscussionof this concept.

A lower unspeci�city measurecorrespondsto betterinformation,so a third
extremecaseneedsdiscussion:unspeci�city is zerowhenandonly whenn(� ) =
N. This is thecasewhenfor all deaths,all non-spontaneouscausesof Whavebeen
positively excluded.It meansthatall thesubstancesin Wareactuallysafe(with
respectto lung cancer).This is thehighestlevel of informationachievable,to the
point thatit makesWirrelevant.

Regardingunspeci�city asa measureof informationallows to implementnu-
mericallythegeneralprincipleof maximumuncertainty, alsoknown asLaplace's
principle of “raison insuf�sante”. The principlestatesthatoneshouldselectthe
statisticthat is themostunspeci�c,compatiblewith existing information.This is
theprinciplethatweusein thenext sectionto estimatetheboundsontheunknown
cause,giveninformationaboutall others.

3 Expert elicitation

3.1 Procedure

Whenwe apply this procedure,we will elicit a setof judgmentsregardingn(s)
from a numberof leadinghealthscientistsusingmethodspreviously developed
for expert elicitation in domainsin which there is considerablescienti�c evi-
dence[13, 14, 15]

The resultsfrom an elicitation will be interpretedaslinear constraintson n.
TheseconstraintsdetermineasetB of basicstatistics,thatis asetof n thatareall
compatiblewith theexpert's judgments.Themostunspeci�cn in B is chosento
representtheexpert judgment,accordingto themaximumuncertaintyprinciple.
Thisamountsto solvinga linearprogramin aspacewith 2jWj dimensions.

Otherwaysof translatingjudgmentsinto constraintsarepossible,for exam-
ple usingrelative risk, but arenot usedin this introductorypaper. Notethatboth
quantitative andcomparative judgmentsarepossible,which may ultimately be
importantbecausesomeof thepollutantshave beenwell studied,but we arein-
terestedin thelesswell-known pollutants.

In additionto elicitedinformation,we imposetheseconstraints:

� It is understoodthatall n(s) arenon-negative,summingup to N.

� Three-wayinteractionsandhigherarenotallowed.Thatis, n(s) = 0 if shas
3 or moreelements.

Theconstraintonthree-wayinteractionis azero-orderapproximation.Weas-
sumethat that the numberof deathscausedby multiple interactionsarea very
small numberthat canbe neglected.In a moresophisticatedapproach,this as-
sumptioncouldbereplacedby explicit considerationsaboutcausesinteractivity
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andindependence.But thereis little scienti�c empiricalknowledgeaboutthese
interactions.

3.2 Ensuring consistency

Maximizing unspeci�city is possibleonly if B is not empty. This meansthatthe
differentitemsof informationgivenby theexpert shouldbe coherentwith each
other. For example,onecould not allow the expert to saythat the lower bound
for C is 90 percent,and the lower boundfor R is 20 percentat the sametime,
becausethatwouldexceed100percent.Walley hasshown [23] thatthecoherence
conditionis:

af (si ) + ∑
j6= i

af (sj ) � 1 � af (si ) + ∑
j6= i

af (sj )

Thedoubleinequalityshouldhold for all causesi in f 1; : : : ; jWjg.
Besidesmathematicalconsistency, it is alsoimportantto provide safeguards

sothattheexpertcancheckthatformalimplicationsof theelicitedn areconsistent
with its informalunderstandingof theproblem.We proposetwo checks.

The �rst checkon n is to make surethat the resultsin termsof boundson
relative risks andon interactionsbetweenpollutantsmake sense.The de�nition
of relative risk for smokingcigarettesrr(C), for example,is the lung cancerrate
associatedwith exposureto tobaccosmokedividedby thebackgroundlungcancer
rate.Given exposureprobabilitiesin the generalpopulation,we will assessthe
boundson the relative risk for the variouspollutantsusing the formula in [6,
appendixC p. 229].

Thesecondcheckon n is to make surethattherisk-rankingit impliesmakes
sense.We will askexpertsto rank risksduring theelicitation process.The con-
sistency of resultswill beassessedby comparingthepartialorderderivedfrom n
with theexpert'sa priori risk ranking.

Informally, this partialordersaysthat the lung cancerrisk relatedto R is not
largerthantherisk relatedto C whenwe know with certaintythatRcausesfewer
lung cancerdeathsthanC. For example,onesuf�cient conditionfor this is that
thelowerboundonC is greaterthantheupperboundonR. But themathematical
de�nition of the naturalpartial order relationassociatedwith a basicstatisticn
requiresmoreexplanations.

Let P denoteafunctionsuchthatP(C) + P(R) + P(A) + P(X) = N. It is abasic
statisticwith unspeci�city one,describinganhypotheticalworld whereeachlung
cancerdeathis attributedto oneandonly onecause.For sucha P, thenumberof
deathscausedby any setof causess is å xP(x), for all causesx in s. WesaythatP
is compatiblewith thebasicstatisticn if andonly if for all s, thatnumberrespects
thebounddeterminedby n in thefollowing way:
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8s� W; ∑
x2s

P(x) � ∑
y;s\ y6= �

n(y) (6)

Theright handsideof Equation6 canbe interpretedin thepresentmodelas
theupperboundon thenumberof deathsrelatedto thecausesin s actingeither
jointly or separately. This functionof s correspondsto thebelief function in the
TransferableBelief Model.

The heartof the problemis that P is hypothetical.Becausethereare inter-
actions,more than one P is compatiblewith n. DenoteP the family of all P
compatiblewith n. Thenaturalpartialorderis mathematicallyde�ned by:

R� C , 8P 2 P; P(R) � P(C) (7)

Numerically, this is determinedby checkingthe sign of the minimum of
P(C) � P(R) underconstraint6. It is tractableto work with the full partial or-
der, sincethereis at most jWj(jWj � 1)=2 comparisons.AssumingjWj = 7 for
example,thereareno morethan21 informationitems,which canbe presented
naturallyin thediagonalhalf of a table.Moreover, practicallytherewill befewer
than21 items,sincenotall riskscanbecompared.It is to beexpected,for exam-
ple,thatsomeexpertsmaypreferto �nd thatsomeof theless-known risksarenot
comparable,becauseof missingscienti�c information.

4 Application

Ournumericalsimulationswereperformedusinga Mathematicanotebook1. The
codedirectly implementsmatrix calculusfor belief functionsasoutlinedin [21].
This is themoststraightforwardmethodgiventhatWremainssmall,but it would
not scalewell to tensof pollutants,sinceit involvessquarematriceswith 22jWj

elements.For example,10 pollutantsimpliesstoringin memoryarrayswith 1M
numbers.

In our illustrationW, thesetof possiblecausesof lungcancer, consistsof:
C Smoking
R Radon
A Asbestos,glasswool, ceramic�bers
X All otherenvironmentalrisk factors

Basedonourown review of theliterature[6, 7, 4, 18, 22, andothers]wehave
constructeda setof judgmentsattributing lung cancerdeathsamongthe major
causes,astheexpertelicitationshave not at this time beenperformed.We offer
thefollowing breakdown: Cigarettesmokingcombinedwith passivesmokingac-
countsfor 70 to 95 percentof lung cancermortality; indoor radonexposuresfor
02 to 21percent;asbestos,1 to 5 percent.

1Availableonthewebathttp://www.andrew.cmu.edu/user/mduong, or uponrequest,
undertheGNU GeneralPublicLicense.
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Bounds C R A X
af 95% 21% 5% 3.2%
af 70% 02% 1% 0%

Exposure probability 45% 50% 5% 5%
rr 43.2 1.53 2.05 1.66
rr 6.19 1.04 1.20 1.

Table2: Resultsof optimization:Upperandlowerboundsonattributablefractions
andrelative risks

We useda 3% backgroundrate [1, 5, 11, 9, 17]. With our assumptionson
exposureprobabilities,equation2 impliesthatn(� ) = 0:013N.

The next tableshows the implicationsfor boundsof af andrr of the most
unspeci�c impreciseprobability distribution compatiblewith theseconstraints.
Theexposureprobabilitiesneededto computerr areexogenous:radonexposure
is de�ned asliving in a homewith radonconcentrationat or above 25 Bqm� 1,
andexposureto X is our estimate.The effect of this calculationon the bounds
of rr would serveasa calibration/validationreferencefor theexpertwho maybe
morefamiliarwith smallsamplestudiesthanpopulationeffects,andmightadjust
hisor herinitial responsesin light of seeingtheirmathematicalimplications.

This resultattributesbetween0 and3.2 percentof lung cancerdeathsto X,
thegroupof unknown environmentalpollutants.For thegroupof known andsus-
pectedlung carcinogensotherthanC, A andR, therisk analystconcludesthat,if
oneis con�dent in the boundsassignedto the well understoodrisk factors, the
sumof the effectsof the other factorsaccountsfor no morethan3.2% of total
lungcancermortality.

The implicationfor judgingfuturerisk assessmentsof membersof X is that,
if theassessmentprojectsthelung cancerrisk in theU. S.populationfrom these
pollutantsto be in excessof 3.2%of the annuallung cancermortality, thenthe
assumptionsof the model shouldbe re-examinedand the upperboundon the
resultingestimateconstrained.

5 Concluding remarks

5.1 Discussion

With lessthantenpollutants,computingtime is nota problem.Expertelicitation
couldbedoneinteractively, solvingfor n aftereachexpert'sreply. Thiswouldal-
low theinterviewer to point out andresolve inconsistency whenthereis no solu-
tion. But assumingthatexpertswerewilling to form judgmentson a wider range
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of pollutants,the curseof dimensionalitycanbe addressedalongthe following
lines. Ratherthanusing matrix calculus,it is possibleto usefasteralgorithms
(namelythe FastMöbiustransform)for belief function computations.If this is
not enough,further simpli�cations canbe madeif additionalassumptionson n,
for exampledisallowing 3-wayor higherinteractions,areaccepted.

Theproposedmethodtakesall informationitemsprovidedby theexpertwith
equalforce.A potentialadvanceof this researchcouldbeto askexpertsto rank
thereliability of eachinformationitem,or evento giveanestimateof con�dence
for them.

Furtherresearchcoulddealwith inter-expertvalidation,aquestionlinkedwith
the unresolved issueof judgmentfusion.The TransferableBelief Model under-
lying this work offers a measureof contradictionbetweendifferent sourcesof
information:it reinterpretsn(� ), thenumberof spontaneouslung cancerdeaths
foundwhenonecombinestheopinionof all experts.Theproblemis how to com-
binetheexperts.

Eachexpert's judgmentdeterminesa setB of coherentbasicstatistics.If the
intersectionof all thesesetsis non-empty, thenexpertsagreeon this intersection.
Theprincipleof maximumunspeci�city canbeusedto form agroupjudgment.

If theintersectionis empty, theexpertscontradicteachother. Studyingwhich
informationitemscausethecontradiction(whichconstraintsmaketheLP infeasi-
ble) canidentify thesubstantivesourcesof disagreement,andin thatway inform
both future researchpriorities aswell asthe decision-makingprocess.How (or
if) to fusethejudgmentsandquantifythedegreeof contradictionis still anactive
researchquestion,see[8] for example.

5.2 Conclusion

This paperhasproposedanapplicationof theTransferableBelief Model [20] to
estimatean upperboundon thenumberof lung cancerscausedannuallyby the
groupof causesfor whichcomprehensivelongitudinalstudiesarelacking.Sucha
resultis interestingfrom a risk managementperspective,asit givesanindication
of thelevel of effort controlof thesepollutantsdeserve.

This was doneby attributing a portion of the observed cancersto known
causessuchassmoking,radonandasbestos,andthendeducinginformationabout
the residualusingmaximumunspeci�city. Thecritical aspectsof this procedure
are:

1. Uncertaintyin the known causesis explicitly stated,usingstatementson
upperandlowerbounds.

2. Synergisticeffectsin theknown causesarepartof theframework.

3. Consistency betweenknown causesand poorly understoodagentsis re-
quired.(AsFigure2 illustrates,it is thelowerboundonsmokingthatmostly
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constrainstheupperboundon theresidual.)

This paperpresentsthe methodology. The resultsrevealedby future expert
elicitationwill bethesubjectof anotherpaper.
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