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Abstract

Walley's ImpreciseDirichlet Model (IDM) for cateyorical dataovercomes
several fundamentaproblemswhich otherapproacheso uncertaintysuffer
from. Yet, to be usefulin practice,one needsef cient waysfor computing
the imprecise=robst setsor intenals. The main objective of this work is
to derive exact, conserative, andapproximaterobust andcredibleinterval
estimatesunderthe IDM for alarge classof statisticalestimatorsincluding
theentrofy andmutualinformation.

1 Intr oduction

This work derivesinterval estimatesinderthe ImpreciseDirichlet Model (IDM)

[Wal9g for a large classof statisticalestimatorsin the IDM oneconsidersan
i.i.d. processwith unknavn chance$ p; for outcomei. The prior uncertainty
aboutp 2 is modeledby a setof Dirichlet priors® f p(p) u O;p * :t 2 Dg,

wheré D:= ft : t; 0;&;t = 1g, ands is a hyperparametertypically cho-
senbetweenl and2. Setsof probability distributionsare often called Imprecise
probabilities,hencethe namelDM for this model. We avoid the term imprecise
and userobust instead,or capitalizelmprecise IDM overcomesseveral funda-
mentalproblemswhich otherapproacheso uncertaintysuffer from [Wal9§. For

instance]DM satis esthe representatioinvarianceprinciple andthe symmetry
principle,which aremutually exclusive in a pureBayesiartreatmenivith proper
prior [Wal96]. The countsn; for i form a minimal sufcient statisticof the data
of sizen= §;n;. Statisticalestimatorg~(n) usuallyalsodependon the chosen

1Also calledobjectiveor aleatoryprobabilities.

2We denotevectorshy x := (xg;:::;%g) forx 2 fn;t;u;p;::g.

3Also calledseconcbrder or subjectiveor beliefor epistemigrobabilities.

4strictly speaking,D shouldbe the opensimplex [Wal96§, since p(p) is improperfor t on the
boundaryof D. For simplicity we assumethat, if necessaryconsideredunctionsof t canandare
continuouslyextendedo the boundaryof D, sothat,for instanceminimaandmaximaexist. All con-
siderationccanstraightforvardly, but cumbersomelybe rewritten in termsof anopensimplex. Note
thatopen/close® resultin open/closedobustintenals, the differencebeingnumerically/practidly
irrelevant.
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prior: soasetof priorsleadsto a setof estimators R(n) : t 2 Dg. For instance,

the expectedchanced[pi] = ”ri]:ss“ =: ui(t) leadto a robustinterval estimate

[n%is; ﬂ%j] 3 E[pi]. Rokustintenvalsfor the varianceVarpi] [Wal9€6 andfor the
meanandvarianceof linearcombinations ; ajp; have alsobeenderived[Ber01].
Bayesianestimatorglike expectationsdependont andn only throughu (and
n+ swhichwe suppress).e. Rr(n) = F(u). Themainobjective of thiswork is to
derive approximateconsenrative, andexactintervals[ming p F (U); maxzp F (u)]
for generalF (u), andfor the expected(also called predictive) entropy andthe
expectedmutualinformationin particular Theseresultsarekey building blocks
for applyingIDM. Walley suggestsfor instancefo usemini R[F ¢] a for
inferenceproblemsandming E[F] c for decisionproblems[Wal96, whereF
is somefunctionof p. Oneapplicationis theinferenceof robusttree-dependeryc
structuregZaf01, ZHO03], in which edgesarepartially orderecbasednImprecise
mutualinformation.

Section2 givesa brief introductionto IDM anddescribeour problemsetup.
In Section3 we derive exactrobustintervalsfor concae functionsF, suchasthe
entropy. Sectiord derivesapproximateobustintenvalsfor arbitraryF. In Section
5 we shav how boundsof elementaryfunctionscan be usedto get boundsfor
compositefunction, especiallyfor sumsand productsof functions.The results
areusedin Section6 for deriving robustintervalsfor themutualinformation.The
issueof how to setup IDM modelson productspacess discussedn Section?.
Section8 addressethe problemof how to combineBayesiancredibleintervals
with therobustintervals of the IDM. Conclusionsaregivenin Section9.

2 The Impr eciseDirichlet Model

Randomi.i.d. processed/Ne considediscreterandonvariables 2 f 1;:::;dgand

chancep form a probability distribution,i.e.p2 D:= fx2 IR¢ : x;  08i; x, =

1g, wherewe have usedthe abbreviationx = (xg;:::;Xg) andx, := éidzlxi. The
likelihood of a speci ¢ datasetD with n; obsenationsi andtotal samplesize
n=n, = &;n is p(Djp) = O; p". Thechanceyp; areusuallyunknovn andhave
to be estimatedrom the samplefrequencies;. Thefrequeny estimate”—r{ for p;

is onepossiblepoint estimate.

Secondorder p(oste)rior. In the Bayesianapproachone modelsthe initial un-
certaintyin p by a (secondorder) prior “belief” distribution p(p) with domain

p 2 D. The Dirichlet priors p(p) u &; p?io 1, wheren? comprisesprior informa-
tion, representa large classof priors. niO may be interpretedas (possiblyfrac-
tional) virtual numberof “obsenation”. High prior beliefin i canbe modeledby
large n. It is corvenientto write n®= s t; with s:= ng, hencet 2 D. Having
no initial biasone shouldchoosea prior in which all t; areequal,i.e. t; = %Si.
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Examplesfor s are 0 for Haldanes prior [Hal4§], 1 for Perks'prior [Per41, %
for Jefreys' prior [Jef4q, andd for Bayes-Laplace uniform prior [GCSR93.

Fromthe prior andthe datalik elihoodonecandeterminehe posteriorp(pjD) =
p(pin) 1 &;p "

The posteriorp(pjD) summarizesll statisticalinformationavailablein the
data.ln generalthe posterioris a very complex object, so we areinterestedn
summarie®f this plethoraof information. A possiblesummaryis the expected
valueor meank[pi] = ”in%i whichis oftenusedfor estimatingp;. Theaccurayg
may be obtainedrom the covarianceof p.

Usuallyoneis not only interestedn anestimationof thewhole vectorp, but
alsoin an estimationof scalarfunctionsF : D! IR of p, suchasthe entropy
H(p) = 4&;pilogp;, wherelog denotesthe naturallogarithm. SinceF s it-

elf a randomvariablewe could determinethe posteriordistribution p(Fojn) =

pd(F (P)  Fo)p(pin)dp of F, which mayfurtherbe summarizedy the poste-
rior meang[F]= F (p)p(pjn)dp andpossiblytheposteriorvarianceVag[F ].
A simple,but crudeapproximatiorfor the meancanbe obtainedby exchanging
E with F (exactonly for linear functions):&[F (p)] F (&[p]). The approxi-
mationerroris typically of the order%.

The Impr eciseDirichlet Model. The classicalapproachwhich consistsof se-
lecting a single prior, suffers from a numberof problems.Firstly, choosingfor

examplea uniform prior tj = %, the prior depend®n the particularchoiceof the
samplingspace Secondlyit assumegxact prior knowledgeof p(p). The solu-
tion to the secondproblemis to modelourignoranceby consideringsetsof priors
p(p), oftencalledimpreciseprobabilities.Thespeci ¢ ImpreciseDirichletModel
(IDM) [Wal96] considerghe setof all t 2 D, i.e. f p(pjn) :t 2 Dg which solves
alsothe rst problem.Walley suggestso x the hyperparametes someavhere
in theinterval [1;2]. A setof priorsresultsin a setof posteriorssetof expected
values etc. For real-valuedquantitiedik e the expectedentropy E[H | thesetsare
typically intervals,which we call robustintervals

&(F]12 [min&(F]; max&[F ]

Problemsetupand notation. Consideiary statisticalestimator~. F isafunction
of thedataD andthe hyperparameteits We de ne thegeneralkorrespondence
= s where: canbe varioussuperscripts Q)
F can,henceperewrittenasafunctionof u andD. SinceweregardD as x ed,we
suppresghis dependencand simply write F = F(u). This is further motivated
by thefactthatall Bayesiarestimatorof functionsF of p only depencdbnu and
the samplesizen+ s. It is easyto seethatthis holdsfor the mean,i.e. E[F] =
F(u; n+ s), andsimilarly for the varianceandall higher(central)momentsThe
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mainfocusof this work is to derive exactandapproximateexpressiongor upper
andlower F values

F:= maxF(u) and F:= I;T;ISF(U) F:= [F;F]

t2D, u2DwhereD’:=fu:u s u. = 1g. Wede ne uF astheu2 D°

which maximizesF, i.e.F = F(ur), andsimilarlytﬁ throughrelation (). If the
maximumof F is assumedn acornerof D°we denotetheindex of the cornerby
i, i.e.tf = d;r, whered;; is Kronecler'sdeltafunction. Similarly u=, t&, iF.

3 Exact Robust Inter vals for Concave Estimators

In this sectionwe derive exactexpressiongor E if F : D! IRis of theform

d
Fu= & f(y) andconcae f:[0;1]! IR 2)
i=1

The expectedentroyy is suchanexample(discussedater). Corvex f aretreated
similarly (or simplytake f).
The natur e of the solution. The approacho a solutionof this problemis moti-
vatedasfollows: Dueto symmetryand concaity of F, the global maximumis
attainedatthecentery; = 3 L of the probability simplex D, i.e. themoreuniformu
is, thelargerF (u). Thenearelu is to avertex of D, i.e. themoreunbalancedl is,
thesmalleris F(u). Theconstraints; O restrictu to the smallersimplex

) N
D= fu:u u;u =1g with o= ——;
n+s

which preventssettinguF: 3 andu = di;. Neverthelessthebasicideaof choos-
ing u asuniform/ asunbalancechspos&blstlll works,aswe will see.

GreedyF (u) minimization. Considerthe following procedurefor obtainingu®.
We startwitht 0 (outsidethe usualdomainD of F, which canbe extendedto
[0;1]9 via (2)) andthengraduallyincreasd in anaxis-parallevay until t, = 1.
With axis-parallelwe meanthat only one componentof t is increasedwhich
one possiblychangesduring the processThe total zigzagcurve from t¥a" = 0
to t®"d haslengtht®" = 1. Sinceall possiblecurveshave the same(Manhattan)
length1, F(ue"% is minimizedfor the curve which has(on average)smallest--
gradientalongits path.A greedystrategy is to follow thedirectioni of currently
smallesf- grad|ent'”F = fqu) 2. Slncef°|s monotonalecreasingf % 0), 1 ﬂt.

is smallesfor Iargesm. Att¥at =0,y = n+s is largestfor i = iM":= argmax n;.

Oncewe startin directioni™in, Umin iNncreasesven further whereasall othery;
(i 6 iM™") remainconstantSothe moving directionis never changedand nally
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we reachalocal minimumatt®"9= d;mi. In [Hut03] we shaw thatthisis aglobal
minimum,i.e.

tt= die with iF:= agmaxn;: (3)
GreedyF (u) maximization. Similarly we maximizeF (u). Now we increasd in
directioni = i; of maximal IE, which is the direction of smallestu; M oni+ &,
Again, (only) uj, increaseshut possiblyreaches valuewhereit is nolongerthe
smallestone.We stopif it becomesqualto the secondsmallestu;, sayi = i».
We now have to increaseu;, andu;, with samespeedoor in ane-zigzagfashion)
until they becomeequalto ui,, etcor until u, = 1= t, is reachedAssumethe
processstopswith directionin and minimal u being, i.e. nally u;, = G for
k mandt, = 0for k> m. Fromtheconstraintl = u. = dy Ui, + ax>mUi, =
M0+ & o We obtainG(m) = [1 8o mek] = [+ &y mhiJm(n+ 9)].
One canshaw that (i(m) hasone global minimum (no local ones)andthat the
nal mis theonewhich minimizesq, i.e.

~ . St 8k mNi - N
G= min ——XM: wheren, n, = Ny U= maxdul;dg (4)
m2f Lndg mM(n+ )
If thereis a uniqueminimal nj; with gap s to the secondsmallestn;, (which
is quite likely for nottoo smalln), thenm= 1 andthe maximumis attainedat a

cornerof D (D9.

Theorem 1 (Exact extremafor concave functions on simplices) Assume F :
D°! IRis a concaveunctionof theform F(u) = éid:l f(u). ThenF attainsthe

global maximunF at uF de nedin (4) andthe global minimumF at u™ de ned
in (3).

Proof. Whatremainsto be shavn is that the solutionsobtainedin the last para-
graphsby greedyminimization/maximizatiorof F(u) are actually global min-
ima/maximaFor thisassumehatt isalocalminimumof F(u). Let j := argmax u;
(tiesbrokenarbitrarily). Assumethatthereisak 6 j with non-zerdy. De ne t%as
t0=tiforalli 6 j;k andt)=tj+ e t)=ty e forsomed<e t.Fromux u;
andthe concavity of f we gef

Ft) F@) [FQu)+ FQU [f(up) + F(uol]
[f(uj+se) f(u)l [f(u) f(u se)] < O

wheres := 2. Thiscontradictgheminimality assumptiorft. Hencet; = 0 for
all i exceptone(namelyj, whereit mustbe1). (Local) minimaareattainedn the
verticesof D. Ob«iouslytheglobalminimumisfortiE: d;r with i ;= agmax n;.
This solutioncoincideswith the greedysolution.Note that the global minimum

f(ute) f(u)
e

5Slope is adecreasindunctionin u for ary e> 0, sincef is concae.
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maynotbeunique,but sincewe areonly interestin thevalueof F (uF) andnotits
argumentthis degeneray is of nofurthersigni cance.

Similarly for the maximum,assumehatt is a (local) maximumof F(u). Let
j := amgmin; y; (ties broken arbitrarily). Assumethatthereis ak 6 j with non-
zerot, andu, > uj. De ne t%asaborewith 0< e< minf ty; ty tjg. Concaity of
f implies

F9) F@) = [f(uy+se) fu)l [f(u) f(u se)>0;

whichcontradictshemaximalityassumptiomft. Hencej = 0if u; is notminimal
(0). The previous paragraphconstructedhe unique solutionu™ satisfyingthis
condition. Sincethis is the only local maximumit must be the unique global
maximum(contrasthis to the minimumcase). 2

Theorem 2 (Exact extremaof expectedentropy) LetH (p) = &;pilogp; be
the entropy of p and the uncertaintyof p be modeledby the ImpreciseDiric h-
let Model. Theexpectedentropy H(u) := E[H] for givenhyperpaametert and
samplen is givenby
n+s
H(u)= & h(u) with h(u=uly(n+s+1) y((n+gu+)]=ugd k ! (5)
I

k=(n+su+ 1

whekey (X) = dlogG&(x)=dx is the logarithmic derivativeof the Gammafunction
andthelastexpressiornis valid for integral sand(n+ s)u. ThelowerH andupper
H expectedentopiesare assumeat ut andu™ givenin (3) and(4) (withF; H,
seealso(1)).

A derivationof theexactexpression5) for theexpectedentropy canbefound
in [WW095, Hut0Z. Theonly thingto beshavnis thath is concare. This maybe
doneby exploiting specialpropertieof thedigammafunctiony (see[AS74)]).

Therearefastimplementation®f y andits derivativesandexactexpressions

for integerandhalf-integerarguments

Example.Ford= 2,n; = 3,n, = 6,5= 1wehaven= 9,u; = 38, u, = &k,

t°=0,0= 3 seel).From(3),if=2,th= 2 ui= 3 From4)i=1,
ip=2,0= minfg%f;zl’(“g?fgg: AuT=maxfuldg= § ) th= J isin
corner From(5), h() = 278 h({5) = 2533 n($) = 253, h() = 24, hence
H=[Hut);Hu™)] = [n(Z) + h(F); h(h) + h()] = [0:5639::;0:6256::], s0
H H= 0().

4 Approximate Robust Inter vals

In this sectionwe derive approximationdor F suitablefor arbitrary twice dif-
ferentiablefunctionsF(u). The derived approximationsfor E will be robustin
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the senseof covering setFE (for ary n), andthe approximationswill be “good”
if nis nottoo small.In the following, we treats := -2 asa (small) expansion
parameterForu;u 2 D°we have

U u =s( t) and ju uj=sjt tj s with s:= 2 (6)
Hencewe may Taylor-expandF(u) aroundu , which leadsto a Taylor series
in s. This shows that F is approximatelylinear in u and hencein t. A linear
functionon a simplex assumedts extremevaluesat the verticesof the simplex.
This hasalreadybeenencounteredn Section3. The consideratiorabove is a
simple explanationfor this fact. This alsoshaws that the robustinterval E is of
sizeF F = O(s).® Any approximatiorto F shouldhencebeatleastO(s?). The
expansionof F to O(s) is

(o QP O

Fuy = F(u)+ é[ﬂiF(U)](ui U;) )
|
wherefiF(u) is the partial derivative %flu) of F(u) w.r.t. u;. For suitableu =

u(u;u ) 2 DPthisexpansioris exact(Fg is theexactremainder)Naturalpointsfor
expansioraret; = %inthecenterof D, or possiblyalsot; = ﬂni: u; . See[Hut03]
for sucha generalexpansion.Here,we expandaroundthe improperpointt; :=
tiO 0, which is outside(!) D, sincethis makes expressiongarticularly simple’
(6) is still valid in this case andFg is exactfor someu in

. ni
D2:=fu:uy u8i;u. 1g where uW= ——:
n+s

Note thatwe keepthe exact conditionu 2 D°. F is usuallyalreadyde ned on D2
or extendsfrom DPto D2 without effort in a naturalway (analyticalcontinuation).
We introducethe notation

FvG : F G and F= G+ 0O(s? (8)

statingthat G is a “good” upperboundon F. The following boundshold for
arbitrarydifferentiablefunctions.In orderfor the boundsto be “good; F hasto
be Lipschitzdifferentiablein the sensehatthereexistsa constant suchthat

iTiFWj c and jTiF) TFW) du ui
guu®2 Dy and 81 i d: (9)

Bf(mt;9) = O(s%) ;, 9c8n2 INg;t2 D;s> 0:jf(mt;s)j csk, wheres = 5.
"The orderof accurag O(s2) we will encounteis for all choicesof u the same.The concrete
numericalerrorsdiffer of course.The choicet = 0 canleadto O(d) smallerFr thanthe natural
centerpointt = é, butis morelikely afactorO(1) larger Theexactnumericalvaluesdependon the

structureof F.
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If F dependsilsoonn, e.g.via s oru®, thenc shallbeindependenof them.

TheLipschitzconditionis satis ed, for instanceif thecurvaturef?F is uniformly
boundedThis is satis ed for the expectedentropy H (see(5)), but violatedfor
theapproximatiorg[H] H (u) if n; = 0 for somei.

Theorem 3 (Approximate robust intervals) AssumeF : D! IRis a Lipsditz
differentiable function (9). Let [F;F] be the global [minimum,maximumpf F
restrictedto D°. Then

F(u) v F v Fot+ RS whee F§P= maxFand F¥ = s may{fiF (u)]
I u e

Fo+t F2 v E v F(u?) whee F= minF® and FlY = s min{fiF (u)]
i u2Dd

Fo= F(u),andu! = d;: withi = argmax R, andu? = d;> withi2 = argmin, F?,
andv de nedin (8) means and= +O(s?),whees =1 0.

For conserative estimatesthe lower boundon F andthe upperboundon F are
theinterestingones.

Proof. We startby giving anO(s?) boundon Fr = max, oFr(U). We rst insert
(6)witht =t° O0into (7) andtreatu andt asseparateariables:

Fr(uit) = SAMFW] t v max sAMFW] & v AFRE ¢
i uzle i i

; ub ._— '
with Fg’ = slrjggé{ﬂlF(u)] (20)

The rst inequalityis obvious, the secondfollows from the corvexity of max

Fromassumptior(9) we getfiF (u) TiF(u% = O(s) for all u;u®2 DY, sinceDl

hasdiametelO(s). Dueto oneadditionals in (10)theexpressionsn (10) change
only by O(s?) whenintroducingor droppingmax, anywhere.This shovsthatthe
inequalitiesaretight within O(s2) andjusti es v . We now upperboundFr(u):

Fr= maxFr(u) v maxmaxFg(u;t) v maxd FP t = maxFP=: F¥ (11
R 2D R(U) tzDuzogFR( ) tzoz?‘ IR TR R (1)

A linear function on D is maximizedby settingthe tj componentwith largest
coefcient to 1. Thisshavsthelastequality Themaximizationoveru in (10) can
often be performedanalytically leaving an easyO(d) time taskfor maximizing
overi.

We have derivedan upperboundF,§Jb onFr. Letusde ne thecornert; = dj1
of D with it := argmax F¥. SinceFr  Fr(u) for all u, Fr(u?) in particular
is a lower boundon Fr. A similar line of reasoningas above shavs that that
Fr(ul) = Fr+ O(s?). Using F + cons: = F + cond: we get O(s?) lower and
upperboundsonF,i.e.F(ul) v Fv R+ F,%b.Eis boundsimilarly with all max's
replacedoy min's andinequalitiesreversed.Togetherthis provesthe Theorem3s.

2
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5 Error Propagation

Approximation of F (special cases).For the specialcaseF(u) = &; f(u;) we
haveiF(u) = f{u). Forconcave f likein caseof theentropy we getparticularly
simplebounds

Fib = sn;%gdo(ui) =sfu);  FYP= smaxfqud) = s fq M),
u2 [

Fib = S@E%fo(”i) =sfquf+s); FP=s m|nf°(u +s) = sfy ANy,
wherewe have usedmax,, pg f(u;) = MaX, o (0:,0+ s] fQu) = fquP), andsimi-
larly for min. Analogousresultshold for corvex functions.In casethe maximum
cannotbe foundexactly oneis allowedto furtherincreaseD? aslong asits diam-
eterremainsO(s). Oftenanincrease0 2%:= fu:u® v WwW+sg D D°
malkesthe problemeasy Note that if we wereto performthesekind of crude
enlagementon max, F(u) directlywe wouldloosetheboundshy O(s).
Example (continued).s = &, h{ 10) B! 2P2 h %) = LA Ip2 Ho=
H(W) = h($) + h(F), H = 5h1p), HR = %) ) [Ho+ HR Ho+
HYP = [0:5564:::;0:6404::],henceHo+ Hub H=0:0148= O(3%).H Ho
HE = 0:0074:: = O(5%).

Err or propagation.Assumewe foundboundsfor estimatorss(u) andH (u) and
we want now to boundthe sum F(u) := G(u) + H(u). In the direct approach
F G+ H wemayloseO(s). A simpleexampleis G(u) = u; andH(u) =y
forwhichF(u) = 0,henced0=F G+ H=uw+s u=s,ie.F6vG+H.We
canexploit thetechniquesf thepranoussectlorto obtaan(sz) approximations.

F“b— smaxfiF(u) v smaxfiG(u) + s maxfiH(u) = G+ HuP
uzD(eJﬂI W u2D8X1TI ) UZDQXT[I W IR iR

Theorem4 (Err or propagation: Sum) Let G(u) and H(u) be Lipsditz differ-
entiableandF(u) = aG(u) + bH(u), a;b 0 thenF v Fo+ FR ub andF w Fo+
Fi2, whee Fo = aGo + bHo, andF° v aGi+ bHP, andF® w aGlE + bHI®.

It is importantto notice that FA® 6VGY + HYP (use previous example),i.e.
max[GHP + HP] 6vmax G + max H¥. max cannot be pulledin andit is im-
portantto propagater 2, ratherthanFyP.

EveryfunctionF with boundecturvaturecanbewrittenasasumof aconcae
functionG andaconvex functionH. For corvex andconcae functions,determin-
ing boundsis particularlyeasy aswe have seen.Often F decomposesaturally
into convex andconcae partsasis thecaseor the mutualinformation,addressed
later Boundscanalsobederivedfor products.
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Theorem5 (Err or propagation: Product) LetG;H : D2! [0;¥) benon-ngja-
tive Lipsdhitz differentiablefunctions(9) with non-ngativederivatived;G; TiH
08i andF(u) = G(u) H(u), thenF v Fo+ F5°, wheeFo= Gy Ho, andFi¥Pv
GP(Ho+ HYP) + (Go+ GE)HEP, andsimilarly for F.

Proof. We have
F = smaxfiF = smaxfi(G H) = sma{(TiG)H + G(TiH)] v

s(max{G)(maxH) + s(maxG)(maxfiH) v G2(Ho+ HY) + (Go+ G)HiP

whereall functionsdepencbnu andall maxareoveru 2 DZ. Thereis onesubtlety
in thelastinequality:maxG 6 Gv Gg+ Gﬁb. Thereasorfor the6 beingthatthe
maximizationis taken over D, not over D°asin the de nition of G. The correct
line of reasonings asfollows:

maxGr(U) v maxq G t = maxf O;maxGiPg= G’ ) maxGv Go+ G¥
u20g 12D i
The rst inequalitycanbe provenin the sameway as(11). In the rst equality
we setthet; = 1 with maximalGY¥® if it is positive. If all Gi arenegative we set
t 0.Weassumeds Oandf;G O0,whichimpliesGg 0.So,sinceGg 0
arnyway, this subtletyis ineffective. Similarly for maxHg. 2

It is possibleto remove the ratherstrongnon-negativity assumptionsPropa-
gationof errorsfor othercombinationdik eratiosF = G=H mayalsobeobtained.

6 Robust Intervalsfor Mutual Information

Mutual Information. We illustrate the applicationof the previous resultson
the Mutual Information betweentwo randomvariables 2 f1;:::;d;g and j 2

08ij; x.. = 1g. An importantmeasureof the stochasticdependencef and |
is themutualinformation

dy dy -
l(p)= & a pijlog pip” = a pijlogpij & piclogpi. A p-jlogp.j (12)
i=1j=1 + P+ i i j

= H(p.)+HP.,) Hp)

pi. = &;pij andp.j = &;pij arerow andcolumnmaminal chancesAgain, we
assumea Dirichlet prior overp ;, which leadsto a Dirichlet posteriorp(p ;jn) p
~ nij+gij 1

Oij jj witht 2 D. Theexpectedvalueof p;; is

Eilpijl= —— =:u;

n+s
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The mamginalsp;. andp.; arealsoDirichlet with expectationu;, andu. ;. The
expectedmutualinformation| (u) := E[l ] can,hence be expressedn termsof
the expectationf threeentropieH (u) := E[H] (see(5))

I[(u)= H(u.,)+ H(u,;) H(u;) = How+ Heot  Hjoint
= & h(u.)+ & h(ug) @ h(u;)
i j ij
wherehereandin the following we index quantitieswith joint, row, andcol to

denoteto which distribution the quantityrefers.

Crude bounds for I(u). Estimatesfor the robust IDM interval [mingp B[l 1;
max,pE[l ]] canbe obtainedby [minimizing,maximizing]l (u). A crudeupper
boundcanbe obtainedas

T:= maxi(u) = maxHrow+ Heol  Hjoin]

maxHrow+ MaxHeor  MiNHjoint = Hrow* Heol  Hjjoint;

whereexactsolutionsto Hyow, H,oy @andH o areavailablefrom Section3. Sim-

larly I Hyow*+ Heot  Hjoint- The problemwith theseboundsis that, although
good in somecasesthey can becomearbitrarily crude. The following O(s?)
boundcanbederivedby exploiting the error sumpropagatiorT heorem.

Theorem 6 (Bound on lower and upper Mutual Information) The following
boundson the expectedmutualinformationl (u) = K[l ] are valid:

lu) v Tv g+ 1% and lo+ IPv Iv I(U?); whee
lo=1(u®) = Horow* Hocol  Hojoint = h(uf,) + h(Ugj) h(Uin);
MRV Hifow* Hjulgcol Hijoine = NAU2) + hqu?)  hYud+s);

Ib Ib b W _ 0 0 0y.
TR W How Higeol  HifRjoie = hAU +5) + hqud;+s)  h{ud);

with h de nedin (5),andt? = 0, andt} = dy;jy;;)1 with (ij)* = agmay; I4%, and
tizj = d(lj)(l])2 with (| J)2 = amg minij IinbR'

7 IDM for Product Spaces

Productspace®V= Wy @ W, with W = f 1;:::dkg occurfrequentlyin practi-
calproblemsg.g.in themutualinformation(m= 2), in robusttrees(m= 3),orin
Bayesiametsin generalmlarge).Withoutlossof generalitywe only discusghe
m= 2 casein the following. Ignoring the underlyingstructurein W, a Dirichlet
prior in caseof unknovn chances ; andanIDM asusedin Section6 with

t2D:=ft2 R* 2 |R% R%:t; 08ij;t. = 1g (13)
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seematural.On the otherhand,if we take into accountthe structureof Wand
go backto the original motivation of IDM this choiceis far lessobvious. Recall
that one of the major motivationsof IDM wasits reparametrizatiofnvariance
in the sensethat inferencesare not affectedwhen groupingor splitting events
in W. For unstructuredspacedike W this is a reasonableorinciple. For illus-
tration, let us considerobjectsof variousshapeandcolor, i.e. W= W, W5,
W, = fball; pendie;:::g, W, = fyellow red; green::.g in generalizatiorio Wal-
leys bagof marblesexample.Assumewe wantto detecta potentialdependeng
betweershapeand color by meansof their mutualinformationl. If we have no
prior ideaon the possiblekind of colors,a modelwhich is independendf the
choiceof W, is welcome.Groupingred and green,for instance corresponds$o
(Xi1, Xi2, Xi3, Xia;::2) 5 (X1, Xi2 + Xi3, Xia; :::) for all shapes, wherex 2 fn;p;t;ug.
Similarly for the differentshapesfor instancewe couldgroupall roundor all an-
gularobjects.The“smallestiDM” whichrespectshisinvarianceds theonewhich
considersll

t2D:=Dyg Dy, ( D (14)

Thetensoror outerproduct isde nedas(v w)ij:= viwjandvV W:=fv w:
v2 V;w2 Wag. It is a bilinear (not linear!) mapping.This “small tensor”IDM
is invariantunderarbitrary groupingof columnsandrows of the chancematrix
(Pij)1 i dy1 j d,. In contrasto thelargerD IDM modelit is notinvariantunder
arbitrary groupingof matrix cells, but thereis aryway little motivation for the
necessityof sucha generalinvariance Generalhon-column/rev crossgroupings
would destrg theproductstructureof Wandwith thatthemereconceptof shape
andcolor, andtheir correlation.For m> 2 asin Bayes-netgrossgroupingsook
evenlessnatural. Whetherthe D or the larger simplex D is the moreappropriate
IDM model dependson whetherone regardsthe structureW; W, of Wasa
naturalprior knowledgeor asan arbitrarya posteriorichoice.The smallerIDM
hasthepotentialadvantageof leadingto moreprecisepredictiongsmallerrobust
sets).

Letusconsideranestimator : D! IRandits restrictionF :D! IR Rolust
intervals[F ; F] for D aregenerallywiderthanrobustintenvals[E ;F ] for D. For-
tunatelynot much.Although D is a lowerdimensionakubspacef D, it contains
all verticesof D. Thisis possiblesinceD is anonlinearsubspaceThesetof “ver
tices”in bothcaseds ft : tjj = dii,djj,; io 2 Wi, jo 2 Weg. Hence,if the robust
interval boundarie$ areassumedn the verticesof D thentheinterval for the D
IDM modelis the same(E = E ). Sincethe conditionis “approximately”true,
theconclusionis “approximately”true.More precisely:

Theorem 7 (IDM boundsfor product spaces) TheO(s?) boundsof Theoem3
ontherobustinterval E in thefull IDM modelD (13), remainvalid for E in the
productiIDM modelD (14).

Proof.
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Fu) F F R+ RP= Fb)+ O(s?);

whereF := max,pF(u) andu! wasthe “Fr maximizing” vertex as de ned
in Theorem6 (F(u') v F). The rst inequality follows from the fact that all
D verticesalso belongto D, i.e. t* 2 D. The secondinequality follows from
D D. The remaining(in)equalitiesfollow from Theorem3. This shaws that
jF Fj= 0O(s?), henceFy + F4P is alsoan O(s?) upperboundto F . Thisim-
plies thatto the approximationaccuray we canachiese, the choicebetweenD
andD is irrelevant. 2

8 Robust Credible Intervals

Bayesiancredible sets/intewvals. For aprobabilitydistributign p: IRY!  [0; 1], an
a-credibleregion is ameasurableetA for which p(A) ;= p(X)c a(X)d% a,
whereca(x) = 1if x2 A andO otherwise,.e. x 2 A with probability at leasta.
For givena, therearemary choicesfor A. Oftenoneis intere%edn “small” sets,
wherethesizeof A maybemeasuredy its volumeVol(A) :=  ca(x)d?x. Letus
de ne a/thesmallesta-credibleset

A™" = amgymin Vol(A)
A:p(A) a

with tiesbrokenarbitrarily. For unimodalp, A™" canbechoserasaconnectedet.
Ford = 1 thismeanghatA™" = [a; b] with zf p(x)dx = a is aminimallengtha-
credibleinterval. If, additionallyp is symmetricaroundE[x], thenA™" = [E[x]
a;E[X] + @] is alsosymmetricaroundE[x].

Robust credible sets.If we have a setof probability distributionsf p;(x),t 2 Tg,

wecanchoosdor eacht ana-crediblesetA; with p;(A;) a, aminimalonebeing
AN = arg Mina., a) a VOI(A). A robusta-crediblesetis asetA which contains
X with p;-probabilityatleasta for all t. A minimal sizerobusta-crediblesetis

AMIN = argmin Vol(A) (15)
A=[ tAcpi(A) ast2T

It is not easyto dealwith this expressionsingeAmf” is not a function of f AMN :
t 2 Tg, andespeciallydoesnot coincidewith ~; A™" asonemight expect.

Robust credibleintervals. This canmosteasilybe seerfor univariatesymmetric
unimodaldistributions,wheret is atranslationg.g.p;(x) = NormalE[x] = t;s =
with 95% credibleintenals A™" = [t 2;t+ 2]. For, e.g.T = [ 1;1] we get
(A= [ 3;3]. Thecredibleintervalsmovewith t. Onecangetasmallerunion
if wetaketheintenvalsAYY"= [ a;;a] symmetricaround0. SinceAY™is anon-
centralinterval w.r.t. p; fort 6 0, we havea, > 2,i.e. AY"is largerthanA™", but
onecanshow thattheincreaseof a; is smallerthanthe shift of A{“‘” by t, hence
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we save somethingin the union. The optimal choiceis neither A>™ nor A™M,
but somethingn-betweenIn the extendedversion[Hut03] this is illustratedfor
thetriangulardistribution p;(x) = max 0;1 jx tjgwitht2 T :=[ gqd, where
closedform solutionscanbe given.

An igteresting)penquest'g)ris underwhichgenerakonditionswe canexpect
AmIn tA"". In ary casg; A canbe usedasa conserative estimatefor a
robustcredibleset,sincepi( 0A0) pi(A) aforallt.

A special(but important)casewhich falls outsidethe above framework are
one-sideobredibginter\/als,WhereonlyAt of theform [a;¥) areconsideredIn
this caseA™" =~ AM" i.e. A™" = [amin; ¥) with amin= maxXa: p([a;¥])
astg.

Approximations. For complex distributionslike for the mutualinformationwe
have to approximate(15) somehav. We usethe following notationfor shortest
a-credibleintervalsw.r.t. a univariatedistribution p(X):

B [Xt;&] [Et[X] Dx:; Et[x]+ Dr] := agmin (b a);
[ab]:pt([ab]) a

whereDg := B E[X] (DX := E[X] X:) isthedistancdrom theright boundary

R (left boundaryx;) of the shortesta-credibleintenal g to the meanE;[x] of
C - — S .

distribution pr. Wecanuser [X;E|:= & asa(consenrative,but notshortest)

robustcredibleinterval, sincepi ()  pi(®) a for all t. We canupperbounde
(andsimilarly lower boundx) by

B= max(E[x]+ Dr)  maxE[+ maxDe = E[X] + De: (16)

We have alreadyintensiely discussedchow to computeupperandlower quanti-
ties, particularlyfor theuppermeanE[x] for x 2 f F ;H ;| ;:::g, but thelineariza-
tion techniqueintroducedin Section4 is generalenoughto deal with all in t
differentiablequantities,including D& . For examplefBr_Gaussiarpt with vari-
ancess; wehaveDr = ks with k givenby a = erf(k="2), whereerfistheerror
function(e.g.k = 2fora 95%). We only needto estimatanax s;.

For non-Gaussiadistributions,exactexpressiorfor Dg areoftenhardorim-
possibleto obtain andto deal with. Non-Gaussiardistributions dependingon
somesamplesize n are usually closeto Gaussiarfor large n dueto the central
limit theoremOnemay simply useks: in placeof D& alsoin this case keeping
in mind that this could be a non-conserative approximation.More systemati-
cally, simple (andfor large n good)upperboundson D can often be obtained
andshouldpreferablybe used.

Further we have seenthat the variation of sampledependingdifferentiable
functions(like E¢[x] = E:[xjn]) w.r.t. t 2 D areof order -3;. Sincein suchcases

the standarddeviations; n 2 D is itself suppressedhe variationof Dry
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with t is of ordern 372, If we regardthis asnegligibly small,we maysimply x
somet 2 D:
maxDg = ksy + O(n 3%?)

SinceDg is “nearly” constantthis also shavs that we lose at most O(n 3%2)
precisionin thebound(16) (equalityholdsfor Dr independentft). Expressions
for thevarianceof | , for instancehave beenderivedin [WW95, Hut0Z.

9 Conclusions

Thisis the rst work, providing a systematia@approachor deriving closedform
expressiondor interval estimatesn the ImpreciseDirichlet Model (IDM). We
concentrate@n exactandconsenrative robustinterval ([lower,upper])estimates
for concave functionsF = §; fi on simplices like the entrogy. The conserative
estimatesvidenedthe internvalsby O(n 2), wheren is the samplesize.Hereis a
dilemma,of course:For large n the approximationsaaregood,whereagor small
n the boundsare more interesting,so the approximationswill be most useful
for intermediaten. More preciseexpressiongor small n would be highly in-
teresting.We have alsoindicatedhow to propagateobust estimatedrom sim-
ple functionsto compositefunctions, like the mutual information. We argued
thata reducediDM on productspaces|ike Bayesiannets,is more naturaland
shouldbe preferredin orderto improve predictions.Although improvementis
formally only O(n ?), thedifferencemaybesigni cant in Bayesnetsor for very
smalln. Finally, the basicsof how to combinerobustwith credibleintervalshave
beenlaid out. UndercertainconditionsO(n 3) approximationsanbe derived,
but the presentedhpproximationsare not conserative. All in all this work has
shavn that IDM hasnot only interestingtheoreticalproperties put that explicit
(exact/conserative/approxmate) expressiongor robust (credible)intervals for
variousquantitiescan be derived. The computationacompleity of the derived
boundsonF = §; fi is verysmall,typically oneor two evaluationsof F or related
functions,like its derivative. First applicationsof these(or more precisely very
similar) results,especiallythe mutual information, to robust inferenceof trees
look promising[ZHO03].
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