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Abstract

Walley's ImpreciseDirichlet Model (IDM) for categorical dataovercomes
several fundamentalproblemswhich otherapproachesto uncertaintysuffer
from. Yet, to be useful in practice,oneneedsef�cient waysfor computing
the imprecise=robust setsor intervals. The main objective of this work is
to derive exact,conservative, andapproximate,robustandcredibleinterval
estimatesundertheIDM for a largeclassof statisticalestimators,including
theentropy andmutualinformation.

1 Intr oduction

This work derivesinterval estimatesundertheImpreciseDirichlet Model (IDM)
[Wal96] for a large classof statisticalestimators.In the IDM oneconsidersan
i.i.d. processwith unknown chances1 pi for outcomei. The prior uncertainty
aboutppp 2 is modeledby a set of Dirichlet priors3 f p(ppp) µ Õi p

sti � 1
i : ttt 2 Dg,

where4 D := f ttt : ti � 0; å i ti = 1g, and s is a hyper-parameter, typically cho-
senbetween1 and2. Setsof probabilitydistributionsareoftencalledImprecise
probabilities,hencethenameIDM for this model.We avoid the term imprecise
anduserobust instead,or capitalizeImprecise. IDM overcomesseveral funda-
mentalproblemswhichotherapproachesto uncertaintysuffer from [Wal96]. For
instance,IDM satis�estherepresentationinvarianceprincipleandthesymmetry
principle,whicharemutuallyexclusive in a pureBayesiantreatmentwith proper
prior [Wal96]. The countsni for i form a minimal suf�cient statisticof thedata
of sizen = å i ni . StatisticalestimatorsF(nnn) usuallyalsodependon the chosen

1Also calledobjectiveor aleatoryprobabilities.
2Wedenotevectorsby xxx := (x1; :::;xd ) for xxx 2 f nnn;ttt;uuu;ppp;:::g.
3Also calledsecondorderor subjectiveor beliefor epistemicprobabilities.
4Strictly speaking,D shouldbe the opensimplex [Wal96], since p(ppp) is improperfor ttt on the

boundaryof D. For simplicity we assumethat, if necessary, consideredfunctionsof ttt canand are
continuouslyextendedto theboundaryof D, sothat,for instance,minimaandmaximaexist. All con-
siderationscanstraightforwardly, but cumbersomely, berewritten in termsof anopensimplex. Note
thatopen/closedD resultin open/closedrobust intervals, thedifferencebeingnumerically/practically
irrelevant.
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prior: soa setof priors leadsto a setof estimatorsf Fttt(nnn) : ttt 2 Dg. For instance,
the expectedchancesEttt [pi ] = ni+ sti

n+ s = : ui(ttt) lead to a robust interval estimate
[ ni
n+ s;

ni+ s
n+ s ] 3 Ettt [pi ]. Robust intervalsfor thevarianceVar[pi ] [Wal96] andfor the

meanandvarianceof linear-combinationså i a ipi havealsobeenderived[Ber01].
Bayesianestimators(like expectations)dependon ttt andnnn only throughuuu (and
n+ swhichwesuppress),i.e.Fttt (nnn) = F(uuu). Themainobjectiveof this work is to
derive approximate,conservative,andexactintervals[minttt2DF(uuu);maxttt2DF(uuu)]
for generalF(uuu), and for the expected(alsocalled predictive) entropy and the
expectedmutualinformationin particular. Theseresultsarekey building blocks
for applyingIDM. Walley suggests,for instance,to useminttt Pttt [F � c] � a for
inferenceproblemsandminttt Ettt [F ] � c for decisionproblems[Wal96], whereF
is somefunctionof ppp. Oneapplicationis theinferenceof robusttree-dependency
structures[Zaf01, ZH03], in whichedgesarepartiallyorderedbasedonImprecise
mutualinformation.

Section2 givesa brief introductionto IDM anddescribesour problemsetup.
In Section3 wederiveexactrobustintervalsfor concavefunctionsF, suchasthe
entropy. Section4 derivesapproximaterobustintervalsfor arbitraryF. In Section
5 we show how boundsof elementaryfunctionscanbe usedto get boundsfor
compositefunction, especiallyfor sumsandproductsof functions.The results
areusedin Section6 for deriving robustintervalsfor themutualinformation.The
issueof how to setup IDM modelson productspacesis discussedin Section7.
Section8 addressestheproblemof how to combineBayesiancredibleintervals
with therobustintervalsof theIDM. Conclusionsaregivenin Section9.

2 The Impr eciseDirichlet Model

Randomi.i.d. processes.Weconsiderdiscreterandomvariables� 2 f 1; :::;dg and
an i.i.d. randomprocesswith outcomei 2 f 1; :::;dg having probability pi . The
chancesppp form a probabilitydistribution, i.e.ppp 2 D:= f xxx 2 IRd : xi � 08i; x+ =
1g, wherewe have usedthe abbreviation xxx = (x1; :::;xd) andx+ := å d

i= 1xi . The
likelihoodof a speci�c datasetDDD with ni observationsi and total samplesize
n = n+ = å i ni is p(DDDjppp) = Õi p

ni
i . Thechancespi areusuallyunknown andhave

to beestimatedfrom thesamplefrequenciesni . Thefrequency estimateni
n for pi

is onepossiblepoint estimate.

Secondorder p(oste)rior. In the Bayesianapproachonemodelsthe initial un-
certaintyin ppp by a (secondorder)prior “belief” distribution p(ppp) with domain

ppp 2 D. The Dirichlet priors p(ppp) µ Õi p
n0

i � 1
i , wheren0

i comprisesprior informa-
tion, representa large classof priors. n0

i may be interpretedas (possiblyfrac-
tional) virtual numberof “observation”. High prior belief in i canbemodeledby
large n0

i . It is convenientto write n0
i = s� ti with s := n0

+ , hencettt 2 D. Having
no initial biasoneshouldchoosea prior in which all ti areequal,i.e. ti = 1

d 8i.
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Examplesfor s are0 for Haldane's prior [Hal48], 1 for Perks' prior [Per47], d
2

for Jeffreys' prior [Jef46], andd for Bayes-Laplace's uniform prior [GCSR95].
Fromtheprior andthedatalikelihoodonecandeterminetheposteriorp(pppjDDD) =
p(pppjnnn) µ Õi p

ni+ sti � 1
i .

The posteriorp(pppjDDD) summarizesall statisticalinformationavailable in the
data.In general,the posterioris a very complex object,so we areinterestedin
summariesof this plethoraof information.A possiblesummaryis the expected
valueor meanEttt [pi ] = ni+ sti

n+ s which is oftenusedfor estimatingpi . Theaccuracy
maybeobtainedfrom thecovarianceof ppp.

Usuallyoneis not only interestedin anestimationof thewholevectorppp, but
also in an estimationof scalarfunctionsF : D ! IR of ppp, suchas the entropy
H (ppp) = � å i pi logpi , wherelog denotesthe natural logarithm.SinceF is it-
self a randomvariablewe could determinethe posteriordistribution p(F0jnnn) =R

Dd(F (ppp) � F0)p(pppjnnn)dppp of F , which mayfurtherbesummarizedby theposte-
rior meanEttt [F ] =

R
DF (ppp)p(pppjnnn)dppp andpossiblytheposteriorvarianceVarttt [F ].

A simple,but crudeapproximationfor themeancanbeobtainedby exchanging
E with F (exact only for linear functions):Ettt [F (ppp)] � F (Ettt [ppp]). The approxi-
mationerroris typically of theorder 1

n.

The Impr eciseDirichlet Model. The classicalapproach,which consistsof se-
lecting a singleprior, suffers from a numberof problems.Firstly, choosingfor
examplea uniform prior ti = 1

d , theprior dependson theparticularchoiceof the
samplingspace.Secondly, it assumesexact prior knowledgeof p(ppp). The solu-
tion to thesecondproblemis to modelour ignoranceby consideringsetsof priors
p(ppp), oftencalledImpreciseprobabilities.Thespeci�c ImpreciseDirichletModel
(IDM) [Wal96] considersthesetof all ttt 2 D, i.e. f p(pppjnnn) : ttt 2 Dg which solves
also the �rst problem.Walley suggeststo �x the hyperparameters somewhere
in the interval [1;2]. A setof priors resultsin a setof posteriors,setof expected
values,etc.For real-valuedquantitieslike theexpectedentropy Ettt [H ] thesetsare
typically intervals,whichwe call robustintervals

Ettt [F ] 2 [min
ttt2D

Ettt [F ] ; max
ttt2D

Ettt [F ]]:

Problemsetupand notation. Considerany statisticalestimatorF. F is afunction
of thedataDDD andthehyperparametersttt. We de�ne thegeneralcorrespondence

u���
i =

ni + st ���
i

n+ s
; where::: canbevarioussuperscripts: (1)

F can,hence,berewrittenasafunctionof uuu andDDD. SinceweregardDDD as�x ed,we
suppressthis dependenceandsimply write F = F(uuu). This is further motivated
by thefactthatall Bayesianestimatorsof functionsF of ppp only dependonuuu and
thesamplesizen+ s. It is easyto seethat this holdsfor themean,i.e. Ettt [F ] =
F(uuu; n+ s), andsimilarly for thevarianceandall higher(central)moments.The
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mainfocusof this work is to deriveexactandapproximateexpressionsfor upper
andlowerF values

F := max
ttt2D

F(uuu) and F := min
ttt2D

F(uuu); F := [F;F]

ttt 2 D , uuu 2 D0, whereD0:= f uuu : ui � ni
n+ s; u+ = 1g. We de�ne uuuF astheuuu 2 D0

which maximizesF, i.e. F = F(uuuF ), andsimilarly tttF throughrelation(1). If the
maximumof F is assumedin a cornerof D0we denotetheindex of thecornerby
iF , i.e. tF

i = diiF , wheredi j is Kronecker'sdeltafunction.Similarly uuuF , tttF , iF .

3 Exact Robust Inter vals for ConcaveEstimators

In thissectionwe deriveexactexpressionsfor F if F : D! IR is of theform

F(uuu) =
d

å
i= 1

f (ui ) andconcave f : [0;1] ! IR: (2)

Theexpectedentropy is suchanexample(discussedlater).Convex f aretreated
similarly (or simply take � f ).

The nature of the solution. Theapproachto a solutionof this problemis moti-
vatedasfollows: Due to symmetryandconcavity of F, the global maximumis
attainedat thecenterui = 1

d of theprobabilitysimplex D, i.e. themoreuniformuuu
is, thelargerF(uuu). Theneareruuu is to a vertex of D, i.e. themoreunbalanceduuu is,
thesmalleris F(uuu). Theconstraintsti � 0 restrictuuu to thesmallersimplex

D0= f uuu : ui � u0
i ; u+ = 1g with u0

i :=
ni

n+ s
;

whichpreventssettinguF
i = 1

d anduF
i = di1. Nevertheless,thebasicideaof choos-

ing uuu asuniform/ asunbalancedaspossiblestill works,aswe will see.

GreedyF(uuu) minimization. Considerthefollowing procedurefor obtaininguuuF .
We startwith ttt � 000 (outsidetheusualdomainD of F, which canbeextendedto
[0;1]d via (2)) andthengraduallyincreasettt in anaxis-parallelway until t+ = 1.
With axis-parallelwe meanthat only one componentof ttt is increased,which
onepossiblychangesduring the process.The total zigzagcurve from tttstart = 000
to tttend haslengthtend

+ = 1. Sinceall possiblecurveshave thesame(Manhattan)
length1, F(uuuend) is minimizedfor thecurve which has(on average)smallestF-
gradientalongits path.A greedystrategy is to follow thedirectioni of currently
smallestF-gradient¶F

¶ti
= f 0(ui) s

n+ s. Sincef 0is monotonedecreasing( f 00< 0), ¶F
¶ti

is smallestfor largestui . At tttstart = 000, ui = ni
n+ s is largestfor i = imin := argmaxi ni .

Oncewe start in directionimin, uimin increaseseven further whereasall otherui
(i 6= imin) remainconstant.So themoving directionis never changedand�nally
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wereacha localminimumattend
i = diimin. In [Hut03] weshow thatthis is aglobal

minimum,i.e.
tF
i = diiF with iF := argmax

i
ni : (3)

GreedyF(uuu) maximization. Similarly wemaximizeF(uuu). Now we increasettt in
direction i = i1 of maximal ¶F

¶ti
, which is the directionof smallestui µ ni + sti .

Again, (only) ui1 increases,but possiblyreachesa valuewhereit is no longerthe
smallestone.We stopif it becomesequalto the secondsmallestui , say i = i2.
We now have to increaseui1 andui2 with samespeed(or in ane-zigzagfashion)
until they becomeequalto ui3, etc or until u+ = 1 = t+ is reached.Assumethe
processstopswith direction im and minimal u being ũ, i.e. �nally uik = ũ for
k � mandtik = 0 for k > m. Fromtheconstraint1 = u+ = å k� muik + å k> muik =
mũ+ å k> m

nik
n+ s we obtainũ(m) = 1

m[1 � å k> m
nik
n+ s] = [s+ å k� mnik]=[m(n+ s)].

Onecanshow that ũ(m) hasoneglobal minimum (no local ones)and that the
�nal m is theonewhichminimizesũ, i.e.

ũ = min
m2f 1:::dg

s+ å k� mnik

m(n+ s)
; where ni1 � ni2 � ::: � nid ; uF

i = maxf u0
i ; ũg: (4)

If thereis a uniqueminimal ni1 with gap� s to the secondsmallestni2 (which
is quite likely for not too smalln), thenm= 1 andthemaximumis attainedat a
cornerof D (D0).

Theorem1 (Exact extremafor concavefunctions on simplices) Assume F :
D0! IR is a concavefunctionof theform F(uuu) = å d

i= 1 f (ui ). ThenF attainsthe
global maximumF at uuuF de�ned in (4) andtheglobal minimumF at uuuF de�ned
in (3).

Proof. What remainsto beshown is that thesolutionsobtainedin the lastpara-
graphsby greedyminimization/maximizationof F(uuu) are actually global min-
ima/maxima.For thisassumethatttt isalocalminimumof F(uuu). Let j := argmaxi ui
(tiesbrokenarbitrarily).Assumethatthereis ak 6= j with non-zerotk. De�ne ttt0as
t0
i = ti for all i 6= j;k, andt0

j = t j + e, t0
k = tk � e, for some0 < e� tk. Fromuk � u j

andtheconcavity of f weget5

F(ttt0) � F(ttt) = [ f (u0
j ) + f (u0

k)] � [ f (u j ) + f (uk)]

= [ f (u j + se) � f (u j )] � [ f (uk) � f (uk� se)] < 0

wheres := s
n+ s. Thiscontradictstheminimality assumptionof ttt. Hence,ti = 0 for

all i exceptone(namelyj, whereit mustbe1). (Local)minimaareattainedin the
verticesof D. Obviouslytheglobalminimumis for tF

i = diiF with iF := argmaxi ni .
This solutioncoincideswith thegreedysolution.Note that theglobalminimum

5Slope f (u+ e)� f (u)
e is adecreasingfunctionin u for any e> 0, sincef is concave.
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maynotbeunique,but sinceweareonly interestin thevalueof F(uuuF ) andnot its
argumentthisdegeneracy is of no furthersigni�cance.

Similarly for themaximum,assumethatttt is a (local) maximumof F(uuu). Let
j := argmini ui (ties broken arbitrarily). Assumethat thereis a k 6= j with non-
zerotk anduk > u j . De�ne ttt0asabovewith 0 < e< minf tk ; tk � t jg. Concavity of
f implies

F(ttt0) � F(ttt) = [ f (u j + se) � f (u j )] � [ f (uk) � f (uk� se)] > 0;

whichcontradictsthemaximalityassumptionof ttt. Henceti = 0 if ui is notminimal
(ũ). The previous paragraphconstructedthe uniquesolutionuuuF satisfyingthis
condition.Sincethis is the only local maximumit must be the uniqueglobal
maximum(contrastthis to theminimumcase). 2

Theorem2 (Exact extremaof expectedentropy) Let H (ppp) = � å i pi logpi be
the entropy of ppp and the uncertaintyof ppp be modeledby the ImpreciseDirich-
let Model.TheexpectedentropyH(uuu) := Ettt [H ] for givenhyperparameterttt and
samplennn is givenby

H(uuu) = å
i

h(ui) with h(u) = u�[y (n+ s+ 1) � y ((n+ s)u+ 1)] = u�
n+ s

å
k=( n+ s)u+ 1

k� 1 (5)

where y (x) = d logG(x)=dx is thelogarithmicderivativeof theGammafunction
andthelastexpressionis valid for integral sand(n+ s)u.ThelowerH andupper
H expectedentropiesareassumedatuuuH anduuuH givenin (3) and(4) (with F ; H,
seealso(1)).

A derivationof theexactexpression(5) for theexpectedentropy canbefound
in [WW95, Hut02]. Theonly thing to beshown is thath is concave.This maybe
doneby exploiting specialpropertiesof thedigammafunctiony (see[AS74]).

Therearefastimplementationsof y andits derivativesandexactexpressions
for integerandhalf-integerarguments

Example.For d = 2, n1 = 3, n2 = 6, s= 1 we have n = 9, u1 = 3+ t1
10 , u2 = 6+ t2

10 ,
ttt0 = 0,uuu0 =

� :3
:6

�
, see(1). From(3), iH = 2,tttH =

� 0
1

�
, uuuH =

� :3
:7

�
. From(4), i1 = 1,

i2 = 2, ũ = minf 1+ 3
9+ 1; 1+ 3+ 6

2�(9+ 1) g = 4
10, uuuH = maxf uuu0; ũg =

� :4
:6

�
) tttH =

� 1
0

�
is in

corner. From(5), h( 3
10) = 2761

8400, h( 4
10) = 2131

6300, h( 6
10) = 1207

4200, h( 7
10) = 847

3600, hence

H = [H(uuuH);H(uuuH )] = [h( 3
10) + h( 7

10) ; h( 4
10) + h( 6

10)] = [0:5639:::;0:6256:::], so
H � H = O( 1

10).

4 Approximate Robust Inter vals

In this sectionwe derive approximationsfor F suitablefor arbitrary, twice dif-
ferentiablefunctionsF(uuu). The derived approximationsfor F will be robust in
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the senseof covering setF (for any n), andthe approximationswill be “good”
if n is not too small. In the following, we treats := s

n+ s asa (small) expansion
parameter. For uuu;uuu� 2 D0we have

ui � u�
i = s �(ti � t �

i ) and jui � u�
i j = s jti � t �

i j � s with s := s
n+ s: (6)

Hencewe may Taylor-expandF(uuu) arounduuu� , which leadsto a Taylor series
in s. This shows that F is approximatelylinear in uuu and hencein ttt. A linear
functionon a simplex assumesits extremevaluesat theverticesof thesimplex.
This hasalreadybeenencounteredin Section3. The considerationabove is a
simpleexplanationfor this fact.This alsoshows that the robust interval F is of
sizeF � F = O(s).6 Any approximationto F shouldhencebeat leastO(s 2). The
expansionof F to O(s) is

F(uuu) =

F0= O(1)
z }| {
F(uuu� ) +

FR= O(s)
z }| {
å
i

[¶iF( �u�u�u)](ui � u�
i ) (7)

where¶iF( �u�u�u) is the partial derivative ¶iF( �u�u�u)
¶ �ui

of F( �u�u�u) w.r.t. �ui . For suitable �u�u�u =
�u�u�u(uuu;uuu� ) 2 D0thisexpansionis exact(FR is theexactremainder).Naturalpointsfor
expansionaret �

i = 1
d in thecenterof D, or possiblyalsot �

i = ni
n = u�

i . See[Hut03]
for sucha generalexpansion.Here,we expandaroundthe improperpoint t �

i :=
t0
i � 0, which is outside(!)D, sincethis makesexpressionsparticularlysimple.7

(6) is still valid in this case,andFR is exactfor some�u�u�u in

D0
e := f uuu : ui � u0

i 8i; u+ � 1g; where u0
i =

ni

n+ s
:

Notethatwe keeptheexactconditionuuu 2 D0. F is usuallyalreadyde�ned on D0
e

or extendsfrom D0to D0
e without effort in a naturalway (analyticalcontinuation).

We introducethenotation

F v G :, F � G and F = G+ O(s2) (8)

statingthat G is a “good” upperboundon F. The following boundshold for
arbitrarydifferentiablefunctions.In orderfor theboundsto be“good,” F hasto
beLipschitzdifferentiablein thesensethatthereexistsa constantc suchthat

j¶iF(uuu)j � c and j¶iF(uuu) � ¶iF(uuu0)j � cjuuu� uuu0j

8uuu;uuu02 D0
e and 81 � i � d: (9)

6 f (nnn;ttt ;s) = O(sk) :, 9c8nnn 2 INd
0 ; ttt 2 D; s> 0 : j f (nnn;ttt;s)j � csk, wheres = s

n+ s.
7The orderof accuracy O(s2) we will encounteris for all choicesof uuu� the same.The concrete

numericalerrorsdiffer of course.The choicettt � = 000 can lead to O(d) smallerFR than the natural
centerpointttt � = 1

d , but is morelikely a factorO(1) larger. Theexactnumericalvaluesdependon the
structureof F.
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If F dependsalsoonnnn, e.g.via s or uuu0, thenc shallbeindependentof them.

TheLipschitzconditionis satis�ed,for instance,if thecurvature¶2F is uniformly
bounded.This is satis�ed for the expectedentropy H (see(5)), but violatedfor
theapproximationEttt [H ] � H (uuu) if ni = 0 for somei.

Theorem3 (Approximaterobust intervals) AssumeF : D0
e ! IR is a Lipschitz

differentiablefunction (9). Let [F;F] be the global [minimum,maximum]of F
restrictedto D0. Then

F(uuu1) v F v F0 + Fub
R where Fub

R = max
i

Fub
iR and Fub

iR = s max
uuu2D0

e

[¶iF(uuu)]

F0 + F lb
R v F v F(uuu2) where F lb

R = min
i

F lb
iR and F lb

iR = s min
uuu2D0

e

[¶iF(uuu)]

F0 = F(uuu0), andu1
i = dii1 with i1 = argmaxi F

ub
iR , andu2

i = dii2 with i2 = argmini F
lb
iR ,

andv de�nedin (8) means� and= + O(s 2), where s = 1� u0
+ .

For conservative estimates,the lower boundon F andtheupperboundon F are
theinterestingones.

Proof. Westartby giving anO(s2) boundonFR = maxuuu2D0FR(uuu). We �rst insert
(6) with ttt � = ttt0 � 000 into (7) andtreat �u�u�u andttt asseparatevariables:

FR( �u�u�u;ttt) = s å
i

[¶iF( �u�u�u)] � ti v max
�u�u�u2D0

e

�
s å

i
[¶iF( �u�u�u)] � ti

�
v å

i
Fub

iR � ti

with Fub
iR := s max

�u�u�u2D0
e

[¶iF( �u�u�u)] (10)

The �rst inequality is obvious, the secondfollows from the convexity of max.
Fromassumption(9) we get¶iF(uuu) � ¶iF(uuu0) = O(s) for all uuu;uuu02 D0

e, sinceD0
e

hasdiameterO(s). Dueto oneadditionals in (10) theexpressionsin (10)change
only by O(s2) whenintroducingor droppingmax�u�u�u anywhere.Thisshowsthatthe
inequalitiesaretight within O(s2) andjusti�es v . We now upperboundFR(uuu):

FR = max
uuu2D0

FR(uuu) v max
ttt2D

max
�u�u�u2D0

e

FR( �u�u�u;ttt) v max
ttt2D

å
i

Fub
iR � ti = max

i
Fub

iR = : Fub
R (11)

A linear function on D is maximizedby settingthe ti componentwith largest
coef�cient to 1. Thisshowsthelastequality. Themaximizationover �u�u�u in (10)can
oftenbeperformedanalytically, leaving aneasyO(d) time taskfor maximizing
over i.

We have derivedanupperboundFub
R onFR. Let usde�ne thecornerti = dii1

of D with i1 := argmaxi Fub
iR . SinceFR � FR(uuu) for all uuu, FR(uuu1) in particular

is a lower boundon FR. A similar line of reasoningas above shows that that
FR(uuu1) = FR + O(s2). Using F + const: = F + const: we get O(s2) lower and
upperboundsonF, i.e.F(uuu1) v F v F0+ Fub

R . F is boundsimilarly with all max's
replacedby min's andinequalitiesreversed.Togetherthis provestheTheorem3.

2
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5 Err or Propagation

Approximation of F (special cases).For the specialcaseF(uuu) = å i f (ui ) we
have¶iF(uuu) = f 0(ui). For concave f likein caseof theentropy wegetparticularly
simplebounds

Fub
iR = s max

uuu2D0
e

f 0(ui) = s f 0(u0
i ); Fub

R = s max
i

f 0(u0
i ) = s f 0( mini ni

n+ s );

F lb
iR = s min

uuu2D0
e

f 0(ui) = s f 0(u0
i + s); F lb

R = s min
i

f 0(u0
i + s) = s f 0( maxi ni+ s

n+ s );

wherewe have usedmaxuuu2D0
e

f 0(ui) = maxui2[u0
i ;u0

i + s] f 0(ui) = f 0(u0
i ), andsimi-

larly for min. Analogousresultshold for convex functions.In casethemaximum
cannotbefoundexactlyoneis allowedto furtherincreaseD0

e aslong asits diam-
eterremainsO(s). Oftenan increaseto 2 0 := f uuu : u0

i � ui � u0
i + sg � D0

e � D0

makes the problemeasy. Note that if we were to perform thesekind of crude
enlargementsonmaxuuu F(uuu) directlywe would loosetheboundsby O(s).

Example(continued).s = 1
10, h0( 3

10) = 13051
2520 � 1

2P2, h0( 7
10) = 91717

8400 � 7
6P2, H0 =

H(uuu0) = h( 3
10) + h( 6

10), Hub
R = 1

10h0( 3
10), H lb

R = 1
10h0( 7

10) ) [H0 + H lb
R ; H0 +

Hub
R ] = [0:5564:::;0:6404:::], henceH0 + Hub

R � H = 0:0148= O( 1
102 ), H � H0 �

H lb
R = 0:0074::: = O( 1

102 ).

Err or propagation.Assumewefoundboundsfor estimatorsG(uuu) andH(uuu) and
we want now to boundthe sum F(uuu) := G(uuu) + H(uuu). In the direct approach
F � G+ H we may loseO(s). A simpleexampleis G(uuu) = ui andH(uuu) = � ui
for whichF(uuu) = 0, hence0 = F � G+ H = u0

i + s � u0
i = s, i.e.F 6vG+ H. We

canexploit thetechniquesof theprevioussectionto obtainO(s 2) approximations.

Fub
iR = s max

uuu2D0
e

¶iF(uuu) v s max
uuu2D0

e

¶iG(uuu) + s max
uuu2D0

e

¶iH(uuu) = Gub
iR + Hub

iR

Theorem4 (Err or propagation:Sum) Let G(uuu) and H(uuu) be Lipschitz differ-
entiableandF(uuu) = aG(uuu) + bH(uuu), a;b � 0, thenF v F0 + Fub

R andF w F0 +
F lb

R , where F0 = aG0 + bH0, andFub
iR v aGub

iR + bHub
iR , andF lb

iR w aGlb
iR + bH lb

iR.

It is importantto notice that Fub
R 6vGub

R + Hub
R (useprevious example),i.e.

maxi [Gub
iR + Hub

iR ] 6vmaxi Gub
iR + maxi Hub

iR . maxi cannot bepulled in andit is im-
portantto propagateFub

iR , ratherthanFub
R .

EveryfunctionF with boundedcurvaturecanbewrittenasasumof aconcave
functionG andaconvex functionH. For convex andconcavefunctions,determin-
ing boundsis particularlyeasy, aswe have seen.Often F decomposesnaturally
into convex andconcavepartsasis thecasefor themutualinformation,addressed
later. Boundscanalsobederivedfor products.
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Theorem5 (Err or propagation:Product) LetG;H : D0
e ! [0;¥ ) benon-nega-

tiveLipschitzdifferentiablefunctions(9)withnon-negativederivatives¶iG;¶iH �
0 8i andF(uuu) = G(uuu) � H(uuu), thenF v F0 + Fub

R , where F0 = G0 � H0, andFub
iR v

Gub
iR(H0 + Hub

R ) + (G0 + Gub
R )Hub

iR , andsimilarly for F.

Proof. We have

Fub
iR = s max¶iF = s max¶i(G�H) = s max[(¶iG)H + G(¶iH)] v

s(max¶iG)(maxH) + s(maxG)(max¶iH) v Gub
iR(H0+ Hub

R ) + (G0+ Gub
R )Hub

iR

whereall functionsdependonuuu andall maxareoveruuu2 D0
e. Thereis onesubtlety

in thelastinequality:maxG 6= G v G0 + Gub
R . Thereasonfor the6= beingthatthe

maximizationis takenover D0
e, not over D0 asin thede�nition of G. Thecorrect

line of reasoningis asfollows:

max
uuu2D0

e

GR(uuu) v max
ttt2De

å
i

Gub
iR � ti = maxf 0;max

i
Gub

iRg = Gub
R ) maxG v G0 + Gub

R

The �rst inequalitycanbe proven in the sameway as(11). In the �rst equality
we settheti = 1 with maximalGub

iR if it is positive. If all Gub
iR arenegativewe set

ttt � 000. We assumedG � 0 and¶iG � 0, which impliesGR � 0. So,sinceGR � 0
anyway, this subtletyis ineffective.Similarly for maxHR. 2

It is possibleto remove theratherstrongnon-negativity assumptions.Propa-
gationof errorsfor othercombinationslikeratiosF = G=H mayalsobeobtained.

6 Robust Inter vals for Mutual Inf ormation

Mutual Inf ormation. We illustrate the applicationof the previous resultson
the Mutual Information betweentwo randomvariables� 2 f 1; :::;d1g and j 2
f 1; :::;d2g. Consideran i.i.d. randomprocesswith outcome(i; j) 2 f 1; :::;d1g�
f 1; :::;d2g having joint probability pi j , where ppp 2 D := f xxx 2 IRd1� d2 : xi j �
08i j; x++ = 1g. An importantmeasureof the stochasticdependenceof � and j
is themutualinformation

I (ppp) =
d1

å
i= 1

d2

å
j= 1

pi j log
pi j

pi+ p+ j
= å

i j
pi j logpi j � å

i
pi+ logpi+ � å

j
p+ j logp+ j (12)

= H (ppp�+ ) + H (ppp+ j ) � H (ppp� j )

pi+ = å j pi j andp+ j = å i pi j arerow andcolumnmarginal chances.Again, we
assumea Dirichlet prior overppp� j , which leadsto a Dirichlet posteriorp(ppp� j jnnn) µ

Õi j p
ni j + sti j � 1
i j with ttt 2 D. Theexpectedvalueof pi j is

Ettt [pi j ] =
ni j + sti j

n+ s
= : ui j
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The marginalspppi+ andppp+ j arealsoDirichlet with expectationui+ andu+ j . The
expectedmutual informationI(uuu) := Ettt [I ] can,hence,be expressedin termsof
theexpectationsof threeentropiesH(uuu) := Ettt [H ] (see(5))

I (uuu) = H(uuu�+ ) + H(uuu+ j ) � H(uuu� j ) = Hrow+ Hcol � H joint

= å
i

h(ui+ ) + å
j

h(u+ j ) � å
i j

h(ui j )

wherehereandin the following we index quantitieswith joint, row, andcol to
denoteto whichdistribution thequantityrefers.

Crude bounds for I (uuu). Estimatesfor the robust IDM interval [minttt2DEttt [I ] ;
maxttt2DEttt [I ]] canbe obtainedby [minimizing,maximizing]I (uuu). A crudeupper
boundcanbeobtainedas

I := max
ttt2D

I (uuu) = max[Hrow+ Hcol � H joint ] �

maxHrow+ maxHcol � minH joint = Hrow+ Hcol � H joint ;

whereexactsolutionsto Hrow, Hrow andH joint areavailablefrom Section3. Sim-
ilarly I � H row+ Hcol � H joint . Theproblemwith theseboundsis that,although
good in somecases,they can becomearbitrarily crude.The following O(s 2)
boundcanbederivedby exploiting theerrorsumpropagationTheorem4.

Theorem6 (Bound on lower and upper Mutual Inf ormation) The following
boundson theexpectedmutualinformationI(uuu) = Ettt [I ] arevalid:

I (uuu1) v I v I0 + Iub
R and I0 + I lb

R v I v I (uuu2); where

I0 = I(uuu0) = H0row+ H0col � H0joint = h(u0
i+ ) + h(u0

+ j ) � h(u0
i j);

Iub
i jR v Hub

iRrow+ Hub
jRcol � H lb

i jRjoint = h0(u0
i+ ) + h0(u0

+ j ) � h0(u0
i j + s);

I lb
i jR w H lb

iRrow+ H lb
jRcol � Hub

i jRjoint = h0(u0
i+ + s) + h0(u0

+ j + s) � h0(u0
i j );

with h de�nedin (5), andt0
i j = 0, andt1

i j = d(i j)( i j)1 with (i j)1 = argmaxi j I
ub
i jR, and

t2
i j = d(i j)( i j)2 with (i j)2 = argmini j I

lb
i jR.

7 IDM for Product Spaces

ProductspacesW= W1 � ::: � Wm with Wk = f 1; :::dkg occurfrequentlyin practi-
calproblems,e.g.in themutualinformation(m= 2), in robusttrees(m= 3),or in
Bayesiannetsin general(mlarge).Without lossof generalityweonly discussthe
m = 2 casein the following. Ignoring theunderlyingstructurein W, a Dirichlet
prior in caseof unknown chancesp� j andanIDM asusedin Section6 with

ttt 2 D:= f ttt 2 IRd1� d2 � IRd1 
 IRd2 : ti j � 08i j; t++ = 1g (13)
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seemsnatural.On theotherhand,if we take into accountthestructureof Wand
go backto theoriginal motivationof IDM this choiceis far lessobvious.Recall
that oneof the major motivationsof IDM was its reparametrizationinvariance
in the sensethat inferencesare not affectedwhen groupingor splitting events
in W. For unstructuredspaceslike Wk this is a reasonableprinciple. For illus-
tration, let us considerobjectsof variousshapeand color, i.e. W= W1 � W2,
W1 = f ball ; pen;die; :::g, W2 = f yellow;red;green; :::g in generalizationto Wal-
leys bagof marblesexample.Assumewe want to detecta potentialdependency
betweenshapeandcolor by meansof their mutualinformationI . If we have no
prior ideaon the possiblekind of colors,a modelwhich is independentof the
choiceof W2 is welcome.Groupingred andgreen,for instance,correspondsto
(xi1, xi2, xi3, xi4; :::) ; (xi1, xi2+ xi3, xi4; :::) for all shapesi, wherexxx2 f nnn;ppp;ttt;uuug.
Similarly for thedifferentshapes,for instancewecouldgroupall roundor all an-
gularobjects.The“smallestIDM” whichrespectsthis invarianceis theonewhich
considersall

ttt 2 D
 := Dd1 
 Dd2 ( D: (14)

Thetensoror outerproduct
 is de�nedas(vvv
 www) i j := viwj andV 
 W := f vvv
 www:
vvv 2 V; www 2 Wg. It is a bilinear (not linear!) mapping.This “small tensor” IDM
is invariantunderarbitrarygroupingof columnsandrows of the chancematrix
(pppi j )1� i� d1;1� j � d2. In contrastto thelargerD IDM modelit is not invariantunder
arbitrarygroupingof matrix cells, but thereis anyway little motivation for the
necessityof sucha generalinvariance.Generalnon-column/row crossgroupings
woulddestroy theproductstructureof Wandwith thatthemereconceptsof shape
andcolor, andtheir correlation.For m> 2 asin Bayes-netscrossgroupingslook
evenlessnatural.WhethertheD
 or the largersimplex D is themoreappropriate
IDM model dependson whetherone regardsthe structureW1 � W2 of W as a
naturalprior knowledgeor asanarbitrarya posteriorichoice.ThesmallerIDM
hasthepotentialadvantageof leadingto moreprecisepredictions(smallerrobust
sets).

Let usconsideranestimatorF : D! IRandits restrictionF
 : D
 ! IR. Robust
intervals[F;F] for Daregenerallywider thanrobustintervals[F
 ;F
 ] for D
 . For-
tunatelynot much.AlthoughD
 is a lower-dimensionalsubspaceof D, it contains
all verticesof D. This is possiblesinceD
 is anonlinearsubspace.Thesetof “ver-
tices” in bothcasesis f ttt : ti j = dii0dj j0; i0 2 W1; j0 2 W2g. Hence,if the robust
interval boundariesF areassumedin theverticesof D thentheinterval for theD

IDM model is the same(F = F
 ). Sincethe conditionis “approximately” true,
theconclusionis “approximately”true.More precisely:

Theorem7 (IDM boundsfor product spaces)TheO(s2) boundsof Theorem3
on therobust interval F in thefull IDM modelD (13), remainvalid for F 
 in the
productIDM modelD
 (14).

Proof.
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F(uuu1) � F
 � F � F0 + Fub
R = F(uuu1) + O(s2);

whereF
 := maxttt2D
 F(uuu) anduuu1 was the “FR maximizing” vertex as de�ned
in Theorem6 (F(uuu1) v F). The �rst inequality follows from the fact that all
D verticesalso belong to D
 , i.e. ttt1 2 D
 . The secondinequality follows from
D
 � D. The remaining(in)equalitiesfollow from Theorem3. This shows that
jF
 � Fj = O(s2), henceF0 + Fub

R is alsoanO(s2) upperboundto F
 . This im-
plies that to the approximationaccuracy we canachieve, the choicebetweenD
andD
 is irrelevant. 2

8 Robust Credible Inter vals

Bayesiancrediblesets/intervals.For aprobabilitydistribution p: IRd ! [0;1], an
a-credibleregion is a measurablesetA for which p(A) :=

R
p(x)c A(x)ddx � a,

wherecA(x) = 1 if x 2 A and0 otherwise,i.e. x 2 A with probabilityat leasta.
For givena, therearemany choicesfor A. Oftenoneis interestedin “small” sets,
wherethesizeof A maybemeasuredby its volumeVol(A) :=

R
cA(x)ddx. Let us

de�ne a/thesmallesta-credibleset

Amin := argmin
A:p(A)� a

Vol(A)

with tiesbrokenarbitrarily. Forunimodalp, Amin canbechosenasaconnectedset.
For d = 1 thismeansthatAmin = [a;b] with

Rb
a p(x)dx = a is aminimal lengtha-

credibleinterval. If, additionallyp is symmetricaroundE[x], thenAmin = [E[x] �
a;E[x] + a] is alsosymmetricaroundE[x].

Robust crediblesets.If we havea setof probabilitydistributionsf pt(x), t 2 Tg,
wecanchoosefor eacht ana-crediblesetAt with pt (At ) � a, aminimalonebeing
Amin

t := argminA:pt (A)� a Vol(A). A robusta-crediblesetis a setA whichcontains
x with pt -probabilityat leasta for all t. A minimal sizerobusta-crediblesetis

Amin := argmin
A= [ tAt :pt (At )� a8t2T

Vol(A) (15)

It is not easyto dealwith this expression,sinceAmin is not a functionof f Amin
t :

t 2 Tg, andespeciallydoesnot coincidewith
S

t Amin
t asonemight expect.

Robust credible intervals.Thiscanmosteasilybeseenfor univariatesymmetric
unimodaldistributions,wheret is atranslation,e.g.pt (x) = Normal(Et [x] = t;s =
1) with 95% credibleintervalsAmin

t = [t � 2;t + 2]. For, e.g.T = [� 1;1] we getS
t Amin

t = [� 3;3]. Thecredibleintervalsmovewith t. Onecangetasmallerunion
if we take theintervalsAsym

t = [� at ;at ] symmetricaround0. SinceAsym
t is anon-

centralinterval w.r.t. pt for t 6= 0, wehaveat > 2, i.e.Asym
t is largerthanAmin

t , but
onecanshow that the increaseof at is smallerthantheshift of Amin

t by t, hence
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we save somethingin the union. The optimal choiceis neitherAsym
t nor Amin

t ,
but somethingin-between.In theextendedversion[Hut03] this is illustratedfor
thetriangulardistribution pt(x) = maxf 0; 1� jx� tjg with t 2 T := [� g;g], where
closedform solutionscanbegiven.

An interestingopenquestionis underwhichgeneralconditionswecanexpect
Amin �

S
t Amin

t . In any case,
S

t At canbe usedasa conservative estimatefor a
robustcredibleset,sincept(

S
t0At0) � pt (At ) � a for all t.

A special(but important)casewhich falls outsidethe above framework are
one-sidedcredibleintervals,whereonly At of the form [a;¥ ) areconsidered.In
this caseAmin =

S
t Amin

t , i.e. Amin = [amin;¥ ) with amin = maxf a : pt([a;¥ ]) �
a8tg.

Approximations. For complex distributionslike for the mutual informationwe
have to approximate(15) somehow. We usethe following notationfor shortest
a-credibleintervalsw.r.t. a univariatedistribution pt (x):

ex
�

t � [x
�

t ; ext ] � [Et [x] � Dx
�

t ; Et [x] + Dext] := argmin
[a;b]:pt ([a;b])� a

(b� a);

whereDext := ext � Et [x] (Dx
�

t := Et [x] � x
�

t) is thedistancefrom theright boundary

ext (left boundaryx
�

t ) of the shortesta-credibleinterval ex
�

t to the meanEt [x] of

distribution pt . Wecanuseex
'

� [x
'

; ex] :=
S

t ex
�

t asa(conservative,but notshortest)

robustcredibleinterval, sincept ( ex
'

) � pt( ex
�

t ) � a for all t. We canupperboundex

(andsimilarly lowerboundx
'

) by

ex = max
t

(Et [x] + Dext) � max
t

Et [x] + max
t

Dext = E[x] + Dex: (16)

We have alreadyintensively discussedhow to computeupperandlower quanti-
ties,particularlyfor theuppermeanE[x] for x 2 f F ;H ; I ; :::g, but thelineariza-
tion techniqueintroducedin Section4 is generalenoughto deal with all in t
differentiablequantities,including Dext . For examplefor Gaussianpt with vari-
ancess t wehaveDext = ks t with k givenby a = erf(k=

p
2), whereerf is theerror

function(e.g.k = 2 for a � 95%). We only needto estimatemaxt s t .
For non-Gaussiandistributions,exactexpressionfor Dext areoftenhardor im-

possibleto obtain and to deal with. Non-Gaussiandistributions dependingon
somesamplesizen areusuallycloseto Gaussianfor large n dueto the central
limit theorem.Onemaysimply useks t in placeof Dext alsoin this case,keeping
in mind that this could be a non-conservative approximation.More systemati-
cally, simple(andfor large n good)upperboundson Dext canoften be obtained
andshouldpreferablybeused.

Further, we have seenthat the variationof sampledependingdifferentiable
functions(like Et [x] = Et [xjnnn]) w.r.t. t 2 D areof order s

n+ s. Sincein suchcases
thestandarddeviation s t � n� 1=2 � Dext is itself suppressed,thevariationof Dext
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with t is of ordern� 3=2. If we regardthis asnegligibly small,we maysimply �x
somet � 2 D:

max
t

Dext = ks t � + O(n� 3=2)

SinceDext is “nearly” constant,this also shows that we lose at most O(n� 3=2)
precisionin thebound(16) (equalityholdsfor Dext independentof t). Expressions
for thevarianceof I , for instance,havebeenderivedin [WW95, Hut02].

9 Conclusions

This is the �rst work, providing a systematicapproachfor deriving closedform
expressionsfor interval estimatesin the ImpreciseDirichlet Model (IDM). We
concentratedon exactandconservative robust interval ([lower,upper])estimates
for concave functionsF = å i fi on simplices,like theentropy. Theconservative
estimateswidenedthe intervalsby O(n� 2), wheren is thesamplesize.Hereis a
dilemma,of course:For largen theapproximationsaregood,whereasfor small
n the boundsare more interesting,so the approximationswill be most useful
for intermediaten. More preciseexpressionsfor small n would be highly in-
teresting.We have also indicatedhow to propagaterobust estimatesfrom sim-
ple functions to compositefunctions, like the mutual information. We argued
that a reducedIDM on productspaces,like Bayesiannets,is morenaturaland
shouldbe preferredin order to improve predictions.Although improvementis
formally only O(n� 2), thedifferencemaybesigni�cant in Bayesnetsor for very
smalln. Finally, thebasicsof how to combinerobustwith credibleintervalshave
beenlaid out.UndercertainconditionsO(n� 3=2) approximationscanbederived,
but the presentedapproximationsarenot conservative. All in all this work has
shown that IDM hasnot only interestingtheoreticalproperties,but that explicit
(exact/conservative/approximate)expressionsfor robust (credible) intervals for
variousquantitiescanbe derived.The computationalcomplexity of the derived
boundsonF = å i fi is verysmall,typically oneor two evaluationsof F or related
functions,like its derivative. First applicationsof these(or moreprecisely, very
similar) results,especiallythe mutual information, to robust inferenceof trees
look promising[ZH03].
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