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Abstract

Becauseof computationaproblems multidimensionabprobability distribu-
tions mustbe approximatedy distributionswhich canbede ned by area-
sonablenumberof parametersAs arule, distributionswith a specialdepen-
dencestructure(i.e., complyingwith a systemof conditionalindependence
relations)areconsideredgraphicalMarkov modelsandespeciallyBayesian
networks are often used.This paperproposesapplicationof compositional
modelsfor this puroposeln additionto a theoreticabackgrounda heuris-
tic algorithmsolving one part of a modellearningprocesss presentedlts
basicidea, constructionof an approximationexploiting informationalcon-
tentof given low-dimensionalistributionsin a maximalpossibleway, was
proposedy Albert Perezasearlyasin 1977.
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1 Intr oduction

Data-drivenmethoddgor probabilitymodelconstructiorusuallysuffer from alack
of data.Thisis why onemustalwayskeepin mindthatany probabilityestimatds
impreciseandthe more probabilities the lessprecisetheir estimatesMoreover,
it would be absurdo try to getestimate®f (let ussay)2°° probabilitiesde ning
a 50-dimensionadlistribution (of binaryvariables)from a le whosesizeis only
several Mbytes.Suchan effort would alsobein contradictionwith the Minimum
DescriptionLengthprinciple oftenemployedin the eld of Al. Therefore appli-
cation of probabilisticmodelsto problemsof practice,whenthe dimensionality
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of considereanultidimensionaprobabilitydistributionsis expressedn hundreds
ratherthantens,quite naturallyleadsto the necessityof approximations.

The presenpapemroposedo look for anapproximatiorof a probability dis-
tribution in a classof so-calledcompositionamodels(CM), which is analterna-
tive apparatuso thatusuallycalledGraphical Markov Modeling(GMM). GMM
is usedasa generatermdescribingary of the approachesepresentingnultidi-
mensionalprobability distributionsby meansof graphsandsystemsof quantita-
tive parametertik e Bayesiametworks (BN), decomposablandgraphicalmod-
els,in uence diagramsandchaingraphmodels.

The main ideaof CM is the sameas that of GMM: not to strive for esti-
mating multidimensionaldistribution but only its oligo-dimensionaimaginals,
from which the multidimensionamodelis subsequentlgomposedin away this
modelresembles jigsav puzzlethat hasa greatnumberof parts,eachbear
ing alocal pieceof a picture,andthe goalis to nd how to assemblgéhemin a
way thatthe global picturemakessensere ecting all theindividual small parts.
Naturally, the whole task canbe split into two subproblemshow to nd which
oligo-dimensionatlistributionsareto beestimatecdandhow to composgheminto
amultidimensionamodel. Thoughthe presenpaperconcentratesxclusively on
the latter one,let us mentionthat, to be consistenwith the apparatugmployed
in this paper the problemof selectionof oligodimensionabistributions should
be solvedwith the help of informationtheoreticquantitiesdistributionswith the
highestinformationalcontent(seesection5) shouldbe selected.

Beforeintroducingthe apparatusf CM let us mentionthatboth GMM and
CM are basedon the very idea publishedby Albert Perezasearly as 1977in
his unfortunatelyneglectedpaper[10]. In this paperPerezcallstheseprobability
distributionsdependencstructuie simpli cation approximationsand studiesin-
creaseof risk connectedvith statisticaldecisionproblemwhen,insteadof Bayes
optimal solution, e-Bayesoptimal solution (ie., Bayesoptimal with respectto
e-approximation)s accepted.

2 Notation

In thistext, wewill dealwith a nite systenof nite-v aluedrandomvariablesL et
N be anarbitrary nite index set,N 6 0. Eachvariablefrom f Xigi>n is assumed
to havea nite (non-empty)setof valuesX;. Distributionsof thesevariableswill
be denotedby Greekletters(p; k); thusfor K N, we canconsideradistribution
p((X)i2k). To make the formulaemorelucid, the following simpli ed notation
will beused.Symbolp(xk) will denotebothajKj-dimensionabistributionanda
valueof aprobabilitydistributionp (whenseveraldistributionsareconsideredye
shalldistinguishbetweerthemby indices),whichis de ned for variableg(X)i2k
at a combinationof valuesxg; xx thusrepresentsa jKj-dimensionalvector of
valuesof variablest Xigi»k . Analogouslywe shallalsodenotethe setof all these
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vectorsXk:
Xk = 2k Xi:

For a probabilisticdistribution p(xx) andJ K we will often considera
maurginal distribution p(x;) of distribution p(xx ), which canbe computedoy

px)= & pPx)= A& POniiXx):

X<n32XknJ Xkn32Xkng

In this simpleformulawe have introduceda notationusedthroughouthis article:
avectorxg is composedf two subvectorsxg,; andx;, wherex; is a projection
of xk into X3, and,analogouslyxky; is a projectionof xx into Xxpj. For com-
putationof marginal distributionswe neednot excludesituationswhenJ = 0. In
accordancevith theabove-introducedormulawe getp(xg) = 1.

In somesituationswe will wantto stresghatwe aredealingwith a mamginal
distribution of a distribution p; we will usesymbolp” to denotethe maminal
distribution of p for variableq(X)i2 3. Thatis, for J K andadistribution p(xx),

p = p(xy):

For adistribution p(xk) andtwo disjointsubsets);L K we will alsospeak
abouta conditionaldistribution p(xjjx_), whichis, for each x edx_ 2 X, ajJj-
dimensionaprobability distribution, for which p(xajx.)p(x.) = p(xy; L). (Notice
thatthis de nition is ambiguousf p(x_) = 0 for somecombination(spf values
XL 2 X_.) Thereadercanimmediatelyseethatif J= 0 thenp(xjjx_) = 1, andif
L = 0thenp(xyjx.) = p(x3).

ConsidelK L N anda probability distribution p(xk). With P (1) we shall
denotethe setof all probability distributionsde ned for variablesX, . Similarly,
P (p) will denotethe systemof all extensionsof the distribution p to L-di-

mensionabistributions:
n o]
PO = k2PL k() = p(x)

(wherek(xx) naturallydenoteghe maminal distribution of k for variablesXk).
Having a system

of oligo-dimensionatiistributions(K1[ :::[ Kn L), thesymbolP (D (X) denotes
the systemof distributionsthatareextensionsof all the distributionsfrom X:

n 0 \n
POMX) = k2PL k) =p; 8i=1;::::n = PO(p):
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3 Operator of composition

To be ableto composeow-dimensionaldistributionsto get a distribution of a
higherdimensionwe will introduceanoperator of composition

To malke this constructiorclearfrom the very beginning, let usstresghatit is
just a generalizatiorof the ideaof computingthe three-dimensionalistribution
from two two-dimensionabnesintroducingthe conditionalindependence:

P(X1;X2)K(X2; X3)
k(x2)
Considertwo probability distributions p(xx) and k(x.), suchthat k(x.\ k)

dominates$ p(x.\ k); in symbol:p(x. k) K(xu k). The compositionof these
two distributionsis de ned by theformula

pP(xk) - k(%) = 7p()|f8\ké)x0:

p(X1;%2) . k(X2;X3) = = p(xq;X2)k(X3jx2):

Sincewe assumg' K k(M K if for any x 2 X1, k) k" K)(x) = Othenthere
is a productof two zerosin the nominatorandwe take 0:0=0= 0. If L\ K= 0
thenk(™' K) = 1 andtheformuladegenerateo a simpleproductof p andk.

Let us stressthatin the casep™' ) 6 k(1 K)| the expressionp . k remains
unde ned.

Thus,theformal de nition of theoperator. is asfollows.

De nition 1 For two arbitrary distributionsp 2 P () andk 2 P() their compo-
sitionis givenby thefollowing formula

8
< POxIK(X)

P(x) . k(X)) = . k(L)
" unde ned otherwise

if p(xicv L) KXy L);

Thefollowing simpleassertiorprovenin [5] answerghequestionwhatis the
resultof thecompositionof two distributions?

Theorem1 If p(xy k) k(xn k) (i.e., if p(xk) . k(x) is dened) then
p(xk) . k(x.) is a probability distribution from P (LLK)(p), i.e., it is a probabil-
ity distribution of Xk[ L andits marmginal distribution for variablesXx equalsp:
(p. K)(x) = p(X«)-

An importanceof this operatorarisesfrom the factthat, whenapplieditera-
tively, it de nesamultidimensionatlistributionfrom asystenof low-dimensional
ones.

1The concepif dominancgor absolutecontinuity)p ~ k in nite casesimpli es to
8x2 X (k(Xx)=0=) p(x)=0):



Jirousek: On ApproximatingDistributionsby CompositionaModels 309

4 Generating sequences

Letusnow considetasystenof nlow-dimensionatlistributionsp1(xk, ), P2(Xk,);

111 pn(Xk,), andstartstudyinga distribution p1. p2. :::. pn, which (if de ned)
is adistribution of variablesX,[ k[ ::;[ k,- Regardingthe factthatthe operatoris

neithercommutatve nor associatie, let usstresghatwe alwaysapplythe opera-
torsfrom left to right:

P1. p2. it pn= (:i((P1- P2) - P3). 1ii. pn):
Thereforejn orderto constructa multidimensionabistributionit is sufcient

to determinea sequence- we call it a genemating sequence- of low-dimensional
distributions.

Example 1 In agreementvith whathasjust beensaid,the generatingsequence

P1(X1;X3); P2(X3; X5) ; P3(X1; X4; X5 Xe) ; P4(X2; X5 Xe)
de nesdistribution

(P1- P2. P3. Pa)(X1;X2; X3} Xa; X5 X6)
= (P1(X1;X3) - P2(X3;X5)) . P3(X1;X4;X5;X6) - Pa(X2;X5; Xe)
= P1(X1; X3) P2(XsjX3) P3(Xa; X} X1; X5) Pa (X2 Xs: X6): 3
Not all generatingsequenceare equallyef cient in their representationef

multidimensionadistributions.Amongthem theso-calledperfectsequencelold
animportantposition.

P1- il Pk= Pk- (P1- it Pk 1):

This de nition enablesisto checkwhethera generatingsequencés perfect
but onecanhardly seefrom it the importanceof perfectsequencesrlhis impor-
tancebecomeclearerfrom the following characterizationheorem(Theorem?2
in [7]).

Theorem2 A sequencef distributionsp1; p2;:::;pn is perfectiff all the distri-
butionsfromthis sequencare maminals of thedistribution (p1. p2. :::. pn):

Whatis themainmessageorveyedby this characterizatiotheoremZonsid-
ering thatlow-dimensionalistributions py arecarriersof local information,the
constructedmultidimensionaldistribution representglobal information, faith-
fully re ecting all of thelocalinput.

Let usbrie y summarizehe main propertiesof distributionsrepresentethy
perfectsequenceandtheir relationto thewell-known conceptof GMM.

2A sequencis perfectiff forallk= 2;:::;n, (pa. 11, py 1)Kot (Kal 0K 1) = plKot (KT 2)
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() It wasshawn that perfectsequencesare equivalentto BNs in the sensethat
ary distribution representablby a perfectsequenceanbe representetyy
BN (andvice versa)andboth of thesestrucuresarede ned with the same
numberof parameters- probabilities(for detailsseg[7]) .

(ii) In analogyto BN, for eachdistribution representedby a perfectsequencea
list of conditionalindependenceelationsholdstrue.ForaBN, onecanread
all theserelationsfrom its graphby thefamousd-separatiorriterion.How
to determinghemfor CM wasshawvn in [8].

(i) Let usstresshatwhethera generatingsequencés perfectdoesnot depend

theirordering) but alsoon probabilities. To make thisremarkclearemotice
thetwo extremesufcient conditions,guaranteeingerfecnessf a gener
atingsequence:

alwaysperfect.

(iv) Distributionsrepresentedby perfectsequenceare uniquein the following

mensionalistributionsareperfectthenpi, . :::. pi, = pj,. :::. Pj,. This
property somehav resemblingdecomposablalistributions, is especially
importantfor designingcomputationaprocedures.

(v) Notice that we have not imposedary conditionson setsKy. For example,
consideringa generatingsequencavhereonedistribution is de ned for a
subsetof variablesof anotherdistribution (ie., K;  Ky) is fully sensible
andmay enricha systemof considerednultidimensionadistributions(cf.
Algorithm in Section6.3).

5 Information-theoretic notions

In Section6 several notionscharacterizingprobability distributionsandtheir re-
lationshipwill beused.The rst is thewell-known Shannorentropyde ned (for
p2 PMN)

HP) = & px)logp(x):
X2 XN

38k= 210 9j(1 j<K) K\ (Kif [ Ke 1) K
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Recallthatfor two disjointindex setsK;L N onecanalsode ne a conditional
entopyH (p(xxjXL) usingthe expression:

H(p(xjx.) = a  p(¥)logp(xkjx):
X2 XK[ L

To comparetwo distributionsde ned for the samesystemof variables(i.e.
p;k 2 PN)wewill useKullback-Leiblerdivergence(in literaturesometimesgalled
I-divergencepr cross-entrop). It is in factarelative entrogy of the rst distribu-
tion with respecto theother:

E a p(x)log% ifp k
Div(pkk) = = @Xn

+¥ otherwise

Thereadeicanimmediatelyseethatif p = k thenDiv(pkk) = 0. It isawell-known
propertyof Kullback-Leiblerdivergence(andnot too dif cult to be proven)that
its valueis alwaysnon-ngyativeandequals0 if andonly if p = k. (Recallalsothat
this divergenceis notsymmetricj.e., generallyDiv(pkk) 6 Div(kkp).)

Oneof thefundamentahotionsof informationtheoryis amutualinformation
Having a distribution p(xn) andtwo disjoint subsetK;L N, it expresseshiow
muchonegroupof variablesXk in uencestheotherone— X, . It is de ned

vy 2 P(Xk[ L)
Ml (Xk; = X log————"—;
p( “ XL) XK[ L§XK[ L p( “ L) I p(XK)p(XL)

andequals0 if andonly if the groupsof variablesXx and X, areindependent
underthedistribution p. Otherwisejt is alwayspositive.

The last notion, which will be of greatimportance but which is not asfa-
mousasShannorentrogy or mutualinformation,is aninformationalcontentof a
distribution de ned by theformula:

7)= & POdlog5s:
XX 2N j

Notice thatthis formulais nothingbut a Kullback-Leiblerdivergenceof two
distributions: p(xy) and OJ'ZN p(xj). Therefore,it is always non-ngative and
equalsO if andonly if p(xn) = Oj2nP(X;). In fact, this value expresseshow
muchindividual variablesare dependenunderthe distribution p. Thereforethe
higherthis value,themoredependenthe variablesandconsequentlythe greater
amountof informationcarriedby thedistribution.

Onecanalsoimmediatelyseethatfor a 2-dimensionatlistribution p(x1; X2)

I(p) = MIp(X1; X2):
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6 Approximations

Let us consideran arbitrary multidimensionabistribution k 2 P(N) andassume
thatfor onereasoror anothemve arelooking for its approximatiorin theform of
a compositionamodel.Suchsituationsappearquite oftenin practicalproblems;
k canbe, for example,a sampledistribution of a large databasegr it canbe an
unknown theoreticaldistribution, from which somedata le hasbeengenerated.
In ary casewe needits approximation.

6.1 Criterion function

For a candidatecompositionalistributionp = p1. p2. :::. pn2 PMN, theKull-
back-LeiblerdivergenceDiv(kkp) will be usedasa criterionfunction.Naturally,
thesmallerthevalueof theKullback-Leiblerdivergencethebetterapproximation
p.

For compositionamodelsthis divergencecanbe expressedn a specialform,
which enablesus to analyzeindividual factorsof the divergence.To make the

setK; is splitinto two disjoint parts
R=Kn(Ke[ :i[ Ki1); S=Ki\ (K[ 2o Kiog):

(Naturally, Ry = K1 and$; = 0.) In the following computationsve shall usea
standardrick, accordingto which

a k(Mlogk(x) = & k(x)logk(x) &  K(nkix)

X2 XN XK 2 XK XNk 2 X Nnk

= & k(x)logk(x«)

Xk 2 XK

becausd . 2x,.« KOnnkiXk) = 1. Thus,assumingDiv(kkp) is nite, we can
compute

_ o k(x)
Div(kkp) = XzaXNk(X)'Og P1(XKy) - 111. Pn(Xky)

[o] o 'U .
a k(¥logk(x) @ k(x)logQ pi(xrjxs)

X2 XN X2 XN i=1
n

= HKk) & & k(¥logpi(wixs)
i=1x2Xy

n
Hk) & a k(x)logpi(xrijxs)
i:]'XKiZXKi
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cr;l o K(Xr X cr;l o .
= HK)+8 & Kow)logCRXS) g 8 1 yiogk(xaxs)
i= 1x; 2X PIORIXS) i1 2%k,

H(K) + & Div(K(xrjxs)kpi(RiXs)) + & H(K(RIXS)):
i=1

i=1

Now, let ushave alook atthe meaningof the expression

a HkiOwrixg)) H(K):
i=1

a  k(x)logk(xrjxs)

XKi 2 XKi

H(ki(xRixs))

5 k(x:
a kx )Iogk(XKi)ngi 09)
Ki =

X 2 XK K(xs) jS(i <69)

I(k(x)) + 1(k(xg)) + ?R H(k(x;)):
2R

Sinceall setsR; aremutually disjoint andtheir unionis the whole setN we are
getting

A HkiOwrixs)) HK) = & ((k(xs)) l(k(xKi»)+§NH(k(xj» H(k)
i=1 i=1 j
= A (Ik(xg)) (k) + 1(K):
i=1

In this way we have deducedhat

Div(kkp)
= & Div(k(xrjxg)kpi(xrjxs)) + & (I(k(xs)) I(k(x)) +1(k); (1)
=1

i i=1

whichis aresultthatis worth beingformulatedasatheorem.

Theorem3 Leta distributionk 2 P(N) anda sequencef distributionsp1(xk, );

P2(Xk,); 115 Pn(Xk,), for which S Ki = N, be sud that Div(kkps. :::. pp) is
i=1

nite. Then,denotingp = p1. p2. :::. pn, for the Kullback-Leibler divergence

Div(kkp) the equation(1) holdstrue.
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So,thedivergenceof distributionsk andp consistf two parts.The rst one
g . .
a Div(k(xrjxs)kpi(Xr]Xs))
i=1

describeghe “local” differencebetweenk andp (more preciselyit rendersthe
differencebetweenconditionaldistributions k(xr jXg) and pi(xrjxs)), andthe
secondpart

n
(k) a (I(k(x)) 1(k(xg))
i=1
describeshe differenceresultingfrom the applicationof a compositionamodel.
As it will be shavn below, in the casethat k(xk,); k(xk,);:::;K(Xk,) is a per
fect sequenceit is exactly a differencebetweenrnthe informationalcontentof the
distributionsk andk(xk,) . :::. K(Xk,)-

Corollary 1 If for adistributionk a genemtingsequencefits maminalsk(xk,);
K(Xk,);:::K(Xk,) is perfectthen

Ik, - k(%) - i1 KOk)) = @ (H(kOk))  1(k(xs))) ;
i=1

andtherefore also

Div(kkk(xk,) . i1 K(%,)) = 1K) T(K(Xky) - 20 K(Xkq)):

Proof. The rst equationcanimmediatelybe obtainedby substitutingk (x;) .
K(Xk,) . :::. K(xk,) for bothk andp in equation(1), because¢henthe Kullback-
Leibler divergencemustequalO. The secondoneis a direct consequencef the
rst equalityfollowing from (1). 2

6.2 Perfect sequenceapproximations

Problemof modellearningin context of CM meanghatonewantsto nd aprop-
erly orderedsystemof oligodimensionabistributions.It is evident from the ex-
pression(1l) that the bestapproximationsare de ned by generatingsequences
consistingof distributionswhich aremamginals* of the approximatediistribution
k. In this casenamelyfor all i = 1;:::n, Div(k(xrjXs)Kpi(XrjXg)) equalO and
theformula (1) simpli es to

Div(kkp) = I (k) éjl (1(k(x))  1(k(xs))) ; )

i=1

4In fact, it is enoughwhenall Pi(XRjXs) = K(XR jXs)-
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which doesnot dependon valuesof distributions p; (quite naturally because
they are maminals of k) but only on the system,or more preciselysequence,
K1;Ko;:::; Kp. In the following examplewe shall showv that differentorderings
of the distributionsin generatingsequencesanresultin differentvaluesof the

Kullback-Leiblerdivergence.

Example 2 Considera 4-dimensionaldistribution k(xy;X2; X3;X4) and its three
maminal distributionsdenotech1; p2; p3:

P1(X1;%2) = K(X1;X2);  P2(X2;X3) = K(X2;%3);  P3(X3;Xsa) = K(X3;X4):

ComputeDiv(kkp) andDiv(kkp) forp= p1. p2. pzandp = p1. p3. p2. Forthe
rst distributionit is

Div(kkp)

I(k)  1(k(X129)) + 1(K(Xr2;30)) + 1(K(X349)
+ 1(k(x0)) + I(K(Xt2g)) + 1(k(Xr3g))
I(k)  I(k(Xr12g)) 1(K(X239)  1(K(Xt3:40));

whereador p we get

Div(kkp) 1K) 1(k(X1;29)) + 1(K(Xt3:40)) + 1(K(X 2:30))

+ 1(k(xg)) + I(k(x0)) + I(K(Xs2:30))
1K) 1(k(Xr12g)) 1(k(X349))  1(K(Xr2:30)) + 1(K(Xf2:39))
Div(kkp) + 1(k(xi2:39)):

Thereadeprobablynoticedthat,for thesake of simplicity, we introduceda situa-
tion correspondingo a decomposablmodel.lt is perhapsvorth mentioningthat
evenin this caseit may happerthatboth of the sequencede ning distributions
p andp areperfect.In correspondencwith the assertiormentionedn Section4
(item(iv)), it happensnly whenp = p andthereforealsoDiv(kkp) = Div(kkp),
from which we getthatl (K(X; 2.35)) = 0. This meanghatvariablesX, andXz are
independent. 3

In theexamplewe have shavn thata quality of acompositionabpproximation
dependsotonly onthe selectedsystemof low-dimensionatistributions(possi-
bly maminalsof the approximatedistribution) but also on their ordering. We
could seethatk wasbetterapproximatedy perfectsequenceq; p2; ps thanby
P1; P3; P2, in casethatthelatteronewasnot perfect.Fromthefollowing assertion
wewill seethatperfectsequencearealways,in asensethebestapproximations.

Theorem4 If py;p2;:::;pn is a perfectsequencef marginal distributionsof k
(k 2 p(Kal = Kn)) then

Div(kkpy. p2. :::. pn)  Div(kkpi;. Pi,. :::. Pip)

for anypermutationiy;ip;:::;in ofindicesl; 2;:::;n.
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Corollary1

Div(kkpi. p2. i1, pn)) = I(K)  1(P1. p2. ::i. pn);

and,becausehe Kullback-Leiblerdivergencds alwaysnonneative,

I(k) 1(p1. P2. :::. pn):

sequencédueto Theorem?) they arealsomaminalsof p;. p2. :::. pn. There-
fore, equation (2) can be applied to both Div(kkpi, . :::. pi,)) and
Div(p1. :::. pnKpiy . 21 Pin)):

n
o

Div(kkpi;. :i2. pip)) = 1(k) @ I(k(xq.)) 1(k(xs.)) ; 3
N
n
Div(p. i1 Pokpiy. 15 Pi) = 1(p1. i pn) @ 1(K(x.)  1(K(xs.)
N
The latter equality gives (respectingagainthe fact that the Kullback-Leiblerdi-
vergencevaluemustbe nonngative)

n

I(pr- . pn) A M(KO%.)  1(K(xs.)

21

Combiningthis with equality(3) we get

Div(kkpi, . ::i. pin))  1(K)  1(p1. :::. Pn);

wheretheright-handsidepart of theinequalityequals,asmentionedat the very
beginningof the proof, Div(kkp1. :::. pn). 2

6.3 Heuristic algorithm

Regardingthe above-mentionedactthat perfectsequencenodelsareequivalent
to Bayesiannetworks, it is obvious that all the methodsfor Bayesiannetwork
learningcan be adaptedto CM construction(seeeg. [1]). Anothervery simple
andeffective possibility, thoughfar from beingoptimal,is the procesdiscussed
in therestof the paper

We split the modelconstructionprocessnto two steps.The rst one,which
is notdiscussedh this paperis selectionof oligodimensionatlistributions,from
which the modelwill be constructedin somesituationsone canbe quite natu-
rally relieved of necessityto performthis step.For example,whenthe data le
is too smallandonly 2-dimensionadistributionscanbe estimatedthenall these
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2-dimensionadbistributionscanbe consideredIn othersituations,an expertcan
selectthe distributionsfrom which the modelshouldbe constructedOtherwise,
informationalcontentof low-dimensionatlistributionsshouldbetakenasa crite-
rion for selectionof a systemof oligodimensionadlistributions.

Thesecondstepof themodelconstructiorprocesss to nd aproperordering
of the selectedoligodimensionaldistributions. The propertiespresentedn the
above sectionstheoreticallysupporta heuristicalgorithm, which arrangedow-
dimensionaMistributionsinto a generatingsequencén a mannerthatutilizesits
informationalcontentasmuchaspossible.In this sectionits simplestversionis
presentedhat enableghe readerto understandhe basicprinciple of exploiting
theinformationalcontentof individualinput low-dimensionabistributions.

Thereademwill seethatthe procedureconsidersiot only the givensystemof
distributions but also their maminals; this can,in somesituations,improve ex-
ploitationof theinformationalcontentof distributions,sinceit considersagreater
variety of conditionalindependencstructures.

Algorithm

Input: Systemof low-dimensionablistributionsp1(Xk,);::: Pn(Xk,)-

Initialization: Selecta variable X, anda distribution pj suchthatm2 K;.
Setks := pj(Xm), L := fmgandk:= 1.

Computational Cycle: While K¢ [ :::[ KynL & 0 performthe following
3 steps:

information
Mip; (X3 X\ L)

2. Fix j and m for which Mlpj(XnﬁXKj\ L) achieved its maximal
value.

3. Increase&k by 1. Setky := pj(X(Kj\L)[f mg) @andL := L[ fmg.

tributionk = k1. k2. :::. kg is a probability distribution of Xk,[ k[ :::[ k,- The
goal of the algorithmis to get a distribution with the highestpossibleinforma-
tionalcontentl (k ) (we know thatthe higherinformationalcontentthelowerthe
criterion function — Kullback-Leiblerdivergence).Importantquestionsconcern

tionsarenegative.
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Thoughthe heuristicsemployedin the algorithmdo not guarante¢hata per
fect sequencewill always be found whenit doesexist, the advantageis in its
efciency andin the fact that it always suggestsa subsetof distributions that
may form a perfectsequencegxploiting the available informationin a subopti-
mal way®. One shouldrealize,however, that a distribution from sucha perfect
sequencethoughde ned for groupsof variablesfor which someinput distribu-
tion p; is de ned, candiffer from this input distribution p;. In sucha case,we
employ aprocessof veri cation andre nement

The detaileddescriptionof this processs beyond the scope(and extent) of
this paperBrie y said,veri cation consistsof computationof Kullback-Leibler
divergenceof modeldistributionsandthe respectie input distributions (or their
mauginals).If we nd that someof the distributionsde ning the perfectmodel
are too far from the requiredmarginals (assumingthat input distributions are
mauginals of the approximatedistribution), thenre nementis applied.This is
realizedby substitutinga group of input maminal distributionsby onedistribu-
tion de ned for all of the variableswhich are argumentsof the deleteddistribu-
tions. Naturally, this mustbe appliedcarefully, to avoid too muchincreasen the
dimensionof input distributions. New, more-dimensionainput distributionsare
eitherestimatedrom data,or oftencomputedrom theoriginalinputdistributions
by the well-known Iterative ProportionalFitting Procedurd[3]). Then,having a
new group of input distributions, the processstartsfrom the very beginning by
applicationof Algorithm.

Thesameprocesf veri cation andre nementis alsoappliedwhensomeof
theinputdistributionsarenotincludedin the model.

Let usillustratethis procesdy a simpleexample.

Example 3 Let us considerthe following 10 3-dimensionaldistributions (their
valueswereestimatedrom adata le):

P1(X1;X2;Xa);  P2(X1;X2; Xe); P3(X1; X4 X6);

Pa(X3;Xe; X11);  P5(X3;X10,X11);  Ps(Xa; Xe; X11);

P7(Xs;Xe;Xg);  Pa(Xe;XeiX11);  Po(X7; X105 X11);
P10(X9; X10; X11):

The algorithm (startingwith variableX; and distribution p;) producedthe
sequence

P1(X1); P1(X1; Xa); P3(X1; Xa; X6) s Pe(Xa: X6 X11) ; Pa(Xe; X8; X11); P4(X3; Xe; X11);
P7(Xs; X6; X8) ; P5(X3; X10; X11) ; P10(X0; X10; X11) ; P9(X7; X10; X11) ; P1(X1; X2; Xa):

5Any generatingsequencean be convertedinto a perfectsequenceccordingto the following
assertior([5, 6)).
Theorem5 Letp;. :::. pn bede nedandletthesequencés;:::;k, be:ky = p1, k2 = p2,
andgeneally kj = (ky. :::. kj 1)®N b8 0) g0 Thenky;:::;kn is perfectandpy . :::. pn=
ky. oL kn.

(Ko\ Ky)
k{2t ko)
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Therearetwo pointsthatcanbe madeaboutthis sequenceFirst, sinceall thedis-
tributionswereestimatedrom onedata le (with nomissingvalues)all thedistri-
butionswerepairwiseconsistentandthusbothpi(x1) = pa(x1) andpi(X1;X4) =

ps3(X1;X4), @andthereforealso

P1(X1) . P1(X1;Xa) . P3(Xa;Xa;X6) = P3(X1;Xa;Xe):
Thereforetheresultof the algotihmwas,in fact,a generatingsequence

P3; Pe: Ps; P4; P7; Ps; P10; Po; P1;

which wasperfect(seeassertiorfiiia) in Sectiond).

The negative propertyof this resultwasthe fact that the algorithm nished
beforeexploiting distribution p2(x1; X2;Xs) . Sincewe arelooking for an approx-
imation of a distribution from which the data le was generated(following the
veri cation andre nement process)we have to assessqiow much omitting p»
in uences the quality of the achiesed result. This is done by consideringthe
Kullback-LeiblerdivergenceDiv(pa(Xy; X2; Xe) KPappr(X1; X2; Xe)) , for

Pappr = P3- Ps- Ps. P4a. P7- P5. P10o- P9. P1

(let usmentionthatin this casepappr(X1;X2; Xe) = (P3. P1)(X1;X2;Xe)). If we are
notsatis ed,re nementresultsin gettingadistributionp11(X1; X2; X4; Xg) andsub-
stituting it for p1;p2 andps. Subsequenapplicationof the algorithmto the set
of distributionspa; ps; Ps; P7; Ps; Pe; P10; P11 resultedin obtainingthe perfectse-
guence

P11:Ps; Ps; P4; P7; Ps; P10; Po: 3

7 Conclusions

We have presentedheoreticaresultsshoving thatif anapproximatiorof a prob-
ability distribution is looked for in a family of compositionaldistributionsthen
the Kullback-Leiblerdivergencerepresenting quality of the approximationcan
be expressedasa sumof two contributions. The rst one,which can easily be
suppressetly consideringonly mamginalsof the approximatedistribution, de-
scribes‘local” differenceswhile the otherone correspondso the loss of infor-
mationresultingfrom the compositionaimodel (from introducingthe respectie
conditionalindependenceelations).This knowledgewasexploitedfor designing
aheuristicalgorithmbasedon aneffort to maximizeinformationalcontentof the
constructedpproximation.

Let us concludethe paperby a brief commentadwcatingCMs. Basedon
de Coomanapproactto conditionning[2], J. Vejnarosa introducedthe operator
of compositionalsoin possibility theory[11], which madeit possibleto extend
thewhole approactbeyondprobabilisticframewvork.
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