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Abstract

Becauseof computationalproblems,multidimensionalprobabilitydistribu-
tionsmustbeapproximatedby distributionswhich canbede�ned by a rea-
sonablenumberof parameters.As a rule,distributionswith a specialdepen-
dencestructure(i.e., complyingwith a systemof conditionalindependence
relations)areconsidered;graphicalMarkov modelsandespeciallyBayesian
networks areoften used.This paperproposesapplicationof compositional
modelsfor this puropose.In additionto a theoreticalbackground,a heuris-
tic algorithmsolving onepart of a model learningprocessis presented.Its
basicidea,constructionof an approximationexploiting informationalcon-
tentof given low-dimensionaldistributionsin a maximalpossibleway, was
proposedby Albert Perezasearlyasin 1977.
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1 Intr oduction

Data-drivenmethodsfor probabilitymodelconstructionusuallysuffer from alack
of data.This is why onemustalwayskeepin mindthatany probabilityestimateis
impreciseandthemoreprobabilities,the lessprecisetheir estimates.Moreover,
it would beabsurdto try to getestimatesof (let ussay)250 probabilitiesde�ning
a 50-dimensionaldistribution (of binaryvariables)from a �le whosesizeis only
severalMbytes.Suchaneffort would alsobein contradictionwith theMinimum
DescriptionLengthprincipleoftenemployedin the�eld of AI. Therefore,appli-
cationof probabilisticmodelsto problemsof practice,whenthe dimensionality

� This work hasbeensupportedin partby GA AV �CR,undergrantA2075302.
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of consideredmultidimensionalprobabilitydistributionsis expressedin hundreds
ratherthantens,quitenaturallyleadsto thenecessityof approximations.

Thepresentpaperproposesto look for anapproximationof a probabilitydis-
tribution in a classof so-calledcompositionalmodels(CM), which is analterna-
tive apparatusto thatusuallycalledGraphicalMarkov Modeling(GMM). GMM
is usedasa generaltermdescribingany of theapproachesrepresentingmultidi-
mensionalprobabilitydistributionsby meansof graphsandsystemsof quantita-
tive parameterslike Bayesiannetworks(BN), decomposableandgraphicalmod-
els,in�uence diagramsandchaingraphmodels.

The main idea of CM is the sameas that of GMM: not to strive for esti-
mating multidimensionaldistribution but only its oligo-dimensionalmarginals,
from which themultidimensionalmodelis subsequentlycomposed.In a way this
model resemblesa jigsaw puzzlethat hasa greatnumberof parts,eachbear-
ing a local pieceof a picture,andthegoal is to �nd how to assemblethemin a
way that theglobalpicturemakessense,re�ecting all the individual smallparts.
Naturally, the whole taskcanbe split into two subproblems:how to �nd which
oligo-dimensionaldistributionsareto beestimatedandhow to composetheminto
a multidimensionalmodel.Thoughthepresentpaperconcentratesexclusively on
the latterone,let us mentionthat, to be consistentwith theapparatusemployed
in this paper, the problemof selectionof oligodimensionaldistributionsshould
besolvedwith thehelpof informationtheoreticquantities;distributionswith the
highestinformationalcontent(seesection5) shouldbeselected.

Beforeintroducingtheapparatusof CM let us mentionthatbothGMM and
CM are basedon the very idea publishedby Albert Perezas early as 1977 in
his unfortunatelyneglectedpaper[10]. In this paperPerezcallstheseprobability
distributionsdependencestructure simpli�cation approximationsandstudiesin-
creaseof risk connectedwith statisticaldecisionproblemwhen,insteadof Bayes
optimal solution,e-Bayesoptimal solution (ie., Bayesoptimal with respectto
e-approximation)is accepted.

2 Notation

In thistext, wewill dealwith a�nite systemof �nite-v aluedrandomvariables.Let
N beanarbitrary�nite index set,N 6= /0. Eachvariablefrom f Xigi2N is assumed
to havea �nite (non-empty)setof valuesX i . Distributionsof thesevariableswill
bedenotedby Greekletters(p;k); thusfor K � N, we canconsideradistribution
p((Xi) i2K). To make the formulaemorelucid, the following simpli�ed notation
will beused.Symbolp(xK) will denotebotha jKj-dimensionaldistributionanda
valueof aprobabilitydistributionp (whenseveraldistributionsareconsidered,we
shalldistinguishbetweenthemby indices),which is de�ned for variables(Xi) i2K
at a combinationof valuesxK ; xK thus representsa jKj-dimensionalvector of
valuesof variablesf Xigi2K . Analogously, weshallalsodenotethesetof all these
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vectorsXK :
XK = � i2KX i :

For a probabilisticdistribution p(xK) and J � K we will often considera
marginal distribution p(xJ) of distributionp(xK), whichcanbecomputedby

p(xJ) = å
xKnJ2XKnJ

p(xK) = å
xKnJ2XKnJ

p(xKnJ;xJ):

In thissimpleformulawehaveintroducedanotationusedthroughoutthisarticle:
a vectorxK is composedof two subvectorsxKnJ andxJ, wherexJ is a projection
of xK into XJ, and,analogouslyxKnJ is a projectionof xK into XKnJ. For com-
putationof marginaldistributionswe neednot excludesituationswhenJ = /0. In
accordancewith theabove-introducedformulawe getp(x/0) = 1.

In somesituationswe will wantto stressthatwe aredealingwith a marginal
distribution of a distribution p; we will usesymbolp(J) to denotethe marginal
distributionof p for variables(Xi) i2J. Thatis, for J � K anda distributionp(xK),

p(J) = p(xJ):

For a distribution p(xK) andtwo disjoint subsetsJ;L � K we will alsospeak
abouta conditionaldistribution p(xJjxL), which is, for each�x edxL 2 XL, a jJj-
dimensionalprobabilitydistribution, for whichp(xJjxL)p(xL) = p(xJ[ L). (Notice
that this de�nition is ambiguousif p(xL) = 0 for somecombination(s)of values
xL 2 XL.) Thereadercanimmediatelyseethat if J = /0 thenp(xJjxL) = 1, andif
L = /0 thenp(xJjxL) = p(xJ).

ConsiderK � L � N anda probabilitydistributionp(xK). With P (L) we shall
denotethesetof all probabilitydistributionsde�ned for variablesXL. Similarly,
P (L)(p) will denotethe systemof all extensionsof the distribution p to L-di-
mensionaldistributions:

P (L)(p) =
n

k 2 P (L) : k(xK) = p(xK)
o

;

(wherek(xK) naturallydenotesthemarginal distribution of k for variablesXK).
Having a system

X = f p1(xK1);p2(xK2); : : : ;pn(xKn)g;

of oligo-dimensionaldistributions(K1 [ : : : [ Kn � L), thesymbolP (L)(X) denotes
thesystemof distributionsthatareextensionsof all thedistributionsfrom X:

P (L)(X) =
n

k 2 P (L) : k(Ki ) = pi 8i = 1; : : : ;n
o

=
n\

i= 1

P (L)(pi):
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3 Operator of composition

To be able to composelow-dimensionaldistributions to get a distribution of a
higherdimensionwe will introduceanoperator of composition.

To makethisconstructionclearfrom theverybeginning,let usstressthatit is
just a generalizationof the ideaof computingthe three-dimensionaldistribution
from two two-dimensionalonesintroducingtheconditionalindependence:

p(x1;x2) . k(x2;x3) =
p(x1;x2)k(x2;x3)

k(x2)
= p(x1;x2)k(x3jx2):

Considertwo probability distributions p(xK) and k(xL), suchthat k(xL\ K)
dominates1 p(xL\ K); in symbol:p(xL\ K) � k(xL\ K). The compositionof these
two distributionsis de�ned by theformula

p(xK) . k(xL) =
p(xK)k(xL)

k(L\ K)
:

Sinceweassumep(L\ K) � k(L\ K) , if for any x 2 X(L\ K) k(L\ K)(x) = 0 thenthere
is a productof two zerosin thenominatorandwe take 0:0=0 = 0. If L \ K = /0
thenk(L\ K) = 1 andtheformuladegeneratesto a simpleproductof p andk.

Let us stressthat in the casep(L\ K) 6� k(L\ K) , the expressionp . k remains
unde�ned.

Thus,theformalde�nition of theoperator. is asfollows.

De�nition 1 For twoarbitrary distributionsp 2 P (K) andk 2 P (L) their compo-
sition is givenby thefollowing formula

p(xK) . k(xL) =

8
<

:

p(xK )k(xL)

k(xK\ L)
if p(xK\ L) � k(xK\ L);

unde�ned otherwise:

Thefollowing simpleassertionprovenin [5] answersthequestion:whatis the
resultof thecompositionof two distributions?

Theorem1 If p(xL\ K) � k(xL\ K) (i.e., if p(xK) . k(xL) is de�ned) then
p(xK) . k(xL) is a probability distribution from P (L[ K)(p), i.e., it is a probabil-
ity distribution of XK[ L and its marginal distribution for variablesXK equalsp:
(p . k)(xK) = p(xK).

An importanceof this operatorarisesfrom the fact that,whenapplieditera-
tively, it de�nesamultidimensionaldistributionfromasystemof low-dimensional
ones.

1Theconceptof dominance(or absolutecontinuity)p � k in �nite casesimpli�es to

8x 2 X (k(x) = 0 =) p(x) = 0) :
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4 Generatingsequences

Letusnow considerasystemof n low-dimensionaldistributionsp1(xK1), p2(xK2);
: : : ;pn(xKn), andstartstudyinga distribution p1 . p2 . : : : . pn, which (if de�ned)
is a distribution of variablesXK1[ K2[ :::[ Kn. Regardingthefactthat theoperatoris
neithercommutativenorassociative, let usstressthatwealwaysapplytheopera-
torsfrom left to right:

p1 . p2 . : : : . pn = (: : : ((p1 . p2) . p3) . : : : . pn):

Therefore,in orderto constructamultidimensionaldistribution it is suf�cient
to determinea sequence– we call it a generating sequence– of low-dimensional
distributions.

Example1 In agreementwith whathasjustbeensaid,thegeneratingsequence

p1(x1;x3);p2(x3;x5);p3(x1;x4;x5;x6);p4(x2;x5;x6)

de�nesdistribution

(p1 . p2 . p3 . p4)(x1;x2;x3;x4;x5;x6)

=
�
(p1(x1;x3) . p2(x3;x5)) . p3(x1;x4;x5;x6)

�
. p4(x2;x5;x6)

= p1(x1;x3)p2(x5jx3)p3(x4;x6jx1;x5)p4(x2jx5;x6): 3

Not all generatingsequencesareequallyef�cient in their representationsof
multidimensionaldistributions.Amongthem,theso-calledperfectsequenceshold
animportantposition.

De�nition 2 A generating sequenceof probability distributionsp1;p2; : : : ;pn is
calledperfectif for all k = 2; : : : ;n distributionsp1 . : : : . pk arede�nedand

p1 . : : : . pk = pk . (p1 . : : : . pk� 1):

This de�nition enablesusto checkwhethera generatingsequenceis perfect2

but onecanhardlyseefrom it the importanceof perfectsequences.This impor-
tancebecomesclearerfrom the following characterizationtheorem(Theorem2
in [7]).

Theorem2 A sequenceof distributionsp1;p2;: : : ;pn is perfectif f all thedistri-
butionsfromthis sequencearemarginalsof thedistribution (p1 . p2 . : : : . pn):

Whatis themainmessageconveyedby thischaracterizationtheorem?Consid-
ering that low-dimensionaldistributionspk arecarriersof local information,the
constructedmultidimensionaldistribution representsglobal information, faith-
fully re�ecting all of thelocal input.

Let usbrie�y summarizethemain propertiesof distributionsrepresentedby
perfectsequencesandtheir relationto thewell-known conceptsof GMM.

2A sequenceis perfectiff for all k = 2;: : : ;n, (p1 . : : : . pk� 1)(Kn\ (K1[ :::[ Ki� 1)) = p(Kn\ (K1[ :::[ Ki� 1))
k .
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(i) It wasshown that perfectsequencesareequivalentto BNs in the sensethat
any distribution representableby a perfectsequencecanberepresentedby
BN (andvice versa)andbothof thesestrucuresarede�ned with thesame
numberof parameters– probabilities(for detailssee[7]) .

(ii) In analogyto BN, for eachdistribution representedby a perfectsequencea
list of conditionalindependencerelationsholdstrue.For aBN, onecanread
all theserelationsfrom its graphby thefamousd-separationcriterion.How
to determinethemfor CM wasshown in [8].

(iii) Let usstressthatwhethera generatingsequenceis perfectdoesnot depend
only on structuralproperties(thosecorrespondingto setsK1; : : : ;Kn and
theirordering),but alsoonprobabilities.To makethisremarkclearernotice
the two extremesuf�cient conditions,guaranteeingperfecnessof a gener-
atingsequence:

(a) if distributionsp1(xK1); : : : ;pn(xKn) arepairwiseconsistent(p
(Ki \ K j )
i =

p
(K1\ K j )
j ) andthesequenceK1; : : : ;Kn meetstherunningintersection

property3 thenp1(xK1); : : : ;pn(xKn) is perfect;

(b) if all thedistributionspk(xKk) areuniform thenp1(xK1); : : : ;pn(xKn) is
alwaysperfect.

(iv) Distributionsrepresentedby perfectsequencesareuniquein the following
sense:if twopermutationspi1; : : : ;pin andp j1; : : : ;p jn of asystemof oligodi-
mensionaldistributionsareperfectthenpi1 . : : : . pin = p j1 . : : : . p jn. This
property, somehow resemblingdecomposabledistributions, is especially
importantfor designingcomputationalprocedures.

(v) Notice that we have not imposedany conditionson setsKk. For example,
consideringa generatingsequencewhereonedistribution is de�ned for a
subsetof variablesof anotherdistribution (ie., K j � Kk) is fully sensible
andmayenricha systemof consideredmultidimensionaldistributions(cf.
Algorithm in Section6.3).

5 Inf ormation-theoretic notions

In Section6 severalnotionscharacterizingprobabilitydistributionsandtheir re-
lationshipwill beused.The�rst is thewell-known Shannonentropyde�ned (for
p 2 P (N))

H(p) = � å
x2XN

p(x) logp(x):

38k = 2;: : : ;n 9 j(1 � j < k) Kk \ (K1 [ : : : [ Kk� 1) � K j :
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Recallthat for two disjoint index setsK;L � N onecanalsode�ne a conditional
entropyH(p(xK jxL) usingtheexpression:

H(p(xK jxL)) = � å
x2XK[ L

p(x) logp(xK jxL):

To comparetwo distributionsde�ned for the samesystemof variables(i.e.
p;k 2 PN) wewill useKullback-Leiblerdivergence(in literaturesometimescalled
I-divergence,or cross-entropy). It is in facta relativeentropy of the�rst distribu-
tion with respectto theother:

Div(pkk) =

8
<

:

å
x2XN

p(x) log p(x)
k(x) if p � k;

+ ¥ otherwise:

Thereadercanimmediatelyseethatif p = k thenDiv(pkk) = 0. It isawell-known
propertyof Kullback-Leiblerdivergence(andnot too dif�cult to beproven)that
its valueis alwaysnon-negativeandequals0 if andonly if p = k. (Recallalsothat
thisdivergenceis not symmetric,i.e.,generallyDiv(pkk) 6= Div(kkp).)

Oneof thefundamentalnotionsof informationtheoryis amutualinformation.
Having a distribution p(xN) andtwo disjoint subsetsK;L � N, it expresseshow
muchonegroupof variablesXK in�uencestheotherone– XL. It is de�ned

MIp(XK ;XL) = å
xK[ L2XK[ L

p(xK[ L) log
p(xK[ L)

p(xK)p(xL)
;

andequals0 if andonly if the groupsof variablesXK andXL are independent
underthedistributionp. Otherwise,it is alwayspositive.

The last notion, which will be of greatimportance,but which is not as fa-
mousasShannonentropy or mutualinformation,is aninformationalcontentof a
distributionde�ned by theformula:

I (p) = å
x2XN

p(x) log
p(x)

Õ
j2N

p(x j )
:

Notice that this formula is nothingbut a Kullback-Leiblerdivergenceof two
distributions: p(xN) and Õ j2N p(x j ). Therefore,it is always non-negative and
equals0 if and only if p(xN) = Õ j2N p(x j ). In fact, this value expresseshow
muchindividual variablesaredependentunderthe distribution p. Thereforethe
higherthisvalue,themoredependentthevariables,andconsequently, thegreater
amountof informationcarriedby thedistribution.

Onecanalsoimmediatelyseethatfor a 2-dimensionaldistributionp(x1;x2)

I (p) = MIp(X1;X2):



312 ISIPTA ' 03

6 Approximations

Let usconsideran arbitrarymultidimensionaldistribution k 2 P (N) andassume
thatfor onereasonor anotherwearelooking for its approximationin theform of
a compositionalmodel.Suchsituationsappearquiteoftenin practicalproblems;
k canbe, for example,a sampledistribution of a largedatabase,or it canbe an
unknown theoreticaldistribution, from which somedata�le hasbeengenerated.
In any case,we needits approximation.

6.1 Criterion function

For a candidatecompositionaldistribution p = p1 . p2 . : : : . pn 2 P (N) , theKull-
back-LeiblerdivergenceDiv(kkp) will beusedasa criterionfunction.Naturally,
thesmallerthevalueof theKullback-Leiblerdivergence,thebetterapproximation
p.

For compositionalmodelsthisdivergencecanbeexpressedin aspecialform,
which enablesus to analyzeindividual factorsof the divergence.To make the
formulaemoretransparentwewill usethefollowingnotation:for eachi = 1; : : : ;n
setKi is split into two disjointparts

Ri = Ki n(K1 [ : : : [ Ki� 1); Si = Ki \ (K1 [ : : : [ Ki� 1):

(Naturally, R1 = K1 andS1 = /0.) In the following computationswe shall usea
standardtrick, accordingto which

å
x2XN

k(x) logk(xK) = å
xK2XK

k(xK) logk(xK) å
xNnK 2XNnK

k(xNnK jxK)

= å
xK 2XK

k(xK) logk(xK)

becauseå xNnK 2XNnK
k(xNnK jxK) = 1. Thus,assumingDiv(kkp) is �nite, we can

compute

Div(kkp) = å
x2XN

k(x) log
k(x)

p1(xK1) . : : : . pn(xKn)

= å
x2XN

k(x) logk(x) � å
x2XN

k(x) log
n

Õ
i= 1

pi(xRi jxSi )

= � H(k) �
n

å
i= 1

å
x2XN

k(x) logpi(xRi jxSi )

= � H(k) �
n

å
i= 1

å
xKi 2XKi

k(xKi ) logpi(xRi jxSi )
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= � H(k) +
n

å
i= 1

å
xKi 2XKi

k(xKi ) log
k(xRi jxSi )
pi(xRi jxSi )

�
n

å
i= 1

å
xKi 2XKi

k(xKi ) logk(xRi jxSi )

= � H(k) +
n

å
i= 1

Div(k(xRi jxSi )kpi(xRi jxSi )) +
n

å
i= 1

H(k(xRi jxSi )) :

Now, let ushavea look at themeaningof theexpression

n

å
i= 1

H(k i(xRi jxSi )) � H(k):

First, for eachi = 1; : : : ;n we get

H(k i(xRi jxSi )) = � å
xKi 2XKi

k(xKi ) logk(xRi jxSi )

= � å
xKi 2XKi

k(xKi ) log
k(xKi )
k(xSi )

Õ
j2Ki

k(x j )

Õ
j2Ki

k(x j )

= � I (k(xKi )) + I (k(xSi )) + å
j2Ri

H(k(x j )) :

Sinceall setsRi aremutually disjoint andtheir union is thewholesetN we are
getting

n

å
i= 1

H(k i(xRi jxSi )) � H(k) =
n

å
i= 1

(I (k(xSi )) � I (k(xKi ))) + å
j2N

H(k(x j )) � H(k)

=
n

å
i= 1

(I (k(xSi )) � I (k(xKi ))) + I (k):

In thisway wehavededucedthat

Div(kkp)

=
n

å
i= 1

Div(k(xRi jxSi )kpi(xRi jxSi )) +
n

å
i= 1

(I (k(xSi )) � I (k(xKi ))) + I (k); (1)

which is a resultthatis worthbeingformulatedasa theorem.

Theorem3 Let a distribution k 2 P (N) anda sequenceof distributionsp1(xK1);

p2(xK2); : : : ;pn(xKn), for which
nS

i= 1
Ki = N, be such that Div(kkp1 . : : : . pn) is

�nite . Then,denotingp = p1 . p2 . : : : . pn, for the Kullback-Leibler divergence
Div(kkp) theequation(1) holdstrue.
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So,thedivergenceof distributionsk andp consistsof two parts.The�rst one

n

å
i= 1

Div(k(xRi jxSi )kpi(xRi jxSi ))

describesthe “local” differencebetweenk andp (morepreciselyit rendersthe
differencebetweenconditionaldistributionsk(xRi jxSi ) andpi(xRi jxSi )), and the
secondpart

I (k) �
n

å
i= 1

(I (k(xKi )) � I (k(xSi )))

describesthedifferenceresultingfrom theapplicationof a compositionalmodel.
As it will be shown below, in the casethat k(xK1);k(xK2); : : : ;k(xKn) is a per-
fect sequence,it is exactly a differencebetweenthe informationalcontentof the
distributionsk andk(xK1) . : : : . k(xKn).

Corollary 1 If for a distributionk a generatingsequenceof its marginalsk(xK1);
k(xK2); : : : ;k(xKn) is perfectthen

I(k(xK1) . k(xK2) . : : : . k(xKn)) =
n

å
i= 1

(I (k(xKi )) � I (k(xSi ))) ;

andthereforealso

Div(kkk(xK1) . : : : . k(xKn)) = I (k) � I (k(xK1) . : : : . k(xKn)) :

Proof. The �rst equationcan immediatelybe obtainedby substitutingk(xK1) .
k(xK2) . : : : . k(xKn) for bothk andp in equation(1), becausethentheKullback-
Leibler divergencemustequal0. The secondoneis a direct consequenceof the
�rst equalityfollowing from (1). 2

6.2 Perfect sequenceapproximations

Problemof modellearningin context of CM meansthatonewantsto �nd aprop-
erly orderedsystemof oligodimensionaldistributions.It is evident from theex-
pression(1) that the bestapproximationsare de�ned by generatingsequences
consistingof distributionswhich aremarginals4 of theapproximateddistribution
k. In this case,namely, for all i = 1; : : :n, Div(k(xRi jxSi )kpi(xRi jxSi )) equal0 and
theformula(1) simpli�es to

Div(kkp) = I(k) �
n

å
i= 1

(I (k(xKi )) � I (k(xSi ))) ; (2)

4In fact,it is enoughwhenall pi (xRi jxSi ) = k(xRi jxSi ).
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which doesnot dependon valuesof distributions pi (quite naturally, because
they are marginals of k) but only on the system,or more preciselysequence,
K1;K2; : : : ;Kn. In the following examplewe shall show that differentorderings
of the distributionsin generatingsequencescanresult in differentvaluesof the
Kullback-Leiblerdivergence.

Example2 Considera 4-dimensionaldistribution k(x1;x2;x3;x4) and its three
marginaldistributionsdenotedp1;p2;p3:

p1(x1;x2) = k(x1;x2); p2(x2;x3) = k(x2;x3); p3(x3;x4) = k(x3;x4):

ComputeDiv(kkp) andDiv(kkp̂) for p = p1 . p2 . p3 andp̂ = p1 . p3 . p2. For the
�rst distribution it is

Div(kkp) = I(k) �
�
I (k(xf 1;2g)) + I (k(xf 2;3g)) + I (k(xf 3;4g))

�

+
�
I (k(x/0)) + I (k(xf 2g)) + I (k(xf 3g))

�

= I (k) � I (k(xf 1;2g)) � I (k(xf 2;3g)) � I (k(xf 3;4g)) ;

whereasfor p̂ we get

Div(kkp̂) = I (k) �
�
I (k(xf 1;2g)) + I (k(xf 3;4g)) + I (k(xf 2;3g))

�

+
�
I (k(x/0)) + I (k(x/0)) + I (k(xf 2;3g))

�

= I (k) � I (k(xf 1;2g)) � I (k(xf 3;4g)) � I (k(xf 2;3g)) + I (k(xf 2;3g))

= Div(kkp) + I(k(xf 2;3g)) :

Thereaderprobablynoticedthat,for thesakeof simplicity, weintroducedasitua-
tion correspondingto adecomposablemodel.It is perhapsworthmentioningthat
evenin this caseit mayhappenthatbothof thesequencesde�ning distributions
p andp̂ areperfect.In correspondencewith theassertionmentionedin Section4
(item(iv)), it happensonly whenp = p̂ andthereforealsoDiv(kkp) = Div(kkp̂),
from whichwe getthatI (k(xf 2;3g)) = 0. This meansthatvariablesX2 andX3 are
independent. 3

In theexamplewehaveshown thataqualityof acompositionalapproximation
dependsnotonly on theselectedsystemof low-dimensionaldistributions(possi-
bly marginalsof the approximateddistribution) but also on their ordering.We
couldseethat k wasbetterapproximatedby perfectsequencep1;p2;p3 thanby
p1;p3;p2, in casethatthelatteronewasnotperfect.Fromthefollowing assertion
wewill seethatperfectsequencesarealways,in asense,thebestapproximations.

Theorem4 If p1;p2; : : : ;pn is a perfectsequenceof marginal distributionsof k
(k 2 P (K1[ :::[ Kn)) then

Div(kkp1 . p2 . : : : . pn) � Div(kkpi1 . pi2 . : : : . pin)

for anypermutationi1; i2; : : : ; in of indices1;2; : : : ;n.
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Proof. Sincep1;p2; : : : ;pn is a perfectsequenceof marginalsof k, we get from
Corollary1

Div(kkp1 . p2 . : : : . pn)) = I (k) � I (p1 . p2 . : : : . pn);

and,becausetheKullback-Leiblerdivergenceis alwaysnonnegative,

I (k) � I (p1 . p2 . : : : . pn):

Weassumethatp1;p2; : : : ;pn aremarginalsof k, andsincethey form aperfect
sequence(dueto Theorem2) they arealsomarginalsof p1 . p2 . : : : . pn. There-
fore, equation (2) can be applied to both Div(kkpi1 . : : : . pin)) and
Div(p1 . : : : . pnkpi1 . : : : . pin)) :

Div(kkpi1 . : : : . pin)) = I (k) �
n

å̀
= 1

�
I (k(xKi`

)) � I (k(xSi`
))

�
; (3)

Div(p1 . : : : . pnkpi1 . : : : . pin)) = I (p1 . : : : . pn) �
n

å̀
= 1

�
I (k(xKi`

)) � I (k(xSi`
))

�
:

The latter equalitygives(respectingagainthe fact that the Kullback-Leiblerdi-
vergencevaluemustbenonnegative)

I (p1 . : : : . pn) �
n

å̀
= 1

�
I (k(xKi`

)) � I (k(xSi`
))

�
:

Combiningthis with equality(3) we get

Div(kkpi1 . : : : . pin)) � I (k) � I (p1 . : : : . pn);

wheretheright-handsidepartof the inequalityequals,asmentionedat thevery
beginningof theproof,Div(kkp1 . : : : . pn). 2

6.3 Heuristic algorithm

Regardingtheabove-mentionedfactthatperfectsequencemodelsareequivalent
to Bayesiannetworks, it is obvious that all the methodsfor Bayesiannetwork
learningcanbe adaptedto CM construction(seeeg. [1]). Anothervery simple
andeffective possibility, thoughfar from beingoptimal,is theprocessdiscussed
in therestof thepaper.

We split themodelconstructionprocessinto two steps.The �rst one,which
is notdiscussedin this paper, is selectionof oligodimensionaldistributions,from
which the modelwill be constructed.In somesituationsonecanbe quite natu-
rally relieved of necessityto performthis step.For example,whenthe data�le
is too smallandonly 2-dimensionaldistributionscanbeestimated,thenall these
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2-dimensionaldistributionscanbeconsidered.In othersituations,anexpertcan
selectthedistributionsfrom which themodelshouldbeconstructed.Otherwise,
informationalcontentof low-dimensionaldistributionsshouldbetakenasacrite-
rion for selectionof asystemof oligodimensionaldistributions.

Thesecondstepof themodelconstructionprocessis to �nd aproperordering
of the selectedoligodimensionaldistributions.The propertiespresentedin the
above sectionstheoreticallysupporta heuristicalgorithm,which arrangeslow-
dimensionaldistributionsinto a generatingsequencein a mannerthatutilizes its
informationalcontentasmuchaspossible.In this sectionits simplestversionis
presentedthat enablesthe readerto understandthe basicprinciple of exploiting
theinformationalcontentof individual input low-dimensionaldistributions.

Thereaderwill seethattheprocedureconsidersnot only thegivensystemof
distributionsbut also their marginals; this can, in somesituations,improve ex-
ploitationof theinformationalcontentof distributions,sinceit considersagreater
varietyof conditionalindependencestructures.

Algorithm

Input: Systemof low-dimensionaldistributionsp1(xK1); : : :pn(xKn).

Initialization: Selecta variableXm anda distribution p j suchthat m 2 K j .
Setk1 := p j (xm), L := f mg andk := 1.

Computational Cycle: While K1 [ : : : [ Kn nL 6= /0 perform the following
3 steps:

1. for all j = 1; : : : ;n and all m 2 K j n L compute the mutual
information

MIp j (Xm;XK j \ L):

2. Fix j and m for which MIp j (Xm;XK j \ L) achieved its maximal
value.

3. Increasek by 1. Setkk := p j (X(K j \ L)[f mg) andL := L [ f mg.

Output: Generatingsequencek1;k2; : : : ;kk.

Whatcanbesaidabouttheresultinggeneratingsequencek1;k2; : : : ;kk? Dis-
tribution k � = k1 . k2 . : : : . kk is a probabilitydistribution of XK1[ K2[ :::[ Kn. The
goal of the algorithmis to get a distribution with the highestpossibleinforma-
tionalcontentI (k � ) (weknow thatthehigherinformationalcontent,thelower the
criterion function – Kullback-Leiblerdivergence).Importantquestionsconcern
the factswhetherthe resultingsequencek1;k2; : : : ;kk is perfectandcontainsall
the distributionsfrom p1;p2; : : : ;pn. Unfortunately, answersto both theseques-
tionsarenegative.
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Thoughtheheuristicsemployedin thealgorithmdo not guaranteethata per-
fect sequencewill always be found when it doesexist, the advantageis in its
ef�ciency and in the fact that it always suggestsa subsetof distributions that
may form a perfectsequence,exploiting the availableinformationin a subopti-
mal way5. Oneshouldrealize,however, that a distribution from sucha perfect
sequence,thoughde�ned for groupsof variablesfor which someinput distribu-
tion p j is de�ned, candiffer from this input distribution p j . In sucha case,we
employ aprocessof veri�cation andre�nement.

The detaileddescriptionof this processis beyond the scope(andextent) of
this paper. Brie�y said,veri�cation consistsof computationof Kullback-Leibler
divergenceof modeldistributionsandtherespective input distributions(or their
marginals).If we �nd that someof the distributionsde�ning the perfectmodel
are too far from the requiredmarginals (assumingthat input distributions are
marginalsof the approximateddistribution), thenre�nement is applied.This is
realizedby substitutinga groupof input marginal distributionsby onedistribu-
tion de�ned for all of thevariableswhich areargumentsof thedeleteddistribu-
tions.Naturally, this mustbeappliedcarefully, to avoid too muchincreasein the
dimensionof input distributions.New, more-dimensionalinput distributionsare
eitherestimatedfrom data,or oftencomputedfrom theoriginalinputdistributions
by thewell-known Iterative ProportionalFitting Procedure([3]). Then,having a
new groupof input distributions,the processstartsfrom the very beginning by
applicationof Algorithm.

Thesameprocessof veri�cation andre�nementis alsoappliedwhensomeof
theinputdistributionsarenot includedin themodel.

Let usillustratethisprocessby asimpleexample.

Example3 Let us considerthe following 10 3-dimensionaldistributions(their
valueswereestimatedfrom adata�le):

p1(x1;x2;x4); p2(x1;x2;x6); p3(x1;x4;x6);
p4(x3;x6;x11); p5(x3;x10;x11); p6(x4;x6;x11);
p7(x5;x6;x8); p8(x6;x8;x11); p9(x7;x10;x11);

p10(x9;x10;x11):

The algorithm (startingwith variableX1 and distribution p1) producedthe
sequence

p1(x1);p1(x1;x4);p3(x1;x4;x6);p6(x4;x6;x11);p8(x6;x8;x11);p4(x3;x6;x11);

p7(x5;x6;x8);p5(x3;x10;x11);p10(x9;x10;x11);p9(x7;x10;x11);p1(x1;x2;x4):

5Any generatingsequencecanbe convertedinto a perfectsequenceaccordingto the following
assertion([5, 6]).
Theorem 5 Letp1 . : : : . pn bede�nedandlet thesequencek1; : : : ;kn be:k1 = p1, k2 = k(K2\ K1)

1 . p2,
andgenerally k j = (k1 . : : : . k j � 1)(K j \ (K1[ :::[ K j � 1)) . p j . Thenk1; : : : ;kn is perfectandp1 . : : : . pn =
k1 . : : : . kn.
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Therearetwo pointsthatcanbemadeaboutthissequence.First,sinceall thedis-
tributionswereestimatedfrom onedata�le (with nomissingvalues),all thedistri-
butionswerepairwiseconsistent,andthusbothp1(x1) = p3(x1) andp1(x1;x4) =
p3(x1;x4), andthereforealso

p1(x1) . p1(x1;x4) . p3(x1;x4;x6) = p3(x1;x4;x6):

Therefore,theresultof thealgotihmwas,in fact,a generatingsequence

p3;p6;p8;p4;p7;p5;p10;p9;p1;

whichwasperfect(seeassertion(iiia) in Section4).
The negative propertyof this resultwasthe fact that the algorithm�nished

beforeexploiting distribution p2(x1;x2;x6). Sincewe arelooking for anapprox-
imation of a distribution from which thedata�le wasgenerated,(following the
veri�cation and re�nement process)we have to assesshow much omitting p2
in�uences the quality of the achieved result. This is doneby consideringthe
Kullback-LeiblerdivergenceDiv(p2(x1;x2;x6)kpappr(x1;x2;x6)) , for

pappr = p3 . p6 . p8 . p4 . p7 . p5 . p10 . p9 . p1

(let usmentionthatin this casepappr(x1;x2;x6) = (p3 . p1)(x1;x2;x6)). If we are
notsatis�ed,re�nementresultsin gettingadistributionp11(x1;x2;x4;x6) andsub-
stituting it for p1;p2 andp3. Subsequentapplicationof the algorithmto the set
of distributionsp4;p5;p6;p7;p8;p9;p10;p11 resultedin obtainingthe perfectse-
quence

p11;p6;p8;p4;p7;p5;p10;p9: 3

7 Conclusions

Wehavepresentedtheoreticalresultsshowing thatif anapproximationof aprob-
ability distribution is looked for in a family of compositionaldistributionsthen
theKullback-Leiblerdivergencerepresentinga quality of theapproximationcan
be expressedasa sumof two contributions.The �rst one,which caneasilybe
suppressedby consideringonly marginalsof the approximateddistribution, de-
scribes“local” differences,while theotheronecorrespondsto the lossof infor-
mationresultingfrom thecompositionalmodel(from introducingtherespective
conditionalindependencerelations).Thisknowledgewasexploitedfor designing
a heuristicalgorithmbasedonaneffort to maximizeinformationalcontentof the
constructedapproximation.

Let us concludethe paperby a brief commentadvocatingCMs. Basedon
de Coomanapproachto conditionning[2], J. Vejnarová introducedthe operator
of compositionalsoin possibility theory[11], which madeit possibleto extend
thewholeapproachbeyondprobabilisticframework.
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