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Abstract

Given a randomset coming from the impreciseobsenation of a random
variable we studyhow to modeltheinformationaboutthedistribution of this

randomvariable.Speci cally, we investigatewhetherthe informationgiven

by the upperandlower probabilitiesinducedby therandomsetis equivalent
to theonegivenby theclassof thedistributionsof themeasurableelections;
togetherwith sufcient conditionsfor this, we alsogive examplesshaving

thatthey arenotequivalentin all cases.
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1 Intr oduction

Randomsetshave beensuccessfullyappliedin suchdifferent elds aseconomy
([11]) or stochastiggeometry([14]), andthey have beenstudiedunderdifferent
interpretationslik e the behavioral ([19]) or the evidential one([7]). In this pa-
per, we will interpreta randomsetastheresultof theimpreciseobsenationof a
randomvariable([13]). Underthisinterpretationpurinformationaboutthe prob-
ability distribution of the randomvariableis given by the classof distributions
of the measuable selectionsof the randomset. This classof distributionsis a
subsebdf the classof probabilitymeasuredoundedetweerthe upperandlower
probabilities([7]) of the randomset. Thesefunctionssatisfy Walley's axiomsof
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coherencd[21]), andaremoreover ¥ -alternatingand¥ -monotonerespectiely
(20]).

Althoughworking with theupperandlower probabilitiedeadsto anumberof
mathematicasimpli cations ([20, 21]), theinformationthey provideisin general
moreimprecisehantheonegivenby thesetof distributionsof themeasurablse-
lections([16, 18]). In this paperwe will investigataunderwhich conditionsthese
two modelsareequivalent. The resultswe obtainwill shav whenit is advisable
to modelour informationthroughthe upperandlower probabilitiesandwhenthis
produceslossof precision.

In Section2, we introducesomeconceptsandnotationghatwe will usein the
restof the paperandrecallsomepreviousworkson the subject.In Section3, we
investigatethe informationthat the upperandlower probabilitiesgive aboutthe
distribution of the original randomvariable,andaboutthe value of this distribu-
tion on anarbitraryset.Finally, in Section4 we give someadditionalcomments
andremarks.

2 Preliminary concepts

We will consideraprobabilityspaceW A; P), ameasurablspacg X; A9 anda
multi-valuedmappingG: W! P(X). If X is atopologicalspacewe will denote
by its Borels- eld. A topologicalspaces saidto be Polishwhenit is separable
and completefor somecompatiblemetric d, andit is called Souslinif it is the
bijective imageof a Polishspace The multi-valuedmappingwill be calledopen
(resp.completeclosedcompact)f G(w) is anopen(resp.completeclosedcom-
pact)subsebf X for everyw 2 W.

Formally, a randomsetis a multi-valuedmappingsatisfyingsomemeasura-
bility condition. Thereare differentconditions,suchasthe weak,the strong,or
thegraph-measurabilitff12]). Most of themarebasednthenotionof upperand
lowerinverse:

De nition 1 Let(W A;P) bea probability space (X; A9 bea measuablespace
andG: W! P(X) a multi-valuedmapping GivenA 2 AC its upper inverseis
G (A) =fw2 WjGEw)\ A6 0g, andits lower inverseisG (A) = fw2 Wj06
Qw) Ag.

Whenthereis no possibleconfusionaboutthe multi-valuedmappingwe are
working with, we will usethe notationA = G (A) andA = G (A). By aran-
dom setwe will meanthroughouta stronglymeasurablenulti-valuedmapping.
The strongmeasurabilityis necessarjor the upperandlower probabilitiesof the
randomsetto bede ned on AC

De nition 2 A multi-valuedmappingis called strongly measurableif A 2 A
8A2 A°
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NotethatA = X \ ((A°) )¢8A2 AC whencef Gis stronglymeasurableye
alsohave A 2 A 8A2 A° Theconcept®f upperandlower probabilitiesinduced
by arandomsetwereintroducedoy Dempstetin [7]:

De nition 3 GivenarandomsetG: W! P(X), theupper probability of A2 A°
is Po(A) = % andits lower probability is P g(A) = %

Whenthereis no ambiguityaboutwhich randomsetis inducingthe upperand
lower probability, we will denoteP := Pg;andP := Pg.

As we saidin the introduction,we will regarda randomsetasthe resultof
theimpreciseobsenation of a randomvariableUg : W! X (which we will call
original randomvariable),in the sensethat for every w in the initial spaceall
we know aboutUp(w) is thatit belongsto the setG(w). As a consequencex(w)
will be assumedo be non-emptyfor every w, and henceP (A) = P(A ) and
P (A) = P(A) for all A2 A° The upperand lower probabilitiesinducedby a
randomsetare conjugatefunctions,andthey aremoreover ¥ -alternatingand¥ -
monotonecapacitiestespectiely ([20]). Thismeansn particularthatthey satisfy
Walley's axiomsof coherencd[21]).

If Gis theimpreciseobsenationof Up, all we know aboutthis variableis that
it belonggto the classof measurableselectiongor selectorg of G,

S(Q :=fU:W! X measurablgU(w) 2 Gw) 8wg:
The probability distribution of Ug belongsto
PG :=fRjU 2 YQg;
andour informationaboutPy,(A) is givenby the setof values
P(G(A) = fRI(A)jU 2 SQu:

Therearetwo otherclasse®f probabilitiesthatmaybeusefulin somesituations.
The rst oneis

D(G) := f Q probabilityj Q(A) 2 P(G)(A) 8A2 AY:

This s the setof distributionswhosevaluesarecompatiblewith the information
givenby therandomset.It is clearthatP(G) D(G). If they coincide,theinfor-
mationaboutthe distribution of the original randomvariableis equivalentto the
informationaboutthe valuesit takes.Onthe otherhand we canalsoconsidetthe
class

M(P ) := f Q probabilityj Q(A) P (A) 8A2 A%

of distributions dominatedby P , or credal set generatecby P . This classis
corvex andeasietto handlein practicethanP(G). UsingtheinequalitiesP (A)
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RU(A) P (A), validfor ary U 2 S(G); A2 A wededucehatD(G) M(P ).
We seethenthatP(G D(G M(P ). As we shavedin [16], bothinclusions
canbe strict, andin somecaseghe useof the upperandlower probabilitiescan
producea loss of precision,which in turn cancausesomemisjudgementslt is
thereforeinterestingto seein which casest is reasonabléo useP andP .

Althoughtheclassof the distributionsof the selectorof arandomset([1, 9])
andthe upperprobability it induces([14, 20]) have beenthoroughlystudiedin
the literature,the connectionbetweenthem hasnot receved much attention.It
wasinvestigatedor the caseof X nite in [16], andfor someparticularin nite
spacesn [3, 6, 10, 15, 18]. Our goalin this paperis to somavhat Il this gap.
Speci cally, we will studytwo differentproblems:

First, we will investigatetherelationshipbetweerD(G andM(P ), which
tellsusif theupperandthelower probabilitiesareinformativeenoughabout
thevaluePy,(A) for somearbitraryA 2 A°

Then,we will studywhenP(G) = M(P ), i.e.,underwhich conditionsthe
upperprobabilitykeepsall theinformationaboutPy,.

3 Study of the probabilistic modelsfor Ry,
3.1 P (A);P (A) asamodelfor Ry,(A)

Let us startinvestigatingthe relationshipbetweerD(G) andM(P ). As we men-
tioned before,D(G modelsthe information that G gives aboutthe probability
valuesof the elementsgn AC Therefore by investigatingts equalitywith M(P )
wewill seewhetherP andP areinformative enoughaboutthe ‘true’ probability
of anarbitrarysetA. Thisis formally statedn thefollowing proposition.

Proposition1 Let (W A;P) bea probability space (X; A9 a measuable space
andG: W! P(X) arandomset.Then,

DG = M(P), P(G(A) = [P (A);P (A)] 8A2 A°

Let us considerthensomearbitraryA 2 A° andlet us studythe relationship
betweenP(G)(A) and[P (A);P (A)]. It is clearthat the latter is a supersebf
theformer In orderto give conditionsfor the equality we mustseeif the maxi-
mumandminimumvaluesof P(G)(A) coincidewith P (A) andP (A), andalsoif
P(Q(A) is corvex.

This problemwasstudiedin [18]. We shavedtherethat P(G)(A) hasa max-
imum anda minimumvalue(it is indeeda closedsubsebf [0; 1]), andthatthese
valuesdo not coincidein all caseswith P (A);P (A), evenin the non-trivial
caseof §G) 6 0. Moreover, P(G(A) is not corvex in general.The following
theoremgivessufcient conditionsfor the equalitiesP (A) = maxP(G)(A) and
P (A) = minP(G)(A). It generalizegpreviousresultsfrom [6].
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Theorem1 [18] Consider(W A;P) a probability space (X;t) a topolagical
spaceandG: W! P(X) arandomset.Underany of thefollowing conditions:

1. Wis completeX is SouslinandGr(G) 2 A by,
2. X is a sepamblemetricspaceand Gis compact,
3. X isasepamblemetricspaceandGis open,
4. X is aPolishspaceandGis closed,
5. X isas-compacimetricspaceandGis closed,
wehaveP (A) = maxP(G)(A) andP (A) = minP(G)(A) 8A 2 bx. Moreover; if
6. X is a sepanblemetricspaceandGis complete

thenP (A) = maxP(G)(A);P (A) = minP(G)(A) 8A2 Q(f Bngn), wheef Bagn =
fB(xi;q;) j i 2 N;qgj 2 Qg is a countablebasisof t (d) associatedo a countable
densesetf x,gn, and Q(f Bngy) is the eld genematedbyf Bngn.

Thistheorengivessufcient conditionsfor theequalities®? = maxP(G) and
P = minP(G). The coherencef P implies ([21]) thatit is the upperenvelope
of the setof the nitely additive probabilitiesit dominatesWe have proventhat,
underconditions(1) to (5) from Theoreml, it is indeedthe upperernvelopeof
the classof countablyadditive probabilitiesinducedby the selectorsA similar
(symmetricalyemarkcanbe madefor P .

Let usremarkin passinghatresultsestablishedn Theoreml guaranteehe
existenceof aselectorof Gwhosedistribution coincideswith P ona nite chain.
Indeed,in [5] Cousoshavedthatthe equalityP (A) = supP(G(A) 8A2 A%im-
plies the equality betweenthe Choquetintegral of a boundedrandomvariable
respecto the upperprobability of a randomset([8]) andthe supremunof class
of theintegralsrespecto the distributionsof the measurableelectionsThis al-
lows usto deducethefollowing result,which generalizesheoreml from [3].

Theorem?2 LetG: W! P(X) bearandomsetandV : X! R aboundedran-
dom varigble Under apy of the conditions(1) to @) from the p,ga/ious theo-
rem,(C) VdP =suf VdR,jU 2 SGgand(C) VdP = inff VdR,jU 2
S(O]¢)

Ontheotherhand,we have alreadyremarledthatthe equalitybetweerD(G)

andM(P ) reliesontheequalitiesP (A) = maxP(G)(A) andon the corvexity of
P(Q(A) for every A2 Al Concerninghelatter, we have proventhefollowing:

Proposition2 [18] LetG: W! P(X) bearandomset,andconsiderA2 A° Let
U1; Uz 2 §(G satisfyRy, (A) = maxP(G(A), Pu,(A) = minP(G(A). Then,
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P(G)(A) iscorvex, U, Y(A)nU, }(A) is notanatom?.

In particular P(G(A) is corvex 8A 2 ACif theinitial spaceis non-atomic;
this conditionholdsfor instanceif we have someadditionalinformationstating
thatRy, is continuousNeverthelessthe non-atomicityof (W, A; P) is not neces-
saryfor P(G)(A) to be corvex, aswe shavedin [16]. If we join Theoreml and
Proposition2, we derive thefollowing corollary:

Corollary 1 LetG: W! P(X) bea randomsetsatisfyingany of the conditions
(1) to(5)fromTheoeml.If A nA isnotanatomfor anyA2 bx, D(G) = M(P ).

3.2 P ;P asamodelfor Ry,

Let usstudynow the equalitybetweenP(G) andM(P ), which tells whetherthe
upperprobability keepsall the availableinformationaboutthe distribution of the
original randomvariable,Ry,. The classof the distributions of the selectorshas
beenstudiedfor sometypesof randomsets(seefor instancd1, 9, 10]). However,
its relationshipwith the credalsetgeneratedby the upperprobabilityhasnotbeen
investigatedn detail.In [16], we studiedthis problemfor thecaseof X nite, and
in [15] theattentiorwasfocusedonrandomintervals.Ontheotherhand,Castaldo
andMarinacciprovedin [3] aresultfor compactrandomsetson Polishspaces.

TheequalitybetweerD(G) andM(P ) doesnotguarante¢hatP(G) = M(P ),
and neitherdoesthe equality betweenP(G and D(G) ([16]). Then,a possible
approactfor our problemwould be determiningsuf cient conditionsfor P(G) =
D(GQ), andjoin themwith the onesstatedin Corollary 1. Unfortunately it does
not seemeasy(exceptin trivial situations)to characterizehis last equality We
are going to show that a reasoningbasedon the extreme points of M(P ) will
be more fruitful in our contet: it allows us to easily characterizahe equality
betweenP(G@ andM(P ) in the nite caseandwe canusethisto derive some
resultsfor the caseof X separablenetric. WhenX is nite, the extremepoints
of M(P ) arein correspondencwith the permutationson X, in the following
mannef:

Then,Ext(M(p) = fQpjp2 S'gandM(p) = Corv(fQpj p 2 S'g).

1By this we meanthatfor every a 2 (0;1) thereis somemeasurabld U, 1(a) nU, L(A) with
P(B) = aP(U; (A) nU, 1(A)).

2This theoremis anextension for 2-alternatingcapacitiespf a resultgiven by Dempstef([7]) for
randomsetson nite spaces.
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We cansee([16]) thatgiven X nite andG: W! P(X) arandomset,it is
Ext(M(P)) P(G, andasa consequenc®(G = M(P ), P(Q is corvex.
Thisequialencedoesnothold for thecaseof X in nite, asthefollowing example
shaws:

Examplel (sketch) LetG: (0;1) ! P([0;1]) bede ned betweerthe probabil-
ity space((0; 1);b(g.1);! (0,1)) @andthe measuable space([0; 1]; byg.1)) by Gw) =
(0;w) 8w 2 (0;1). It is easyto seethat this mappingis strongly measuable

GivenU 2 §G), it canbechededthatP,(f0g) = O; Ry ([0;x]) x8x,and
o (fx2 (0;1) j Ru([0;x]) = xg) = O.

Corversely considera probability measue Q : byg.qy ! [0;1] satisfyingthe
three previous properties. This implies that it also satis esQ([0;X))  x
andQ([0;x)) > x for all but a null subsebf (0; 1), thatwewill denoteNg.
The quantile functionU of Q is a measuable mappingsatisfyingPy =
Q:U(w) 2 G(w) 8w 2 Ng. We can modifyU on Ng without affectingits
measuability sothat all its valuesare includedin thoseof G whencewe
deducehatQ 2 P(G).

We deducethat P(G) is the classof probability measueswith Q(f 0g) =
0;Q([0;x]) x8xandQ([0;x]) > x for all but a null subsetof [0; 1], and
we caneasilyched that this classis corvex.

ThelLebesgueneasuel [o,1) onbyg 1) satis esl o,1j(A) P (A) 8A2 byoq;
henceit belongsto M(P ), andclearly it doesnot satisfyl [o.1)([0;X]) > X
with probability 1. Asa consequencd(G) ( M(P ).

In [17], we investigatedheform of theextremepointsof M() for the caseof
p 2-alternatinganduppercontinuousandfor (X; d) aseparablenetricspaceThe
ideain thatpapemwasto approximatedistributionQ: bx ! [0; 1] by distributions
coincidingwith Q on some nite elds. We will usea similar reasoningn our
next theoremwherewe considerthe upperprobability P inducedby a random
set(andhencenot necessarilyippercontinuous)We will work in this papemwith
the topology of the weak corvergence whosemain propertiescan be found in
[2]. Togetherwith the well-known Portmanteais theoremwe will alsousethe
following result:

Proposition3 [2] Let (X;d) be a sepaable metric space and considera class
U by sud that (i) it is closedunder nite intersectionsand (ii) every open
setis a nite or countableunionof elementdromU. Letf P,gn; P be a family of
probability measueson by sud thatP,(A) ! P(A) 8A2 U. Thenthesequence
f Pngn corvergesweaklyto P.

Let f xngn beacountablesetdenseon (X;d), andde ne f Bagn := f B(Xi; ;) j
i 2 N;qj 2 Qg acountablebasisof t (d). Let usdenoteQ(f Bngn) the eld gener
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andit caneasilybe checled that Q(f Bhgn) satis esthe hypothesegi) and (ii)
statedin the previous proposition.Any elementof @, is a ( nite anddisjoint)
unionof elementsrom Dy := fC;\ C;\ \ CqjGi 2 fB;;Bfg8i: 1;:::;ng. Let
usdenotethis classDy, := fEf;:::; EQng.

Theorem4 Let(W,A;P) bea probability space(X;d) a sepaablemetricspace
andG: W! P(X) arandomsetsudithatP (A) = maxP(G)(A) 8A2 Q(f Bngn).
Then,

1. M(P ) = Conv(P(G).
2. P(GQ=M(P), P(G iscorvex.

Proof.

1. It is clearthatCorv(P(G) M(P ). Corversely considerQ; 2 M(P ),
and x n2 N. Considetthe nite measurablspacgDy;P(Dy)), andletus
de ne themulti-valuedmapping

G:W ! P(Dn)
w ! fE"jQw)\ E'6 0g:

Givenl f1;:::,kng; G,(fE"gi21) = fwj9i 2 I;E' 2 Gy(w)g= fwj
912 1;,Gw)\ E"6 0g= G([i21E") 2 A) G, is stronglymeasur
able.

De ne a probability measureQ : P(Dy) ! [0;1] by Q(fE'g) =
Q1(E") 8i. Then,givenl  f1;:::;kag,

Q(fE'gi21) = Qu([ i21E")  Ps([ i21E") = Pg,(fE'gi21);
whenceQ 2 M(Fg ).

Now, from Theorem3 M(Pg ) = Corv(fQp j p 2 Sg), wherethe proba-
bility measureQ, : P(Dy) ! [0;1] is de ned by Qp(f Eg(l); i :;Eg(j)g) =

P, (FEpy 5 Epey @) = Poll £4Ep ) 80 = 1;::0 k.

For ary of theseextremepoints, thereis someP, 2 P(G) with Pp(EJ“) =

Qp(f E]”g) 8j = 1;:::;ky: it sufces to take into accountthat, aswe have
seenin Theorem2, we canapproximateP; on a nite chain.As aconse-
quence for the probability Q 2 Conv(f Qp j p 2 S'g) de ned above, there
is someP, 2 Conv(P(G)) suchthat Py(E]) = Q(fE'g) = Qu(E]) 8j =

1;:::;ky. Thesequencé Pngn  Conv(P(Q) satis esPy(A) ! Q1(A) for
all A2 Q(f Bngn). Applying Proposition3, we concludethat f P,gn con-
vergesweaklyto Q1, whenceM(P ) Conv(P(G) andwe deducehede-
siredequality
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2. For the direct implication, it sufces to seethat M(P ) is corvex. Con-
siderP;; P, 2 M(P );a 2 (0;1); then therearef Pg,; f P2gn  M(P ) con-
verging weaklyto Py; P, respectiely. Let A2 bx bea(aPi+ (1 a)P)-
continuity set. It is 0= (aP;+ (1 a)Py)(d(A)2 = aPy(d(A) + (1
a)P,(d(A)), andthereforeA is alsoa Py; P,-continuity set. From Portman-
teaus theorem(seefor instance2]), PY(A) ! Pi(A) andP?(A) ! Py(A),
whence(aPi+ (1 a)P?)(A)! (aPi+ (1 a)P)(A), andagainusing
Portmanteastheoremwe deducehatthesequencéaPt+ (1 a)P?gn
M(P ) corvergesweaklyto aP; + (1 a)P.. Hence,this probability be-
longsto M(P ).

For the corverseimplication, assumehat P(G) is corvex. Then,applying
the rst pointof thistheoremit is

M(P ) = CoM(P(G) Comv(P(G) = P(G) = P(G)) P(G) = M(P ):
2

The secondpart of this theoremextendsa result mentionedbeforefor the
nite case(it canbe checledthatin thatcaseboth P(G) andM(P ) areclosed).
We deducethata way to determineconditionsfor the equalityM(P ) = P(Q) is
to give sufcient conditionsfor the corvexity of P(G). We have donethisin our
next theoremlIt useghefollowing supportingresult.

Lemmal Let (W.A;P) be a non-atomicprobability space (X;d) a sepaable
metric spaceand G: W! P(X) a randomset. Then,the class of probabili-
ties Hy := fQ: P(Dp) ! [0;1] probability j 9Q°2 P(G) sudh that Q(f E"g) =
QYEM 8E" 2 Dyg s convex for everyn.

Proof. Fix n2 N, and considerP;;P, 2 Hp;a 2 (0;1). Then, there exist

Gij= Uy }(EM\ U, *(EN); fromthenon-atomicityof (W; A; P), thereis, for every
i; j, somemeasurabl®;; Cjj suchthatP(Dij) = aP(Cij). De ne C= [ ;;;Gj,
and

U := Uslc+ Ualce:

Then, U is a measurablecombinationof selectorsof G, whenceU 2 SG).
Moreover,

3d(A) denoteserethe boundaryof the setA.
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Ru(E") = P(U; (EM\ ©)+ P(U, {(EM\ C9)

Kn
P(Di)+ & (P(Cji) P(Dj))
1 =1

Qozx

kn kn
= aaPG)+ a1l a)PCy)
1 =1

= aRy, (EM+ (1 a)Ru,(E") 81 = 1;:::;kn;

andwe deducehataPy+ (1 a)P>2 H,. 2

Theorem5 Let(W A;P) bea non-atomicprobability space (X;d) a sepaable
metricspaceandG: W! P(X) arandomset.Then,P(G) is convex.

Proof. Letusshav rst thatConv(P(G) P(G). ConsiderP;;P, 2 P(G);a 2
(0;1). Applying the previouslemma,for every n thereis Qn 2 P(G) with Qn(A) =

Now, applying Proposition3 we deducethatf Qngn corvergesweaklyto aP; +
(1 a)P, andthis probabilitybelongsto P(G). Fromthis, we deducen particular
the equality Cornv(P(GQ) = P(G). The rst setin this equalityis the closureof
a corvex setof probabilitiesde ned on a separablanetric space Following the
courseof reasoningrom the proof of point 2 from Theorem4, we candeduce
thatConv(P(Q) (andhenceP(Q)) is corvex. 2

A similar proofwould allow usto deducethatD(G) is corvex when(W, A; P)
is non-atomicand (X;d) separableNow, using Theoremsl, 4 and5, we derive
thefollowing result:

Corollary 2 Let (W, A;P) be a probability space (X;d) be a sepaable metric
spaceandG: W! P(X) arandomset.Underanyof thefollowing conditions:

1. Gisopen,
2. Giscomplete

3. Xiss-compaciandGis closed,

M(P ) = Corv(P(G)). If in addition(W: A; P) is non-atomicthenM(P ) = P(G).

Proof. The rst partfollows from Theoreml andthe rst point of Theorem
4. For the secondpart, it sufces to apply the secondpoint of Theorem4 and
Theorenb. 2
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This corollary extendsresultsfrom [3, 16], andtells usthatunderfairly gen-
eral conditions,the upperprobability can be usedto modelthe available infor-
mationwithout producinga (big) lossof precision.It alsoextendssomeresults
from[10]: it is proventherethatgiventwo closedrandomsetsG;; & onasepara-
ble Banachspacethe equalitybetweerPGl and P, impliesthatCorv(P(Gy)) is

equalto Conv(P(G,)). Similar resultscanbe seenin [1, 9]. We have proventhat
it isindeedP; = Pg,) Comv(P(Gy)) = Conv(P(&)) = M(Pel) = M(PGZ), and
only requiring G to be completeon a separablemetric space8i = 1;2. On the
otherhand,we deducethatunderthe hypothesesf the secondpartof Corollary
2,if P(Q isweaklyclosedit is alsocorvex, andM(P ) is closed.The corverses
arenottruein generalThefollowing exampleshavs thatP(G) is not necessarily
closedwhenM(P ) is closed:

Example 2 [15] ConsiderG: [0;1]! P([0;1]) de nedbyGw) = [ w;w] 8w 2
[0;1]. Then,it can be proventhat M(P ) is closed(indeed,this holds for any
compactrandomseton a Polish space) However, giventheselectos A;B2 S(G)
de nedby A(w) = w;B(w) = w 8w, it canbe chedkedthat @ 2 P(@Q). This
showghat P(G) is notcorvex. Asa consequencdt is notclosedeither:if it were,
it wouldbeP(G) = P(G) = M(P ) = M(P ) convex, a contradiction.

On the other hand,Examplel shows that P(G) is not closedeitherif it is
corvex. Indeed thatimplicationdoesnot hold evenif P(G = M(P ):

Example 3 Consider(W;A;P) = ((0;1);b(a.1);! (0.1)) @ non-atomicprobability
space andlet G: W! P(R) be constanton (0;1). Then,M(P ) = fQ: br!

[0; 1] probability j Q((0; 1)) = 1g. Givena probability measue Q 2 M(P ), its
qguantilefunctionU : (0;1) ! R is a selectorof Gandsatis esP, = Q, whence
P(G = M(P ) corvex. Howerer, thesequencef degenerteprobability measues
on % f d% on P(G), convergesweaklyto dy 2 P(G). Hence this setis notclosed.

4 Conclusionsand openproblems

In this paperwe have comparedhedifferentmodelsof the probabilisticinforma-
tion givenby arandomset,whenthis randomsetis theimpreciseobsenationof a
randomvariable We have consideredhreedifferentsetsof probabilitymeasures,
andthroughthemwe have investigatedvhetheran impreciseprobability model
in termsof theupperandlower probabilitiesis usefulin this context.
Theresultswe have establishedllow usto concludethatunderfairly general
conditionstheupperandlower probabilitiesinducedby arandomsetcanbeused
to summarizehe informationon the distribution of the original randomvariable
without a substantialoss of precision.Neverthelessthereare still a numberof
particularcaseof randomsetswhich areworth a detailedstudy We would also
like to studythe topologicalstructureof P(G) and M(P ) underotherthanthe
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topologyof the weakconvergence andderive othersufcient conditionsfor the
equalitiesD(G) = M(P ) andP(G) = M(P ). Finally, it would alsobeinteresting
(thoughwe arenot very optimisticin this respect}o obtainsufcient conditions
for theequalityP(G) = M(P ) in termsof theimagesof therandomset,asit was
donein [15] for theparticularcaseof randomintervals.
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