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Abstract

Given a randomset coming from the impreciseobservation of a random
variable,westudyhow to modeltheinformationaboutthedistributionof this
randomvariable.Speci�cally, we investigatewhethertheinformationgiven
by theupperandlowerprobabilitiesinducedby therandomsetis equivalent
to theonegivenby theclassof thedistributionsof themeasurableselections;
togetherwith suf�cient conditionsfor this, we alsogive examplesshowing
thatthey arenotequivalentin all cases.
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1 Intr oduction

Randomsetshave beensuccessfullyappliedin suchdifferent�elds aseconomy
([11]) or stochasticgeometry([14]), andthey have beenstudiedunderdifferent
interpretations,like the behavioral ([19]) or the evidential one([7]). In this pa-
per, we will interpreta randomsetastheresultof theimpreciseobservationof a
randomvariable([13]). Underthis interpretation,our informationabouttheprob-
ability distribution of the randomvariableis given by the classof distributions
of the measurable selectionsof the randomset.This classof distributions is a
subsetof theclassof probabilitymeasuresboundedbetweentheupperandlower
probabilities([7]) of the randomset.ThesefunctionssatisfyWalley's axiomsof
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dacíon BancoHerrero.
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coherence([21]), andaremoreover ¥ -alternatingand¥ -monotone,respectively
([20]).

Althoughworkingwith theupperandlowerprobabilitiesleadsto anumberof
mathematicalsimpli�cations ([20, 21]), theinformationthey provideis in general
moreimprecisethantheonegivenby thesetof distributionsof themeasurablese-
lections([16, 18]). In thispaper, wewill investigateunderwhichconditionsthese
two modelsareequivalent.Theresultswe obtainwill show whenit is advisable
to modelour informationthroughtheupperandlowerprobabilitiesandwhenthis
producesa lossof precision.

In Section2, weintroducesomeconceptsandnotationsthatwewill usein the
restof thepaper, andrecallsomepreviousworkson thesubject.In Section3, we
investigatethe informationthat theupperandlower probabilitiesgive aboutthe
distribution of theoriginal randomvariable,andaboutthevalueof this distribu-
tion on anarbitraryset.Finally, in Section4 we give someadditionalcomments
andremarks.

2 Preliminary concepts

We will considera probabilityspace(W;A;P), a measurablespace(X;A0) anda
multi-valuedmappingG: W! P(X). If X is a topologicalspace,we will denote
bX its Borel s-�eld. A topologicalspaceis saidto bePolish whenit is separable
andcompletefor somecompatiblemetric d, and it is calledSouslinif it is the
bijective imageof a Polishspace.Themulti-valuedmappingwill becalledopen
(resp.complete,closed,compact)if G(w) is anopen(resp.complete,closed,com-
pact)subsetof X for everyw 2 W.

Formally, a randomsetis a multi-valuedmappingsatisfyingsomemeasura-
bility condition.Therearedifferentconditions,suchasthe weak,the strong,or
thegraph-measurability([12]). Mostof themarebasedonthenotionof upperand
lower inverse:

De�nition 1 Let (W;A;P) bea probabilityspace, (X;A0) bea measurablespace
andG: W! P(X) a multi-valuedmapping. GivenA 2 A0, its upper inverseis
G� (A) = f w 2 Wj G(w) \ A 6= /0g, andits lower inverseis G� (A) = f w 2 Wj /0 6=
G(w) � Ag.

Whenthereis no possibleconfusionaboutthemulti-valuedmappingwe are
working with, we will usethenotationA� := G� (A) andA� := G� (A). By a ran-
dom setwe will meanthroughouta stronglymeasurablemulti-valuedmapping.
Thestrongmeasurabilityis necessaryfor theupperandlowerprobabilitiesof the
randomsetto bede�ned onA0.

De�nition 2 A multi-valuedmappingis called strongly measurableif A� 2 A
8A 2 A0.
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NotethatA� = X� \ ((Ac)� )c 8A 2 A0, whenceif Gis stronglymeasurable,we
alsohaveA� 2 A 8A 2 A0. Theconceptsof upperandlowerprobabilitiesinduced
by arandomsetwereintroducedby Dempsterin [7]:

De�nition 3 Givena randomsetG: W! P(X), theupper probability of A 2 A0

is P�
G(A) = P(A� )

P(X� ) , andits lower probability is P� G(A) = P(A� )
P(X� ) .

Whenthereis noambiguityaboutwhichrandomsetis inducingtheupperand
lowerprobability, we will denoteP� := P�

G andP� := P� G.
As we saidin the introduction,we will regarda randomsetasthe resultof

the impreciseobservationof a randomvariableU0 : W! X (which we will call
original randomvariable),in the sensethat for every w in the initial spaceall
we know aboutU0(w) is that it belongsto thesetG(w). As a consequence,G(w)
will be assumedto be non-emptyfor every w, and henceP� (A) = P(A� ) and
P� (A) = P(A� ) for all A 2 A0. The upperand lower probabilitiesinducedby a
randomsetareconjugatefunctions,andthey aremoreover¥ -alternatingand¥ -
monotonecapacities,respectively ([20]). Thismeansin particularthatthey satisfy
Walley'saxiomsof coherence([21]).

If Gis theimpreciseobservationof U0, all weknow aboutthisvariableis that
it belongsto theclassof measurableselections(or selectors) of G,

S(G) := f U : W! X measurablej U(w) 2 G(w) 8wg:

Theprobabilitydistributionof U0 belongsto

P(G) := f PU j U 2 S(G)g;

andour informationaboutPU0(A) is givenby thesetof values

P(G)(A) := f PU (A) j U 2 S(G)g:

Therearetwo otherclassesof probabilitiesthatmaybeusefulin somesituations.
The�rst oneis

D(G) := f Q probabilityj Q(A) 2 P(G)(A) 8A 2 A0g:

This is thesetof distributionswhosevaluesarecompatiblewith the information
givenby therandomset.It is clearthatP(G) � D(G). If they coincide,theinfor-
mationaboutthedistribution of theoriginal randomvariableis equivalentto the
informationaboutthevaluesit takes.Ontheotherhand,wecanalsoconsiderthe
class

M(P� ) := f Q probabilityj Q(A) � P� (A) 8A 2 A0g

of distributions dominatedby P� , or credal set generatedby P� . This classis
convex andeasierto handlein practicethanP(G). UsingtheinequalitiesP� (A) �
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PU (A) � P� (A), valid for any U 2 S(G); A 2 A0, we deducethatD(G) � M(P� ).
We seethenthatP(G) � D(G) � M(P� ). As we showedin [16], both inclusions
canbestrict, andin somecasestheuseof theupperandlower probabilitiescan
producea lossof precision,which in turn cancausesomemisjudgements.It is
thereforeinterestingto seein whichcasesit is reasonableto useP� andP� .

Althoughtheclassof thedistributionsof theselectorsof a randomset([1, 9])
andthe upperprobability it induces([14, 20]) have beenthoroughlystudiedin
the literature,the connectionbetweenthemhasnot received muchattention.It
wasinvestigatedfor thecaseof X �nite in [16], andfor someparticularin�nite
spacesin [3, 6, 10, 15, 18]. Our goal in this paperis to somewhat �ll this gap.
Speci�cally, wewill studytwo differentproblems:

� First,we will investigatetherelationshipbetweenD(G) andM(P� ), which
tellsusif theupperandthelowerprobabilitiesareinformativeenoughabout
thevaluePU0(A) for somearbitraryA 2 A0.

� Then,we will studywhenP(G) = M(P� ), i.e., underwhich conditionsthe
upperprobabilitykeepsall theinformationaboutPU0.

3 Study of the probabilistic modelsfor PU0

3.1 P� (A);P� (A) asa model for PU0(A)

Let usstartinvestigatingtherelationshipbetweenD(G) andM(P� ). As we men-
tioned before,D(G) modelsthe information that G gives about the probability
valuesof theelementsin A0. Therefore,by investigatingits equalitywith M(P� )
wewill seewhetherP� andP� areinformativeenoughaboutthe`true' probability
of anarbitrarysetA. This is formally statedin thefollowing proposition.

Proposition1 Let (W;A;P) bea probability space, (X;A0) a measurablespace
andG: W! P(X) a randomset.Then,

D(G) = M(P� ) , P(G)(A) = [P� (A);P� (A)] 8A 2 A0:

Let usconsiderthensomearbitraryA 2 A0, andlet usstudytherelationship
betweenP(G)(A) and [P� (A);P� (A)]. It is clear that the latter is a supersetof
theformer. In orderto give conditionsfor theequality, we mustseeif themaxi-
mumandminimumvaluesof P(G)(A) coincidewith P� (A) andP� (A), andalsoif
P(G)(A) is convex.

This problemwasstudiedin [18]. We showedtherethatP(G)(A) hasa max-
imum anda minimumvalue(it is indeeda closedsubsetof [0;1]), andthatthese
valuesdo not coincide in all caseswith P� (A);P� (A), even in the non-trivial
caseof S(G) 6= /0. Moreover, P(G)(A) is not convex in general.The following
theoremgivessuf�cient conditionsfor the equalitiesP� (A) = maxP(G)(A) and
P� (A) = minP(G)(A). It generalizespreviousresultsfrom [6].
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Theorem1 [18] Consider(W;A;P) a probability space, (X; t ) a topological
spaceandG: W! P(X) a randomset.Underanyof thefollowing conditions:

1. Wis complete, X is SouslinandGr(G) 2 A 
 bX,

2. X is a separablemetricspaceandGis compact,

3. X is a separablemetricspaceandGis open,

4. X is a PolishspaceandGis closed,

5. X is a s-compactmetricspaceandGis closed,

wehaveP� (A) = maxP(G)(A) andP� (A) = minP(G)(A) 8A 2 bX. Moreover, if

6. X is a separablemetricspaceandGis complete,

thenP� (A) = maxP(G)(A);P� (A) = minP(G)(A) 8A2 Q(f Bngn), wheref Bngn =
f B(xi;q j ) j i 2 N;q j 2 Qg is a countablebasisof t (d) associatedto a countable
densesetf xngn andQ(f Bngn) is the�eld generatedby f Bngn.

This theoremgivessuf�cient conditionsfor theequalitiesP� = maxP(G) and
P� = minP(G). The coherenceof P� implies ([21]) that it is the upperenvelope
of thesetof the �nitely additive probabilitiesit dominates.We have proventhat,
underconditions(1) to (5) from Theorem1, it is indeedthe upperenvelopeof
the classof countablyadditive probabilitiesinducedby the selectors.A similar
(symmetrical)remarkcanbemadefor P� .

Let us remarkin passingthat resultsestablishedin Theorem1 guaranteethe
existenceof aselectorof Gwhosedistributioncoincideswith P� ona�nite chain.
Indeed,in [5] CousoshowedthattheequalityP� (A) = supP(G)(A) 8A 2 A0 im-
plies the equality betweenthe Choquetintegral of a boundedrandomvariable
respectto theupperprobabilityof a randomset([8]) andthesupremumof class
of the integralsrespectto thedistributionsof themeasurableselections.This al-
lowsusto deducethefollowing result,whichgeneralizestheorem1 from [3].

Theorem2 Let G: W! P(X) bea randomsetandV : X ! R a boundedran-
dom variable. Under any of the conditions(1) to (5) from the previous theo-
rem,(C)

R
VdP� = supf

R
VdPU j U 2 S(G)g and(C)

R
VdP� = inff

R
VdPU j U 2

S(G)g:

On theotherhand,we have alreadyremarkedthattheequalitybetweenD(G)
andM(P� ) relieson theequalitiesP� (A) = maxP(G)(A) andon theconvexity of
P(G)(A) for everyA 2 A0. Concerningthelatter, wehaveproventhefollowing:

Proposition2 [18] LetG: W! P(X) bea randomset,andconsiderA 2 A0. Let
U1;U2 2 S(G) satisfyPU1(A) = maxP(G)(A), PU2(A) = minP(G)(A). Then,
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P(G)(A) is convex , U � 1
1 (A) nU � 1

2 (A) is notanatom1.

In particular, P(G)(A) is convex 8A 2 A0 if the initial spaceis non-atomic;
this conditionholdsfor instanceif we have someadditionalinformationstating
thatPU0 is continuous.Nevertheless,thenon-atomicityof (W;A;P) is not neces-
saryfor P(G)(A) to beconvex, aswe showed in [16]. If we join Theorem1 and
Proposition2, we derive thefollowing corollary:

Corollary 1 Let G: W! P(X) bea randomsetsatisfyinganyof theconditions
(1) to (5) fromTheorem1. If A� nA� is notanatomfor anyA2 bX, D(G) = M(P� ).

3.2 P� ;P� asa model for PU0

Let usstudynow theequalitybetweenP(G) andM(P� ), which tells whetherthe
upperprobabilitykeepsall theavailableinformationaboutthedistributionof the
original randomvariable,PU0. The classof thedistributionsof theselectorshas
beenstudiedfor sometypesof randomsets(seefor instance[1, 9, 10]). However,
its relationshipwith thecredalsetgeneratedby theupperprobabilityhasnotbeen
investigatedin detail.In [16], westudiedthisproblemfor thecaseof X �nite, and
in [15] theattentionwasfocusedonrandomintervals.Ontheotherhand,Castaldo
andMarinacciprovedin [3] a resultfor compactrandomsetsonPolishspaces.

TheequalitybetweenD(G) andM(P� ) doesnotguaranteethatP(G) = M(P� ),
and neitherdoesthe equality betweenP(G) and D(G) ([16]). Then,a possible
approachfor our problemwould bedeterminingsuf�cient conditionsfor P(G) =
D(G), and join themwith the onesstatedin Corollary 1. Unfortunately, it does
not seemeasy(exceptin trivial situations)to characterizethis last equality. We
aregoing to show that a reasoningbasedon the extremepointsof M(P� ) will
be more fruitful in our context: it allows us to easily characterizethe equality
betweenP(G) andM(P� ) in the �nite case,andwe canusethis to derive some
resultsfor the caseof X separablemetric.WhenX is �nite, the extremepoints
of M(P� ) are in correspondencewith the permutationson X, in the following
manner2:

Theorem3 [4] ConsiderX = f x1; : : : ;xng �nite andµ a 2-alternatingcapacity
onP(X). For anyp 2 Sn, de�ne a probabilityQp onP(X) satisfying

Qp(f xp(1); : : : ;xp( j)g) = µ(f xp(1); : : : ;xp( j)g)8 j = 1; : : : ;n:

Then,Ext(M(µ)) = f Qp j p 2 Sng andM(µ) = Conv(f Qp j p 2 Sng).

1By this we meanthat for every a 2 (0;1) thereis somemeasurableB � U � 1
1 (A) nU � 1

2 (A) with
P(B) = aP(U � 1

1 (A) nU � 1
2 (A)) .

2This theoremis anextension,for 2-alternatingcapacities,of a resultgivenby Dempster([7]) for
randomsetson �nite spaces.
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We cansee([16]) that given X �nite andG: W! P(X) a randomset,it is
Ext(M(P� )) � P(G), and as a consequenceP(G) = M(P� ) , P(G) is convex.
Thisequivalencedoesnotholdfor thecaseof X in�nite, asthefollowing example
shows:

Example1 (sketch) Let G: (0;1) ! P([0;1]) bede�ned betweentheprobabil-
ity space((0;1);b(0;1); l (0;1)) andthemeasurablespace([0;1];b[0;1]) by G(w) =
(0;w) 8w 2 (0;1). It is easyto seethat this mappingis stronglymeasurable.

� GivenU 2 S(G), it canbecheckedthatPU (f 0g) = 0;PU ([0;x]) � x 8x, and
l (0;1)(f x 2 (0;1) j PU ([0;x]) = xg) = 0.

� Conversely, considera probabilitymeasureQ : b[0;1] ! [0;1] satisfyingthe
three previous properties.This implies that it also satis�es Q([0;x)) � x
andQ([0;x)) > x for all but a null subsetof (0;1), that wewill denoteNQ.
The quantile functionU of Q is a measurable mappingsatisfyingPU =
Q;U(w) 2 G(w) 8w =2 NQ. We can modifyU on NQ without affecting its
measurability so that all its valuesare includedin thoseof G, whencewe
deducethatQ 2 P(G).

� We deducethat P(G) is the classof probability measureswith Q(f 0g) =
0;Q([0;x]) � x 8x andQ([0;x]) > x for all but a null subsetof [0;1], and
wecaneasilycheck that this classis convex.

� TheLebesguemeasurel [0;1] onb[0;1] satis�esl [0;1](A) � P� (A) 8A 2 b[0;1];
hence, it belongsto M(P� ), andclearly it doesnot satisfyl [0;1]([0;x]) > x
with probability1. Asa consequence, P(G) ( M(P� ).

In [17], we investigatedtheform of theextremepointsof M(µ) for thecaseof
µ 2-alternatinganduppercontinuous,andfor (X;d) aseparablemetricspace.The
ideain thatpaperwasto approximateadistributionQ: bX ! [0;1] bydistributions
coincidingwith Q on some�nite �elds. We will usea similar reasoningin our
next theorem,wherewe considertheupperprobabilityP� inducedby a random
set(andhencenotnecessarilyuppercontinuous).Wewill work in thispaperwith
the topologyof the weakconvergence,whosemain propertiescanbe found in
[2]. Togetherwith the well-known Portmanteau's theorem,we will alsousethe
following result:

Proposition3 [2] Let (X;d) be a separablemetricspace, andconsidera class
U � bX such that (i) it is closedunder �nite intersectionsand (ii) every open
setis a �nite or countableunionof elementsfromU. Let f Pngn;P bea family of
probabilitymeasuresonbX such thatPn(A) ! P(A) 8A 2 U. Then,thesequence
f Pngn convergesweaklyto P.

Let f xngn bea countablesetdenseon (X;d), andde�ne f Bngn := f B(xi;q j ) j
i 2 N;q j 2 Qg acountablebasisof t (d). Let usdenoteQ(f Bngn) the�eld gener-
atedby f Bngn, Qn the�eld generatedby f B1; : : : ;Bng. Then,Q(f Bngn) = [ nQn,
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andit caneasilybe checked that Q(f Bngn) satis�es the hypotheses(i) and(ii)
statedin the previous proposition.Any elementof Qn is a (�nite anddisjoint)
unionof elementsfrom Dn := f C1 \ C2 \ � � � \ Cn j Ci 2 f Bi;Bc

i g8i : 1; : : : ;ng. Let
usdenotethis classDn := f En

1; : : : ;En
kn

g.

Theorem4 Let (W;A;P) bea probabilityspace, (X;d) a separablemetricspace
andG: W! P(X) a randomsetsuch thatP� (A) = maxP(G)(A) 8A 2 Q(f Bngn).
Then,

1. M(P� ) = Conv(P(G)).

2. P(G) = M(P� ) , P(G) is convex.

Proof.

1. It is clear that Conv(P(G)) � M(P� ). Conversely, considerQ1 2 M(P� ),
and�x n 2 N. Considerthe�nite measurablespace(Dn;P(Dn)) , andlet us
de�ne themulti-valuedmapping

Gn : W ! P(Dn)

w ,! f En
i j G(w) \ En

i 6= /0g:

� GivenI � f 1; : : : ;kng;G�
n(f En

i gi2 I ) = f w j 9i 2 I ;En
i 2 Gn(w)g = f w j

9i 2 I ;G(w) \ En
i 6= /0g = G� ([ i2 I En

i ) 2 A ) Gn is stronglymeasur-
able.

� De�ne a probability measureQ : P(Dn) ! [0;1] by Q(f En
i g) =

Q1(En
i ) 8i. Then,givenI � f 1; : : : ;kng,

Q(f En
i gi2 I ) = Q1([ i2 I En

i ) � P�
G([ i2 I En

i ) = P�
Gn

(f En
i gi2 I );

whenceQ 2 M(P�
Gn

).

Now, from Theorem3 M(P�
Gn

) = Conv(f Qp j p 2 Skng), wheretheproba-
bility measureQp : P(Dn) ! [0;1] is de�ned by Qp(f En

p(1); : : : ;E
n
p( j)g) =

P�
Gn

(f En
p(1); : : : ;E

n
p( j)g) = P�

G([ j
i= 1En

p( j)) 8 j = 1; : : : ;kn.

For any of theseextremepoints,thereis somePp 2 P(G) with Pp(En
j ) =

Qp(f En
j g) 8 j = 1; : : : ;kn: it suf�ces to take into accountthat, aswe have

seenin Theorem2, we canapproximateP�
G on a �nite chain.As a conse-

quence,for theprobabilityQ 2 Conv(f Qp j p 2 Sng) de�ned above, there
is somePn 2 Conv(P(G)) such that Pn(En

j ) = Q(f En
j g) = Q1(En

j ) 8 j =
1; : : : ;kn. The sequencef Pngn � Conv(P(G)) satis�esPn(A) ! Q1(A) for
all A 2 Q(f Bngn). Applying Proposition3, we concludethat f Pngn con-
vergesweaklyto Q1, whenceM(P� ) � Conv(P(G)) andwe deducethede-
siredequality.
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2. For the direct implication, it suf�ces to seethat M(P� ) is convex. Con-
siderP1;P2 2 M(P� );a 2 (0;1); then,therearef P1

ngn; f P2
ngn � M(P� ) con-

verging weakly to P1;P2, respectively. Let A 2 bX bea (aP1 + (1� a)P2)-
continuity set. It is 0 = (aP1 + (1 � a)P2)(d(A))3 = aP1(d(A)) + (1 �
a)P2(d(A)) , andthereforeA is alsoa P1;P2-continuityset.FromPortman-
teau's theorem(seefor instance[2]), P1

n (A) ! P1(A) andP2
n(A) ! P2(A),

whence(aP1
n + (1 � a)P2

n )(A) ! (aP1 + (1 � a)P2)(A), andagainusing
Portmanteau'stheoremwededucethatthesequencef aP1

n + (1� a)P2
ngn �

M(P� ) convergesweakly to aP1 + (1 � a)P2. Hence,this probability be-
longsto M(P� ).

For theconverseimplication,assumethatP(G) is convex. Then,applying
the�rst point of this theorem,it is

M(P� ) = Conv(P(G)) � Conv(P(G)) = P(G) = P(G) ) P(G) = M(P� ):

2

The secondpart of this theoremextendsa result mentionedbeforefor the
�nite case(it canbecheckedthat in thatcasebothP(G) andM(P� ) areclosed).
We deducethata way to determineconditionsfor theequalityM(P� ) = P(G) is
to give suf�cient conditionsfor theconvexity of P(G). We have donethis in our
next theorem.It usesthefollowing supportingresult.

Lemma 1 Let (W;A;P) be a non-atomicprobability space, (X;d) a separable
metric spaceand G : W ! P(X) a randomset. Then, the class of probabili-
ties Hn := f Q : P(Dn) ! [0;1] probability j 9Q0 2 P(G) such thatQ(f En

i g) =
Q0(En

i ) 8En
i 2 Dng is convex for everyn.

Proof. Fix n 2 N, and considerP1;P2 2 Hn;a 2 (0;1). Then, there exist
U1;U2 2 S(G) with PU1(En

i ) = P1(f En
i g);PU2(En

i ) = P2(f En
i g) 8i = 1; : : : ;kn. Let

us considerthe measurablepartition of W given by f Ci j j i; j = 1; : : : ;kng with
Ci j = U � 1

1 (En
i ) \ U � 1

2 (En
j ); from thenon-atomicityof (W;A;P), thereis, for every

i; j, somemeasurableDi j � Ci j suchthatP(Di j ) = aP(Ci j ). De�ne C = [ i; jCi j ,
and

U := U1IC + U2ICc:

Then, U is a measurablecombinationof selectorsof G, whenceU 2 S(G).
Moreover,

3d(A) denotesheretheboundaryof thesetA.
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PU (En
l ) = P(U � 1

1 (En
l ) \ C) + P(U � 1

2 (En
l ) \ Cc)

=
kn

å
i= 1

P(Dl i) +
kn

å
j= 1

(P(Cj l ) � P(D j l ))

=
kn

å
i= 1

aP(Cl i ) +
kn

å
j= 1

(1� a)P(Cj l )

= aPU1(En
l ) + (1� a)PU2(E

n
l ) 8l = 1; : : : ;kn;

andwe deducethataP1 + (1� a)P2 2 Hn. 2

Theorem5 Let (W;A;P) bea non-atomicprobability space, (X;d) a separable
metricspaceandG: W! P(X) a randomset.Then,P(G) is convex.

Proof. Let usshow �rst thatConv(P(G)) � P(G). ConsiderP1;P2 2 P(G);a 2
(0;1). Applying thepreviouslemma,for everyn thereis Qn 2 P(G) with Qn(A) =
(aP1 + (1� a)P2)(A) 8A 2 Qn, whereQn is the �eld generatedby f B1; : : : ;Bng.
Now, applyingProposition3 we deducethat f Qngn convergesweakly to aP1 +
(1� a)P2 andthisprobabilitybelongsto P(G). Fromthis,wededucein particular
the equalityConv(P(G)) = P(G). The �rst set in this equality is the closureof
a convex setof probabilitiesde�ned on a separablemetric space.Following the
courseof reasoningfrom the proof of point 2 from Theorem4, we candeduce
thatConv(P(G)) (andhenceP(G)) is convex. 2

A similarproofwouldallow usto deducethatD(G) is convex when(W;A;P)
is non-atomicand(X;d) separable.Now, usingTheorems1, 4 and5, we derive
thefollowing result:

Corollary 2 Let (W;A;P) be a probability space, (X;d) be a separable metric
space, andG: W! P(X) a randomset.Underanyof thefollowing conditions:

1. Gis open,

2. Gis complete,

3. X is s-compactandGis closed,

M(P� ) = Conv(P(G)) . If in addition(W;A;P) is non-atomic,thenM(P� ) = P(G).

Proof. The �rst part follows from Theorem1 and the �rst point of Theorem
4. For the secondpart, it suf�ces to apply the secondpoint of Theorem4 and
Theorem5. 2
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This corollaryextendsresultsfrom [3, 16], andtells usthatunderfairly gen-
eral conditions,the upperprobability canbe usedto model the available infor-
mationwithout producinga (big) lossof precision.It alsoextendssomeresults
from [10]: it is proventherethatgiventwo closedrandomsetsG1;G2 onasepara-
ble Banachspace,theequalitybetweenP�

G1
andP�

G2
implies thatConv(P(G1)) is

equalto Conv(P(G2)) . Similar resultscanbeseenin [1, 9]. We have proventhat
it is indeedP�

G1
= P�

G2
) Conv(P(G1)) = Conv(P(G2)) = M(P�

G1
) = M(P�

G2
), and

only requiringGi to be completeon a separablemetric space8i = 1;2. On the
otherhand,we deducethatunderthehypothesesof thesecondpartof Corollary
2, if P(G) is weaklyclosed,it is alsoconvex, andM(P� ) is closed.Theconverses
arenot truein general.Thefollowing exampleshowsthatP(G) is notnecessarily
closedwhenM(P� ) is closed:

Example2 [15] ConsiderG: [0;1] ! P([0;1]) de�nedbyG(w) = [� w;w] 8w 2
[0;1]. Then,it can be proven that M(P� ) is closed(indeed,this holds for any
compactrandomsetona Polishspace).However, giventheselectorsA;B 2 S(G)
de�nedby A(w) = � w;B(w) = w 8w, it canbecheckedthat PA+ PB

2 =2 P(G). This
showsthatP(G) is notconvex.Asa consequence, it is notclosedeither: if it were,
it wouldbeP(G) = P(G) = M(P� ) = M(P� ) convex, a contradiction.

On the other hand,Example1 shows that P(G) is not closedeither if it is
convex. Indeed,thatimplicationdoesnotholdevenif P(G) = M(P� ):

Example3 Consider(W;A;P) = ((0;1);b(0;1); l (0;1)) a non-atomicprobability
space, and let G: W! P(R) be constanton (0;1). Then,M(P� ) = f Q : bR !
[0;1] probability j Q((0;1)) = 1g. Given a probability measure Q 2 M(P� ), its
quantilefunctionU : (0;1) ! R is a selectorof Gandsatis�esPU = Q, whence
P(G) = M(P� ) convex.However, thesequenceof degenerateprobabilitymeasures
on 1

n, f d1
n
gn � P(G), convergesweaklyto d0 =2 P(G). Hence, thissetis notclosed.

4 Conclusionsand openproblems

In thispaper, wehavecomparedthedifferentmodelsof theprobabilisticinforma-
tion givenby arandomset,whenthis randomsetis theimpreciseobservationof a
randomvariable.Wehaveconsideredthreedifferentsetsof probabilitymeasures,
andthroughthemwe have investigatedwhetheran impreciseprobabilitymodel
in termsof theupperandlowerprobabilitiesis usefulin thiscontext.

Theresultswehaveestablishedallow usto concludethatunderfairly general
conditions,theupperandlowerprobabilitiesinducedby arandomsetcanbeused
to summarizetheinformationon thedistribution of theoriginal randomvariable
without a substantiallossof precision.Nevertheless,therearestill a numberof
particularcasesof randomsetswhich areworth a detailedstudy. We would also
like to study the topologicalstructureof P(G) andM(P� ) underother than the
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topologyof theweakconvergence,andderive othersuf�cient conditionsfor the
equalitiesD(G) = M(P� ) andP(G) = M(P� ). Finally, it would alsobeinteresting
(thoughwe arenot very optimistic in this respect)to obtainsuf�cient conditions
for theequalityP(G) = M(P� ) in termsof theimagesof therandomset,asit was
donein [15] for theparticularcaseof randomintervals.
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