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Abstract

The emepgenceof robustnessasanimportantconsideratiornin Bayesiarsta-
tistical modelshasled to a renaved interestin normatize modelsof incom-
pletepreferencesepresentetly imprecisgset-\alued)probabilitiesandutil-
ities. This paperpresentsa simpleaxiomatizatiorof incompletepreferences
and characterizeshe shapeof their representingetsof probabilitiesand
utilities. Deletionof the completenesassumptiorfrom the axiom systemof
Anscombeand Aumannyields preferencesepresentedby a corvex setof
state-dependemkpectedutilities, of which at leastonemustbe a probabil-
ity/utility pair. A strengthenin@f thestate-independen@xiomis neededo
obtainarepresentatiopurelyin termsof asetof probability/utility pairs.
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1 Intr oduction

In the Bayesiantheory of choiceunderuncertainty a decisionmaker holdsra-
tional preferencesamongacts,which are mappingsfrom statesof naturef sg to
consequenceg. It is typically assumedhatrationalpreferencesrecomplete
meaningthatfor any two actsX andY, eitherX Y (“X is weakly preferredto
Y)orelseY X, orboth.Thisassumptiontogethewith otherrationalityaxioms
suchastransitvity andindependencdeadsto arepresentatioof preferencedy
a unigue subjectie probability distribution on statesp(s) and a unique utility
functionu(c) on consequencesuchthatX Y if andonly if the subjectve ex-
pectedutility of X is greaterthanor equalto thatof Y (Savage1954,Anscombe
andAumann1963,Fishturn 1982).However, the completenesassumptiommay
be inappropriataf we have only partial informationaboutthe decisionmaler's
preferencespr if realisticlimits on herpowersof discriminationareassumedor
if thereareactuallymary decisionmakerswhosepreferencesnaydisagree.

Thisresearctwassupportedy the FuguaSchoolof Businesandby the NationalScience~oun-
dation. The authoris gratefulto David Rios Insua, Teddy Seidenfeld Jim Smith, and PeterWakker
for comment®n earlierdrafts.
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Incompletepreferencesre generallyrepresentedby indeterminatei.e., set-
valued)probabilitiesand/orutilities. Varyingdegreesof suchindeterminag have
beenmodeledpreviouslyin theliteratureof statisticaldecisiontheoryandrational
choice:

i. If probabilitiesaloneare consideredo be indeterminatethenpreferences
canberepresentedy a setof probabilitydistributionsf p(s)g andaunique
(perhapdinear) utility function u(c). The setof probability distributions
is typically corvex, sotherepresentatiocanbe derived by separatindy-
perplanearguments(e.g., Smith (1961), Suppeg1974), Williams (1976),
Giron andRios (1980),Nau (1992).) Representationsf this kind areare
widely usedin robustBayesiarstatisticsanextensivetreatments givenby
Walley (1991).

ii. If utilities aloneareconsideredo beindeterminatepreferencesanberep-
resentedby a setof utility functionsf u(c)g anda unique(perhapsobjec-
tively speci ed)probabilitydistribution p(s), arepresentatiothathasheen
axiomatizedand appliedto economicmodelsby Aumann(1962). The set
of utility functionsin this caseis alsotypically corvex, sothatseparating
hyperplaneargumentsareagainapplicable.

iii. If bothprobabilitiesandutilities areallowedto beindeterminatethey can
berepresentedly separateetsof probability distributionsf p(s)g andutil-
ity functionsf u(c)g whoseelementsare pairedup arbitrarily. This repre-
sentatiorof preferencegpreseresthetraditionalseparatiorof information
about beliefsfrom informationabout valueswhenbothareindeterminate
(Rioslnsual990,1992),butlacksanaturalaxiomaticbasis Ratherit arises
only asa specialcaseof moregenerarepresentationshenprobabilityand
utility assessmentwecarriedoutindependently

iv. More generally we canrepresentncompletepreferencedy setsof prob-
ability distributionspairedwith state-independenttility functionsf (p(s);
u(c)) g, a.k.a.“probability/utility pairs’ Thisrepresentatiohasanappeal-
ing multi-Bayesiarninterpretatiorandprovidesa normatie basisfor tech-
nigquesof robust decisionanalysis(Moskowitz, Preclel and Yang, 1993)
andassepricingin incomplete nancial markets(Staum2002).It hasbeen
axiomatizedy SeidenfeldSchervishandKadang1995,henceforttSSK),
starting from the “horse lottery” formalization of decisiontheory intro-
ducedby AnscombeandAumann(1963).However, aspointedoutby SSK,
the setof probability/utility pairsis typically noncorvex andmay evenbe
unconnectedso that separatindhyperplaneargumentsare not directly ap-
plicable.Instead SSKrely on methodsof trans nite inductionandindirect
reasoningo obtaintheir results.
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The objectie of this paperis to derive a simplerepresentationf incomplete
preferencesor theelementarycaseof nite stateandrewardspacesandto char
acterizethe shapeof the resultingsetsof probabilitiesandutilities. We begin by
deletingboth completenesandstate-independendsom the horse-lotteryaxiom
systenof AnscombeandAumann,showving thatthisleadsmmediatelyto arepre-
sentatiorof preferencedy a setof probabilitiespairedwith statedependentitil-
ity functionsf (p(s); u(s; c))g. Suchpairswill be calledstate-dependemxpected
utility (s.d.e.u.)functions.State-dependenttilities have beenusedin economic
modelsby Karni (1985)andDreze(1987)andarealsodiscussedy Schervistet
al. (1990).A setof s.d.e.ufunctionsis typically convex—unlike a setof prob-
ability/utility pairs—sothat separating-hyperplanmethodsare still applicable
at this stage We thenre-introduceAnscombeand Aumanns state-independence
assumptiorandshaow thatit imposegqonly) the furtherrequirementhatthe rep-
resentingsetshouldcontain at leastoneprobability/utility pair. Finally, we con-
siderthe additionalassumptionshatmustbeimposedn orderto shrinktherep-
resentatiorto (the corvex hull of) a setof probability/utility pairs,and present
a constructve alternatie to SSK's indirectreasoningnethod.We shav that al-
thoughtherepresentingetof probability/utility pairsis noncomwex, it nonetheless
hasa simplecon guration: it is merelytheintersectiorof a corvex setof s.d.e.u.
functionswith the noncowex surfaceof state-independentilities.

The organizationof the paperis asfollows. Section2 introducesbasicnota-
tionandderivesarepresentationf preferenceby cornvex setsof s.d.e.ufunctions
whenneithercompletenessor state-independenégassumedSection3incorpo-
ratesAnscombeand Aumanns state-independen@ssumptiorandshaws thatit
requireqonly) theexistenceof atleastoneagreeingstate-independentility. Sec-
tion 4 discusseanexampleof SSKto highlighttheimplicationsof differentcon-
tinuity andstrictnessonditions Sectionb givestheadditionalconstructve axiom
thatis neededo obtainarepresentatiopurelyin termsof probability/utility pairs,
illustratedby anotherexample.Section6 brie y discussegheresults.

2 Representationof incomplete preferences

Let Sdenotea nite setof statesandlet C denotea nite setof consequences.
LetB=fB:S C7! Ag. An elementX 2 B is a horselotteryif X 0 and
8s, &.X(s;¢) = 1, with theinterpretatiorthat X(s;c) is the objectve probability
of receving consequence whenstates occurs.Henceforththe symbolsw, X,
Y, Z, andH will beusedto denotenorselotteries;thesymbolB will denoteanel-
ementof B thatis notnecessarily horselottery (e.g.,B mayrepresenthediffer-
encebetweentwo horselotteries).A horselottery X is constantf the probabili-
tiesit assigngo consequencemeconstanticrosstates—i.e.if X(s;c) = X(s%c)
for all s;s2 c. Thesymbol  will denotenon-strictpreferencéetweerhorselot-
teries:X Y meanghat X is preferredor indifferentto Y, which is considered
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asthebehaioral primitive. Thedomainof  is thesetof all horselotteries. The
asymmetrigartof  will bedenotedoy

An eventis asubsebf S. The symbolE will beusedinterchangeablyasthe
namefor aneventandfor itsindicatorfunctiononS C. Thatis, E(s;c) = 1][0] for
all cif theeventE includes[doesnotinclude]states. Es will denotetheindicator
vectorfor states. Thatis, Es(s%c) = 1 for all ¢ if s= sandzerootherwiself a
is ascalarhetweerf andl,thenaX + (1 a)Y isan objectivemixture of X and
Y: it yields consequence in states with probability aX(s;c) + (1 a)Y(s;c).
If E is anevent,thenEX+ (1 E)Y is a subjectivemixture of X andY: it
yields consequence in states with probability X(s;c) if E(s;c) = 1, andwith
probabilityY(s; c) otherwise.

AssumethatC containsa “worst” anda “best” consequencéabeled0 and1
respectiely.: Otherconsequencearelabeled?; 3;:::; K. ThesymbolsH,, for c 2
f0;1;2;:::;Kg, andHy, for u2 (0;1), will beusedto denotespecial‘reference”
horselotteries.First, for all c2 f0;1;2;:::;Kg, let H; denotethe horselottery
thatyields consequence with probability 1 in every state. Thatis, H¢(s;c9 = 1
if c= c®andHc(s;c) = 0 otherwise.For example,H; is the horselottery that
yields consequence@ with probability 1 in every state.Next, for all u2 (0;1),
let H, denotethe horselottery that yields the bestandworst consequencesith
probabilitiesu and1 uin every statewhichis the objective mixture:

Hy UuHi+ (1 u)Hg:

For example Hq:s is thehorselottery thatyieldsconsequence®andl with equal
probability. Lateron, consequencedandl1 will be assigneditilities of 0 and1,
respectiely, sothatH, will have anexpectedutility of u by de nition.

The reference-lotterynotation can be stretchedfurther to de ne Hg asthe
horselottery that yields the bestconsequencé event E occursand the worst
consequencetherwisej.e.,thesubjectve mixture:

He EHpi+ (1 E)HoZ

Boundson subjectve probabilitiesareexpressibleaspreferencebetweersubjec-
tive andobjective mixturesof Ho andH 1. For example,a preferenceof the form
He Hyfor someeventE andp 2 (0;1) meanghat“the probability of E is at
leastp,” i.e.,that p is a lower probability for E. Upperprobabilitiesarede ned
analogouslyif X is ahorselottery andu is ascalarbetweerD andl, a preference

10our assumptiorof a priori bestandworst consequence®llows Luce and Raiffa (1957) and
Anscombeand Aumman(1963),andit is technicallywithout lossof generalityin the sensethatthe
preferencerdercanalwaysbeextendedo alargerdomainthatincludestwo additionalconsequences
which by constructiorarebetterandworse respectiely, thanall the original consequenceg§Suchan
extensionis demonstratedby SSK, Theorem2.) The bestand worst consequencesltimately sene
to calibratethe de nition and measuremernf subjectve probabilities,but even so the probabilities
remainsomeavhatarbitrary aswill beshavn.
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of theform X  H, meanghat“the expectedutility of X is atleastu.” Equiva-
lently, wewill saythatuis a lowerexpecteditility for X. Upperexpectedutilities
arede nedanalogouslyUsingthetermsde ned abore,we now introducethe rst

groupof axiomsthatareassumedo governrationalpreference:

Al (Quasiorder): istransitveandre exive.

A2 (Mixture-independenceX Y, aX+ (1 a)Z aY+ (1L a)Z 8a?2

(0;2).

A3 (Continuityin probability): If f X,g andf Y g arecorvergentsequencesuch
thatX,, Ypn,thenlimX, IlimY.

A4 (Existenceof bestandworst):Forallc> 1,H; H¢ Ho.

A5 (Coherencegr non-triviality): H1y  Hg (i.e.,notHg  Hy).

Al andA2 arevon NeumanrandMorgensterrs rst two axiomsof expected
utility, minuscompleteness asappliedto horselotteriesby Anscombeand Au-
mann(1963);seealsoFishlurn (1982).A3 is a strongcontinuity conditionused
by Garciadel Amo andRios Insua(2002)thatalsoworksin in nite-dimensional
spacesA4 andA5 ensurenon-triviality andprovide referencepointsfor proba-
bility measuremengsnotedearliet
DEFINITION : A collectionof preference§X, Yngisa basis for under
anaxiomsystemif every preferenceX Y canbededucedromfX, Yngby
directapplicationof thoseaxioms.

Theprimal geometriaepresentationf  is now givenby:

Theorem 1 satis es A1-A5if andonly if there existsa closedcorvex cone
B B, recedingromtheorigin, sud thatfor anyhorselotteriesX andY:

X Y, X Y2B:

In particular,if f X, Yngisabasisfor = underAl-A5thentheconeB isthe
closedcorvex hull of therayswhosedirectionsare f X,,  Ypg for all n together
withfH; HcgandfH. Hogforall c#

Becausehedirectionof preferencéetweerntwo horselotteriesX andY depends
only onthedirectionof thevectorX Y, it followsthatif EX+ (1 E)Z EY+
(1 E)Z whereE is anevent,thenEX+ (1 E)Z° EY+ (1 E)Z°for ary
Z0 Consequentlywe will simply write EX  EY to indicatethat EX + (1
E)Z EY+ (1 E)ZforallZ,orinotherwords,”X is preferredo Y conditional
ontheeventE.” This resultenableaisto give a simplede nition of conditional
probability or expectedutility: if E is aneventandX is a horselottery, thenthe
preferencEX EH, meanghat“the conditionalexpectedutility of X givenE
is atleastu.”

2Thecompletenesassumptiormssertshatfor ary X andY, eitherX Y orY X, orboth.Here,
it is permittedthatneitherof theseconditionsholds—i.e. X andY maybeincomparable.

SUseof theterm“basis” in this context is dueto SSK.

4Proofshave beensuppresseih the conferenceversionof the paperbut areavailablein the com-
pleteversionon theauthors website at http://wwwduke.edu/ rnau.
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Now let a statedependenexpectedutility (s.d.e.u.¥unctionbede ned asa
functionv:S C7! A, with theinterpretatiorthatv(s; ) is the expectedutility
of receving consequence with probability 1 if states obtainsand receving
consequenc@with probability1 otherwiseLet U, (X) denotethe expectedutility
assignedo a horselottery X by thes.d.e.ufunctionv:

U(X) & X(sousco):
25c2C
DEFINITIONS : A s.d.e.ufunctionv is a probability/utility pair if it canbe
expresseastheproductof a probabilitydistribution on Sanda state-independent
utility functionon C—i.e., if v(s;c) = p(s)u(c) for somefunctionsp andu. A
s.d.e.ufunctionv agrees(oneway) with if X Y) UuX) UyY). A set
V of s.d.e.ufunctionsrepresents if X Y, Uy(X) Uy,(Y) 08v2V.
We now have, asthedualto Theorem.:

Theorem2 satis es A1-A5if andonly if it is representediy a non-empty
closedcorvex setV of s.d.eu. functionssatisfying(w.l.o.g.) Uy(Hp) = 0 and
Uy(H1) = 1.

(The proofrelieson a separatindhyperplaneargument.For a similar resulton a
moregeneralspaceseeRios 1992.)If f X, Yngisabasisfor ,thenV is
merelytheintersectiorof thelinearconstraints Uy (X))  Uy(Ynr)g, Uy(Ho) = O,
Uy(H1) = 1,and0 Uy (H;) 1forallc 2.If thebasisis nite, thenV isa
corvex polytope whoseelementsieednotbe probability/utility pairs.Subsequent
sectionof thepapemwill discusgheadditionalassumptionsaeededo ensurehat
somepointsof V. —especiallyits extremepoints—areprobability/utility pairs.

3 The state-independencexiom

We now explore the implications,in the context of incompletenessf the addi-
tional axiom introducedby Anscombeand Aumanr? to provide the usualsep-
arationof subjectve probability from utility. First, de ne the conceptof a not-
potentially-nullevent:
DEFINITION : An eventE is notpotentiallynull if He  H for somep> 0.
Thus,aneventthatis not potentiallynull is precludedrom having zeroasan
upperprobability in ary extensionof satisfyingA1-A5. The nal axiomis
then:
A6 (State-independencdj: X andY areconstanandE is not potentiallynull,
thenEX EY ) EX E% for everyothereventEC
An immediatecontribution of A6, in light of A4, is to guaranteehat conse-
guenced® andl arebestandworstin everystate Thus,if A6 holds,ary s.d.e.u.

5Anscombe-Aumanneferto this assumptioras“monotonicityin the prizes”or “substitutability’
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function agreeingwith may be consideredo belongto thesetV* V de-
ned by:

V* fv:0=vs0) v(sc sl 18s2Sc 2;§_v(s;1)zlg:
25s

Henceforthit will be assumedarbitrarily but w.l.0.g.) that consequence8 and
1 have the samenumericalutilities, namely0 and 1, in every stateaswell as
unconditionally Then,regardlesof whetherv is a probability/utility pair, de ne

p(s) V(s1)

as“the” probability assignedo states by v, sinceit is the expectedutility of a
horselottery thatyields a utility of 1 if states obtainsand0 otherwise® Corre-
spondinglyif E is anevent,

p(E) Uy(He)= & p(9
2E

is the probabilityassignedo E by v. Next de ne:
w(sc) Vsc)=v(s1) if v(s1)>0;

as the utility assignedio consequence in states by v. This utility is state-
independentf v is a probability/utility pair, otherwiseit is state-dependenin
theseterms,the expectedutility assignedo X by v canberewritten as:

UW(X) = & P9 & Ul OX(S,0):

We cannow give adualde nition of conditionalexpectedutility in termsof vin
theobviousway:
UW(XJE) = Uy(XE)=py(E):

If theconditionalexpectedutility of X givenE is atleastu by ourprimalde nition—
i.e.,if EX EHy—thenduallywehaveUy(XjE) ufor ary v agreeingwith
andsatisfyingpy(E) > 0, becausdor ary agreeingv:

EX EHy) UWEX) UyW(EHy)=upW(E), UyXJE) u orelsepy(E)=0:

Anotherconsequencef AB, in light of Theoreml, is the propertyof stochas-
tic dominanceln particular if X is obtainedfrom Y by shifting probabilitymass

6The samemethodof de ning probabilitiesis usedby Karni (1993).Sincethis de nition is based
onthearbitraryassignmenof equalutilities to the bestandworstoutcomesn all statesjt shouldnot
be interpretedasthe “true” probability of a hypotheticaldecisionmaler whosepreferencesrerep-
resentedy v. Theclassicde nitions of subjectve probability given by Savage,Anscombe-Aumann,
andothers,areall aficted with the samearbitrarinessThe intrinsic impossibility of inferring “true”
probabilitiesfrom materialpreferencess discussedy KadaneandWinkler (1988),Schervishet al.
(1990),Karni andMongin (2000)andNau (1995,2002).
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to consequencé from ary other consequencegand/orfrom consequencé@ to
ary otherconsequencen ary state,thenX Y. To seethis, notethat A6 to-
getherwith A4 impliesthatEsH,  EgHc andEsH:  EgHg for states andary
c> 1.HenceB containsall vectorsof theform Es(H1 H¢) andEs(He  Ho).
If X Y canbeexpressedisanon-ngative linearcombinationof thesevectors,
thenX Y 2 B andhenceX Y.Tomakethisresultmorepreciseletthe[: Imin
(“minimum s.d.e.U’) operatiorbede ned on B asfollows:

o

a minf 0; B(s;¢)q]:

. H = H - +
[Bmin min Uv(B) r;nZlQ[B(s,l) a

This quantityis theminimumpossiblestate-dependelekpectedutility thatcould
be assignedo B: it is achieved by assigningwithin eachstate,a utility of O to
thoseconsequences 2 for which B is positive anda utility of 1 to thoseconse-
guenceg 2for whichB is negative,thenassigninga subjectve probabilityof 1
to thestatein whichthe conditionalexpectedutility of B is minimized.Stochastic
dominanceandthe negative orthantin B cannow bede ned in anaturalway:
DEFINITIONS : X [> 1Y (“X[strictly] dominates/™) if [X Y]min [>]0.
The opennegative orthantB  consistsof thoseB thatarestrictly dominatedoy
thezerovectori.e.,.B =fB2B:0> Bg.

A6 in conjunctionwith A1-A5 thenimpliesthatX [> 1Y) X [ ]YV.
If preferencearecomplete(i.e., if for any horselotteriesX andY, eitherX Y
orY X or both), thenthe primal representatiof3 is a half-spacethe dual
representation/  consistsof a uniques.d.e.u.functionv , and axiom A6 re-
quiresthe latterto be a probability/utility pair, which is the sameresultobtained
by AnscombeandAumann(1963).(A6 impliesthatUy, (H¢Es) = Uy (H¢) inde-
pendenbf the states.) In the absencef completenesshe contribution of A6 to
the separatiorof probabilityandutility is wealer, assummarizedy:

Theorem3 . satis es A1-A6if and only if it is representedby a nonempty
corvex setV V* of s.d.eu. functionsof which at least one elementis a
probability/utility pair.

If fX, Ypgisabasisfor underaxiomsAl-A6,thenary probability/utility
pair v thatsatis esUy(Xp) Uy(Yn) foralln,v2 V*, belongsto the setV
Apart from this fact, it is not easyto characterizeéhe setV  in termsof proba-
bility/utility pairs,aswill beillustratedin the sequel.

4 Strict vs. non-strict preference:an example

Theresultsof the precedingsectionestablisithata preferenceelationsatisfying
Al1-A6 is representedly a closedsetof s.d.e.ufunctionsof which atleastoneis
a probability/utility pair. The closednessf the representingetis attributableto
theuseof non-strictpreferencasthebehaioral primitive, togethemwith astrong
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continuity assumptionln contrast,SSK usestrict preferenceasthe behaioral
primitive, togetherwith a wealer continuity assumptionto explicitly allow for
therepresentatioof incompletepreferencedy opensetsthatmayfail to contain
probability/utility pairs.

The differencesin theseapproachesre illustrated by an example of SSK
(Exampled.1) comprisingtwo statesandthreeconsequencese., S= f 1;2g and
C = f0;1;2g. Consequencedandl have state-independentilities of 0 and1 by
assumptionso that a probability/utility pair is completelyparameterizedtby the
probabilityassignedo statel andtheutility assignedo consequenc®. Consider
then,the two probability/utility pairs (pj; u;) in which pp(1) = 0:1 and p1(1) =
0:3, and up(2) = 0:1 andus1(2) = 0:4. Let vp and vy denotethe corresponding
s.d.e.ufunctions—i.e.yi(s;c) = pi(s)ui(c) fori = 0;1. ThenUy, (X) denoteshe
expectedutility assignedo horselottery X by (pi; u). In particularUy,(H2) = 0:1
andU,,(H2) = 0:4.Now let bede ned asthe preferenceelationthatsatis es
a weak Paretoconditionwith respecto thesetwo probability/utility pairs—i.e.,
X Y, fUyp(X)> Uy(Y) and Uy, (X) > Uy, (Y)g. Any s.d.e.ufunctionthatis
acorvex combinatiorof vo andv; alsoagreesvith , sotherepresentingetV
is the closedline sgmentwhoseendpointsarevp andvy, but noneof its interior
pointsareprobability/utility pairs.

Next SSKextend to obtaina new preferenceelation % by imposingthe
additionalstrict preference$los °°H, %Hg.1. Theeffect of this extensionis
to chopoff the two endpointsof the representingetof s.d.e.ufunctions,sothat

%js representetly the openline segmentconnecting/o with vi. SSKpointout
that,although Csatis esall their axioms thereis no agreeingrobability/utility
pair for it, sincethe only two candidate$have beendeliberatelyexcluded.They
proceedo axiomatizethe conceptof “almoststate-independentitilities, which
agreewith a strict preferencerelation and are “within €' of being state-inde-
pendentClearly, %% hasanalmost-state-independemipresentatiorgontaining
pointsarbitrarily closeto vp andv;.

In our framework, wherethe languageof preferences non-strict,thereis
no way to implementa constraintsuchasH,  Hg: (i.e., to chop off vp) ex-
ceptby assertinghatH,  Hog.1+¢ for a speci ¢ positve e. And if this asser
tion is made,an interestingthing happensaxiom A6 begins to nibble on the
Vo end of the line sggmentand continuesnibbling until the representatiorcol-
lapsedo thev; end.To illustratethis processlet the non-zeroelementof each
v bewritten outasv = (fv(s;c)g) = (V(1;1);v(2;1);v(1;2);v(2;2)). Thus,vg =
(0:1;0:9;0:01;0:09) andvy = (0:3;0:7;0:12;0:28). (Note that becausdheseare
probability/utility pairs,the rst two numbersn parenthesearethe probabilities
of statesl and2, andthe lasttwo numbersarethe sameprobabilitiesmultiplied
by the utility of consequencg.) Next, let theline sggmentfrom vg to v1 be pa-
rameterizedyv, (1 a)vo+ avyfora 2 (0;1). In thesetermswe obtain:

Va = (0:1+ 0:2a;0:9 0:2a;0:01+ 0:11a;0:09+ 0:19a);
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whence:
Uy, (H2) = va(1;2) + va(2;2) = 0:1+ 0:3a (4:1)
.y _ Va(1,2) _ 0:01+ O:11a )
Uva (H2IEy) = Va(L;1)  0:1+ 0:2a (4:2)
: Va(2;2 0:09+ 0:19a
Uy, (H2jE2) = a22) (4:3)

va(2,1) 09 O02a
Theseare all monotonefunctionsof a for a between0 and 1, andthey all are
equalto 0.1ata = 0 and0.4 ata = 1. However, for intermediatevaluesof a,
(4.1)is greaterthan(4.3) andlessthan(4.2), andby invoking axiom A6, we can
playthelasttwo off againsieachother In particular it followsfrom monotonicity
of (4.2)that

. 0:01+ O:11a )
a a ) Uva(HZJEl) W, (44)
whereast follows from monotonicityof (4.3)that
. 0:9u  0:09 )
Uy, (H2jE2) U ) 02U ¥ 019 (4:5)

LetthesetV representingheoriginal relation henceforthbe parameterized
asV = fvyja 2 [0;1]g. Supposehatwe now increasehelower utility of H, by
e= 0:01 by addingthe preferenceassertiorH,  Hg:11 to the basisfor . This
additionalassertionmposesthe constraintUy, (H2)  0:11 for all v, agreeing
with the extendedrelation,thusexcluding vy asanagreeings.d.e.ufunction. By
applicationof A6, we mayconcludethatU,, (H2jE2)  0:11aswell. Substituting
u = 0:11in (4.5),it followsthattherepresentingetmustconsistonly of thosev,
satisfyinga  0:042453But now, substitutinga = 0:042453backinto (4.4),we
nd thatit mustalsosatisfyU,, (H2jE1) 0:135217.SinceE; is not potentially
null, A6 maybeappliedagainto obtainUy, (H2) 0:135217 Thus,if wetakeone
bite out of the line sggmentby imposingthe constraintJy, (H2) 0:11,we end
up concludingthatalargerbiteU,, (H2) 0:135217maybetaken! If we now re-
peattheprocesdy substitutingu = 0:135217in (4.5),weobtaina = 0:146034,
whichyieldsU,, (H2jE1)  0:201721whensubstitutedn (4.4). Successieitera-
tionsyield u valuesof 0.2992880.3652470.3901440.3973810.399317 and
soonwith rapidcornvergenceo 0.4,whichis realized(only) atvy. Thecontinuity
axiomthenallows usto asserthatH,  Hg.4, which togetherwith the original
constrainHg,4  Hp, establishethattheutility of consequencgis precisely0.4.

If insteadwe startat the otherendpoint,addingthe constraintHg.4 ¢ H»
for e> 0, thecollapseoccursto the0.1value.If bothconstraintsareadded—i.e.,
if both endpointsarechoppedoff by nite mamins,the entireinterval is annihi-
lated,yielding incoherencda violation of A5). Hence,this exampleis unstable
in the sensehatary nite extensionof the original preferenceelationleadsto
a collapseto oneor the otherof the original probability/utility pairs,or elseto
incoherence.
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5 The needfor stronger state-independence

The original preferencerelationin SSK's exampleis representedy a set of

s.d.e.ufunctionswhoseextremepoints are both probability/utility pairs.In our

framawork, if eitherof thesepointsis excluded,thentheinterveningpointsmust
beexcludedaswell. Thus,in extendingthatrelation,it is impossibleto retainary

agreeingstate-dependenttilities that are not corvex combinationsof agreeing
state-independenttilities. A secondexampleshaws that this is not alwaysthe

caseunderaxiomsAl1l-A®6. In otherwords,a preferenceelationcansatisfythese
axiomsandyet not be representedy utilities that are state-independeratr even

“almost” state-independent.

Let therebe threestatesandthreeconsequencesndlet X denotethe horse
lottery that satis es X(1;0) = X(2;2) = X(3;1) = 1. Thatis, X yields conse-
guenced), 2, and1 with certaintyin statesl, 2, and3 respectiely. Supposehat
all statesarejudgedto have probability at least0.1,and X is judgedto have an
unconditionalkexpectedutility of atleast0.5. Furthermorea coin ip betweenX
andf consequencg if statel, otherwiseZg is preferredto a coin ip between
utility 0.5andf utility 0.9if statel, otherwiseZg, but alsoacoin ip betweenX
andf utility 0.1if state2, otherwiseZg is preferredto acoin ip betweenrutility
0.5andf consequenc® givenstate?, otherwiseZg. (The commonalternatve Z
is arbitraryby Theoreml.) Thus,thebasisfor is asfollows:

He Ho1 for E= E1;E2; E3; (5:1)
1 1 1 1
X+ 2Z  ZHos+ =Z; 5:2
5%+ 3 sHos* 5Z; (5:2)

1, .1 1 1
SX+ S(EaHa+ (1 En)Z)  SHost S(EiHoo+ (1 EnZ); (53

%X"' %(E2H0;1+ (1 E»2Z2) %H0;5+ %(E2H2+ (1 Ep2); (5:4)
Notice that (5.3) and (5.4) are obtainedfrom (5.2) by replacingZ by subjectve
mixturesof Z with differentconstantotterieson the LHS and RHS. Theselast
two preferencesmply thatthe lower boundon the expectedutility of X among
all probability/utility pairs agreeingwith mustbe strictly greaterthan0.5.
To understandhis implication, notethatunderary s.d.e.ufunctionthatagrees
with , the differencesin expectedutility betweenthe LHS's and RHS's of

(5.2),(5.3),and(5.4), mustall benon-ngyative. Moreover, if thes.d.e.ufunction

is a probability/utility pair, thenin atleastoneof the two comparisong5.3) and
(5.4), the differencein expectedutility betweenLHS and RHS mustbe strictly

lessthanit is in (5.2), a situationthat occurswhen consequence hasa utility

strictly greaterthan0.1 and/orstrictly lessthan0.9. If thedifferencein expected
utility betweerLHS andRHSis non-naativein all casesthenthedifferencecan
never be zeroin (5.2)—i.e.,X cannothave a lower expectedutility assmall as
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0.5.In fact,the minimumexpectedutility of X amongall probability/utility pairs
agreeingwith (5.1-5.4)is 0.564314.

Thequestionis whether by directapplicationof axiomsA1—-A6, we caninfer
thattheexpectedutility of X is strictly greatetthan0.5. Theanswelis: we cannot.
Theproblemis thataxiomA6 is useleshierebecausef thecommonnonconstant
termX in (5.2)—(5.4).In orderto apply A6, we must rst nd non-negative lin-
earcombinationf the differencesdetweerthe LHS'sandRHS's of (5.1)—(5.4)
thatare conditionallyconstant—i.e.of the form EB, whereE is aneventandB
is constantacrossstates But the searchfor suchconditionally constantermsis
constrainedhereby the presencef a commonnonconstantermX Hgs in the
differencesbetweenLHS's and RHS's of (5.2)—(5.4).Furthermorejn orderfor
A6 to “bite,” B needdo have a negative lower expectedutility whenconditioned
onsomeothereventE®. Theeffectof applyingA6 will thenbeto raisethis lower
expectedutility to zero,which shrinksthe setof s.d.e.ufunctionsrepresenting

. In the example,the few conditionally-constantottery differencesEB that
canbe constructedrom (5.1)—(5.4)all turn outto satisfyB 0, whichis com-
pletely uninformative. The lower expectedutility of X thereforeremainsat 0.5
despitethefactthatthis valueis notrealized, or evencloselyapproached by ary
probability/utility pair agreeingwith

This exampleshavsthatwhenpreferenceareincompleteaxiomA6 is insuf-
cient to guaranteghatthey arerepresentedby a setof probability/utility pairs
(or their corvex hull). Evidently, an additional state-independenamnditionis
neededsuchas:

A7 (Stochasticsubstitution): If

aX+ (1 a)EX%+ (1 E)Z) aY+ (1 a)EY%+ (1 E)2)

for somea 2 (0;1) whereX®andY®andZ are constantotteriesandE is not
potentiallynull, then

ax+ (1 a)(px% (1 p)Z) aY+(L a)(pY™* (1 p2)

for somep 2 (0;1].

In otherwords,the subjectie mixturesof the constantotteriesX °andy with
Z canbereplacedwith objective mixtures againstthe badkgroundof a compari-
sonbetweerthe nonconstaniptteriesX andY . In termsof the primal representa-
tion B , this assumptiormeanghatif B+ EB°2 B , whereBis constanticross
statesandE is not potentiallynull, thenB+ pB°2 B for somep > 0.” Notethat
if acollectionof preference$X,, Yng satis esA1-A6, thentheimpositionof
A7 cannotproducea contradiction A1-A6 requirethe existenceof at leastone
probability/utility pair agreeingwith f X,,  Yg, andary probability/utility pair
thatagreeavith theoriginal preferencesvill alsoagreewith ary new preferences
generatedrom themby A7.

“A2 andA6 imply only thatthis substitutionmaybe performedn the nonstochasticaseB = 0.
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The new axiom doesaffect the counteraamplediscussedabove. (5.3) and
(5.4)cannow bereplacedoy

1. 1 1 1
§X+ 5(sz+(1 P)Z) 5H0;5+ E(DHO:9+(1 P)Z);

X+ 5(Hoa+ (1 p92)  SHos+ 5(PH2+ (1 92);

for somep; p°> 0. A mixtureof thesetwo comparisonin aratio of p°to p yields:

JX+ S(@Hoa+ aHz+ (1 22)2) JHos+ S(aHas+ aHz+ (1 22)2);

wherea = pp%(p+ p%. The LHS musthave greateror-equalexpectedutility
thanthe RHS, which (becausef the Hp:1 termon theleft andthe Hg.g termon
the right, and cancellationof the commontermsH, andZ) meansthat X must
have strictly greaterexpectedutility than0.5.

Themainresult,which generalizeshis example,cannow be statedas:

Theorem4 satis esA1-A7if andonlyif it is representedy a nonemptyset
V  ofs.d.eu.functionsthatis thecorvex hull of a setof probability/utility pairs.

If fXn Yngis a basisfor under A1-A7, thenV is merely the con-
vex hull of the setof probability/utility pairsthat satisfy f Uy(Xn)  Uy(Yn)0.
If the basisis nite, the constructionof V  can be carried out as follows.
First,form thecorvex polyhedronconsistingof theintersectiorof theconstraints
fUW(Xn) Uy(Yn)g,v 2 V*. Now take theintersectiorof this polyhedronwith
the noncorivex surfaceconsistingof all probability/utility pairs.(If the latterin-
tersectionis empty the preferenceslo not satisfy A1-A7: they areincoherent.)
Finally, take the corvex hull of whatremainsthisis the setV

6 Discussion

It hasbeenshaown that,in orderto obtaina convenientrepresentatiof incom-
plete preferencedy setsof probability/utility pairs,it doesnotsufce merelyto
deletethecompletenesaxiomfrom thestandardxiomaticframework of Anscombe
and Aumann.This nding is not dueto technicalproblemswith limits or null
events but ratherto afundamentalveaknesof thetraditionalstate-independence
axiomin theabsencef completenes®urapproachs to introduceanadditional
state-independengmstulatg/A7) thathas"bite” in theabsencef completeness.
SSKfollow adifferentapproachn their axiomatizatiorof incompletestrict pref-
erenceslinsteadof directly strengtheninghe state-independenga&operty they
“II' in the missingpreferencesby indirectreasoningnamely they assumehe
preferenceelationhasthe propertythat: (X Y)) Y X, where": ” stands
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for “it is precludedthat; meaningthatthereis no extensionof satisfying
the otheraxiomsin which X Y (p. 2204ff.). SSK's assumptiorrequiresthat
wherever a weak preferencds precludedthe oppositestrict preferencanustbe
afrmed. In ourframework, thispropertyof  is notimplied by axiomsA1-A6,
hencet amountgo anadditionalaxiomof rationality Thelack of this propertyis
illustratedby the exampleof the precedingsection,in which it is precludedthat
Hy X forany u< 0:5643::;, yetit is notimplied by A1-A6 thatX H, for
ary u> 0:5. If the“axiom” of indirectreasonings addedto A1-A6, in lieu of
A7, therepresentationf Theoremd follows immediatelyfrom Theorem3.
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