
The Shapeof IncompletePreferences�

ROBERT NAU
DukeUniversity, USA

Abstract

Theemergenceof robustnessasanimportantconsiderationin Bayesiansta-
tistical modelshasled to a renewed interestin normative modelsof incom-
pletepreferencesrepresentedby imprecise(set-valued)probabilitiesandutil-
ities.This paperpresentsa simpleaxiomatizationof incompletepreferences
and characterizesthe shapeof their representingsetsof probabilitiesand
utilities. Deletionof thecompletenessassumptionfrom theaxiomsystemof
AnscombeandAumannyields preferencesrepresentedby a convex setof
state-dependentexpectedutilities, of which at leastonemustbea probabil-
ity/utility pair. A strengtheningof thestate-independenceaxiomis neededto
obtaina representationpurelyin termsof asetof probability/utility pairs.
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1 Intr oduction

In the Bayesiantheoryof choiceunderuncertainty, a decisionmaker holds ra-
tional preferencesamongacts,which aremappingsfrom statesof naturef sg to
consequencesf cg. It is typically assumedthatrationalpreferencesarecomplete,
meaningthatfor any two actsX andY, eitherX �� Y (“X is weaklypreferredto
Y) or elseY �� X, or both.Thisassumption,togetherwith otherrationalityaxioms
suchastransitivity andindependence,leadsto a representationof preferencesby
a uniquesubjective probability distribution on statesp(s) and a uniqueutility
functionu(c) on consequences,suchthatX �� Y if andonly if thesubjective ex-
pectedutility of X is greaterthanor equalto thatof Y (Savage1954,Anscombe
andAumann1963,Fishburn 1982).However, thecompletenessassumptionmay
be inappropriateif we have only partial informationaboutthedecisionmaker's
preferences,or if realisticlimits on herpowersof discriminationareassumed,or
if thereareactuallymany decisionmakerswhosepreferencesmaydisagree.

� This researchwassupportedby theFuquaSchoolof Businessandby theNationalScienceFoun-
dation.The authoris gratefulto David Rios Insua,TeddySeidenfeld,Jim Smith,andPeterWakker
for commentsonearlierdrafts.
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Incompletepreferencesaregenerallyrepresentedby indeterminate(i.e., set-
valued)probabilitiesand/orutilities. Varyingdegreesof suchindeterminacy have
beenmodeledpreviouslyin theliteratureof statisticaldecisiontheoryandrational
choice:

i. If probabilitiesaloneareconsideredto be indeterminate,thenpreferences
canberepresentedby asetof probabilitydistributionsf p(s)g andaunique
(perhapslinear) utility function u(c). The set of probability distributions
is typically convex, sotherepresentationcanbederivedby separatinghy-
perplanearguments(e.g.,Smith (1961),Suppes(1974),Williams (1976),
Giron andRios (1980),Nau (1992).)Representationsof this kind areare
widely usedin robustBayesianstatistics;anextensivetreatmentis givenby
Walley (1991).

ii. If utilities aloneareconsideredto beindeterminate,preferencescanberep-
resentedby a setof utility functionsf u(c)g anda unique(perhapsobjec-
tively speci�ed)probabilitydistribution p(s), arepresentationthathasbeen
axiomatizedandappliedto economicmodelsby Aumann(1962).Theset
of utility functionsin this caseis alsotypically convex, so thatseparating
hyperplaneargumentsareagainapplicable.

iii. If bothprobabilitiesandutilities areallowedto be indeterminate,they can
berepresentedby separatesetsof probabilitydistributionsf p(s)g andutil-
ity functionsf u(c)g whoseelementsarepairedup arbitrarily. This repre-
sentationof preferencespreservesthetraditionalseparationof information
about beliefsfrom informationabout valueswhenbothareindeterminate
(RiosInsua1990,1992),but lacksanaturalaxiomaticbasis.Rather, it arises
only asaspecialcaseof moregeneralrepresentationswhenprobabilityand
utility assessmentsarecarriedout independently.

iv. More generally, we canrepresentincompletepreferencesby setsof prob-
ability distributionspairedwith state-independentutility functionsf (p(s);
u(c))g, a.k.a.“probability/utility pairs.” This representationhasanappeal-
ing multi-Bayesianinterpretationandprovidesa normative basisfor tech-
niquesof robust decisionanalysis(Moskowitz, Preckel andYang,1993)
andassetpricing in incomplete�nancial markets(Staum2002).It hasbeen
axiomatizedbySeidenfeld,Schervish,andKadane(1995,henceforthSSK),
starting from the “horse lottery” formalizationof decisiontheory intro-
ducedby AnscombeandAumann(1963).However, aspointedoutby SSK,
thesetof probability/utility pairsis typically nonconvex andmayevenbe
unconnected,so thatseparatinghyperplaneargumentsarenot directly ap-
plicable.Instead,SSKrely onmethodsof trans�nite inductionandindirect
reasoningto obtaintheir results.



410 ISIPTA ' 03

Theobjective of this paperis to derive a simplerepresentationof incomplete
preferencesfor theelementarycaseof �nite stateandrewardspaces,andto char-
acterizetheshapeof theresultingsetsof probabilitiesandutilities. We begin by
deletingbothcompletenessandstate-independencefrom thehorse-lotteryaxiom
systemof AnscombeandAumann,showing thatthisleadsimmediatelyto arepre-
sentationof preferencesby a setof probabilitiespairedwith state-dependentutil-
ity functionsf (p(s);u(s;c))g. Suchpairswill becalledstate-dependentexpected
utility (s.d.e.u.)functions.State-dependentutilities have beenusedin economic
modelsby Karni (1985)andDr�eze(1987)andarealsodiscussedby Schervishet
al. (1990).A setof s.d.e.u.functionsis typically convex—unlike a setof prob-
ability/utility pairs—sothat separating-hyperplanemethodsare still applicable
at this stage.We thenre-introduceAnscombeandAumann'sstate-independence
assumptionandshow that it imposes(only) thefurther requirementthat therep-
resentingsetshouldcontain at leastoneprobability/utility pair. Finally, we con-
sidertheadditionalassumptionsthatmustbeimposedin orderto shrinktherep-
resentationto (the convex hull of) a setof probability/utility pairs,andpresent
a constructive alternative to SSK's indirect reasoningmethod.We show that al-
thoughtherepresentingsetof probability/utility pairsis nonconvex, it nonetheless
hasa simplecon�guration: it is merelytheintersectionof a convex setof s.d.e.u.
functionswith thenonconvex surfaceof state-independentutilities.

Theorganizationof thepaperis asfollows. Section2 introducesbasicnota-
tionandderivesarepresentationof preferencesbyconvex setsof s.d.e.u.functions
whenneithercompletenessnorstate-independenceis assumed.Section3 incorpo-
ratesAnscombeandAumann'sstate-independenceassumptionandshows that it
requires(only) theexistenceof atleastoneagreeingstate-independentutility. Sec-
tion 4 discussesanexampleof SSKto highlight theimplicationsof differentcon-
tinuity andstrictnessconditions.Section5 givestheadditionalconstructiveaxiom
thatis neededto obtainarepresentationpurelyin termsof probability/utility pairs,
illustratedby anotherexample.Section6 brie�y discussestheresults.

2 Representationof incompletepreferences

Let S denotea �nite setof statesandlet C denotea �nite setof consequences.
Let B = f B : S� C 7! Âg. An elementX 2 B is a horselottery if X � 0 and
8s; å cX(s;c) = 1, with theinterpretationthatX(s;c) is theobjectiveprobability
of receiving consequencec whenstates occurs.Henceforth,thesymbolsW, X,
Y, Z, andH will beusedto denotehorselotteries;thesymbolB will denoteanel-
ementof B thatis notnecessarilyahorselottery (e.g.,B mayrepresentthediffer-
encebetweentwo horselotteries).A horselottery X is constantif theprobabili-
tiesit assignsto consequencesareconstantacrossstates—i.e.,if X(s;c) = X(s0;c)
for all s;s0;c. Thesymbol �� will denotenon-strictpreferencebetweenhorselot-
teries:X �� Y meansthatX is preferredor indifferentto Y, which is considered
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asthebehavioral primitive.Thedomainof �� is thesetof all horselotteries.The
asymmetricpartof �� will bedenotedby � .

An eventis a subsetof S. ThesymbolE will beusedinterchangeablyasthe
namefor aneventandfor its indicatorfunctiononS� C. Thatis,E(s;c) = 1[0] for
all c if theeventE includes[doesnot include]states. Es will denotetheindicator
vectorfor states. That is, Es(s0;c) = 1 for all c if s= s0andzerootherwise.If a
is ascalarbetween0 and1, thenaX + (1� a)Y is an objectivemixtureof X and
Y: it yields consequencec in states with probability aX(s;c) + (1 � a)Y(s;c).
If E is an event, then EX + (1 � E)Y is a subjectivemixture of X and Y: it
yields consequencec in states with probability X(s;c) if E(s;c) = 1, andwith
probabilityY(s;c) otherwise.

AssumethatC containsa “worst” anda “best” consequence,labeled0 and1
respectively.1 Otherconsequencesarelabeled2;3; : : : ;K. ThesymbolsHc, for c2
f 0;1;2; : : : ;Kg, andHu, for u 2 (0;1), will beusedto denotespecial“reference”
horselotteries.First, for all c 2 f 0;1;2; : : : ;Kg, let Hc denotethe horselottery
thatyieldsconsequencec with probability1 in every state.That is, Hc(s;c0) = 1
if c = c0 andHc(s;c0) = 0 otherwise.For example,H2 is the horselottery that
yields consequence2 with probability 1 in every state.Next, for all u 2 (0;1),
let Hu denotethehorselottery that yields thebestandworst consequenceswith
probabilitiesu and1� u in everystate,which is theobjectivemixture:

Hu � uH1 + (1� u)H0:

For example,H0:5 is thehorselottery thatyieldsconsequences0 and1 with equal
probability. Lateron, consequences0 and1 will beassignedutilities of 0 and1,
respectively, sothatHu will haveanexpectedutility of u by de�nition.

The reference-lotterynotationcan be stretchedfurther to de�ne HE as the
horselottery that yields the bestconsequenceif event E occursand the worst
consequenceotherwise,i.e., thesubjectivemixture:

HE � EH1 + (1� E)H0:

Boundsonsubjectiveprobabilitiesareexpressibleaspreferencesbetweensubjec-
tive andobjectivemixturesof H0 andH1. For example,a preferenceof theform
HE

�� H p for someeventE and p 2 (0;1) meansthat “the probabilityof E is at
leastp,” i.e., that p is a lower probability for E. Upperprobabilitiesarede�ned
analogously. If X is ahorselotteryandu is ascalarbetween0 and1, apreference

1Our assumptionof a priori bestandworst consequencesfollows Luce andRaiffa (1957) and
AnscombeandAumman(1963),andit is technicallywithout lossof generalityin thesensethat the
preferenceordercanalwaysbeextendedto alargerdomainthatincludestwo additionalconsequences
whichby constructionarebetterandworse,respectively, thanall theoriginal consequences.(Suchan
extensionis demonstratedby SSK, Theorem2.) The bestandworst consequencesultimately serve
to calibratethe de�nition andmeasurementof subjective probabilities,but even so the probabilities
remainsomewhatarbitrary, aswill beshown.
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of the form X �� Hu meansthat “the expectedutility of X is at leastu.” Equiva-
lently, wewill saythatu is a lowerexpectedutility for X. Upperexpectedutilities
arede�nedanalogously.Usingthetermsde�nedabove,wenow introducethe�rst
groupof axiomsthatareassumedto governrationalpreference:
A1 (Quasiorder): �� is transitiveandre�exive.
A2 (Mixture-independence):X �� Y , aX + (1� a)Z �� aY + (1� a)Z 8a 2
(0;1).
A3 (Continuityin probability):If f Xng andf Yng areconvergentsequencessuch
thatXn

�� Yn, thenlim Xn
�� lim Yn.

A4 (Existenceof bestandworst):For all c > 1, H1
�� Hc

�� H0.
A5 (Coherence,or non-triviality): H1 � H0 (i.e.,not H0

�� H1).
A1 andA2 arevonNeumannandMorgenstern's�rst two axiomsof expected

utility, minuscompleteness2, asappliedto horselotteriesby AnscombeandAu-
mann(1963);seealsoFishburn (1982).A3 is a strongcontinuityconditionused
by GarciadelAmo andRiosInsua(2002)thatalsoworksin in�nite-dimensional
spaces.A4 andA5 ensurenon-triviality andprovide referencepointsfor proba-
bility measurement,asnotedearlier.
DEFINITION : A collectionof preferencesf Xn

�� Yng is a basis3 for �� under
anaxiomsystemif everypreferenceX �� Y canbededucedfrom f Xn

�� Yng by
directapplicationof thoseaxioms.

Theprimal geometricrepresentationof �� is now givenby:

Theorem1 �� satis�esA1–A5if and only if there existsa closedconvex cone
B� � B, recedingfromtheorigin, such that for anyhorselotteriesX andY:

X �� Y , X � Y 2 B� :

In particular, if f Xn
�� Yng is a basisfor �� underA1–A5,thentheconeB� is the

closedconvex hull of therayswhosedirectionsare f Xn � Yng for all n together
with f H1 � Hcg andf Hc � H0g for all c.4

Becausethedirectionof preferencebetweentwo horselotteriesX andY depends
only onthedirectionof thevectorX � Y, it followsthatif EX + (1� E)Z �� EY +
(1� E)Z whereE is an event, thenEX + (1 � E)Z0 �� EY + (1� E)Z0 for any
Z0. Consequently, we will simply write EX �� EY to indicate that EX + (1 �
E)Z �� EY + (1� E)Z for all Z, or in otherwords,“X is preferredto Y conditional
on theeventE.” This resultenablesus to give a simplede�nition of conditional
probabilityor expectedutility: if E is an eventandX is a horselottery, thenthe
preferenceEX �� EHu meansthat “the conditionalexpectedutility of X givenE
is at leastu.”

2Thecompletenessassumptionassertsthatfor any X andY, eitherX �� Y or Y �� X, or both.Here,
it is permittedthatneitherof theseconditionsholds—i.e.,X andY maybeincomparable.

3Useof theterm“basis” in this context is dueto SSK.
4Proofshave beensuppressedin theconferenceversionof thepaperbut areavailablein thecom-

pleteversionon theauthor's websiteat http://www.duke.edu/� rnau.
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Now let a statedependentexpectedutility (s.d.e.u.)functionbede�ned asa
functionv : S� C 7! Â , with the interpretationthatv(s;c) is theexpectedutility
of receiving consequencec with probability 1 if states obtainsand receiving
consequence0 with probability1 otherwise.LetUv(X) denotetheexpectedutility
assignedto ahorselottery X by thes.d.e.u.functionv:

Uv(X) � å
s2S;c2C

X(s;c)v(s;c):

DEFINITIONS : A s.d.e.u.function v is a probability/utility pair if it canbe
expressedastheproductof aprobabilitydistributiononSandastate-independent
utility function on C—i.e., if v(s;c) = p(s)u(c) for somefunctionsp andu. A
s.d.e.u.functionv agrees(oneway) with �� if X �� Y ) Uv(X) � Uv(Y). A set
V of s.d.e.u.functions represents �� if X �� Y , Uv(X) � Uv(Y) � 0 8 v 2 V .

We now have,asthedualto Theorem1:

Theorem2 �� satis�es A1–A5if and only if it is representedby a non-empty
closedconvex setV � of s.d.e.u. functionssatisfying(w.l.o.g.) Uv(H0) = 0 and
Uv(H1) = 1.

(Theproof relieson a separatinghyperplaneargument.For a similar resulton a
moregeneralspace,seeRios1992.)If f Xn

�� Yng is a basisfor �� , thenV � is
merelytheintersectionof thelinearconstraintsf Uv(Xn) � Uv(Yn)g, Uv(H0) = 0,
Uv(H1) = 1, and0 � Uv(Hc) � 1 for all c � 2. If thebasisis �nite, thenV � is a
convex polytope,whoseelementsneednotbeprobability/utilitypairs.Subsequent
sectionsof thepaperwill discusstheadditionalassumptionsneededto ensurethat
somepointsof V � —especiallyits extremepoints—areprobability/utility pairs.

3 The state-independenceaxiom

We now explore the implications,in thecontext of incompleteness,of theaddi-
tional axiom introducedby AnscombeandAumann5 to provide the usualsep-
arationof subjective probability from utility. First, de�ne the conceptof a not-
potentially-nullevent:
DEFINITION : An eventE is notpotentiallynull if HE

�� H p for somep > 0.
Thus,aneventthatis notpotentiallynull is precludedfrom having zeroasan

upperprobability in any extensionof �� satisfyingA1–A5. The �nal axiom is
then:
A6 (State-independence):If X andY areconstantandE is not potentiallynull,

thenEX �� EY ) E0X �� E0Y for everyothereventE0.
An immediatecontribution of A6, in light of A4, is to guaranteethat conse-

quences0 and1 arebestandworst in everystate. Thus,if A6 holds,any s.d.e.u.

5Anscombe-Aumannreferto this assumptionas“monotonicityin theprizes”or “substitutability.”
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functionagreeingwith �� maybeconsideredto belongto thesetV + � V de-
�ned by:

V + � f v : 0 = v(s;0) � v(s;c) � v(s;1) � 1 8 s2 S; c � 2; å
s2S

v(s;1) = 1g:

Henceforthit will be assumed(arbitrarily but w.l.o.g.) that consequences0 and
1 have the samenumericalutilities, namely0 and 1, in every stateas well as
unconditionally. Then,regardlessof whetherv is aprobability/utility pair, de�ne

pv(s) � v(s;1)

as“the” probability assignedto states by v, sinceit is the expectedutility of a
horselottery that yields a utility of 1 if states obtainsand0 otherwise.6 Corre-
spondingly, if E is anevent,

pv(E) � Uv(HE) = å
s2E

pv(s)

is theprobabilityassignedto E by v. Next de�ne:

uv(s;c) � v(s;c)=v(s;1) if v(s;1) > 0;

as the utility assignedto consequencec in states by v. This utility is state-
independentif v is a probability/utility pair, otherwiseit is state-dependent.In
theseterms,theexpectedutility assignedto X by v canberewrittenas:

Uv(X) = å
s

pv(s)å
c

uv(s;c)X(s;c):

We cannow give a dualde�nition of conditionalexpectedutility in termsof v in
theobviousway:

Uv(XjE) = Uv(XE)=pv(E):

If theconditionalexpectedutility of X givenE isatleastubyourprimalde�nition—
i.e., if EX �� EHu—thenduallywehaveUv(XjE) � u for any v agreeingwith ��
andsatisfyingpv(E) > 0, becausefor any agreeingv:

EX �� EHu ) Uv(EX) � Uv(EHu) = upv(E) , Uv(XjE) � u or else pv(E) = 0:

Anotherconsequenceof A6, in light of Theorem1, is thepropertyof stochas-
tic dominance.In particular, if X is obtainedfrom Y by shifting probabilitymass

6Thesamemethodof de�ning probabilitiesis usedby Karni (1993).Sincethisde�nition is based
on thearbitraryassignmentof equalutilities to thebestandworstoutcomesin all states,it shouldnot
be interpretedasthe “true” probabilityof a hypotheticaldecisionmaker whosepreferencesarerep-
resentedby v. Theclassicde�nitions of subjective probabilitygivenby Savage,Anscombe-Aumann,
andothers,areall af�icted with thesamearbitrariness.Theintrinsic impossibilityof inferring “true”
probabilitiesfrom materialpreferencesis discussedby KadaneandWinkler (1988),Schervishet al.
(1990),Karni andMongin (2000)andNau(1995,2002).



Nau: TheShapeof IncompletePreferences 415

to consequence1 from any other consequence,and/or from consequence0 to
any otherconsequence,in any state,thenX �� Y. To seethis, note that A6 to-
getherwith A4 implies thatEsH1

�� EsHc andEsHc
�� EsH0 for states andany

c > 1. HenceB� containsall vectorsof theform Es(H1 � Hc) andEs(Hc � H0).
If X � Y canbeexpressedasa non-negative linearcombinationof thesevectors,
thenX � Y 2 B� andhenceX �� Y. To makethisresultmoreprecise,let the[ : ]min
(“minimum s.d.e.u.”) operationbede�ned onB asfollows:

[B]min � min
v2V +

Uv(B) = min
s2S

[B(s;1) + å
c� 2

minf 0;B(s;c)g]:

Thisquantityis theminimumpossiblestate-dependentexpectedutility thatcould
be assignedto B: it is achievedby assigning,within eachstate,a utility of 0 to
thoseconsequencesc � 2 for whichB is positiveandautility of 1 to thoseconse-
quencesc � 2 for whichB is negative,thenassigningasubjectiveprobabilityof 1
to thestatein whichtheconditionalexpectedutility of B is minimized.Stochastic
dominanceandthenegativeorthantin B cannow bede�ned in a naturalway:
DEFINITIONS : X � � [> � ] Y (“X [strictly] dominatesY”) if [X � Y]min � [> ] 0.
Theopennegative orthantB� consistsof thoseB thatarestrictly dominatedby
thezerovector, i.e.,B� = f B 2 B : 0 > � Bg.

A6 in conjunctionwith A1–A5 thenimpliesthatX � � [> � ] Y ) X �� [� ] Y.
If preferencesarecomplete(i.e., if for any horselotteriesX andY, eitherX �� Y
or Y �� X or both), then the primal representationB� is a half-space,the dual
representationV � consistsof a uniques.d.e.u.function v� , and axiom A6 re-
quiresthe latter to bea probability/utility pair, which is thesameresultobtained
by AnscombeandAumann(1963).(A6 impliesthatUv� (HcjEs) = Uv� (Hc) inde-
pendentof thestates.) In theabsenceof completeness,thecontribution of A6 to
theseparationof probabilityandutility is weaker, assummarizedby:

Theorem3 . �� satis�esA1–A6if and only if it is representedby a nonempty
convex set V �� � V + of s.d.e.u. functionsof which at least one elementis a
probability/utility pair.

If f Xn
�� Yng is abasisfor �� underaxiomsA1–A6, thenany probability/utility

pair v that satis�esUv(Xn) � Uv(Yn) for all n, v 2 V + , belongsto the setV �� .
Apart from this fact, it is not easyto characterizethesetV �� in termsof proba-
bility/utility pairs,aswill beillustratedin thesequel.

4 Strict vs.non-strict preference:an example

Theresultsof theprecedingsectionestablishthata preferencerelationsatisfying
A1–A6 is representedby a closedsetof s.d.e.u.functionsof whichat leastoneis
a probability/utility pair. Theclosednessof the representingsetis attributableto
theuseof non-strictpreferenceasthebehavioral primitive,togetherwith astrong
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continuity assumption.In contrast,SSK usestrict preferenceas the behavioral
primitive, togetherwith a weaker continuity assumption,to explicitly allow for
therepresentationof incompletepreferencesby opensetsthatmayfail to contain
probability/utility pairs.

The differencesin theseapproachesare illustratedby an exampleof SSK
(Example4.1)comprisingtwo statesandthreeconsequences,i.e.,S= f 1;2g and
C = f 0;1;2g. Consequences0 and1 havestate-independentutilities of 0 and1 by
assumption,so that a probability/utility pair is completelyparameterizedby the
probabilityassignedto state1 andtheutility assignedto consequence2.Consider,
then,the two probability/utility pairs(pi ;ui) in which p0(1) = 0:1 and p1(1) =
0:3, andu0(2) = 0:1 andu1(2) = 0:4. Let v0 andv1 denotethe corresponding
s.d.e.u.functions—i.e.,vi (s;c) = pi(s)ui(c) for i = 0;1. ThenUvi (X) denotesthe
expectedutility assignedto horselotteryX by (pi ;ui). In particular,Uv0(H2) = 0:1
andUv1(H2) = 0:4. Now let � bede�ned asthepreferencerelationthatsatis�es
a weakParetoconditionwith respectto thesetwo probability/utility pairs—i.e.,
X � Y , f Uv0(X) > Uv0(Y) and Uv1(X) > Uv1(Y)g. Any s.d.e.u.functionthatis
aconvex combinationof v0 andv1 alsoagreeswith � , sotherepresentingsetV ��

is theclosedline segmentwhoseendpointsarev0 andv1, but noneof its interior
pointsareprobability/utility pairs.

Next SSKextend� to obtaina new preferencerelation� 00 by imposingthe
additionalstrict preferencesH0:4 � 00H2 � 00H0:1. Theeffect of this extensionis
to chopoff thetwo endpointsof therepresentingsetof s.d.e.u.functions,sothat
� 00 is representedby the openline segmentconnectingv0 with v1. SSKpointout
that,although� 00satis�esall theiraxioms,thereis noagreeingprobability/utility
pair for it, sincethe only two candidateshave beendeliberatelyexcluded.They
proceedto axiomatizetheconceptof “almoststate-independent”utilities, which
agreewith a strict preferencerelation and are “within e” of being state-inde-
pendent.Clearly, � 00 hasanalmost-state-independentrepresentation,containing
pointsarbitrarilycloseto v0 andv1.

In our framework, wherethe languageof preferenceis non-strict,there is
no way to implementa constraintsuchasH2 � H0:1 (i.e., to chop off v0) ex-
cept by assertingthat H2

�� H0:1+ e for a speci�c positive e. And if this asser-
tion is made,an interestingthing happens:axiom A6 begins to nibble on the
v0 endof the line segmentandcontinuesnibbling until the representationcol-
lapsesto thev1 end.To illustratethis process,let thenon-zeroelementsof each
v be written out asv = (f v(s;c)g) = (v(1;1);v(2;1);v(1;2);v(2;2)) . Thus,v0 =
(0:1;0:9;0:01;0:09) andv1 = (0:3;0:7;0:12;0:28). (Note that becausetheseare
probability/utility pairs,the�rst two numbersin parenthesesaretheprobabilities
of states1 and2, andthe last two numbersarethesameprobabilitiesmultiplied
by theutility of consequence2.) Next, let the line segmentfrom v0 to v1 be pa-
rameterizedby va � (1� a)v0 + av1 for a 2 (0;1). In thesetermswe obtain:

va = (0:1+ 0:2a;0:9� 0:2a;0:01+ 0:11a;0:09+ 0:19a);
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whence:
Uva (H2) = va (1;2) + va(2;2) = 0:1+ 0:3a (4:1)

Uva (H2jE1) =
va (1;2)
va (1;1)

=
0:01+ 0:11a
0:1+ 0:2a

(4:2)

Uva (H2jE2) =
va (2;2)
va (2;1)

=
0:09+ 0:19a
0:9� 0:2a

(4:3)

Theseareall monotonefunctionsof a for a between0 and1, andthey all are
equalto 0.1 at a = 0 and0.4 at a = 1. However, for intermediatevaluesof a,
(4.1) is greaterthan(4.3)andlessthan(4.2),andby invoking axiomA6, we can
playthelasttwo off againsteachother. In particular, it followsfrom monotonicity
of (4.2)that

a � a � ) Uva (H2jE1) �
0:01+ 0:11a �

0:1+ 0:2a � ; (4:4)

whereasit follows from monotonicityof (4.3) that

Uva (H2jE2) � u� ) a �
0:9u� � 0:09
0:2u� + 0:19

(4:5)

Let thesetV �� representingtheoriginal relation� henceforthbeparameterized
asV �� = f va ja 2 [0;1]g. Supposethatwenow increasethelowerutility of H2 by
e= 0:01 by addingthepreferenceassertionH2

�� H0:11 to thebasisfor � . This
additionalassertionimposesthe constraintUva (H2) � 0:11 for all va agreeing
with theextendedrelation,thusexcludingv0 asanagreeings.d.e.u.function.By
applicationof A6, wemayconcludethatUva (H2jE2) � 0:11aswell. Substituting
u� = 0:11in (4.5),it followsthattherepresentingsetmustconsistonly of thoseva
satisfyinga � 0:042453.But now, substitutinga � = 0:042453backinto (4.4),we
�nd that it mustalsosatisfyUva (H2jE1) � 0:135217.SinceE1 is not potentially
null, A6 maybeappliedagainto obtainUva (H2) � 0:135217.Thus,if wetakeone
bite out of the line segmentby imposingtheconstraintUva (H2) � 0:11, we end
upconcludingthata largerbiteUva (H2) � 0:135217maybetaken! If wenow re-
peattheprocessby substitutingu� = 0:135217in (4.5),weobtaina � = 0:146034,
whichyieldsUva (H2jE1) � 0:201721whensubstitutedin (4.4).Successiveitera-
tionsyield u� valuesof 0.299288,0.365247,0.390144,0.397381,0.399317,and
soonwith rapidconvergenceto 0.4,which is realized(only) atv1. Thecontinuity
axiomthenallows us to assertthat H2

�� H0:4, which togetherwith theoriginal
constraintH0:4

�� H2, establishesthattheutility of consequence2 is precisely0.4.
If insteadwe startat the otherendpoint,addingthe constraintH0:4� e

�� H2
for e> 0, thecollapseoccursto the0.1value.If bothconstraintsareadded—i.e.,
if bothendpointsarechoppedoff by �nite margins,theentireinterval is annihi-
lated,yielding incoherence(a violation of A5). Hence,this exampleis unstable
in thesensethatany �nite extensionof theoriginal preferencerelationleadsto
a collapseto oneor the otherof the original probability/utility pairs,or elseto
incoherence.



418 ISIPTA ' 03

5 The needfor strongerstate-independence

The original preferencerelation in SSK's example is representedby a set of
s.d.e.u.functionswhoseextremepointsareboth probability/utility pairs.In our
framework, if eitherof thesepointsis excluded,thentheinterveningpointsmust
beexcludedaswell. Thus,in extendingthatrelation,it is impossibleto retainany
agreeingstate-dependentutilities that arenot convex combinationsof agreeing
state-independentutilities. A secondexampleshows that this is not always the
caseunderaxiomsA1–A6. In otherwords,a preferencerelationcansatisfythese
axiomsandyet not berepresentedby utilities thatarestate-independentor even
“almost” state-independent.

Let therebe threestatesandthreeconsequences,andlet X denotethehorse
lottery that satis�es X(1;0) = X(2;2) = X(3;1) = 1. That is, X yields conse-
quences0, 2, and1 with certaintyin states1, 2, and3 respectively. Supposethat
all statesarejudgedto have probabilityat least0.1, andX is judgedto have an
unconditionalexpectedutility of at least0.5.Furthermore,a coin �ip betweenX
andf consequence2 if state1, otherwiseZg is preferredto a coin �ip between
utility 0.5andf utility 0.9 if state1, otherwiseZg, but alsoa coin �ip betweenX
andf utility 0.1 if state2, otherwiseZg is preferredto a coin �ip betweenutility
0.5andf consequence2 givenstate2, otherwiseZg. (Thecommonalternative Z
is arbitraryby Theorem1.) Thus,thebasisfor �� is asfollows:

HE
�� H0:1 for E = E1;E2;E3; (5:1)

1
2

X +
1
2

Z ��
1
2

H0:5 +
1
2

Z; (5:2)

1
2

X +
1
2

(E1H2 + (1� E1)Z) ��
1
2

H0:5 +
1
2

(E1H0:9 + (1� E1)Z); (5:3)

1
2

X +
1
2

(E2H0:1 + (1� E2)Z) ��
1
2

H0:5 +
1
2

(E2H2 + (1� E2)Z); (5:4)

Notice that (5.3) and(5.4) areobtainedfrom (5.2) by replacingZ by subjective
mixturesof Z with differentconstantlotterieson the LHS andRHS.Theselast
two preferencesimply that the lower boundon theexpectedutility of X among
all probability/utility pairs agreeingwith �� mustbe strictly greaterthan0.5.
To understandthis implication,notethat underany s.d.e.u.function that agrees
with �� , the differencesin expectedutility betweenthe LHS's and RHS's of
(5.2),(5.3),and(5.4),mustall benon-negative.Moreover, if thes.d.e.u.function
is a probability/utility pair, thenin at leastoneof thetwo comparisons(5.3) and
(5.4), the differencein expectedutility betweenLHS andRHS mustbe strictly
lessthanit is in (5.2), a situationthat occurswhenconsequence2 hasa utility
strictly greaterthan0.1and/orstrictly lessthan0.9. If thedifferencein expected
utility betweenLHS andRHSis non-negativein all cases,thenthedifferencecan
never be zero in (5.2)—i.e.,X cannothave a lower expectedutility assmall as
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0.5.In fact,theminimumexpectedutility of X amongall probability/utility pairs
agreeingwith (5.1–5.4)is 0.564314.

Thequestionis whether, by directapplicationof axiomsA1–A6,wecaninfer
thattheexpectedutility of X is strictly greaterthan0.5.Theansweris: wecannot.
Theproblemis thataxiomA6 is uselessherebecauseof thecommonnonconstant
termX in (5.2)–(5.4).In orderto applyA6, we must�rst �nd non-negative lin-
earcombinationsof thedifferencesbetweentheLHS's andRHS's of (5.1)–(5.4)
thatareconditionallyconstant—i.e.,of the form EB, whereE is aneventandB
is constantacrossstates.But thesearchfor suchconditionallyconstanttermsis
constrainedhereby thepresenceof a commonnonconstanttermX � H0:5 in the
differencesbetweenLHS's andRHS's of (5.2)–(5.4).Furthermore,in order for
A6 to “bite,” B needsto have a negative lower expectedutility whenconditioned
onsomeothereventE0. Theeffectof applyingA6 will thenbeto raisethis lower
expectedutility to zero,which shrinksthe setof s.d.e.u.functionsrepresenting
�� . In the example,the few conditionally-constantlottery differencesEB that

canbeconstructedfrom (5.1)–(5.4)all turn out to satisfyB � � 0, which is com-
pletely uninformative. The lower expectedutility of X thereforeremainsat 0.5
despitethefactthatthisvalueis not realized,or evencloselyapproached, by any
probability/utility pair agreeingwith �� .

Thisexampleshowsthatwhenpreferencesareincomplete,axiomA6 is insuf-
�cient to guaranteethat they arerepresentedby a setof probability/utility pairs
(or their convex hull). Evidently, an additionalstate-independencecondition is
needed,suchas:
A7 (Stochasticsubstitution): If

aX + (1� a)(EX0+ (1� E)Z) �� aY + (1� a)(EY0+ (1� E)Z)

for somea 2 (0;1) whereX0 andY0 andZ areconstantlotteriesandE is not
potentiallynull, then

aX + (1� a)( pX0+ (1� p)Z) �� aY + (1� a)( pY0+ (1� p)Z)

for somep 2 (0;1].
In otherwords,thesubjectivemixturesof theconstantlotteriesX0andY0with

Z canbereplacedwith objectivemixtures againstthebackgroundof a compari-
sonbetweenthenonconstantlotteriesX andY. In termsof theprimal representa-
tion B� , this assumptionmeansthatif B + EB02 B� , whereB0 is constantacross
statesandE is notpotentiallynull, thenB+ pB02 B� for somep > 0.7 Notethat
if a collectionof preferencesf Xn

�� Yng satis�esA1–A6, thentheimpositionof
A7 cannotproducea contradiction.A1–A6 requirethe existenceof at leastone
probability/utility pair agreeingwith f Xn

�� Yng, andany probability/utility pair
thatagreeswith theoriginalpreferenceswill alsoagreewith any new preferences
generatedfrom themby A7.

7A2 andA6 imply only thatthissubstitutionmaybeperformedin thenonstochasticcaseB = 0.



420 ISIPTA ' 03

The new axiom doesaffect the counterexamplediscussedabove. (5.3) and
(5.4)cannow bereplacedby

1
2

X +
1
2

(pH2 + (1� p)Z) ��
1
2

H0:5 +
1
2

(pH0:9 + (1� p)Z);

1
2

X +
1
2

(p0H0:1 + (1� p0)Z) ��
1
2

H0:5 +
1
2

(p0H2 + (1� p0)Z);

for somep; p0> 0.A mixtureof thesetwo comparisonsin aratioof p0to p yields:

1
2

X +
1
2

(aH0:1 + aH2 + (1� 2a)Z) ��
1
2

H0:5 +
1
2

(aH0:9 + aH2 + (1� 2a)Z);

wherea = pp0=(p+ p0). The LHS must have greater-or-equalexpectedutility
thantheRHS,which (becauseof theH0:1 termon the left andtheH0:9 term on
the right, andcancellationof the commontermsH2 andZ) meansthat X must
havestrictly greaterexpectedutility than0.5.

Themainresult,whichgeneralizesthisexample,cannow bestatedas:

Theorem4 �� satis�esA1–A7if andonly if it is representedby a nonemptyset
V ��� of s.d.e.u.functionsthatis theconvexhull of a setof probability/utility pairs.

If f Xn
�� Yng is a basisfor �� underA1–A7, then V ��� is merely the con-

vex hull of the set of probability/utility pairs that satisfy f Uv(Xn) � Uv(Yn)g.
If the basisis �nite, the constructionof V ��� can be carried out as follows.
First,form theconvex polyhedronconsistingof theintersectionof theconstraints
f Uv(Xn) � Uv(Yn)g, v 2 V + . Now take theintersectionof thispolyhedronwith
thenonconvex surfaceconsistingof all probability/utility pairs.(If the latter in-
tersectionis empty, the preferencesdo not satisfyA1–A7: they areincoherent.)
Finally, take theconvex hull of whatremains:this is thesetV ��� .

6 Discussion

It hasbeenshown that, in orderto obtaina convenientrepresentationof incom-
pletepreferencesby setsof probability/utility pairs,it doesnot suf�ce merelyto
deletethecompletenessaxiomfrom thestandardaxiomaticframeworkof Anscombe
andAumann.This �nding is not due to technicalproblemswith limits or null
events,but ratherto afundamentalweaknessof thetraditionalstate-independence
axiomin theabsenceof completeness.Ourapproachis to introduceanadditional
state-independencepostulate(A7) thathas“bite” in theabsenceof completeness.
SSKfollow adifferentapproachin their axiomatizationof incompletestrictpref-
erences.Insteadof directly strengtheningthe state-independenceproperty, they
“�ll in the missingpreferences”by indirect reasoning,namely, they assumethe
preferencerelationhasthepropertythat : (X �� Y) ) Y � X, where“ : ” stands
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for “it is precludedthat,” meaningthat thereis no extensionof �� satisfying
the otheraxiomsin which X �� Y (p. 2204ff.). SSK's assumptionrequiresthat
wherever a weakpreferenceis precluded,theoppositestrict preferencemustbe
af�rmed. In our framework, thispropertyof �� is not impliedby axiomsA1–A6,
henceit amountsto anadditionalaxiomof rationality. Thelackof thispropertyis
illustratedby theexampleof theprecedingsection,in which it is precludedthat
Hu

�� X for any u < 0:5643::::, yet it is not implied by A1–A6 thatX � Hu for
any u > 0:5. If the “axiom” of indirect reasoningis addedto A1–A6, in lieu of
A7, therepresentationof Theorem4 follows immediatelyfrom Theorem3.
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