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Abstract

In thispaperwestudytwo classesof impreciseprevisions,whichwe termed
convex andcenteredconvex previsions, in the framework of Walley's the-
ory of impreciseprevisions.Weshow thatconvex previsionsarerelatedwith
a conceptof convex naturalestension,which is usefulin correctinga large
classof inconsistentimpreciseprobability assessments.This classis char-
acterisedby a conditionof avoiding unboundedsureloss.Convexity further
providesa conceptualframework for someuncertaintymodelsanddevices,
like unnormalisedsupremumpreservingfunctions.Centeredconvex previ-
sionsareintermediatebetweencoherentprevisionsandprevisionsavoiding
sureloss,andtheir not requiringpositive homogeneityis a relevant feature
for potentialapplications.Finally, we show how theseconceptscanbe ap-
plied in (�nancial) risk measurement.
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1 Intr oduction

Impreciseprobability theory is developedby P. Walley in [14] in termsof two
major classesof (unconditional)impreciseprevisions,relying upon reasonable
consistency requirements:avoidingsure lossandcoherentprevisions.Thecondi-
tion of avoidingsurelossis lessrestrictive thancoherencebut is oftentooweak.

Coherentimpreciseprevisionshavebeenstudiedmoreextensively, while im-
preciseprevisionsthatavoid surelossreceivedlessattention,andit is aninterest-
ing problemto statewhethersomespecialclassof previsionsavoiding sureloss
canbeidenti�ed, which is suchthat
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(a) its propertiesarenot too far from thoseof coherentprevisions;

(b) it givesfurtherinsightinto thetheoryof impreciseprevisionsor generalises
someof its basicaspects;

(c) it may expressbeliefswhich do not matchwith coherencebut which are
usefulin formalisinganddependablymodellingcertainkindsof problems.

Themainaim of this paperis to discussthepropertiesandsomeapplicationsof
two classesof impreciseprevisions,whichwetermedconvex andcenteredconvex
previsionsandwhichlet usprovidesomeanswersto points(a),(b), (c).Thepaper
partly summarisesandcomplements[12], whereproofsmaybe found for those
resultswhicharestatedwithoutproofhere.

After recallingsomebasicnotionsin Section2, we studythe largerclassof
convex lower previsionsin Section3.1.Althoughour conclusionis thatconvex-
ity is anunsatisfactoryconsistency requirement– for instance,convex previsions
do not necessarilyavoid sureloss– it is however importantasfar as(b) is con-
cerned.Thatis seenin Section3.2,wherea notionof convex naturalextensionis
discussedwhich formally parallelsthebasicconceptof naturalextensionin [14].
Wecharacteriselowerprevisionswhoseconvex naturalextensionis �nite asthose
complyingwith the (mild) requirementof avoiding unboundedsureloss.In this
casetheconvex naturalextensionindicatesa canonical(least-committal)way of
correctingtheminto aconvex assessment.As discussedin Section3.2.1,it is then
easyto make a furthercorrectionto achieve thestronger(andmoresatisfactory)
propertyof centeredconvexity.

Centeredconvex previsionsarediscussedin Section3.3,togetherwith gener-
alisationsof the importantenvelopetheorem.Centeredconvex lower previsions
areaspecialclassof previsionsavoidingsureloss,retainingseveralpropertiesof
coherentimpreciseprevisions,andhencethey appearto ful�l requirement(a).

Section4 givessomeanswersto point (c). Hereconvex previsionsprovide a
conceptualframework for certainkinds of uncertaintymodels,asshown in Ex-
amples1 (overlyprudentialassessments)and2 (supremumpreservingfunctions).
Thesemodelsaresometimesemployedin practice,althoughthey cannotusually
beregardedassatisfactory. Centeredconvex previsionsdonotrequirethepositive
homogeneityconditionP(l X) = l P(X), 8l > 0, andhenceseemappropriateto
capturerisk aversion.In Section4.1 we focusin particularon risk measurement
problems,showing thattheresultsin Section3 maybeusedto de�ne convex risk
measures(centeredor not) for anarbitrarysetof randomvariablesD. In particu-
lar, thede�nition of convex risk measurecoincides,whenD is alinearspace,with
theconceptof convex risk measurerecentlyintroducedin theliteraturetoconsider
liquidity risks[4, 5,7]. It appearsherethatresultsfrom therisk measurementarea
canpro�tably contributeto thedevelopmentof impreciseprobability theoryand
viceversa.Section5 concludesthepaper.
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2 Preliminaries

Unlessotherwisespeci�ed, in thesequelwe shalldenotewith D anarbitrary set
of boundedrandomvariables(or gambles,in the notationof [14]) andwith L
(� D) thesetof all boundedrandomvariables(on a possibilityspace).A lower
previsionP (anupperprevisionP, a previsionP) on D is a real-valuedfunction
with domainD. In particular, if D containsonly indicatorfunctionsof events,P
(P, P) is termedlowerprobability(upperprobability, probability).

Lower (andupper)previsionsshouldsatisfysomeconsistency requirements:
theconditionof avoidingsure lossandthestrongercoherencecondition[14].

De�nition 1 P : D ! IR is a lower prevision on D that avoids surelossiff, for
all n 2 N+ , 8 X1; : : : ;Xn 2 D, 8 s1; : : : ;sn real and non-negative, de�ning G =
å n

i= 1si(Xi � P(Xi)) , supG � 0.

De�nition 2 P : D ! IR is a coherentlower prevision on D if and only if, for
all n 2 N+ , 8 X0;X1; : : : ;Xn 2 D, 8 s0;s1; : : : ;sn real and non-negative, de�ning
G = å n

i= 1si (Xi � P(Xi)) � s0(X0 � P(X0)) , supG � 0.

Theconditionof avoidingsurelossis tooweakundermany respects:for instance,
it doesnot requirethat P(X) � inf X, nor doesit imposemonotonicity. On the
otherhand,it is simplerto assessandto checkthancoherence.

Behaviourally, a lowerprevisionassessmentP(X) maybeviewedasa supre-
mum buying price for X [14], and s(X � P(X)) representsan elementarygain
from a beton X, with stake s. We shallsaythatthebetis in favourof X if s � 0,
whilst � s(X � P(X)) (s � 0) is anelementarygainfrom a betagainstX. De�ni-
tions1 and2 bothrequirethatnoadmissiblelinearcombinationG of elementary
gainsoriginatesa surelossboundedaway from zero.The differenceis that the
conceptof avoidingsurelossconsidersonly betsin favourof theXi , while coher-
enceconsidersalso(at most)onebetagainsta randomvariablein D.

We recall the following propertiesof coherentlower previsions,which hold
whenever therandomvariablesinvolvedarein D:

(a) P(l X) = l P(X), 8l > 0 (positivehomogeneity)
(b) inf X � P(X) � supX (internality)
(c) P(X + Y) � P(X) + P(Y) (superlinearity).

Coherentpreciseprevisionsmay be de�ned by modifying De�nition 2 to allow
n � 0 betsin favour of andm� 0 betsagainstrandomvariablesin D (m;n 2 IN).
A coherentpreciseprevision P is necessarilylinear andhomogeneous: P(aX +
bY) = aP(X) + bP(Y), 8a;b 2 IR. In particularP(0) = 0.

Coherentlowerprevisionsmaybecharacterisedusingpreciseprevisions[14]:

Theorem1 (Lower envelopetheorem)A lower previsionP on D is coherent iff
P is thelowerenvelopeof somesetM of coherentpreciseprevisionsonD, i.e. iff

P(X) = inf
P2M

f P(X)g;8X 2 D (inf is attained).
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Upper and lower previsions are customarilyrelatedby the conjugacyrelation
P(X) = � P(� X). An upperprevisionP(X) maybeviewedasanin�mum selling
pricefor X andanelementarygainfrom abetconcerningX is writtenass(P(X) �
X). The de�nitions of coherenceandof the conditionof avoiding surelossare
modi�ed accordingly.

3 ConvexLower Previsions

3.1 ConvexPrevisions

De�nition 3 P : D ! IR is a convex lower prevision on D iff, for all n 2 N+ ,
8 X0;X1; : : : ;Xn 2 D, 8 s1; : : : ;sn realandnon-negativesuch thatå n

i= 1si = 1 (con-
vexity condition), de�ning G = å n

i= 1si (Xi � P(Xi)) � (X0 � P(X0)) , supG � 0.1

Any coherentlower prevision is convex, sinceDe�nition 3 is obtainedfrom
De�nition 2 addingthe constraintå n

i= 1si = s0 = 1 (note that we would get a
de�nition equivalentto De�nition 3 requiringonly å n

i= 1si = s0 > 0). Conversely,
aconvex lowerprevisiondoesnotevennecessarilyavoid sureloss:

Proposition1 Let P be a convex lower prevision on D and let 0 2 D. ThenP
avoidssure lossiff P(0) � 0.

Convexity is characterisedby asetof axiomsif D hasa specialstructure:

Theorem2 LetP : D ! IR.

(a) If D is a linearspacecontainingreal constants,P is a convex lower previ-
sioniff it satis�esthefollowingaxioms:2

(T) P(X + c) = P(X) + c;8X 2 D;8c 2 IR(translationinvariance)

(M) 8X;Y 2 D, if Y � X thenP(Y) � P(X) (monotonicity)

(C) P(l X + (1 � l )Y) � l P(X) + (1 � l )P(Y);8X;Y 2 D;8l 2 [0;1]
(concavity).

(b) If D is a convex cone, P is a convex lowerprevisioniff it satis�es(C) and

(M1) 8µ 2 IR,8X;Y 2 D, if X � Y + µ thenP(X) � P(Y) + µ.

Proposition2 Somepropertiesof convex lowerprevisions.

1The term `convex' in `convex prevision' refersto the convexity conditionå n
i= 1 si = 1 (si � 0),

whichdistinguishesconvex lower (upper)previsionsfrom coherentlower (upper)previsions(cf. Def-
initions 2, 3 and7) andconvex naturalextensionsfrom naturalextensions(cf. De�nition 4 andSec-
tion 3.2.1).Theterm`convex prevision' is thereforeunrelatedwith convexity or concavity properties
of previsionsasrealfunctions.

2(T) and(M) canbereplacedby P(X) � P(Y) � sup(X � Y);8X;Y 2 D.
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(a) (Convergencetheorem)Let f P jg
+ ¥
j= 1 be a sequenceof lower previsions,

convex on D and such that 8X 2 D there exists lim j ! + ¥ Pj (X) = P(X).
ThenP is convex onD.

(b) (Convexity theorem)If P1 andP2 are convex lower previsionson D, so is
P(X) = l P1(X) + (1� l )P2(X), 8l 2 [0;1].

LetP bea convex lowerprevisiononD. Thefollowingpropertieshold(whenever
all randomvariablesinvolvedare in D):

(c) If P(0) � 0, P(l X) � l P(X), 8l 2 [0;1] andP(l X) � l P(X), 8l > 1

(d) P(0) + inf X � P(X) � P(0) + supX

(e) 8µ 2 IR,P� (X) = P(X) + µ is convex onD.

Properties(a) and(b), which arequiteanalogousto correspondingpropertiesof
coherentprevisionsandprevisionsavoiding sureloss[14], point out waysof ob-
taining new convex lower previsions from given ones.Property(c) shows that
convexity is compatiblewith lack of positive homogeneity, but requiresthecon-
dition P(0) � 0. Property(d) highlightsa sorepoint of convexity: P(X) neednot
belongto theclosedinterval [inf X;supX] (internalitymayfail).3

Property(d) suggeststhat internalitycouldberestoredimposingP(0) = 0, if
0 =2 D; by (e), if 0 2 D andP(0) 6= 0, thenP� (X) = P(X) � P(0) is convex and
P� (0) = 0. RequiringP(0) = 0 is alsotheonly choiceto make P avoid sureloss
(Proposition1), while assuringthat(c) holds.

Thinkingof themeaningof alowerprevision,it appearsextremelyreasonable
to add condition P(0) = 0 to convexity: it would be at leastweird to give an
estimate(evenimprecise)of thenon-randomvariable0 which is otherthanzero.

3.2 ConvexNatural Extension

Beforeconsideringthestrongerclassof centeredconvex previsions,weintroduce
thenotionof convex naturalextension,which is strictly relatedto convexity.

De�nition 4 LetP : D ! IRbea lowerprevision,Z anarbitrary (bounded)ran-
domvariable. De�ne gh = sh(Xh � P(Xh)) , L = f a : Z � a � å n

i= 1gi; for some
n � 1;Xi 2 D;si � 0; with å n

i= 1si = 1g. Ec(Z) = supL is termedconvex natural
extension4 of P onZ.

It is clearthatL is alwaysnon-empty(putting n = 1, s1 = 1, X1 = X 2 D in its
de�nition, a 2 L for a � inf Z � supX + P(X)), while Ec(Z) can in generalbe
in�nite. Thissituationis characterisedin thefollowing Proposition3.

3Non-internality cannotanyway be two-sided: if there exists X 2 D such that P(X) > supX
(P(X) < inf X), thenP(Y) > infY (P(Y) < supY), 8Y 2 D. This is easilyseenapplyingDe�nition 3,
with n = 2, f X0;X1g = f X;Yg.

4Thereasonwhy Ec is termed̀ extension'appearsfrom thelaterTheorem3, especially(d).
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De�nition 5 P : D ! IR is a lowerprevisionthat avoidsunboundedsurelosson
D iff thereexistsk2 IRsuch that,for all n2 N+ , 8 X1; : : : ;Xn 2 D, 8 s1; : : : ;sn real
andnon-negativewith å n

i= 1si = 1, de�ning G = å n
i= 1si (Xi � P(Xi)) , supG � k.

Remark 1 De�nition 5 generalisesDe�nition 1: P avoidsunboundedsure loss
if andonly if P+ k avoidssure lossfor somek 2 IR, sincethe last inequalityin
De�nition 5 maybewrittenassupå n

i= 1si (Xi � (P(Xi) + k)) � 0 andtheconstraint
å n

i= 1si = 1 is not restrictivefor De�nition 1. Notealso that if P+ k avoidssure
loss,thensodoesP+ h, 8h � k. Therefore, whenP avoidsunboundedsure loss,
de�ning k= supf k 2 IR: P+ k avoidssure lossg, P avoidssurelosstoowhenever
k � 0. Asa furtherremark,it canbeseenthattheconstraint å n

i= 1si = 1 isessential
in De�nition 5: wiping it outwouldmakeDe�nition 5 equivalentto De�nition 1.

Proposition3 Ec(Z) is �nite , whatever is Z, iff P avoidsunboundedsure loss.

Proof. Suppose�rst thatP avoidsunboundedsurelossandfor anarbitraryZ let
a 2 L. ThenZ� a � å n

i= 1si (Xi � P(Xi)) for someX1; : : : ;Xn 2 D ands1; : : : ;sn � 0
with å n

i= 1si = 1, andhencesupZ � a � supå n
i= 1si (Xi � P(Xi)) � k, usingDe�-

nition 5 at thelast inequality. ThereforeEc(Z) � supZ � k.
Conversely, supposenow thatP doesnot avoid unboundedsureloss.There-

fore, for eachk 2 IR thereareX1; : : : ;Xn 2 D ands1; : : : ;sn � 0 with å n
i= 1si = 1

suchthat å n
i= 1si (Xi � P(Xi)) < k � Z � (� k + inf Z). This implies, for any Z,

� k+ inf Z 2 L and,by thearbitrarinessof k, Ec(Z) = + ¥ . 2

The condition of avoiding unboundedsureloss is rathermild. For instance,it
clearly holdswhenever D is �nite. It is alsoimplied by convexity, asshown by
thefollowing proposition,while theconverseimplicationis generallynot true.

Proposition4 If P : D ! IR is convex, it avoidsunboundedsure loss.

Proof. Choose arbitrarily X1; : : : ;Xn 2 D and s1; : : : ;sn � 0 such that
å n

i= 1si = 1 in De�nition 5. Given X0 2 D, use convexity to write 0 �
supf å n

i= 1si(Xi � P(Xi)) � (X0 � P(X0))g � supf å n
i= 1si (Xi � P(Xi))g � (inf X0 �

P(X0)) , andhencesupf å n
i= 1si (Xi � P(Xi))g � k = inf X0 � P(X0). 2

We statenow somepropertiesof theconvex naturalextension.An indirectchar-
acterisationof theconvex naturalextensionwill begivenin Theorem5.

Theorem3 Let P : D ! IR be a lower prevision which avoidsunboundedsure
lossandEc its convex natural extension.Then

(a) Ec is a convex previsiononL andEc(X) � P(X);8X 2 D

(b) P is convex if andonly if Ec = P onD

(c) If P� is a convex prevision on L such that P� (X) � P(X) 8X 2 D, then
P� (Z) � Ec(Z);8Z 2 L
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(d) If P is convex, Ec is theminimalconvex extensionof P to L

(e) P avoidssure lossonD if andonly if Ec avoidssure lossonL .

3.2.1 The Roleof the ConvexNatural Extension

Thepropertiesof Ec closelyresemblethoseof thenatural extensionE [14] of a
lower prevision P, whosede�nition differs from that of Ec only for the lack of
the constraintå n

i= 1si = 1. In particular, asE characterisescoherenceof P (P is
coherentif f E coincideswith P onD), Ec characterisesconvexity of P.

Property(d) letsusextendP to anyD0 � D (maintainingconvexity) by con-
sideringtherestrictionof Ec to D0. Moreover, (e) guaranteesthatEc inheritsthe
conditionof avoidingsurelosswhenP satis�esit.

It is well known that the naturalextensionis �nite if f P avoids sure loss,
andwhen�nite it cancorrectP into a coherentassessmentin a canonicalway.
Analogously, the convex naturalextensionis �nite if f P avoids unboundedsure
loss,andcanbeusedto correctP into aconvex assessment,althoughproperty(e)
warnsusthatEc will still incursurelossif P doesso.Thisproblemcanbesolved
usingProposition2, (e):P� (X) = Ec(X) � Ec(0) is acorrectionof P whichavoids
surelossby Proposition1, asP� (0) = 0. This alsomeansthat P� is a centered
convex previsionby De�nition 6 in thenext section.

Alternatively, the convex naturalextensionmay be employed to correctan
assessmentP whichavoidsunboundedsureloss(but notsureloss)into P0, which
avoidssurelossbut is notnecessarilyconvex. In fact,P+ h avoidssureloss8h �
k < 0 (cf. Remark1). Sinceit canbeshown thatk = � Ec(0), it ensuesthatEc(0)
is theminimumk to besubtractedfrom P to makeP0= P� k avoid sureloss.

Hence,theconvex naturalextensionpointsout waysof correctinganassess-
mentincurring(bounded)surelossinto oneavoiding sureloss,a problemwhich
cannotbeansweredusingthenaturalextension.Thesecorrectionscanbeapplied
in severalinterestingsituations,including,asalreadynoted,thecaseof a�nite D.

3.3 Centered ConvexPrevisionsand EnvelopeTheorems

The considerationsat the endof Section3.1 leadus naturally to the following
strongernotionof centeredconvexity:

De�nition 6 A lower previsionP on domainD (0 2 D) is centeredconvex (C-
convex, in short)iff it is convex andP(0) = 0.5

Proposition5 LetP bea centeredconvex lowerprevisiononD. Then

(a) P hasa convex natural extension(henceat leastonecenteredconvex exten-
sion)onanyD0� D

5As shown in [12], we obtainanequivalentde�nition of centeredconvex lower prevision by re-
quiringP(0) = 0 andrelaxingtheconvexity conditionå n

i= 1 si = s0 > 0 to å n
i= 1 si � s0.
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(b) P(l X) � l P(X), 8l 2 [0;1], P(l X) � l P(X), 8l 2] � ¥ ;0[ [ ]1;+ ¥ [

(c) inf X � P(X) � supX, 8X 2 D

(d) P avoidssure loss.

Besides,theconvergenceandconvexity theoremsholdfor C-convexprevisionstoo
(replacing`convex' with `centeredconvex' in Proposition2, (a) and(b)).

Properties(a)� (d) show thatcenteredconvexity is signi�cantly closerto co-
herencethanconvexity: C-convex lower previsionsarea specialclassof previ-
sionsavoiding sureloss,retainingseveralpropertiesof coherenceandtheexten-
sionpropertyof convexity, but not requiringpositivehomogeneity.

A convex previsionP which is not centeredmaystill beavoidingsureloss,if
P(0) < 0 (Proposition1), but in generalit is only warrantedby Proposition4 that
it avoidsunboundedsureloss,a veryweakconsistency requirement.

Remark 2 (Convexity andn-coherence)Theconsistencynotion of n-coherence
is discussedin [14], AppendixB, illustratinghowit canbeappropriatefor certain
`boundedrationality' models.If themodeldoesnot requirepositivehomogeneity,
n-coherencealoneis inadequate:1-coherenceis tooweak,beingequivalentto the
internality condition(c) in Proposition5, 2-coherenceis too strong, ason linear
spacesit is equivalentto two axioms,oneof which is positivehomogeneity[14].
Asa matterof fact,C-convex previsionsarea specialclassof 1-coherent(but not
necessarily2-coherent)previsions.

An indirect comparisonamongconvexity, centeredconvexity andcoherenceis
given by their correspondingenvelope theorems.We �rstly recall that it was
provedin [14] thatany lower envelopeof coherentlower previsionsis coherent.
Hereis theparallelstatementfor convex lower previsions,while thegeneralisa-
tion of Theorem1 (lowerenvelopetheorem)comesnext.

Proposition6 Let P be a set of convex lower previsionsall de�ned on D. If
P(X) = infQ2P

�
Q(X)

	
is �nite 8X 2 D, P is convex onD.

Theorem4 (Generalisedenvelopetheorem)P is convex onD iff thereexist a set
P of coherentpreciseprevisionsonD anda functiona : P ! IRsuch that:

(a) P(X) = infP2P f P(X) + a(P)g, 8X 2 D (inf is attained).

Moreover, P is centeredconvex iff (02 D and)both(a) andthefollowing(b)hold:

(b) infP2Pf a(P)g = 0 (inf is attained).

A resultsimilar to Theorem4 wasprovedin risk measurementtheory[4], requir-
ingD to bealinearspace.Theproofof Theorem4,givenin [12] in theframework
of impreciseprevision theory, is simplerandimposesnostructureonD.
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Remark 3 In particular, theconstructiveimplicationof thetheorem(for convex
previsions)enablesus to obtain convex previsionsas lower envelopesof trans-
latedpreciseprevisions.Its proof followseasilyfromProposition6 andProposi-
tion 2, (e): every preciseprevision P is convex and so is P+ a(P), by Proposi-
tion 2, (e); infP2P f P(X) + a(P)g is a convex previsionbyProposition6.

Remark 4 Let P bea lower previsionandS thesetof all coherentprecisepre-
visionsonL . De�ne alsoM (P) = f (Q;r) 2 S� IR: Q(X) + r � P(X);8X 2 Dg.
It ensuesfromTheorem4 thatconvexity of P canbeequivalentlycharacterisedby
theconditionP(X) = inf

�
Q(X) + r : (Q;r) 2 M (P)

	
8X 2 D; C-convexity can

be characterisedby addingthe constraint inf
�

r : 9Q 2 S : (Q;r) 2 M (P)
	

= 0
(cf. alsothefollowingTheorem5, where thelowerenvelopeconcernsall X 2 L ).

Theenvelopetheoremcharacterisationsof convexity, centeredconvexity and
coherencediffer aboutthe role of function a, which is unconstrainedwith con-
vexity, non-negativeandsuchthatmina = 0 with centeredconvexity, identically
equalto zerowith coherence(in this caseTheorem4 reducesto Theorem1).

The result in the next theoremcharacterisesthe convex naturalextensionas
the lower envelopeof a setof translatedcoherentpreciseprevisionsandcanbe
provedin a waysimilar to thenaturalextensiontheoremin [14], Section3.4.

Theorem5 Let P bea lower previsionon D which avoidsunboundedsure loss
and de�ne S and M (P) as in Remark4. Then,M (P) = M (Ec) and Ec(X) =
inf

�
Q(X) + r : (Q;r) 2 M (P)

	
;8X 2 L .

4 SomeApplications

We have seenso far that convexity may help in correctingseveral inconsistent
assessments.As notedin Section3.2.1,its usefulnessin thisproblemis essentially
instrumental:wemayeasilygofurtherandarriveatacenteredconvex correction,
whichguaranteesa moresatisfactorydegreeof consistency.

Turningto otherproblems,someuncertaintymodelisationsgiveriseto convex
previsions,asin theexampleswhich follow. We emphasisethatwe do not main-
tain thatthesemodelsarereasonable,but simply thatthey aresometimesadopted
in practice,andthatconvexity suppliesaconceptualframework for them.

Example1 (Overly prudentialassessments)Personsor institutionswhich have
to evaluatethe randomvariables in a set D are often unfamiliar with uncer-
tainty theories.In this case, a solution is to gather n expertsand ask each of
themto formulatea preciseprevision(or anexpectation)for all X 2 D. Choosing
P(X) = mini= 1;:::;n Pi(X);8X (wherePi is experti' sevaluation)asone'sownopin-
ion is analreadyprudentialwayof poolingtheexperts'opinions,andoriginatesa
coherent lower prevision.Somemore cautionor lack of con�dencetoward some
expertsmaylead to replacingevery Pi with P�

i = Pi � a i before performingthe
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minimum,where a i � 0 measuresin somewaythe�nal assessor's personalcau-
tion or his/her(partially) distrustingexperti. ByTheorem4,P� = mini= 1;:::;n P�

i is
convex (cf. Remark3). More generally, P� is of courseconvex alsowhenthesign
of thea i is unconstrained(a i < 0 if, for instance, experti' sopinionis believedto
bebiasedandbelowthe`real' prevision).It is interestingto observethat if a i � 0
for at leastonei, P� avoidssure losstoo (sincethenEc(0) � 0 by Theorem5,
henceEc avoidssure lossby Proposition1, andso doesP� by Theorem3, (e)).
In particular, the following situationmaybenot unusualwith an unexperienced
assessor:a i > 0 for somei, and0 =2 D, becausetheassessorthinksthatnoexpert
is neededto evaluate0, he himselfcan assign,of course, P� (0) = 0. If such is
thecase, theextensionof P� on D [ f 0g keepson avoidingsure loss,as is eas-
ily seen,but is generally not convex (to seethis with a simpleexample, suppose
X 2 D, P� (X) < inf X andusetheresultin footnote3 to obtainthat P� (0) < 0 is
thennecessaryfor convexity).

In thefollowing exampleandin Section4.1weshallreferto upperprevisions,to
which the theorydevelopedso far extendswith mirror-imagemodi�cations.We
reporttheconjugatesof De�nition 3 andTheorem4.

De�nition 7 P : D ! IR is a convex upperprevision on D iff, for all n 2 N+ ,
8 X0;X1; : : : ;Xn 2 D, 8 s1; : : : ;sn realandnon-negativesuch thatå n

i= 1si = 1 (con-
vexity condition), de�ning G = å n

i= 1si (P(Xi) � Xi) � (P(X0) � X0), supG � 0.

Theorem6 P is convex onits domainD iff thereexista setP of coherentprecise
previsions(all de�nedonD) anda functiona : P ! IRsuch that:

(a) P(X) = supP2P f P(X) + a(P)g, 8X 2 D (supis attained).

Moreover, P is centeredconvex iff (02 D and)both(a) andthefollowing(b)hold:

(b) supP2Pf a(P)g = 0 (supis attained).

Example2 (Supremumpreservingfunctions)Let IP = f wigi2 I bea (not neces-
sarily �nite) set of exhaustivenon-impossibleelementaryeventsor atoms, i.e.
wi 6= ? 8i 2 I , [ i2 I wi = W, wi \ w j = ? if i 6= j. Givena functionp : IP ! [0;1],
de�ne P : 2IP � f ? g ! [0;1] (2IP is thepowersetof IP) by

P(A) = sup
wi2A

f p(wi)g;8A 2 2IP � f ? g: (1)

As well-known,if p is normalised(i.e., supp = 1) and extendedto ? putting
p(? )(= P(? )) = 0, P is a normalisedpossibilitymeasure, a specialcaseof co-
herentupperprobability [3]. Without theseadditionalassumptions,P is a convex
upper probability. To seethis, de�ne for i 2 I , Pi(wi) = 1, Pi(w j ) = 0 8 j 6= i,
a i = p(wi) � 1, andextend(trivially) each Pi to 2IP. It is not dif�cult to seethat
P(A) = supi2 I f Pi(A) + a ig; 8A 2 2IP andthereforeP is convex byTheorem6. If
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supp < 1, P hastheunpleasantpropertythatP(W) < 1, andalsoP(? ) < 0 (this
meansthat P incurs sure lossand is not C-convex). Functionssimilar to these
kindsof unnormalisedpossibilitieswereconsideredin theliteraturerelatingpos-
sibility and fuzzyset theories,and their unsatisfactorypropertieswere already
pointedout (seee.g. [9], Section2.6andthereferencesquotedtherein).

4.1 ConvexRisk Measures

Furtherapplicationsof convex impreciseprevisionsaresuggestedby thefactthat
they do not necessarilyrequirepositive homogeneity, asappearsfrom Proposi-
tion 5, (b). Consideringthewell-known behavioural interpretationof lower (and
upper)previsions[14], it is intuitively clearthatapplicationscouldbe generally
relatedto situationsof risk aversion,becauseof whichanagent'ssupremumbuy-
ing pricefor therandomquantityl X mightbelessthanl timeshis/hersupremum
buyingpricefor X, whenl > 1.

In thissectionweshalldiscussanapplicationto (�nancial) risk measurement.
The literatureon risk measuresis quite large,asthis topic is very importantin
many �nancial, bankingor insuranceapplications.Formally, a risk measureis a
mappingr from a setD of randomvariablesinto IR. Thereforer associatesa
realnumberr (X) to everyX 2 D, which shoulddeterminehow `risky' X is, and
whetherit is acceptableto buy or holdX. Intuitively, X shouldbeacceptable(not
acceptable)if r (X) � 0 (if r (X) > 0), andr (X) shoulddeterminethemaximum
amountof money which couldbe subtractedfrom X, keepingit acceptable(the
minimumamountof money to beaddedto X to make it acceptable).

Traditionalrisk measures,likeValue-at-Risk(VaR) – probablythemostwide-
spread– requireassessing(at least)adistribution functionfor eachX 2 D; often,
a joint normal distribution is assumed[8]. Quite recently, other risk measures
wereintroduced,which do not requireassessingexactly onepreciseprobability
distributionfor eachX 2 D, andarethereforeappropriatealsoin situationswhere
con�icting or insuf�cient informationis available.Precisely, coherentrisk mea-
sureswerede�ned in a seriesof papers(including [1, 2]) usinga setof axioms
(amongthesepositive homogeneity),andassumingthat D is a linear space.In
thesepapers,coherentrisk measureswerenot relatedwith impreciseprevisions
theory, while this wasdonein [11, 13]; seealso[10] for a generalapproachto
theseandother theories.Convex risk measureswere introducedin [4, 5, 7] as
a generalisationof coherentrisk measureswhich doesnot requirethe positive
homogeneityaxiom.We reportthede�nition in [5]:

De�nition 8 Let V be a linear spaceof randomvariableswhich containsreal
constants.r : V ! IRis a convex risk measureiff it satis�esthefollowingaxioms:

(T1) 8 X 2 V , 8 a 2 IR,r (X + a) = r (X) � a (translationinvariance)

(M2) 8 X;Y 2 V , if X � Y thenr (Y) � r (X) (monotonicity)
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(C1) r (l X + (1� l )Y) � lr (X) + (1� l )r (Y) 8X;Y 2 V ; l 2 [0;1] (convexity).

Convex risk measuresarealsodiscussedin [6] andtheir potentialcapabilityof
capturingrisk aversionis pointedout in [5]. In a risk measurementenvironment,
a motivationfor not assumingpositive homogeneityis that r (l X) maybelarger
thanlr (X) for l > 1 alsobecauseof liquidity risks: if we wereto sell immedi-
atelya largeamountl X of a �nancial investment,we mightbeforcedto accepta
smallerrewardthanl timesthecurrentsellingpricefor X.

It wasshown in [11] thatrisk measurescanbeencompassedinto thetheoryof
impreciseprevisions,becausearisk measurefor X canbeinterpretedasanupper
previsionfor � X:6

r (X) = P(� X): (2)

This factwasusedin [11, 13] to generalisethenotionof coherentrisk measures
to anarbitrarydomainD. An analoguegeneralisationcanbedonefor convex risk
measures[12], aswe shallnow illustrate.

De�nition 9 r : D ! IR is a convex risk measureon D if andonly if for all n 2
N+ , 8 X0;X1; : : : ;Xn 2 D, 8 s1; : : : ;sn realandnon-negativesuch that å n

i= 1si = 1,
de�ning G = å n

i= 1si (Xi + r (Xi)) � (X0 + r (X0)) , supG � 0.

NotethatDe�nition 9 maybeobtainedfrom De�nition 7 referringto � X rather
thanX, for all X 2 D.

If D is a linear spacecontainingreal constants,the notion in De�nition 9
reducesto thatin [4, 5], by thenext theorem(cf. alsoTheorem2, (a)):

Theorem7 Let V be a linear spaceof boundedrandomvariablescontaining
realconstants.A mappingr fromV into IRis a convex risk measureaccordingto
De�nition 9 iff it is a convex risk measuresaccording to De�nition 8.

De�nition 9 appliesto any setD of randomvariables,unlikeDe�nition 8, which,
if D is arbitrary, requiresembeddingit in a largerlinearspace.

Resultsspecularto thosepresentedin Section3 applyto convex risk measures.
In particular, theconvergenceandconvexity theorems(Proposition2, (a)and(b))
hold;convex risk measurescanbeextendedonany D0� D, preservingconvexity;
they avoid surelossif f r (0) � 0 (wesaythatr avoidssurelossonD if f P(� X) =
r (X) avoidssurelossonD� = f � X : X 2 Dg).

Likethegeneralcasein Section3, it appearsquiteappropriateto putr (0) = 0,
andhenceto usecenteredconvex risk measures:0 is theunquestionablyreason-
ablesellingor buyingpricefor X = 0.

De�nition 10 A mappingr from D (0 2 D) into IR is a centeredconvex risk
measureonD iff r is convex andr (0) = 0.

6We assumethat the time gapbetweenthebuying andselling time of X is negligible (if not, we
shouldintroduceadiscountingfactorin (2)). This simpli�es thesequel,withoutsubstantiallyaltering
theconclusions.
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Centeredconvex risk measureshave further nice additional properties,corre-
spondingto thoseof centeredconvex lower previsions: they alwaysavoid sure
loss,andaresuchthat� supX � r (X) � � inf X;8X 2 D.

This conditioncorrespondsto internality ((c) of Proposition5), andis a ra-
tionality requirementfor risk measures:for instance,r (X) > � inf X wouldmean
that to make X acceptablewe requireaddingto it a surenumber(r (X)) higher
thanthemaximumlossX maycause.

A centeredconvex risk measuresr is notnecessarilypositivelyhomogeneous:

r (l X) � lr (X);8l � 1: (3)

A notionof convex naturalextensionmayalsobe givenfor centeredconvex (or
convex) risk measuresandits propertiescorrespondto thoselistedin Theorem3.
When�nite, it givesin particulara standardway of `correcting' otherkinds of
risk measuresinto convex risk measures.7

The generalisedenvelopetheoremis obtainedfrom the statementof Theo-
rem6 replacingP(X) andP(X) with, respectively, r (X) andP(� X).

Examplesof convex risk measuresmaybefoundin [4, 5, 12].

5 Conclusions

In this paperwestudiedconvex andcenteredconvex previsionsin theframework
of Walley's theoryof impreciseprevisions.Convex previsionsdo not necessarily
satisfyminimal consistency requirements,but areuseful in generalisingnatural
extension-likemethodsof correctinginconsistentassessmentsandin providing a
conceptualframework for someuncertaintymodels.Centeredconvex previsions
arein a senseintermediatebetweenavoidingsurelossandcoherence:their prop-
ertiesarecloserto coherencethanthoseof a genericprevision that avoids sure
loss,but arealsocompatiblewith lack of positive homogeneity. Becauseof this,
they arepotentiallyusefulat leastin modelswhichincorporatesomeformsof risk
aversion.Weoutlinedarisk measurementapplication,wherethey leadto de�ning
convex risk measures,andbelieve that several applicationsof convex imprecise
previsionsarestill to beexplored.It mightalsobeinterestingto investigateif and
how convex previsionscanbegeneralisedin a conditionalenvironment,or when
allowing unboundedrandomvariables.
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