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Abstract

In this paperwe studytwo classe®f impreciseprevisions,which we termed
corvex andcenteredconvex previsions,in the framevork of Walley's the-
ory of impreciseprevisions.We shav thatcornvex previsionsarerelatedwith

a conceptof convex naturalestensionwhich is usefulin correctinga large
classof inconsistenimpreciseprobability assessmentJhis classis char

acterisedy a conditionof avoiding unboundedsureloss.Corvexity further
providesa conceptuaframenork for someuncertaintymodelsanddevices,
like unnormalisedsupremunypreservingfunctions.Centeredconvex previ-

sionsareintermediatebetweencoherentprevisionsandprevisionsavoiding
sureloss,andtheir not requiring positive homogeneityis a relevantfeature
for potentialapplications Finally, we shav how theseconceptscanbe ap-
pliedin ( nancial) risk measurement.
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1 Intr oduction

Impreciseprobability theoryis developedby P. Walley in [14] in termsof two
major classesof (unconditional)impreciseprevisions, relying uponreasonable
consisteng requirementsavoidingsure lossandcoheentprevisions.Thecondi-
tion of avoiding surelossis lessrestrictive thancoherencéut is oftentoo weak.

Coherenimpreciseprevisionshave beenstudiedmoreextensvely, while im-
preciseprevisionsthatavoid surelossrecevedlessattention,andit is aninterest-
ing problemto statewhethersomespecialclassof previsionsavoiding sureloss
canbeidenti ed, which s suchthat
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(a) its propertiesarenottoo far from thoseof coherenprevisions;

(b) it givesfurtherinsightinto thetheoryof impreciseprevisionsor generalises
someof its basicaspects;

(c) it may expressbeliefs which do not matchwith coherencéout which are
usefulin formalisinganddependablynodellingcertainkinds of problems.

The mainaim of this paperis to discusshe propertiesandsomeapplicationsof
two classe®f impreciseprevisions,whichwe termedcornvex andcentereadonvex
previsionsandwhichlet usprovide someanswergo points(a), (b), (¢). Thepaper
partly summarisesnd complement$12], whereproofsmay be found for those
resultswhich arestatedwithout proof here.

After recallingsomebasicnotionsin Section2, we studythe larger classof
corvex lower previsionsin Section3.1. Although our conclusionis that convex-
ity is anunsatishctoryconsisteng requirement-for instancecorvex previsions
do not necessarilyavoid sureloss— it is however importantasfar as(b) is con-
cernedThatis seenn Section3.2,wherea notion of corvex naturalextensionis
discussedvhich formally parallelsthe basicconceptbf naturalextensionin [14].
We characteriséower previsionswhosecornvex naturalextensionis nite asthose
complyingwith the (mild) requiremenof avoiding unboundedsureloss.In this
casethe convex naturalextensionindicatesa canonical(least-committalvay of
correctingtheminto acorvex assessmenfs discussedh Section3.2.1,it isthen
easyto make a further correctionto achiese the strongerfandmoresatistictory)
propertyof centeredcorvexity.

Centereccorvex previsionsarediscussedn Section3.3,togethemwith gener
alisationsof the importantervelopetheorem.Centerectorvex lower previsions
areaspecialclassof previsionsavoiding sureloss,retainingseveral propertiesof
coherentmpreciseprevisions,andhencethey appeato ful | requirementa).

Section4 givessomeanswerdo point (c). Herecorvex previsionsprovide a
conceptuaframawork for certainkinds of uncertaintymodels,asshavn in Ex-
amplesl (overly prudentialassessmentand2 (supremunpreservingunctions).
Thesemodelsaresometimeemployedin practice althoughthey cannotusually
beregardedassatishctory Centeredcorvex previsionsdonotrequirethepositive
homogeneityconditionP(l X) = | P(X), 8| > 0, andhenceseemappropriateo
capturerisk aversion.In Section4.1 we focusin particularon risk measurement
problemsshaving thattheresultsin Section3 maybe usedto de ne convex risk
measuregcenterecbr not) for anarbitrarysetof randomvariablesD. In particu-
lar, thede nition of corvex risk measur&oincideswhenD is alinearspacewith
theconcepbf corvex risk measureéecentlyintroducedn theliteratureto consider
liquidity risks[4, 5, 7]. It appearderethatresultsfrom therisk measuremergrea
canpro tably contributeto the developmentof impreciseprobability theoryand
viceversa.Section5 concludeghe paper
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2 Preliminaries

Unlessotherwisespeci ed, in the sequele shalldenotewith D anarbitrary set
of boundedrandomvariables(or gambles,jn the notationof [14]) andwith L
(D) thesetof all boundedandomvariables(on a possibility space) A lower
prevision P (anupperprevisionP, a previsionP) on D is areal-valuedfunction
with domainD. In particular if D containsonly indicatorfunctionsof events,P
(P, P) is termedlower probability (upperprobability, probability).

Lower (andupper)previsionsshouldsatisfysomeconsisteng requirements:
the conditionof avoidingsure lossandthe strongercoheencecondition[14].

De nition 1 P: D! IRis alower previsionon D that avoids surelossiff, for

aiz18(X  P(X)),supG 0.

De nition 2 P: D! IR is a coherentiower prevision on D if and only if, for

G=4aiL;s(X P(X)) so(X P(Xp),supG O.

Theconditionof avoiding surelossis too weakundermary respectsfor instance,
it doesnot requirethat P(X) inf X, nor doesit imposemonotonicity On the
otherhand, it is simplerto assessndto checkthancoherence.

Behaviourally, alower prevision assessmeriR(X) maybeviewedasa supre-
mum buying price for X [14], ands(X P(X)) representan elementarygain
from abeton X, with stale s. We shallsaythatthe betis in favourof X if s 0,
whilst (X P(X)) (s 0)isanelementangainfrom a betagainstX. De ni-
tions 1 and2 bothrequirethatno admissibldinearcombinationG of elementary
gainsoriginatesa sureloss boundedaway from zero. The differenceis that the
concepiof avoiding surelossconsidernly betsin favour of the X;, while coher
enceconsiderslso(at most)onebetagainst randomvariablein D.

We recall the following propertiesof coherentiower previsions,which hold
whenevertherandomvariablesinvolvedarein D:

(a) P(I X) =1 P(X), 8] > 0 (positve homogeneity)

(b) infX P(X) supX (internality)

(c) P(X+Y) P(X)+ P(Y) (superlinearity).
Coheent preciseprevisionsmay be de ned by modifying De nition 2 to allow
n 0 betsin favourof andm 0 betsagainstrandomvariablesin D (m;n2 N).
A coherentpreciseprevision P is necessariljlinear andhomaeneousP(aX +
bY) = aP(X) + bP(Y), 8a;b 2 IR. In particularP(0) = 0.

Coherentower previsionsmaybecharacterisedsingpreciseprevisions[14]:

Theorem1 (Lower ervelopetheorem)A lower prevision P on D is coheentiff
Pis thelower envelopeof somesetM of coheentpreciseprevisionson D, i.e. iff

P(X) = in,{AfP(X)g;BX 2 D (inf is attained).
P2
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Upper and lower previsions are customarilyrelatedby the conjugacyrelation
P(X)= P( X).An upperprevisionP(X) maybeviewedasanin mum selling
pricefor X andanelementangainfrom abetconcerningX is written ass(P(X)
X). The de nitions of coherenceand of the condition of avoiding surelossare
modi ed accordingly

3 ConvexLower Previsions

3.1 ConvexPrevisions

De nition 3 P: D! IRis a corvex lower prevision on D iff, for all n2 N*,

vexity conditionyde ning G= aL;s(X P(X)) (X0 P(Xo)),supG 0.

Any coherentower prevision is corvex, sinceDe nition 3 is obtainedfrom
De nition 2 addingthe constraintaL;s = s = 1 (note that we would get a
de nition equivalentto De nition 3 requiringonly &iL,s = sp > 0). Corversely
acorvex lower prevision doesnot evennecessarilyavoid sureloss:

Proposition1 Let P be a corvex lower previsionon D andlet 02 D. ThenP
avoidssure lossiff P(0) 0.

Corvexity is characterisetly a setof axiomsif D hasa specialstructure:
Theorem?2 LetP:D! IR.

(a) If D is a linearspacecontainingreal constantsP is a corvex lower previ-
sioniff it satis esthefollowing axioms?

(T) P(X+ ¢) = P(X) + ¢;8X 2 D;8c 2 IR(translationinvariance)
(M) 8X;Y2D,ifY XthenP(Y) P(X) (monotonicity)

C) PUX+ (1 1)Y) [PX)+ (1 1)P(Y);8X;Y 2 D;8l 2[0;1]
(concavity).

(b) If D is a corvex cong P is a corvex lower previsioniff it satis es(C) and
(M1) 8u2 IR,8X;Y2 D,if X Y+ puthenP(X) P(Y)+ L.

Proposition2 Somepropertiesof convex lower previsions.

1Theterm “corvex' in “corvex prevision' refersto the corvexity condition al,;s=1(s 0,
which distinguishegonvex lower (upper)previsionsfrom coherentower (upper)previsions(cf. Def-
initions 2, 3 and7) andcorvex naturalextensionsrom naturalextensiongcf. De nition 4 andSec-
tion 3.2.1).Theterm "corvex prevision' is thereforeunrelatedwith corvexity or concaity properties
of previsionsasrealfunctions.

2(T) and(M) canbereplacedby P(X) P(Y) sugX Y);8X;Y2D.
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(a) (Corvergencetheorem)Let ijg}“j‘l be a sequencef lower previsions,
corvex on D andsud that 8X 2 D there existslimj, .y Pj(X) = P(X).
ThenP is corvexonD.

(b) (Corwexity theorem)if P, and P, are corvex lower previsionson D, sois
P(X)=1Pi(X)+ (1 1)Py(X), 8l 2]0;1].

LetP bea corvexlower previsionon D. Thefollowing propertieshold (wheneer
all randomvariablesinvolvedare in D):

(c) IfP(0) 0,P(IX) [P(X),8l 2[0;1]andP(l X) 1P(X),8] >1
(d) P(0)+infX P(X) P(0)+ supX
(e) 8u2 IR,P (X) = P(X) + piscorvexonD.

Propertieqa) and(b), which are quite analogougo correspondingropertiesof
coherenprevisionsandprevisionsavoiding sureloss[14], point out waysof ob-
taining new corvex lower previsions from given ones.Property(c) shavs that
corvexity is compatiblewith lack of positive homogeneitybut requiresthe con-
dition P(0) 0. Property(d) highlightsa sorepoint of corvexity: P(X) neednot
belongto the closedinterval [inf X; supX] (internality mayfail).

Property(d) suggestshatinternality could berestoredmposingP(0) = 0, if
02 D; by (e),if 02 D andP(0) 6 0, thenP (X) = P(X) P(0) is corvex and
P (0) = 0. RequiringP(0) = 0 is alsothe only choiceto make P avoid sureloss
(Propositionl), while assuringhat(c) holds.

Thinking of themeaningof alower prevision, it appeargxtremelyreasonable
to add condition P(0) = O to corvexity: it would be at leastweird to give an
estimatgevenimprecise)of thenon-randonvariable0 whichis otherthanzero.

3.2 ConvexNatural Extension

Beforeconsideringhe strongerclassof centerectonvex previsions,we introduce
thenotionof corvex naturalextensionwhich s strictly relatedto corvexity.

De nition 4 LetP: D! IRbealowerprevision,Z anarbitrary (boundedyan-
domvariable Dene gh = si(Xn P(Xn), L=fa:Z a &jL;g; for some
n 1,X%2D;s 0 with&l;s = 19. E.(Z) = supL is termedcorvex natural
extensiorf of P on Z.

It is clearthatL is alwaysnon-empty(puttingn= 1,53 = 1,X; = X2 D in its

de nition, a 2 L fora infZ supX+ P(X)), while E.(Z) canin generalbe
in nite. Thissituationis characteriseth thefollowing Proposition3.

3Non-internality cannotaryway be two-sided:if thereexists X 2 D suchthat P(X) > supX
(P(X) < infX), thenP(Y) > infY (P(Y) < supY), 8Y 2 D. Thisis easilyseenapplyingDe nition 3,
withn= 2,fXp; X19= fX;Yg.

4Thereasorwhy E is termed extension'appeardrom thelater Theorem3, especially(d).
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De nition 5 P: D! IRis alower previsionthat avoids unboundedurelosson

andnon-ngativewitha;L ;5= 1,deningG= aL;s(X P(X)),supG k.

Remark 1 De nition 5 genermlisesDe nition 1: P avoidsunboundedsure loss
if andonly if P+ k avoidssure lossfor somek 2 IR, sincethe last inequalityin

De nition 5 maybewrittenassupa;L;s(X (P(X)+ k)) Oandtheconstaint
a{L,s = lis notrestrictivefor De nition 1. Notealsothatif P+ k avoidssure
loss,thensodoesP+ h, 8h k. Therefore, whenP avoidsunboundedure loss,
de ningk= supfk 2 IR: P+ k avoidssure losgy, P avoidssure losstoowhenaer
k 0.Asafurtherremark,t canbeseerthattheconstaintaL ; s = lisessential
in De nition 5: wipingit outwould male De nition 5 equivalento De nition 1.

Proposition3 E.(2Z) is nite, whateveris Z, iff P avoidsunboundedure loss.

Proof. Supposerst thatP avoidsunboundedurelossandfor anarbitraryZ let
a2L.ThenZ a &lL;s(X P(X)) forsomeXs;:::;;Xp2 Dands;;:ii;sn O
with &{L;s = 1,andhencesupZ a supdl;s(X P(X)) k, usingDe -
nition 5 atthelastinequality ThereforeE (Z) supZ k.

Corversely supposenow that P doesnot avoid unboundedsureloss. There-

suchthataL,;s(X P(X)) <k Z ( k+ infZ). Thisimplies, for ary Z,
k+infZ 2 L and,by thearbitrarines®f k, E.(Z) = +¥. 2
The condition of avoiding unboundedsurelossis rathermild. For instance,it
clearly holdswhenever D is nite. It is alsoimplied by corvexity, asshavn by
thefollowing proposition while the corverseimplicationis generallynot true.

Proposition4 If P: D! IRis convex, it avoidsunboundedure loss.

Proof. Choose arbitrarily Xi;:::;X, 2 D and s;:::; 0 such that
&l,s = 1 in Denition 5. Given Xg 2 D, use convexity to write O
supfail;s(X P(X) (X P(Xo)g supfail;s(Xi P(X))g (infXo
P(Xo)), andhencesupfaiL;s(X P(X))g k=infXy P(Xo). 2
We statenow somepropertiesof the corvex naturalextension.An indirectchar
acterisatiorof the convex naturalextensionwill begivenin Theorenb.

Theorem3 LetP: D! IR bea lower prevision which avoidsunboundedsure
lossandE_ its corvex natural extension.Then

(a) E.isacorvexprevisiononL andE.(X) P(X);8X2D
(b) Piscorvexif andonlyif E.= PonD

(c) If P is a corvex previsionon L sudh thatP (X) P(X) 8X 2 D, then
P(2) Ecl2);8z2L
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(d) If Pis corvex, E,. is theminimal corvex extensionof P to L

(e) P avoidssurelosson D if andonlyif E; avoidssure lossonL.

3.2.1 The Roleof the Convex Natural Extension

The propertiesof E.. closelyresemblehoseof the natural extensionE [14] of a
lower prevision P, whosede nition differs from that of E.. only for the lack of
the constraintd{L ;s = 1. In particular asE characterisesoherencef P (P is
coherentff E coincideswith P on D), E. characterisesorvexity of P.

Property(d) letsusextendP to anyD® D (maintainingcorvexity) by con-
sideringtherestrictionof E. to D° Moreover, (e) guaranteethatE,. inheritsthe
conditionof avoiding surelosswhenP satis esit.

It is well known that the natural extensionis nite iff P avoids sureloss,
andwhen nite it cancorrectP into a coherentassessmerih a canonicalway.
Analogously the corvex naturalextensionis nite iff P avoids unboundedsure
loss,andcanbeusedto correctP into acorvex assessmena/thoughproperty(e)
warnsusthatE. will still incursurelossif P doesso.This problemcanbesolved
usingPropositior2, (e):P (X) = E.(X) E.(0) isacorrectionof P whichavoids
surelossby Propositionl, asP (0) = 0. This alsomeansthatP is a centered
convex prevision by De nition 6 in the next section.

Alternatively, the corvex naturalextensionmay be employed to correctan
assessmer which avoids unboundedureloss(but notsureloss)into P°, which
avoidssurelossbutis notnecessarilgorvex. In fact,P+ h avoidssureloss8h
k< 0 (cf. Remarkl). Sinceit canbeshavnthatk= E.(0), it ensueshatE(0)
is theminimumk to be subtractedrom P to malke P°= P k avoid sureloss.

Hence the convex naturalextensionpointsout waysof correctingan assess-
mentincurring (bounded)surelossinto oneavoiding sureloss,a problemwhich
cannotbe answeredisingthe naturalextension.Thesecorrectionsanbeapplied
in severalinterestingsituationsjncluding,asalreadynoted thecaseof a nite D.

3.3 Centered Convex Previsionsand Envelope Theorems

The considerationat the end of Section3.1 lead us naturallyto the following
strongemotionof centeredcorvexity:

De nition 6 A lower previsionP on domainD (02 D) is centerectorvex (C-
convex, in short)iff it is corvexand P(0) = 0.5

Proposition5 LetP bea centeedcorvex lower previsionon D. Then

(a) P hasacorvex natural extension(henceat leastonecenteedcorvex exten-
sionyonanyD® D

5As shawvn in [12], we obtainan equivalentde nition of centereccorvex lower prevision by re-
quiring P(0) = 0 andrelaxingthe corvexity conditiondL ;5= s> 0t04L;S 0.
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(b) (I X) 1P(X),8 2[0;1], B(IX) 1P(X),81 2] *¥;0[[ ]1;+¥[
(c) infX P(X) supX,8X2D
(d) P avoidssureloss.

Besidesthecornvergenceandcorvexity theoemsholdfor C-corvex previsionstoo
(replacing convex' with “centeedcorvex' in Proposition2, (a) and (b)).

Propertieqa) (d) shav thatcenterectorvexity is signi cantly closerto co-
herencethan corvexity: C-corvex lower previsionsare a specialclassof previ-
sionsavoiding sureloss,retainingseveral propertiesof coherencandthe exten-
sionpropertyof convexity, but not requiringpositve homogeneity

A corvex prevision P whichis notcenterednaystill be avoiding sureloss, if
P(0) < 0 (Propositionl), but in generait is only warrantedby Propositiord that
it avoidsunboundedureloss,averyweakconsisteng requirement.

Remark 2 (Corvexity andn-coherenceYhe consistencyiotion of n-coheence
isdiscussedh [14], AppendidB, illustratinghowit canbeappropriatefor certain
“boundedationality' modelsIf themodeldoesnotrequire positivehomaeneity
n-coheencealoneis inadequatel-coheences tooweak beingequivalento the
internality condition(c) in Proposition5, 2-coheenceis too strong, ason linear
spacest is equivalentto two axioms,oneof which is positivehomaeneity[14].
Asa matterof fact, C-corvex previsionsare a specialclassof 1-coheent(but not
necessaril{2-coheent) previsions.

An indirect comparisoramongcorvexity, centeredcorvexity and coherencas

given by their correspondingervelope theoremsWe rstly recall that it was
provedin [14] thatary lower ervelopeof coherenfower previsionsis coherent.
Hereis the parallel statemenfor convex lower previsions,while the generalisa-
tion of Theoreml (lower ernvelopetheorem)omesnext.

Proposition6 Let P be a set of corvex lower previsionsall de ned on D. If
P(X) = infgzp Q(X) is nite 8X 2 D, PiscorvexonD.

Theorem4 (Generalise@nvelopetheorem)P is corvex on D iff there exista set
P of coheentpreciseprevisionson D anda functiona : P! IR sud that:

(@) P(X) = infpopf P(X) + a(P)g, 8X 2 D (inf is attained).
Moreover, P is centeedcorvexiff (02 D and)both(a) andthefollowing (b) hold:
(b) infpopfa(P)g= 0 (infis attained).

A resultsimilarto Theorem4 wasprovedin risk measuremertheory[4], requir
ing D to bealinearspaceTheproofof Theorem, givenin [12] in theframewnork
of impreciseprevision theory is simplerandimposeso structureon D.
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Remark 3 In particular, the constructiveimplication of the theoem (for corvex
previsions)enablesus to obtain cornvex previsionsas lower ervelopesof trans-
lated preciseprevisions.lts proof follows easilyfrom Proposition6 and Proposi-
tion 2, (e): every preciseprevision P is corvex andsois P+ a(P), by Proposi-
tion 2, (e); infpopf P(X) + a(P)g is a corvex previsionby Proposition6.

Remark 4 LetP bea lower previsionand S the setof all coheent precisepre-
visionsonL.De nealsoM (P) = f(Q;r) 2 S IR:Q(X)+r P(X);8X 2 Dg.
It ensuesrom Theoem4 that corvexity of P canbeequivalentlycharacterisecby
the conditionP(X) = inf Q(X)+r:(Q;r)2 M(P) 8X 2 D; C-corvexity can
be characterisedby addingthe constaint inf r:9Q2 S: (Q;r)2 M(P) =0
(cf. alsothefollowing Theoem5, whete the lower ervelopeconcernsall X 2 L).

Theervelopetheoremcharacterisationsf corvexity, centereccorvexity and
coherencaliffer aboutthe role of functiona, which is unconstrainedvith con-
vexity, non-ngjative andsuchthatmina = 0 with centeredtorvexity, identically
equalto zerowith coherencéin this caseTheoremd reducego Theoreml).

The resultin the next theoremcharacterisethe corvex naturalextensionas
the lower ervelopeof a setof translatedcoherentpreciseprevisionsand canbe
provedin away similar to the naturalextensiontheoremin [14], Section3.4.

Theorem5 LetP bea lower previsionon D which avoidsunboundedsure loss
andde ne Sand M (P) asin Remark4. Then,M (P) = M (E;) and E.(X) =
inf QX)+r:(Qr)2M(P) ;8X2L.

4 SomeApplications

We have seenso far that corvexity may help in correctingseveral inconsistent
assessmentas notedin Section3.2.1,its usefulnes thisproblemis essentially
instrumentalwe mayeasilygo furtherandarrive ata centeredcorvex correction,
which guaranteea moresatisfictorydegreeof consisteng.

Turningto otherproblemssomeuncertaintymodelisationgjive riseto convex
previsions,asin the exampleswhich follow. We emphasis¢hatwe do not main-
tainthatthesemodelsarereasonableyut simply thatthey aresometimesdopted
in practice andthatcorvexity suppliesa conceptuaframework for them.

Example 1 (Overly prudentialassessment$ersonsor institutionswhich have
to evaluatethe randomvariablesin a setD are often unfamiliar with uncer
tainty theories.In this case a solutionis to gathern expertsand ask each of
themto formulatea preciseprevision(or an expectation¥or all X 2 D. Choosing
ionis analreadyprudentialway of poolingtheexperts'opinionsandoriginatesa
coheentlower prevision. Somemore cautionor lack of con dencetoward some
expertsmayleadto replacingevery P with P = B a; before performingthe
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minimumwherea; 0 measuesin somewaythe nal assessos personalcau-

convex (cf. Remark3). More geneally, P is of coursecorvex alsowhenthe sign

ofthea; is unconstained(a; < 0if, for instance experti' s opinionis believedto

bebiasedandbelowthereal’ prevision).lt is interestingto observethatifaj 0

for at leastonei, P avoidssure losstoo (sincethenE;(0) 0 by Theoem5,

henceE, avoidssure lossby Proposition1, andsodoesP by Theoem3, (e)).

In particular, the following situationmaybe not unusualwith an unexperienced
assessora; > 0for some, and02 D, because¢heassessothinksthatno expert

is neededo evaluateO, he himselfcan assign,of course P (0) = 0. If suc is

the case the extensionof P on D[ fOg keepson avoidingsure loss,asis eas-
ily seenut is geneamlly not corvex (to seethis with a simpleexample suppose
X2 D, P (X) < inf X andusetheresultin footnote3 to obtainthatP (0) < Ois

thennecessaryor corvexity).

In thefollowing exampleandin Section4.1we shallreferto upperprevisions,to
which the theorydevelopedso far extendswith mirror-imagemodi cations. We
reportthe conjugate®f De nition 3 andTheoreny.

Denition 7 P: D! IRis a corvex upperprevision on D iff, for all n2 N*,

vexity condition) de ning G= &L, s(P(X) X) (P(X) Xo),supG O.

Theorem6 Pis corvex onits domainD iff there exista setP of coheentprecise
previsions(all de nedon D) anda functiona : P! IRsud that:

(@) P(X) = sup,pfP(X) + a(P)g, 8X 2 D (supis attained).
Moreover, P is centeedcorvexiff (02 D and)both(a) andthefollowing (b) hold:
(b) supypfa(P)g= 0 (supis attained).

Example2 (Supremurnrpreservingfunctions)Let IP = fwig,,, bea (not neces-
sarily nite) setof exhaustivenon-impossibleslementaryeventsor atoms i.e.
w8 ?8i2l,[i2iwi=Ww\ wj;="?ifi6 j. Givenafunctionp:IP! [0;1],
deneP :2P f2g! [0;1] (2P isthepowesetof IP) by

P(A) = supfp(wi)g;8A2 2P f2g: 1)
Wi2A

As well-known,if p is normalised(i.e., supp = 1) and extendedto ? putting
p(?)(= P(?)) = 0, P is a normalisedpossibilitymeasue, a specialcaseof co-
herentupperprobability [3]. Withouttheseadditionalassumptions? is a corvex
upper probability. To seethis, de ne for i 2 I, Pi(w;) = 1, R(w;) = 0 8j 6 |,
aj = p(w;) 1, andextend(trivially) eac P to 2P. It is not dif cult to seethat
P(A) = sup,, fP(A) + ajg; 8A2 2P andtherefore P is corvex by Theoem6. If
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supp < 1, P hastheunpleasanpropertythat P (W) < 1, andalsoP (?) < 0 (this
meansthat P incurs sure lossand is not C-corvex). Functionssimilar to these
kindsof unnormalisegpossibilitieswere consideedin theliterature relating pos-
sibility and fuzzysettheories,and their unsatisfactorypropertieswere already
pointedout(seee.g. [9], Section2.6andtherefeencesjuotedtherein).

4.1 ConvexRisk Measures

Furtherapplicationsof corvex impreciseprevisionsaresuggestedtyy the factthat
they do not necessarilyequirepositve homogeneityas appearsrom Proposi-
tion 5, (b). Consideringhe well-known behaioural interpretatiorof lower (and
upper)previsions[14], it is intuitively clearthat applicationscould be generally
relatedto situationsof risk aversion,becaus®f which anagents supremunbuy-

ing pricefor therandomguantityl X mightbelessthanl timeshis/hersupremum
buying pricefor X, whenl > 1.

In this sectionwe shalldiscussanapplicationto ( hancial) risk measurement.
The literatureon risk measuress quite large, asthis topic is very importantin
mary nancial, bankingor insuranceapplications Formally, a risk measures a
mappingr from a setD of randomvariablesinto IR. Thereforer associates
realnumberr (X) to every X 2 D, which shoulddeterminehow “risky' X is, and
whetherit is acceptableéo buy or hold X. Intuitively, X shouldbe acceptablénot
acceptablejf r (X) 0 (if r (X) > 0), andr (X) shoulddeterminethe maximum
amountof money which could be subtractedrom X, keepingit acceptabl€the
minimumamountof money to beaddedto X to make it acceptable).

Traditionalrisk measuredik e Value-at-RisVaR) — probablythemostwide-
spread-requireassessingatleast)a distribution functionfor eachX 2 D; often,
a joint normal distribution is assumed8]. Quite recently otherrisk measures
wereintroduced which do not requireassessingxactly one preciseprobability
distributionfor eachX 2 D, andarethereforeappropriatelsoin situationsvhere
con icting or insufcient informationis available.Precisely coherentrisk mea-
sureswerede ned in a seriesof paperg(including[1, 2]) usinga setof axioms
(amongthesepositive homogeneity) and assumingthat D is a linear space.n
thesepaperscoherentrisk measuresvere not relatedwith impreciseprevisions
theory while this wasdonein [11, 13]; seealso[10] for a generalapproachto
theseand othertheories.Corvex risk measuresvere introducedin [4, 5, 7] as
a generalisatiorof coherentrisk measuresvhich doesnot requirethe positive
homogeneityaxiom.We reportthe de nition in [5]:

De nition 8 LetV bea linear spaceof randomvariableswhich containsreal
constantsr :V ! IRisacornvex risk measursff it satis esthefollowing axioms:

(T1) 8X2V,8a2IR,r(X+a)=r(X) a (translationinvariance)
(M2) 8 X;Y2V,if X Ythenr(Y) r(X)(monotonicity)
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CHr(X+@ 1Y) Ir (X)+(1 Dr(Y)8X;Y2V;l 2]0;1] (corvexity).

Corvex risk measuresre alsodiscussedn [6] andtheir potentialcapability of
capturingrisk aversionis pointedoutin [5]. In arisk measuremergrvironment,
amotivationfor not assumingpositive homogeneityis thatr (I X) maybelarger
thanlr (X) for | > 1 alsobecausef liquidity risks if we wereto sellimmedi-
atelyalargeamountl X of a nancial investmentwe mightbeforcedto accepta
smallerrewardthanl timesthecurrentsellingpricefor X.

It wasshawvnin [11] thatrisk measuresanbeencompasseidto thetheoryof
impreciseprevisions,becausarisk measurdor X canbeinterpretecasanupper
previsionfor X:®

r(X)=P( X): ()

Thisfactwasusedin [11, 13] to generalisghe notion of coherentisk measures
to anarbitrarydomainD. An analoguegeneralisatiomanbedonefor corvex risk
measure§l?2], aswe shallnow illustrate.

De nition 9 r : D! IRis a corvex risk measureon D if andonlyif for all n2

deningG= &L ;S(X+r (X)) (Xo+r(Xop),supG O.

NotethatDe nition 9 may be obtainedfrom De nition 7 referringto X rather
thanX, forall X 2 D.

If D is alinear spacecontainingreal constantsthe notion in De nition 9
reducedo thatin [4, 5], by thenext theorem(cf. alsoTheoren, (a)):

Theorem7 LetV be a linear spaceof boundedrandomvariables containing
real constantsA mappingr fromV into IRis a corvex risk measue accodingto
De nition 9iiff it is a corvex risk measuesaccoiding to De nition 8.

De nition 9 appliesto any setD of randomvariablesunlike De nition 8, which,
if D is arbitrary requiresembeddingt in alargerlinearspace.
Resultspeculatothosepresentedh Section3 applyto corvex risk measures.
In particular the convergenceandcorvexity theoremgPropositiorn2, (a) and(b))
hold; corvex risk measuresanbeextendedonary D® D, preservingorvexity;
they avoid surelossiff r (0) 0 (wesaythatr avoidssurelossonD iff P( X) =
r (X) avoidssurelossonD =f X:X2 Dg).
Likethegenerakasan Section3, it appearsjuiteappropriateo putr (0) = 0,
andhenceto usecenteed corvex risk measures0 is the unquestionablyeason-
ablesellingor buying pricefor X = 0.

De nition 10 A mappingr from D (02 D) into IR is a centeredcorvex risk
measure®n D iff r is corvexandr (0) = 0.

6We assumehat the time gapbetweerthe buying andsellingtime of X is negligible (if not, we
shouldintroducea discountingfactorin (2)). This simpli es the sequelwithout substantiallyaltering
theconclusions.
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Centeredcorvex risk measuresave further nice additional properties,corre-
spondingto thoseof centeredcorvex lower previsions:they always avoid sure
loss,andaresuchthat supX r(X) infX;8X 2 D.

This condition correspondso internality ((c) of Proposition5), andis a ra-
tionality requirementor risk measuresfor instancer (X) >  inf X would mean
thatto make X acceptablave requireaddingto it a surenumber(r (X)) higher
thanthe maximumlossX maycause.

A centerectorvex risk measures is hotnecessarilypositively homogeneous:

r(X) I (X);81 1 3)

A notion of corvex naturalextensionmay alsobe givenfor centereccorvex (or
cornvex) risk measuresndits propertiescorrespondo thoselistedin Theoreni3.
When nite, it givesin particulara standardwvay of “correcting' otherkinds of
risk measureinto corvex risk measureg.
The generalisecervelopetheoremis obtainedfrom the statemenbf Theo-
rem6 replacingP(X) andP(X) with, respectiely, r (X) andP( X).
Examplesof corvex risk measuresnaybefoundin [4, 5, 12].

5 Conclusions

In this paperwe studiedcorvex andcenterectorvex previsionsin theframeawork
of Walley's theoryof impreciseprevisions.Cornvex previsionsdo not necessarily
satisfyminimal consisteng requirementsbut are usefulin generalisinghatural
extension-like methodf correctinginconsistenassessmentndin providing a
conceptuaframework for someuncertaintymodels.Centereccorvex previsions
arein asensantermediatédetweeravoiding surelossandcoherencetheir prop-
ertiesare closerto coherencahanthoseof a genericprevision that avoids sure
loss,but arealsocompatiblewith lack of positive homogeneityBecauseof this,
they arepotentiallyusefulatleastin modelswhichincorporatesomeformsof risk
aversion.We outlinedarisk measuremergpplicationwherethey leadto de ning
corvex risk measuresandbelieve that several applicationsof corvex imprecise
previsionsarestill to beexplored.It mightalsobeinterestingo investigataf and
how cornvex previsionscanbe generalisedn a conditionalervironment,or when
allowing unboundedandomvariables.
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