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Abstract

The �nite elementmethodis widely usedfor solving variousproblemsin
geotechnicalengineeringpractice.Theinputparametersrequiredfor thecal-
culationsaregenerallyimprecise.The paperis devotedto a comparisonof
probabilistic,stochasticandfuzzysetmethodfor reliability analysiswith re-
spectto its applicability for practicalproblemsin geotechnicalengineering.
Emphasiswill be given by comparingthe effectsof modellinguncertainty
usingdifferentmethods,with specialreferenceto therole of spatialcorrela-
tion. After introducingsomebasicnotionsabouttheapproaches,this article
showsthattheresultsobtainedwith thefuzzysetmethodfor asimplebearing
capacityproblemagreewith theoutcomesby a probabilisticanda stochas-
tic method.Advantagesandshortcomingsof eitherapproachwith respectto
practicalapplicationswill bediscussed.
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1 Intr oduction

It is well known that materialparametersof geomaterialsmay scatterwithin a
considerablerange.Thus,a high degreeof uncertaintymaybeintroducedin any
typeof analysisif materialparametersaretreatedasdeterministicvalues.There
is no agreementaboutwhat methodshouldbe used,to accountfor theseuncer-
taintiesespeciallyin practicalgeotechnicalproblemswhereusuallynot suf�cient
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informationis availablefor a rigorousstochasticanalysis,becausesiteinvestiga-
tion andlaboratorytestingarerestricteddueto �nancial undtime constraints.

It is still possibleto useprobabilisticmethodsin theseproblemsby making
suitableassumptionson thestatisticsof theuncertainties,at leastto someextent,
by combiningdifferentsourcesof informationvia Bayes'theorem.However, the
numericalvaluesobtainedby probabilisticanalysis(e.g.probabilityof failure)are
quitesensitive to changesin the input distribution parameters([1, 13]), but play
animportantrule in comparativeandqualitative studies[14]. On theotherhand,
Fuzzysetmethodsprovideanappropriatemathematicalmodelwhichcanbeused
for quantitativeassessment.

In thedevelopedmethodologypoint estimatemethods(PEM) for probabilis-
tic analysesandfuzzy setmethodfor possibilisticanalysestogetherwith a �nite
elementmodelis used.Emphasiswill begivento comparisonwith methodsem-
ployingastochasticmodel,whichmeansthattheparametersaredescribedbyspa-
tial random�elds (e.g.[7]). This stochasticapproachemploys the Monte-Carlo
methodandis usedin thispaperasa reference.

Both variability andspatialcorrelationlengthsof materialpropertiescanaf-
fect thereliability of geotechnicalsystems.In this article,elasto-plastic�nite el-
ementanalysishasbeencombinedwith theoriesmentionedabove to investigate
the in�uence of materialvariability andspatialcorrelationlengthson the com-
putationof the bearingcapacityof a smoothrigid strip footing on a weightless
soil with shearstrengthparametersc and j underplanestrainconditions[14].
Thesoil stratumis compressedby incrementallydisplacingthetop surfaceverti-
cally downwards.Geometryandboundaryconditionsof theproblemareshown
in �gure 1.

Figure1: Geometryandboundaryconditions
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In the simulations,the meancohesion(µc) andmeanangleof friction (µj )
have beenheldconstantat 100kN/m2 and25� while thecoef�cient of variation,
(COV=sc/µc), andthe spatialcorrelationlength,(Q), arevariedsystematically.
For this investigation,it is assumedthat whenthe variability in the cohesionis
large,thevariability in thefriction anglewill alsobe large.Thematerialparam-
etersrequiredfor themodelusedare:Young's modulus(E), Poisson's ratio (n),
dilatancy angle(y ), cohesion(c), andfriction angle(j ). In thepresentstudy, E,
n andy areheld constant(at 100.000kN/m2, 0.3, and0, respectively) while c
andj arebasicvariables.It hasto bepointedout that the interactionandcross-
correlationbetweentheshearstrengthparametersis neglectedin this study.

The questionis how the variability of the shearstrengthparametersc and
j affects the responsegiven by the dimensionlessbearingcapacityfactor, Nc,
andconsequentlythe reliability of the structure.The bearingcapacityfactor is
traditionally de�ned by Nc = qf / c whereq f is the computedbearingcapacity
andc is thecohesionof thesoil. Thetheoreticalbearingcapacityfactor, Nc, for a
spatiallyconstantfriction angleis givenby Sokolovski [19]:

Nc =
1

tanj
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2 Spatial variability of soil properties

In principle,thespatialvariationof a soil layercanbecharacterizedin detail,but
only if a largenumberof testscanbeperformed.Thus,for geotechnicalpurposes
a simpli�cation is introducedin which spatialvariability is subdivided into two
parts,i.e. a linear trend,anda residualvariability (stochasticdescription)about
thattrend[15]. Figure2 depictsthevalueof thesoil property, u, ata boringloca-
tion asafunctionof depth,z, whereµu(z) describesthetrendwhich is represented
by a depth-dependentmeanvalue.The stochasticdescriptionof the soil prop-
erty, u(z), consistsof thestandarddeviation,s u(z), andthescaleof �uctuation or
autocorrelationlength,Qu, of u(z).

The spatialcorrelationlengthmeasuresthe distancewithin which the prop-
erty shows relatively strongcorrelationfrom point to point.Thesoil is modelled
asa random�eld ([21, 16]), which is a stochasticprocessde�ned by threeco-
ordinatesin space.Thismeansthatthepropertiesof thesoil in aspeci�c pointare
describedasa randomvariable.Ratherthana characterizationof soil properties
ateverypoint,dataareusedto estimatea smoothtrend,andremainingvariations
aredescribedstatisticallybecauseof thelackof data.

2.1 Spatial averaging

Themeanof largevolumesremainsthesameasthemeanof smallvolumes,but
thestandarddeviation of theaveragepropertyfrom onelargevolumeto thenext
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Figure2: Spatialvariability of asoil layer

is smallerthan the standarddeviation of the averageproperty from one small
volumeto the next [21]. The extent of averagingof soil properties,u(z), within
a largevolumedependson thestructureof spatialvariation.More precisely, the
extentof averagingdependsonthestandarddeviationof properties,s u, frompoint
to point andon the autocorrelationfunction. Similarly, the standarddeviations
of thespatialaverages,uDz anduV, aresuDz andsuV , respectively. Therefore,the
largerthelengthDzor thevolumeV overwhichthepropertyis averaged,themore
variationsof u tendsto producea reductionin the processof spatialaveraging.
Thistendsto originateareductionin standarddeviationasthesizeof theaveraged
lengthor volumeincreases.Theso-calledreductionfactorGu(V) is de�ned asthe
dimensionlessratiobetweensuV andsu (Gu(V) = suV / su).

The squareof the reductionfactor, G2
u, will be called the variancefunction,

whereasfor the two-dimensionalcaseit will take the form: G2
u(Dz) = Qu / Dz

for Dz � Qu. This relationshipin factde�nes thescaleQu, andprovidesa basis
for estimatingthis parameterof u(z) (�gure 2). A useful interpretationof this
relationshipis that Qu is the elementarydistancethat can be usedto measure
Dz. Otherassumptionsfor thedeterminationof this variancereductionfactorare
presentedin e.g.[10, 22].

3 Probabilistic approach

3.1 The point estimatemethod

An alternative approachfor calculatingthestatisticalmomentsof the limit state
function,denotedby G(X), whereX is thecollectionof randominputvariables,is
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thepoint estimatemethod(PEM). Themethodis essentiallya weightedaverage
methodsimilar to numericalintegrationformulasinvolving samplingpointsand
weightingparameters. The methodseeksto replacea given continuousproba-
bility densityfunction,with adiscretefunctionhaving thesame�rst threecentral
moments(meanvalueµ, standarddeviations andskewnessn). Thepointestimate
methodis ableto accountfor up to threemoments.

ThemostcommonpointestimatemethodwasdevelopedbyRosenblueth[17].
In additionto Rosenblueth's method,therearemany otherPEMsdevelopedby
variousresearchers,including themethodsof Evans[6], ZhouandNowak [24],
Harr [9] andof Li [11]. In thepresentstudythepointestimatemethodsby Rosen-
blueth,Harr andZhou andNowak areusedto obtainthe statisticalmomentsof
thebearingcapacityfactorNc. A brief descriptionof themethodsis givenbelow.

PEM by Rosenblueth: Rosenblueth[17] developeda point estimatemethod
whichconcentratestheprobabilitydensityof acontinuousrandomvariableX into
two estimatepoints.If G(X) is a functionof n basicvariableswhoseskewnessis
zerobut which may be correlated,2n points arechosento includeall possible
combinationssothatthevalueof eachvariableis onestandarddeviationaboveor
below its meanvalue.

PEM by Harr: In particularthe point estimatemethodby Harr [9] extends
Rosenblueth's PEM. Harr proposedan alternative methodwhich startsfrom the
correlationmatrix of the data.This matrix is a real symmetricmatrix of order
n, thenumberof randomvariableswhich canbe diagonalizedby an orthogonal
eigenvectormatrix.Thecorrelationmatrixcanberepresentedby ahypersphereof
radius

p
n centeredat thecorrespondingexpectedvaluesof xn in thestandardized

coordinatesystem.The eigenvectorstartsfrom the origin of expectedvaluesin
theirrespectivedirectionsandeacheigenvectorintersectsthesphereattwo points.
Thesepointsof intersectionsprovide the 2n point estimatesfor calculatingthe
statisticalmomentsof G(X).

PEMbyZhouandNowak: In theapproachproposedby ZhouandNowak[24]
predeterminedpointsin thestandardnormalspaceareusedtocomputethestatisti-
calparametersof afunctionof multiplerandomvariablesX. Thesepointsmustbe
transformedin thetypically correlatedandnonstandardnormaldistributedspace.
Theintegrationof G(X) canbeachievedusinga non-productformula.Zhouand
Nowak provide a setof numericalintegrationformulas.In this work the 2n2+1
formula(ZN III) is usedwhich leadsto 2n2+1 realizationsof G(X).

3.2 Stochasticmodelling of soil properties

The�nite elementcode[2] usedin theproposedapproachto calculatethebearing
capacityq f , requirethesoil pro�le to bemodelledusinghomogeneouslayerswith
constantsoil properties.For this reasonsoil propertieshaveto bede�nednotonly
for a certainpoint in space,but alsofor the entiredomainwhich is usedin the
calculationprocess.Due to the fact of spatialaveragingof soil propertiesthe
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coef�cient of variationis reducedsigni�cantly asdescribedabove. In this study,
thevariancereductionfactorGby Vanmarcke[22] is usedandcanbeobtainedby

G2 =
�

Q
Lu

�
1�

Q
4Lu

��

for Q/Lu � 2, whereQ is theautocorrelationlengthandLu is thelengthof the
potentialfailuresurface.For µj = 25� thelengthof thefailuresurfaceLu yieldsa
valueof approximately10.5m.

4 Stochasticapproach

The model of Fentonand Grif�ths [7] combinesrandom�eld theory with an
elasto-plastic�nite elementalgorithmin aMonte-Carloframework (RFEM).The
spatiallyvarying andcross-correlatedrandom�elds aregeneratedusingthe so-
calledLocalAverageSubdivision(LAS) methodwhichproduceslocalarithmetic
averagesof the lognormallydistributed random�eld over eachelement.Thus,
eachelementis assigneda randomvalueof ln c (c is thesoil cohesion)asa local
average,over theelementsize,of thecontinuouslyvarying random�eld having
point statistics.The elementvaluesthuscorrectlyre�ect the variancereduction
dueto arithmeticaveragingovertheelementaswell asthecross-correlationstruc-
turedictatedbyspatialcorrelationlength,Qln c. For thecorrelationstructureof the
underlyinggenerated�elds anexponentiallydecayingisotropiccorrelationfunc-
tion is assumed,r (t ) = exp(-2t / Qln c) wheret is theabsolutedistancebetween
any two points in the �eld. A typical deformed�nite elementmeshat failure is
shown in �gure 3. Lighter regions in the illustration indicatestrongermaterial
anddarker regionsindicateweaker material,whichhave triggeredquiteirregular
failuremechanisms.

Thesoil cohesion,c, is assumedto belognormallydistributedwith meanµc,
standarddeviation s c, andspatialcorrelationlengthQln c. For thefriction angle,
j , aboundeddistributionis selected.For eachsetof statisticalpropertiesgivenin
Table1 accordingto [7], Monte-Carlosimulationshave beenperformed,which
involves1000repetitionsof the soil propertyrandom�elds andthe subsequent
�nite elementanalysis.A differentvaluefor thebearingcapacity, andafternor-
malizationby the meancohesionµc, a differentvalue for the bearingcapacity
factor, Nci, is obtainedfor eachof then Monte-Carlosimulationsby Nci = qf i /
µc, i = 1,2,...,n. Thesevaluesarethenanalysedstatisticallyleadingto anexpected
valueE[Nc], andstandarddeviation,s[Nc].
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Figure3: Typical deformed�nite elementmeshat failurefrom [7]

5 Fuzzysetapproach

Zadeh[23] usedthe theoryof fuzzy setsasa basisfor possibility to modelun-
certainties.Although possibility distributions seemto be similar to probability
distributions,possibilitycalculus,which is usedto derive themembershipfunc-
tion of the performanceof a systemfrom the membershipfunctionsof the un-
certainvariables,is fundamentallydifferentthanprobability calculus.The main
differencebetweentheaxiomsof possibilityandprobabilitymeasuresis that the
possibilityof a union of events(disjoint or not) is equalto themaximumof the
possibilitiesof theindividualevents,whereastheprobabilityof aunionof disjoint
eventsis equalto thesumof theprobabilitiesof theseevents(seee.g.discussion
in [4]). Therefore,fuzzysetapproachis analternative to probability.

5.1 Fuzzynumbers

F(X) denotesthecollectionof fuzzy subsetsof a setX. A fuzzy setA 2 F(X) is
characterizedby (andcanbeidenti�ed with) its membershipfunctionmA(x), 0 �
mA(x) � 1, describingthedegreeof possibilitythatthevariableA takesthevalue
x of X. Thefuzzy sets[A]a = x 2 X : mA(x) � a aretheso-calleda-level setsof
A, i.e. thevariableA �uctuatesin therange[A]a with possibilitydegreea. Given
a functionf : X ! Y, theextensionprinciplesby Zadeh[23] allows to extendit to
a functionf :F(X) ! F(Y) by mf (A)(y) = supf mA(x);x 2 f � 1(y)g.

A 2 F
�
Rd

�
is calleda fuzzy vector, if eachof its a-level setsis convex and

compact(0 < a < 1), and[A]1 containsexactlyonepoint. In thecaseof d = 1, A
is referredto asa fuzzynumber. If f : Rd ! R is continuousandA a fuzzyvector,
the functionvaluef (A) is a fuzzy number, whoselevel setsarecomputedby set
theoreticevaluation:[f (A)]a = f ([A]a).
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5.2 Fuzzi�cation Method

Dubois and Prade[5] have proposedmethods,which are basedon judgement
and/oron statisticaldatabut thereis no commonlyacceptedprocedurefor es-
timating the possibility distribution of a variable.To compareprobabilisticand
fuzzy set-basedmethods,we �rst constructa fuzzy setof an uncertainvariable
on thebasisof agivenprobabilitydistributionby meansof theleastconservative
principle [12]. In this way, we ensurethatbothmodelsareconstructedusingthe
samedata.In this paper, the principle is appliedto constructa fuzzy seton the
basisof a given lognormalprobability distribution in sucha way that the range
betweenthe5% andthe95%-fractilerepresentsthesupport(theupperandlower
boundvaluecorrespondsto a = 0) of thetriangularfuzzy numberwheretheulti-
matevalue,thecore,respectively is atthemodalvalue,whichis themostfrequent
value(�gure 4 and 5). Sincethedatais basedon thelognormaldistributionsac-
cordingto section3.3, it hasto bepointedout thatautocorrelationis considered
already.

Figure4: Fuzzyinput parameterc, for a)COV of 0.2andb) COV of 0.5

5.3 Fuzzy �nite elementanalysis

Whenthe input variablesarede�ned asfuzzy numbers,the computationof the
fuzzy responsequantity hasto be performed.This is achieved by constructing
a possibility distribution for the responsequantitywhich is basedon the exten-
sionprinciplementionedabove.Theprinciple relatesthepossibilitydistribution
of fuzzy input variablesto thepossibilitydistributionof thefuzzy responsefunc-
tion, whereasthea-level conceptis usedto numericallyimplementtheextension
principle.In thisapproach,thefuzzyfunctionis a �nite elementmodelthattrans-
formsinput fuzzy datato a desiredfuzzy outputquantity. By replacingthefuzzy
numbersin thesolutionmodelwith intervals,thefuzzy computationreducesto a
seriesof interval analyses,wheretheminimumandthemaximumof the2n values
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Figure5: Fuzzyinputparameterj , for a)COV of 0.2andb) COV of 0.5

de�ne theresultinginterval (n is thenumberof fuzzy input variables).Repeating
this processfor all selecteda-levels,a setof resultingintervalscorrespondingto
the selecteda-levels is obtainedandde�ne the �nal output,the responsemem-
bershipfunctionof thedimensionlessbearingcapacityfactor, Nc (�gure 6). The
higherthenumberof a-levelsunderconsideration,thegreatertheaccuracy of the
possibility distribution of the response.The total numberof �nite elementruns
thatis involvedis N�2n, whereN is thenumberof a-levels.

Figure6: Possibilitydistributionof thebearingcapacityfactor, Nc, for a)COV of
0.2andb) COV of 0.5

5.4 Defuzzi�cation Method

For defuzzi�cation a methodbasedon weightedpossibilisticmeanandvariance
of fuzzy numbersis usedin this paper. Carlssonand Fuller [3] suggestedthe
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notationsof weightedpossibilisticmeanvalueandvarianceof fuzzy numbers,
whichareconsistentwith theextensionprinciple.Furthermore,they showedthat
theweightedvarianceof linearcombinationsof fuzzy numberscanbecomputed
in a similarmannerasin probabilitytheory:

E[Xr ] =
N

å
i= 1

a i :xr
a i

N

with xr
a i

= 1/2 ( xr
a i;L

+ xr
a i;U

), whereE[Xr ] representsthe level-weightedr th mo-
mentof all a-level sets.a i denotesthe a-level, N the numberof a-levels con-
sideredandxr

a i
thearithmeticmeansof all a-level sets,that is, theweightof the

arithmeticmeanof xr
a i;L

andxa i;U is just a.

6 Resultsand discussion

Figure7 depictsthe in�uence of Q andCOVc on thesamplecoef�cient of vari-
ationof theestimatedbearingcapacityfactor, COVNc = sNc/E[Nc] computedby
therandom�eld model(RFEM) andby usingtheprobabilisticandthefuzzy set
approach.

Figure7: Coef�cient of variationof Nc, a)Q=0.5andb) Q=4.0

To have an assessmenton theperformanceof all theapproaches,the results
from the fuzzy solutionarealso includedin thoseplots.The �gure shows how
thebearingcapacityfactorvarieswith soil variability, andthespatialcorrelation
length.The plots indicatethat COVNc is positively correlatedwith both COVc
andQ, i.e. the variability in E[Nc] increaseswith the variability in the soil (the
higherthespatialcorrelationlengththehighertheincrease).Theresultscompare
well with the COVNc by the random�eld method,which representsa moreso-
phisticatedmethod.The PEM methodsaswell asthe fuzzy setmethodcapture
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the overall behaviour of the analysedratio and is fairly accuratefor moderate
magnitudesof thevariability in thesoil, i.e. COV< 0.5.

DuboisandPrade[5] have shown thata possibilitydistribution (fuzzy setA)
constructedstartingfrom few statisticaldatamay be usedto representa wide
classof probabilitydistributions(compatiblewith theavailableinformation)and
to consistentlyde�ne upperandlowerprobabilitydistributions,FL(x) andFU (x).
Theseboundsmayberewritten in termsof themembershipfunctionof thefuzzy
setA asFL(x) = supf mA(x);x � wg andFU (x) = inff 1-mA(x);x > wg, wherew
describesthevaluex with thedegreeof possibility, mA(x)=1 [8].

Figure8: Cumulativedistributionfunctionsof E[Nc] assumedaslognormallydis-
tributedandmembershipfunctionof Nc, for a)COV of 0.2andb) COV of 0.5

Figure8 shows thepossibilityandprobabilityof thebearingcapacityfactor
Nc. It canbeseenthatthepossibility is alwaysgreaterthantheprobability. Also
notethat, for this case,the possibility is 1.0 whenthe probability is 0.5. These
resultsarein line with otherstudies,e.g.Smithetal. [18] showedthatif thefuzzy
membershipfunction for a randomvariableis basedon the meanandstandard
deviationof aprobabilisticrandomvariable,thepossibilityof failureis onewhen
theprobabilityof failureis �fty-percent. Therefore,fuzzysettheorymaybeused
to obtainconservativeboundsfor probability[13].

Froma practicalpoint of view, it would beof interestto estimatetheproba-
bility of designfailure[7], de�ned hereasoccurringwhenthecomputedbearing
capacityfactor, Nc, is lessthanthedeterministicvaluebasedon themeanangle
of friction dividedby afactorof safetyF, i.e.20.7/F (themeanangleof friction j
= µj = 25degrees,thenthedeterministicvalueof Nc yieldsapproximately20.7).

With theobtainedmeanvalueandstandarddeviationof theperformancefunc-
tionbasedonthePEMassumingalognormaldistributiontheprobabilityof design
failure(P[Nc< 20.7/F]) canbeevaluated.For thecasewhereQ=4.0�gure 9 com-
parestheprobabilityof designfailurefor two differentfactorsof safetyF obtained
by probabilisticmethodsandrandom�eld method[14]. Theresultsindicatethat
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thehigherthevariability (COV) thehighertheprobabilityof designfailure and
show that theproposedmethodpredictsthebasicbehaviour of relatively simple
functionsof randomvariables,but theaccuracy is signi�cantly reducedfor large
coef�cients of variationof theinputvariables.

Figure9: Probabilisticandstochasticapproachwith Q=4.0:In�uence of factorof
safetyfor a) F=2 andb) F=4

In orderto determineapossibilityof designfailurethemembershipfunctions
for theresponsebearingcapacityfactor, Nc, arecomparedwith theallowablere-
sponses,i.e.20.7/F asalreadymentioned.Figure10illustrateshow thepossibility
of designfailurevariesasa functionof COVNc andthe ratio of the target value
20.7/F. The fuzzy setmethodalsocapturesthe basicbehaviour in termsof the
possibility of designfailure for the given problem.The outcomesshow that the
higherthevariability (COV) thehigherthepossibility of designfailure.Similar
observationscanbemadeabouttherelationsbetweenpossibilityandprobability
asdescribedby �gure 8, i.e. that thepossibilityof failure is onewhentheprob-
ability of failure is �fty-percent. However, Stroudet al. [20] reportedthat even
thoughthepossibilityof failurewasalwaysgreaterthantheprobabilityof failure
for a particularproblemwith two failure modes,the assumptionthat possibilis-
tic designis conservative is not a valid assumptionwhentherearemany failure
modes.

7 Concluding remarks

Thegeneralobjectiveof thispaperis to studythedifferencesbetweenprobabilis-
tic, stochasticandfuzzysetmethodsfor modellinguncertaintieswith respectto a
simplepracticalproblemfor geotechnicalengineering.It is arguedthattheuncer-
taintiesassociatedwith materialandmodelparametersarecoveredin a rational
way in theprobabilisticandfuzzysetapproach.Thetrueprobabilitydistributions
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Figure10:Fuzzysetapproach:In�uenceof factorof safetyfor a)F=2andb) F=4

of the uncertainsoil parameters,c (cohesion),and, j (friction angle),areused
asthescaleto comparetheprobabilisticandfuzzy setbasedmethods.Generally
speakingtheoutcomeof pointestimatemethodsandthefuzzysetmethodagreed
reasonablywell with theresultsobtainedby therandom�eld method.An advan-
tageof thefuzzysetapproach,from apracticalpointof view, is thedetermination
of an upperand lower boundto the probability in an ef�cient way. The results
arein line with otherstudies,evenfor membershipfunctionsassimpleasthetri-
angularfunctionsemployedhere.For thegivensystemandthegivendataabout
uncertainties,probabilisticandstochasticanalysisyieldstheprobabilityof failure
andfuzzy setanalysisyieldsthepossibilityof failure,which alsovariesbetween
zeroandone.However, the two measuresare not directly comparable,but the
resultsconsideredwereintendedto be of easycomprehensionandto allow the
establishmentof a comparisonanda correspondencebetweenthemethods.

It is acknowledgedthatthecomparisonspresentedarenot rigorousin amath-
ematicalsenseandtheauthorsareawareof thediscussiononwhethertheassump-
tionsmadein thesemethodsallow acomparisonatall. However, from apractical
point of view this typeof uncertaintycanbeaccepted,becauseit is a signi�cant
stepforwardto beableto accountfor uncertaintiesin materialparametersusing
highlevel numericalmethodsandkeepingthecomputationaleffort acceptable.In
practicetherewill alwaysbe a tradeoff betweenmathematicalrigour andprac-
tical bene�ts achievable,which is true in particularin geotechnicalengineering.
Thework presentedhereshouldbeseenasa steptowardsa morerealisticmod-
elling in geotechnicalengineeringby demonstratingthe applicability of various
approachesand shouldnot be seenas a recommendationfor one or the other
method,at leastnotat thepresentstageof developments.
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