Game-Theotretic Learning Using the
Impr eciseDirichlet Model

E. QUAEGHEBEUR
GhentUniversity, Belgium

G. bE COOMAN
GhentUniversity, Belgium

Abstract

We discusgwo approachefor choosinga stratgy in atwo-playergame We
supposehatthe gameis playeda large numberof rounds,which allows the
playersto useobsenrationsof pastplay to guidethemin choosinga strateyy.

Centralin theseapproachess the way the opponens next stratey is
assessedyotha preciseandanimpreciseDirichlet modelareused.The ob-
senationsof the opponens paststratgies canthenbe usedto updatethe
modelandobtainnen assessment3o someextent, the impreciseprobabil-
ity approactallows usto avoid makingarbitraryinitial assessments.

To beableto choosea strateyy, theassessmeumif the opponents stratgy
is combinedwith rulesfor selectingan optimal responseo it: a so-called
bestresponser a maximin strat@y. Togethemwith the updatingprocedure,
this allows usto choosestratgyiesfor all theroundsof thegame.

Theresultingplayingsequenceanthenbe analysedo investigatdf the
stratgyy choicescancornvergeto equilibria.

Keywords
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1 Intr oduction

In [4] and[5], Fudenbeg etal. have proveda numberof cornvergenceresultscon-
cerningmethoddor learningoptimalstratgiesin agame-theoreticontext. They
shaw thattheseresultshold in particularfor ctitious playin strictly competitve
two-playergamesin stratgyic form. In this context, a playerbaseshis learning
methodon the assumptiorthat his opponentusesa x ed, but unknown, mixed
stratgy. The pure strat@ies that his opponentactually plays are consequently
assumedo beiid obsenationsof the randommultinomial processthat hasthis
mixed strat@y asits probability massfunction. The playerthenusesa Bayesian
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statisticalupdatingschemewheretheprior is choserfrom amonga classof mod-
elsthatis conjugatewith the multinomiallik elihoodfunction,namelythe Dirich-
let priors, mainly becauseucha choiceallows for simpleupdatingrules.

In the presentvork, we investigatehow this learningmethodis in uenced by
replacingthe Dirichlet priors by so-calledimpreciseDirichlet priors, rst intro-
ducedby Walley [9], andwe provide generalisationfor Fudenbeg'scornvergence
resultsthatcanbe appliedto the new learningmethod.

1.1 The Game

We consideistrictly competitiveawo-playergamesn the strategic form; [3, Chap-
ter 2], [5, Chapterl]. Oneplayeris denotedby i andhis opponenby i, where
i2f 1;1g.

of thegame hereceivesa (possiblynegative) pay-of ui(s';s 1), with s 2 S and
s 2 S . Thispay-of is assumedo beexpressedn unitsof somepredetermined
linearutility, e.g.probabilitycurreng; [7, Sectionsl3and14], [8, Section2.2.2].
Insteadof choosinga purestratey, playeri canalsochoosea so-calledmixed
strategy s', which is a probability massfunction on the setS. This amountsto
usingarandomisatiordevice thatchooses purestratey from S, with the prob-
abilities for eachpure stratgy de ned by the mixed stratgy s'. Thesecanbe
written asa vectorof lengthN' with 8 4s'(s) = 1. We denotethe setof these
mixedstratgiesby S'. In whatfollows, unlessotherwiseindicated s' will always
beanelemenf S ands' will alwaysbeanelemenif S'.
Whenusingmixedstratayies,only the expectedpay-of canbecalculated,

u(shs D= & a u(sisHs'(s)s (s (1)
s289s 12S!

It shouldbeclearthatpurestrat@iescanbe consideredsbordercasepr degen-
erate,mixed stratgjies. The setof all mixed stratgiesS ' canberepresenteds

theunit simplexin RN g Purestratgiescorrespondo theverticesof thesimplex.
Thedistancebetweertwo stratgjiesis measuredisingthe sup-norm?

dis it )=sup irsijs '(s') t (s h:

Obsene thatthe corvex unit simplex is compactunderthis norm.

1.2 Our Objective

We wish to formulatea procedurghatguidestheplayersin their strategyy choices
in sucha way, that, usingthe informationthey have at their disposaltheir ex-
pectedpay-of is in somesenseptimal.

1This allows for a niceinterpretationbut ary normgeneratinghe usualtopologycouldbe used.



454 ISIPTA '03

2 Assessinghe Opponent's Strategy

It is essentiathat the information playeri hasaboutthe stratgyy s ' that his
opponentvill play, is modelledin amannetthatis useful,in light of the objective
above, for choosinga stratgy s' in responséo s . In this sectionwe describe
two uncertaintymodelsfor representinguchinformation. The rst is a precise
probabilitymodel,the seconds imprecise.

2.1 Gambles

The availableinformationabouthis opponents stratgly s ' will leadplayeri to
acceptor rejectgambleswhoseoutcomedependson's . Both the uncertainty
modelsdescribedaterintendto modelplayeri's behaioural dispositiongoward
suchgamblesA gambleX on'S ' is a boundedreal-valuedmapon S '. It rep-
resentsan uncertainreward: it yields theamountX(s ') if player i decidesto
playthemixedstratgy s '. Thesetof all gambleonS ' is denotedby L(S );
[8, Sectionl.5.6]. Two typesof gamblesareof specialinterest.

If playeri decidesto play stratgy s', thenthe gamewill resultin an ex-
pectedpay-of thatstill depend®n thestratgyy s ' thathis opponenwill play.
Thus,we canassociatethe strategy gambleXsi on S I with this stratgyy s' by
de ning Xsi(s ") = u(s’;s )foralls "inS'! . It representshe uncertainex-
pectedpay-of for playeri if he choosestrateyy s'. Every gamblein the subset
Ki=fX,i:s'2SgofL(S ") isthusanuncertainexpectecpay-of. Thedistance
betweertwo stratgyy gambless measuredisingthesupnorm,

A0 %) = SUp Xi(s ) Xe(s s

s 128!

Proposition1 Thesetof strategy gamblesK " is corvex and compactunderthe
supnormtopologyonS .

Anothertype of gambleon S ! , Speci cally associatedvith a pure stratgy
s |, istheevaluationgambleY, i : S 'l [0;1]denedbyY,i(s )=s (s ).
This de nition impliesthatd i Yy i = 1. Eachof thesegamblesyields the un-
known probability massof the purestratgy s ' de ned by (the unknown) prob-
ability massfunctions . Usingthis notation,thevectorY ' = (Yl;::"YN i) of
evaluationgamblegeturnsto theunknovn mixedstratgys '= Y (s ') itself.

Using Eq. (1), it is possibleto write eachstrategyy gambleasa linear combi-
nationof evaluationgambles,

Xi= & @ u(sis)s's) Yeu (2)

si2si d29
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2.2 The PreciseDirichlet Model

First we considera modelthat speci esthe informationavailableto playeri as
alinear prevision P on somesubsebf L (S '); [2, Chapter3], [8, Section2.8].
P(X) is playeri's fair price, or prevision, for the gambleX, i.e., the uniquereal
numbersuchthatheis disposedo buy thegambleX for all pricesp < P(X) and
to sell X for all pricesp > P(X).

If wede nepp=P(Y ') = (P(Y);:::;P(Yy 1)), thenthe propertiesof linear
previsionsallow usto concludethat& ipp(s ') = 1and0  pp(s ) 1. We
seethatpp is a possiblemixedstratgy for theopponentlt is playeri's prevision
of the stratgy thathis opponentwill play. Using Eq. (2) andthe linearity of the
operatoiP, we canwrite for the prevision of the stratgyy gambleXi:

PO%)= & & u(sis )s'(s) pe(s )= Xi(pp); (3)
si2si d29
i.e.,theexpectedpay-of if theopponentvereactuallyto play stratey pp.
Thelinear prevision P we shallusehereis a preciseDiric hlet model(PDM)
P( jbt;rt), whereb > Oandr is amixedstrat@y in theinteriorint(S ') of S ',
i.e,ry(s ')> Oforalls '2 S '. ThisPDMis de nedfor all measurablgambles
XonS 'by
4

P(Xjbre) = X(s )f(s "jbgryds (4)

1
B(b;rt) s

wheref andthenormalisatiorconstanB de ne theparametrise@iDirichlet prob-
ability densityfunction,

f(s Tjbgry) = Si(?s is (s )P ) 1 and B(bry) = Os iG(G?E)ft;(S ')):

Whenusingsucha PDM, the prevision pp of the strateyy his opponentwill play
coincideswith r¢:

PP = Pr(ibiry = P(Y 'jbry) = re:

This meanghatfor the calculationof P(Xi j b;rt) we don't needto useEq. (4),
but thatwe canuseEq. (3), replacingpp by r¢:

P&iibir)= & & u(d;s)s'(8) ru(s )= Xai(ry):

si2si d29

2We usea non-standargarametrisatiorbecausét is moreconvenientin this contet; [9].
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2.3 The Impr eciseDirichlet Model

Next, we consideran impreciseprobability modelfor the information playeri
hasabouthis opponent strateyy. This canalwaysbe madeto take the form of
a coherentower prevision P on somesubsetof L(S 1); [8, Section2.3]. P(X)
speci esplayeri's supremunacceptablg@ricefor buying thegambleX, i.e.,it is
thegreatestealnumberp suchthatheis disposedo buyingthegambleX for all
pricesstrictly smallerthanp.

Thelowerprevision P we shallusehereis animpreciseDiric hletmodel(IDM)
P( j by; M), whereby > 0 andM;  int(S '); [9]. This IDM is de ned for all
measurablggamblesX on S ' asthe lower envelopeof a setof PDM's (with a
commonby, but eachwith theirownr ),

P(Xjb;; M) = inffP(Xjbg;re):re2 My S ig: (5)

3 Choosingan Optimal Strategy

When choosingan optimal strateyy, it is importantto be clearon what de nes
optimality. In this game-theoreticontet, it is desirableto attaina pay-of that
is as high as possible,but on the otherhandit may also be importantto limit
possibldossesThesearethe guidingcriteriain our searchfor optimalstratgjies
[6, Section3.8].

3.1 Admissible Strategies,Maximin Strategies,BestReplies

If for two stratgjiest’ ands', the pay-of for t' is alwaysat leastashigh asthat
for s',i.e., Xi X orin otherwords(8s '2 S N(Xi(s ') Xi(s ), we
saythatt' dominatess'—or thatX,; dominatesx;; [5, Section1.7.2].

A stratgly s' 2 S', or its correspondingstrategly gambleXsi 2 K', is called
inadmissiblef thereis anotherstrategy t' thatstrictly dominatest: X,i X and
Xsi 6 X;i. Otherwisejt is calledadmissible We consideranadmissiblestrateyy
to bemoreoptimalthananinadmissiblestratgyy. However, the discussiorof, and
theresultsdeducedor, thelearningmodelsbelow is notessentiallyaffectedwhen
this distinctionis notmade.

Now supposehatplayeri knowsthathis opponentill play somestratgy in
M S | but nothingmore.Whenplayings', his expectedpay-of will atleast
beinfs iy Xsi(s ). An M-maximinstrategyt' maximiseshis minimal pay-of:

t' 2 agmax inf Xi(s '):
siog s '2M

Proposition2 Thete are admissibleM-maximinstrategiesfor any compactsub-
setMof S '
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WhenM = S I, playeri doesnt have aclueabouthis opponentsstrat@y choice,
andthecorresponding '-maximinstrateyy is simply calleda maximinstrategy.

Corollary 1 Thele are alwaysadmissiblenaximinstrategies.

At the otherextreme,playeri knows his opponentwill play a strat@y s i, Any
correspondings 'g-maximinstratey is calledabestreplytos '. Thesetof all
bestrepliesto s 'is denotedoy BR'(s ).

Corollary 2 Theee are alwaysadmissiblebestrepliesto anystrategys 'in S '
This setof bestreplieshassomeinterestingproperties.

Proposition3 Foralls 'inS ', BR(s ') isacompactndcorvex subseof S'.
Moreover, if s' 2 BR'(s ') ands'(s) > 0for somes 2 S, thens 2 BR(s ).

ForM S | the collectionof bestrepliesto stratgjiesin M is denotedby
BR'(M) andgivenby _ [ o
BR(M) = BR(s '):

s i2Mm

Proposition4 For anysubseM of S I thatis corvex andclosed the M-maximin
strategiesmale up a subsebf BR'(M).

Corollary 3 Theee are alwaysadmissiblebestrepliesto any corvex and closed
subseM of S '

3.2 Optimal Strategiesand the PDM

WhenusingalinearprevisionP, ary admissiblestratgy s' thatmaximiseP(Xsi)
is calleda Bayesstrategy. This namerefersto thefactthatit is anoptimalstratgy
in theusualBayesiarsenseof maximisingexpectedutility; [8, Section3.9].

Eq. (3) tellsusthatP(Xgi) = X.i(pp). This meanghatt' is a Bayesstrategy
whenevert' 2 argmax,i Xi(pp). This givesthefollowing result.

Proposition5 Thesetof theBayesstrategiescorrespondingo alinear prevision
P is givenby theadmissiblestrategiesof BR'(pp).

If playeri's modelfor his opponents stratgy is aPDM P( j by;rt), we nd
thathis optimal (Bayes)strat@iesaresimply theadmissiblestrategjiesof BR'(r ¢).

3.3 Optimal Strategiesand the IDM

Whenusinga coherentower prevision P, a maximalstrategy is ary admissible
stratgyy s' for which min,i,g P(Xi Xi) O; see[8, Section3.9] for motiva-
tion.3

3To seethatthis de nition generaliseshatof a Bayesstratgy, considerthat

s'2 agmaxP(Xi), P(Xi) maxP(Xi), minP(Xi Xi) O
ti2g ti2s ti2g
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We shallusethenotationM (P) for thesetof linearprevisionsP thatdominate
P onits domain.

Proposition6 A strategys' is maximalunderP
., s!isaBayesstrategy undersomeP in M (P);

, sf is anadmissiblebestreplyto pp for someP 2 M (P), i.e., theadmissible
s' 2 BR(Mp), wheeMp = fpp: P2 M(P)g S

Corollary 4 There are maximalstrategiesunderP.

Thereis anotheroptimality criterion associateavith a lower prevision P: an
admissiblemixed stratgy s' is calledP-maximinif it maximisesthe lower pre-
vision P(X;i) of all stratgyy gamblesX;i, i.e.,if s' 2 agmaxi, g P(X;i); [8, Sec-
tion 3.9]. Sincea coherentiower prevision P is the lower envelopeof its setof
dominatinglinear previsions(see[8, Theorem3.3.3]),we seethat

P(Xi)= min P(Xi)= min Xi(s ')

B(X) = min P(X) = min Xi(s )
and consequentlythe admissiblemixed stratgy s' is P-maximinif andonly if
s' 2 agmaxipg Ming iy, Xi(s '), i.e., if it is Mp-maximin. We know from
Section3.1thatall the Mp-maximinstratgjiesalsobelongto BRi(ME).

Corollary 5 For anycoheentlower previsionP, there are P-maximinstrategies.
They coincidewith the admissibleMp-maximinstrategies,and are in particular
alsomaximalstrategiesunderP.

If playeri modelshis uncertaintyabouthis opponent stratgy by an IDM
P( j bt;M;), we have proved the following results,using the continuity of Y
andthe propertiesof M (P( j be; My)).

Theorem1 If M; is a subsetof int(S ), thenthe set Mp(jbi:my) IS the closed
corvex hull To(M) of M.

Wethus nd thatthe optimalstrateiesin thisimprecisemodelaretheadmissible
elementof BR'(co(M;)) . Moreover, if playeri wantsto playit safe(maximisehis
minimal expectedgains),he canuseadmissibleco(M;)-maximinstrateies.

4 Playing the GameOver and Over Again

We now turn our attentionto how the proposedmodels,the PDM andthe IDM,
canbe usedwhena numberof roundsof the gameare played.We speci cally
look at the way obsenationsof pastplay canchangethe assessments a player
andwe formulateanalgorithmto guidetheplayersin their stratgy choices.
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4.1 Learning from PastPlay

After playingt roundsof the game,playeri hasobsened a so-calledhistory
z'2 Z,'= (S of the purestratgiesz '(k), k = 1;:::;t, thathis opponent
hasplayed.

If playeri supposethathisopponenplaysa x edmixedstratgys ',*which
is of coursenot necessarilythe case,the order of the stratgiesin the history
doesnot matterand the obsened stratgjies can be consideredas outcomesof
a multinomial iid processAs a sufcient statisticfor s ' he canthenusethe
N -tuplen ' of observedccurrencesor which eachcomponent (s ') isthe
numberof timeshis opponentasplayeds ' 2 S ', andwhich s consequentla
randomvariablewith the multinomial distribution. The total numbert of rounds
playedis alsoequalto &5 in (s '). TheN '-tuple of observedrequenciedl:
is denotedby k; ' andcanbeconsideredo beanelementf S .

Thelikelihoodfunctionfor n ' is

L,i(s Y= < t'

OS — .i(s |)| C~) s i(S i)n i(s i):

s i2si
UsingBayes'rule, we cannow update(seee.g.[5, Chapter2]) a prior Dirichlet
densityfunction f(s '] bg;r o) with theobsenationsn ',

1
P(Ln ij bo;ro)
boro+ n i
bo+t

f(s 'jbo;ro;n ') = f(s 'jbo;ro)ly i(s )

f(s 'jbo+t; )

f(s 'jby;ry):

We seethattheposteriordensityfunction f(s 'j by;ry) is still a Dirichlet density
function. This meanghatthatthe Dirichlet densityfunctionsconstitutea conju-
gatefamily of densityfunctionsfor themultinomialsamplinglik elihoodfunction
L, i. Obsenre that P(L,, i j bo;r o) hasto be non-zero,which is guaranteedy
bo> Oandro2 int(S ).

4.2 Updating a Dirichlet model

Whenupdatinga prior PDM P( | bo;r o) aftert rounds,we nd thatwe simply
have to updatethe parameters,

_ boro+ n i

bo! bi=bg+t and rg! r¢ bt
0

; (6)

4This correspondso the underlyingassumptiorusedin so-called ctitious play; [5, Chapter2].
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to obtainthe posteriorPDM P( j by;ry). It is clearthat rst updatingwith n !
andthenupdatingthe new modelwith m ' is equivalentto updatingthe original
modelwithn '+ m ',

Whenupdatinga prior IDM P( j bg; Mp) aftert rounds,the answeris a bit
morecomplicatedlt is possiblethattherearen ' for which P(L,, i j bo;Mo) = 0
evenwith Mg int(S '), i.e.,for P(L,, i j bo;Mo) > OweneedP(L,, i jbo;ro) > 0
for all r o 2 TO(Mp). However, usingthe notion of regular extensionwe can nd
a uniqueposteriorIDM thatis coherentwith P( j bg;Mp) andthat satis esthe
additionalrationality axiom of regularity; [8, AppendixJ]. This posteriorlower
previsionturnsoutto bethelower ervelopeof the updated”DM's,

boro+ n i

r(:?l]:/IOP(XJ bo+t; bo+ t )= r!E"‘\CAt P(Xjbt;re) = P(Xj by, My);

whereb; andM; arethe parametersf theupdated DM,

boro+ n i

bo! bt=bg+t d Mg! Mi=f
0 t 0 an 0 t bo+ t

1 o2 Mog: (7

4.3 lterati ve Playing Algorithm: AssessPecideand Update

Our genericguiding algorithmfor playeri playing multiple roundsof a strictly
competitive two-playergameconsistsof threesteps;[4, Section3]. Assumethat
t roundshave alreadybeenplayed,andthatthe history z; ' of the purestrat@ies
playedby theopponenturingtheseroundsis availableto playeri. He is aboutto
play anew roundandusessomemodelto describeheinformationhehas.

1. Playeri hasto make anassessment (z, ') aboutthe datathatarerelevant
for his strateyy choice:to this end,he usesanassessmenmtile p'.

2. Playeri hasto usea decisionrule f1 to choosea stratgyy f'(z ') to play,
usinghis assessmenfg(z ').

3. After theroundis played,playeri shouldusethe obsenation of his oppo-
nents stratgy to updatehis information.

Let us now seewhat this algorithm becomedor the two typesof uncertainty
modelsdescribedabove.

Whenusinga PDM P( | by;r¢), we canformulatethefollowing implementa-
tion of thealgorithm.

1. Letpi(z ') =r¢= Pp(jbery)» the prevision of the opponents strateyy.
2. Letfi(z i) be some(admissiblelelemenif BRI(r ).
3. UpdatethePDMto P( j bi+1;rt+1) usingEq. (6).
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Initially, playeri hasto choosear o andbg. The parametebg canbeinterpreted
asthe numberof pseudocountsassociateavith theinitial prevision of his oppo-
nents strat@y r o, for which ary choiceis arbitrary (if it is not basedon some
information).

WhenusinganIDM P( j by; M), we canformulatetwo differentimplemen-
tationsof thealgorithm,differentonly in their choiceof behaiour rule.

1. Letp(z, ) = TO(Mt) = Mp(jbmy)-

2. (a) If we considermaximalityastheop_timalitycriterion,thenletfi(zt "
be some(admissibleelementof BR' (Co(M;)).

(b) If we considemaximinity asthe optimality criterion, thenlet f '(z i)
be some(admissible)xo(M;)-maximinstratayy.

3. UpdatetheIDM to P( j bt+1; Mt+1) usingEq. (7).

Initially, playeri hasto choosean Mg anda numberof pseudocountbg. When
he hasno informationavailable,anobvious choicefor Mg is int(S '), which cor-

respondgo so-callednearignorance[8, Section4.6.9]. The choicefor the best
reply behaiour rule or the maximin behaiour rule will notin uence theresults
of Section5 in ary way.

5 Equilibria and Convergence

Now thatwe have two learningmodels,the PDM andthe IDM, at our disposal,
we caninvestigatehe game-playthatresultsfrom usingthem.We startby giving
somede nitions thatareessentiafor the ensuinganalysis.

5.1 StrategyPro les and Equilibria

To be able to analysethe game-playthat resultsfrom the assessmerdnd be-
haviour rulesdiscussedh Sectiord.3,weintroducesomenew notationandrecall
theconceptof anequilibrium.

A coupleof stratgjies of the playersis called a strategy pro le, which can
bepures= (s;s )2S=S S ormixeds = (s';s '2S=S S A
correspondingro le historyaftert roundsof playis denotedby z; 2 Z; = S.

Thenotations(s) correspondso (s'(s);s (s ). Likewise,we write

BR(s)=BR(s ) BR(s') S
Wz)=W(z') u'@ s
f(z)=(f'(z,')if ') 2S:

5In theliterature thevaluesl and2 arefoundfor prior modelsthatarenot basedn ary informa-
tion; [9].
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An equilibriumis a stratgyy pro le for which the pay-of for both players
cannotbe increasedf one of them changeshis stratgy, while his opponents
stratgly remainsunchanged[3]. This meanghat

s isanequilibrium, (8i) u'(s )= maxu'(t;s ) , s 2BR(s ):
t'28

If s = BR(s ), thens is astrict equilibrium® A gamecanhave multiple (strict)
equilibria.

5.2 AssessmenRules

Thede nitions in this sectionandin thenext aregeneralisationsf thede nitions
givenby Fudenbeg andKrepsin [4] to learningmodelswith assessments(z; ')
thatareset-\aluedratherthanpoint-valued.

An importantcharacterisatiof possibleassessmertlescanbe madeby
looking atwhatthein uence is of differentpartsof a history.

We say that a assessmenule | is adaptiveif it attachesdiminishingim-
portanceto earlierpartsof the history, asthe numberof roundst increasesThis
meanghatfor all t andall e> 0,

(9T>1) 8% T t 82,0227, 8'21(z,) 0 s'E)<e;

for every purestratey s thatwasnot playedin thelastt®rounds(did not appear
in thet®lastcomponentsf z,.'\0)-

A speci ¢ subcatgory of the adaptve assessmentilescanbe de ned using
theobsenedfrequencie; ' of stratgiesplayedby theopponentAn assessment
rule (' is calledasymptoticallyempiricalif for everyin nite historyzy' 2 Zy ' it
holdsthatlimy y sup, 24 (2, iy d(s I'k; ") = 0,wherethez, ' arepartialhistories
of theselectedn nite historyz,'.

Usingthe updatingformulae(6) and(7), we obtainthefollowing result.

Theorem?2 Theassessmenules of the PDM and the IDM are asymptotically
empirical,andthusadaptive

5.3 Behaviour Rules

It is clearthatthebehaviour rulesf determinavhich historiesarepossible A his-
tory is calledcompatiblewith the behaviour rulesf usedby the playersif it can
be generatedwith non-zergprobability) by thesebehaviour rules.Explicitly, this

6By Proposition3, only purestrategy pro les canbestrictequilibria.
“Whenonly admissiblestratgjies are consideredptimal, someequilibria might not be playable.
Thereis alwaysatleastoneadmissiblesquilibrium.
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patiblepro le history bothcomponent®f f (zx 1)(z:(k)) arestrictly positive, so
therandomisatiordevicesusedby the playerscanselectthe purestratgiesz! (k)
andz, '(k) with non-zeraprobability.

It is usefulto know to whatdegreethe behaiour rulesf usedby the players
succeedn attainingthe objective of optimality (seeSectionl.2). The characteri-
sationdn this sectiondojustthis, andgive a clearinterpretatiorof this objective,
keepingin mind thatthe playerssupposehattheir opponentplaysanunknown,
but x ed,mixedstrateyy.

We call abehaviour rulef ' set-myopicelative to theassessmemtile ' if, for
all't andhistoriesz, ', it holdsthatf '(z, ') 2 BR/((z ')). Whentheassessments
U (z ") arepoint-valued thepre x “set'in set-myopids dropped.

We now de ne awealeningof the notion of a set-myopidbehaiour rule. We
call abehaiour rule f' strongly asymptoticallyset-myopiaelative to the assess-
mentrule uf if, for somesequencey > 0 with limy y ¢ = 0 andfor all t and
historiesz; ', it holdsthat

8s '2(z,') 882 S suchthatfi(z, ')(8)> 0
u(Es H+a maxu(sis ') :
s23

Usingthede nitions from Sectiond.3the next resultis immediate.

Theorem3 Thebehaviourrulesfor the IDM are set-myopiand the behaviour
rule for thePDM is myopic.

5.4 Convergenceto equilibria

An interestingheoremaboutstrict equilibriafollows directly from thede nitions
of astrictequilibriumandof a myopicbehaiour rule; [4].

Theorem 4 (absorption to a strict equilibrium) If there is a strict equilibrium
s thatis playedin someroundt of a pro le historyz; compatiblewith a myopic
behaviourrule f, thens will be playedduring all subsequeniundst®> t.

This theoremholds for the PDM (with myopic behaiour rules), dueto Theo-
rem3, but not for the IDM (with set-myopicbehaiour rules),becauseave have
beenableto shav thattheselectednixedstrategy f '(z, ') underbothoptimisation
criteriacanstill bedifferentfrom s dueto thefactthatp!(z; ') = co(M) is a set.
It is possibleto tightenthe conditions,to obtaina resultthat alsoworks for the
IDM, i.e.,to make surethatbestreply only containss .

Theorem5 (conditional absomtion to a strict equilibrium) If, for somepro le
historyz; compatiblewith set-myopidehaviourulesf , the strategy pro le f (z;)
cannotbedifferentfromthestrict equilibriums , thens will beplayedduringall
subsequenbundst®> t.
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For equilibrias of purestratgiesthatarent necessarilstrict, the following
resultis found.

Theorem 6 (repeatedplay of a pure strategy pro le) Consideranin nite his-
tory zy in Zy sud that for somet, a pure strategy pro le s is playedin all
subsequentounds.If zy is compatiblewith behaviourrulesf that are strongly
asymptoticallyset-myopiaelative to the adaptiveassessmentiles i, thens is
an equilibrium.

Thistheoremcanbeusedfor boththe PDM andthe IDM, dueto Theorem® and
3, evenif bothplayersdon't usethesamemodel.For example,oneplayercanuse
thelDM andhis opponenthe PDM, or two playerscanusethe DM, eachusing
adifferentoptimality criterion.

For mixed equilibria s , the following resultaboutthe corvergenceof the
obsenedgame-playto a mixedequilibrium,is found.

Theorem 7 (repeatedplay of a mixed strategypro le) Let thein nite history
zy in Zy be sud that for somemixedstrategy pro le s , it holdsthat for both
playesi2 f 1;1g _ _
limk,'=s "
tl ¥
If thein nite history zy is compatiblewith behaviourrulesf that are strongly
asymptoticallyset-myopiaelativeto the assessmentiles p that are asymptoti-
cally empirical,thens is anequilibrium.

As before,dueto Theorems and3, this theoremcanbe usedfor boththe PDM
andthelDM.

Theorems6 and 7 can only say that corvergencehas occurred,but do not
indicatewhencornvergencewill occur They couldbeusefulfor nding equilibria
in large games As thesetheoremsare generalisationso set-\aluedassessment
rulesof theoremdoundin [4], their proofsare (not alwaystrivial) modi cations
of theonesfoundthere.

6 Conclusions

6.1 GeneralRemarks

Boththelearningmodelsdiscusse@bore accomplishour objective of optimality
of theexpectedpay-of quitewell. Their corvergencepropertiesalsofavour their
usein gametheory notablyin the searchor equilibria.

The PDM hasalreadybeenstudiedin the literatureandthe learningmodel
basednit is oftencalled ctitious playin agame-theoretisetting.ThelDM has
alsobeenusedin differentcontexts; see[9] for the presentatiornf theIDM itself
and[1], [10], [11] and[12] for examplesof possibleapplicationsn otherareas.
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In Section5 we have in factgeneralisedhe resultsof Fudenbeg andKreps
in [4, Sections3 and4], wherepoint-valuedassessmentsg(z, ') areused to set-
valuedassessmentghis is why we formulatedTheorems6 and7 for a broader
classof learningmodelsthanour Dirichlet models which allows Section5 to be
seerasageneralisationf [4, Sections3 and4], andnotonly asa groupof results
for thePDM andIDM. _

We haven't discussedhe choiceof a speci ¢ stratgy f'(z, ') from among
the optimal ones.But, if for a speci ¢ applicationother, additional,criteria are
available,thenusingthemat this stagewill notin uence the corvergenceresults
in any way.

6.2 PDM vs.IDM

If we comparehe PDM to thelDM, the rst thingto besaidis thatthe PDM is a
specialcaseof theIDM, whereMg = fr gg. Thisimmediatelyindicatesthe most
importantadvantageof the IDM over the PDM, the possibility of not having to
malke anarbitraryinitial choice,asthereis no needto chooseonespeci c prior.

The secondadwantageof thelearningmodelusingthe IDM s thatit re ects,
in its assessment(z; '), the amountof informationon which it is based This
correspondgo the fact that the distancesbetweenelementsof M; shrink with
increasing. Sothe modelbecomegnorepreciseasmoreobsenationscomein,
in thesensdhatall elementof M; will lie closerandcloserto ther ; of any PDM
thatcouldhave beenused®

Onedisadwantageof the IDM is thatit is a more complex model(the player
hasto work with setsof stratgjiesinsteadof onestratey). This differencecould
bere ectedby the calculationloadfor bothmodels.
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