
Game-Theoretic Learning Using the
Impr eciseDirichlet Model

E. QUAEGHEBEUR
GhentUniversity, Belgium

G. DE COOMAN
GhentUniversity, Belgium

Abstract

Wediscusstwo approachesfor choosingastrategy in atwo-playergame.We
supposethatthegameis playeda largenumberof rounds,which allows the
playersto useobservationsof pastplay to guidethemin choosingastrategy.

Centralin theseapproachesis the way the opponent's next strategy is
assessed;botha preciseandanimpreciseDirichlet modelareused.Theob-
servationsof the opponent's paststrategiescanthenbe usedto updatethe
modelandobtainnew assessments.To someextent,the impreciseprobabil-
ity approachallows usto avoid makingarbitraryinitial assessments.

To beableto chooseastrategy, theassessmentof theopponent's strategy
is combinedwith rules for selectingan optimal responseto it: a so-called
bestresponseor a maximinstrategy. Togetherwith theupdatingprocedure,
this allows usto choosestrategiesfor all theroundsof thegame.

Theresultingplayingsequencecanthenbeanalysedto investigateif the
strategy choicescanconvergeto equilibria.
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1 Intr oduction

In [4] and[5], Fudenberg etal. haveprovedanumberof convergenceresultscon-
cerningmethodsfor learningoptimalstrategiesin agame-theoreticcontext. They
show thattheseresultshold in particularfor �ctitious play in strictly competitive
two-playergamesin strategic form. In this context, a playerbaseshis learning
methodon the assumptionthat his opponentusesa �x ed,but unknown, mixed
strategy. The pure strategies that his opponentactually plays are consequently
assumedto be iid observationsof the randommultinomialprocessthat hasthis
mixedstrategy asits probabilitymassfunction.Theplayerthenusesa Bayesian
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statisticalupdatingscheme,wheretheprior is chosenfrom amongaclassof mod-
elsthatis conjugatewith themultinomiallikelihoodfunction,namelytheDirich-
let priors,mainlybecausesuchachoiceallows for simpleupdatingrules.

In thepresentwork, we investigatehow this learningmethodis in�uencedby
replacingthe Dirichlet priors by so-calledimpreciseDirichlet priors, �rst intro-
ducedby Walley [9], andweprovidegeneralisationsfor Fudenberg'sconvergence
resultsthatcanbeappliedto thenew learningmethod.

1.1 The Game

Weconsiderstrictly competitivetwo-playergamesin thestrategic form; [3, Chap-
ter 2], [5, Chapter1]. Oneplayeris denotedby i andhis opponentby � i, where
i 2 f� 1;1g.

Playeri hasa �nite setSi = f 1; : : : ;Nig of purestrategiessi . After eachround
of thegame,hereceivesa (possiblynegative)pay-off ui(si ;s� i), with si 2 Si and
s� i 2 S� i. Thispay-off is assumedto beexpressedin unitsof somepredetermined
linearutility, e.g.probabilitycurrency; [7, Sections13and14], [8, Section2.2.2].

Insteadof choosingapurestrategy, playeri canalsochooseaso-calledmixed
strategy s i , which is a probability massfunction on the setSi. This amountsto
usinga randomisationdevice thatchoosesa purestrategy from Si, with theprob-
abilities for eachpure strategy de�ned by the mixed strategy s i . Thesecanbe
written asa vectorof lengthNi with å si s i(si ) = 1. We denotethe setof these
mixedstrategiesby Si . In whatfollows,unlessotherwiseindicated,si will always
beanelementof Si ands i will alwaysbeanelementof Si .

Whenusingmixedstrategies,only theexpectedpay-off canbecalculated,

ui(s i ;s � i) = å
si2Si

å
s� i2S� i

ui(si ;s� i )s i(si )s � i(s� i ): (1)

It shouldbeclearthatpurestrategiescanbeconsideredasborder-case,or degen-
erate,mixedstrategies.Thesetof all mixedstrategiesS� i canberepresentedas
theunit simplex in RN� i

. Purestrategiescorrespondto theverticesof thesimplex.
Thedistancebetweentwo strategiesis measuredusingthesup-norm,1

d(s � i ; t � i ) = sups� i2S� i js � i(s� i ) � t � i(s� i)j:

Observethattheconvex unit simplex is compactunderthis norm.

1.2 Our Objective

Wewish to formulateaprocedurethatguidestheplayersin theirstrategy choices
in sucha way, that, using the information they have at their disposal,their ex-
pectedpay-off is in somesenseoptimal.

1This allows for a niceinterpretation,but any normgeneratingtheusualtopologycouldbeused.
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2 Assessingthe Opponent's Strategy

It is essentialthat the information player i hasaboutthe strategy s � i that his
opponentwill play, is modelledin amannerthatis useful,in light of theobjective
above, for choosinga strategy s i in responseto s � i . In this sectionwe describe
two uncertaintymodelsfor representingsuchinformation.The �rst is a precise
probabilitymodel,thesecondis imprecise.

2.1 Gambles

Theavailableinformationabouthis opponent's strategy s � i will leadplayeri to
acceptor rejectgambleswhoseoutcomedependson s � i . Both the uncertainty
modelsdescribedlaterintendto modelplayeri'sbehaviouraldispositionstoward
suchgambles.A gambleX on S� i is a boundedreal-valuedmapon S� i . It rep-
resentsan uncertainreward: it yields theamountX(s � i) if player� i decidesto
play themixedstrategy s � i . Thesetof all gamblesonS� i is denotedby L (S� i);
[8, Section1.5.6].Two typesof gamblesareof specialinterest.

If player i decidesto play strategy s i , then the gamewill result in an ex-
pectedpay-off that still dependson thestrategy s � i thathis opponentwill play.
Thus,we canassociatethe strategy gambleXs i on S� i with this strategy s i by
de�ning Xs i (s � i) = ui(s i ;s � i) for all s � i in S� i . It representstheuncertainex-
pectedpay-off for playeri if hechoosesstrategy s i . Every gamblein thesubset
K i = f Xs i : s i 2 Sig of L (S� i ) is thusanuncertainexpectedpay-off. Thedistance
betweentwo strategy gamblesis measuredusingthesup-norm,

d(Xs i ;Xt i ) = sup
s � i2S� i

jXs i (s � i) � Xt i (s � i )j:

Proposition1 Thesetof strategy gamblesK i is convex andcompactunderthe
sup-normtopologyonS� i .

Another type of gambleon S� i , speci�cally associatedwith a purestrategy
s� i , is theevaluationgambleYs� i : S� i ! [0;1] de�ned by Ys� i (s � i ) = s � i(s� i ).
This de�nition implies that å s� i Ys� i = 1. Eachof thesegamblesyields the un-
known probabilitymassof thepurestrategy s� i de�ned by (theunknown) prob-
ability massfunctions � i . Usingthis notation,thevectorY� i = (Y1; : : : ;YN� i ) of
evaluationgamblesreturnsto theunknown mixedstrategy s � i = Y� i(s � i) itself.

UsingEq. (1), it is possibleto write eachstrategy gambleasa linearcombi-
nationof evaluationgambles,

Xs i = å
s� i2S� i

�

å
si2Si

ui(si ;s� i)s i (si)
�

Ys� i : (2)
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2.2 The PreciseDirichlet Model

First we considera modelthat speci�es the informationavailableto playeri as
a linear prevision P on somesubsetof L (S� i ); [2, Chapter3], [8, Section2.8].
P(X) is playeri's fair price, or prevision, for thegambleX, i.e., theuniquereal
numbersuchthatheis disposedto buy thegambleX for all pricesp < P(X) and
to sellX for all pricesp > P(X).

If wede�ne pP = P(Y� i) = (P(Y1); : : : ;P(YN� i )) , thenthepropertiesof linear
previsionsallow us to concludethat å s� i pP(s� i) = 1 and0 � pP(s� i) � 1. We
seethatpP is a possiblemixedstrategy for theopponent.It is playeri's prevision
of thestrategy thathis opponentwill play. UsingEq. (2) andthe linearity of the
operatorP, we canwrite for theprevisionof thestrategy gambleXs i :

P(Xs i ) = å
s� i2S� i

�

å
si2Si

ui(si ;s� i)s i (si)
�

pP(s� i) = Xs i (pP); (3)

i.e., theexpectedpay-off if theopponentwereactuallyto playstrategy pP.
The linearprevision P we shallusehereis a preciseDirichlet model(PDM)

P(� j bt ; r t ), wherebt > 0 andr t is amixedstrategy in theinterior int(S� i) of S� i ,
i.e.,r t (s� i) > 0 for all s� i 2 S� i. ThisPDM is de�ned for all measurablegambles
X onS� i by

P(X j bt ; r t ) =
1

B(bt ; r t )

Z

S� i
X(s � i) f (s � i j bt ; r t )ds � i ; (4)

wheref andthenormalisationconstantB de�ne theparametrised2 Dirichlet prob-
ability densityfunction,

f (s � i j bt ; r t ) = Õ
s� i2S� i

s � i(s� i )bt r t (s� i)� 1 and B(bt ; r t ) =
Õs� i G(bt r t (s� i))

G(bt )
:

Whenusingsucha PDM, theprevisionpP of thestrategy his opponentwill play
coincideswith r t :

pP = pP(�jbt ;r t ) = P(Y� i j bt ; r t) = r t :

Thismeansthatfor thecalculationof P(Xs i j bt ; r t ) we don't needto useEq.(4),
but thatwe canuseEq.(3), replacingpP by r t :

P(Xs i j bt ; r t ) = å
s� i2S� i

�

å
si2Si

ui(si ;s� i)s i (si )
�

r t(s� i ) = Xs i (r t ):

2Weuseanon-standardparametrisation,becauseit is moreconvenientin thiscontext; [9].
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2.3 The Impr eciseDirichlet Model

Next, we consideran impreciseprobability model for the informationplayer i
hasabouthis opponent's strategy. This canalwaysbe madeto take the form of
a coherentlower prevision P on somesubsetof L (S� i ); [8, Section2.3]. P(X)
speci�esplayeri's supremumacceptablepricefor buying thegambleX, i.e., it is
thegreatestrealnumberp suchthatheis disposedto buying thegambleX for all
pricesstrictly smallerthanp.

ThelowerprevisionP weshallusehereis animpreciseDirichletmodel(IDM)
P(� j bt ;Mt ), wherebt > 0 andMt � int(S� i ); [9]. This IDM is de�ned for all
measurablegamblesX on S� i asthe lower envelopeof a setof PDM's (with a
commonbt , but eachwith their own r t),

P(X j bt ;Mt ) = inff P(X j bt ; r t) : r t 2 Mt � S� ig: (5)

3 Choosingan Optimal Strategy

Whenchoosingan optimal strategy, it is importantto be clearon what de�nes
optimality. In this game-theoreticcontext, it is desirableto attaina pay-off that
is ashigh aspossible,but on the other handit may also be importantto limit
possiblelosses.Thesearetheguidingcriteriain our searchfor optimalstrategies
[6, Section3.8].

3.1 AdmissibleStrategies,Maximin Strategies,BestReplies

If for two strategiest i ands i , thepay-off for t i is alwaysat leastashigh asthat
for s i , i.e., Xt i � Xs i or in otherwords(8s � i 2 S� i)(Xt i (s � i) � Xs i (s � i)) , we
saythatt i dominatess i—or thatXt i dominatesXs i ; [5, Section1.7.2].

A strategy s i 2 Si , or its correspondingstrategy gambleXs i 2 K i , is called
inadmissibleif thereis anotherstrategy t i thatstrictly dominatesit: Xt i � Xs i and
Xs i 6= Xt i . Otherwise,it is calledadmissible. We consideranadmissiblestrategy
to bemoreoptimalthananinadmissiblestrategy. However, thediscussionof, and
theresultsdeducedfor, thelearningmodelsbelow is notessentiallyaffectedwhen
thisdistinctionis notmade.

Now supposethatplayeri knowsthathisopponentwill playsomestrategy in
M � S� i , but nothingmore.Whenplaying s i , his expectedpay-off will at least
beinfs � i2M Xs i (s � i). An M-maximinstrategy t i maximisesthisminimalpay-off:

t i 2 argmax
s i2Si

inf
s � i2M

Xs i (s � i ):

Proposition2 There are admissibleM-maximinstrategiesfor anycompactsub-
setM of S� i .
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WhenM = S� i , playeri doesn't haveaclueabouthisopponent'sstrategy choice,
andthecorrespondingS� i-maximinstrategy is simplycalleda maximinstrategy.

Corollary 1 Thereare alwaysadmissiblemaximinstrategies.

At theotherextreme,playeri knows his opponentwill play a strategy s � i . Any
correspondingf s � ig-maximinstrategy is calledabestreplyto s � i . Thesetof all
bestrepliesto s � i is denotedby BRi(s � i).

Corollary 2 Thereare alwaysadmissiblebestrepliesto anystrategys � i in S� i .

Thissetof bestreplieshassomeinterestingproperties.

Proposition3 For all s � i in S� i , BRi(s � i) is a compactandconvex subsetof Si .
Moreover, if s i 2 BRi(s � i) ands i (si) > 0 for somesi 2 Si, thensi 2 BRi (s � i).

For M � S� i , the collectionof bestrepliesto strategiesin M is denotedby
BRi(M) andgivenby

BRi (M) =
[

s � i2M

BRi(s � i ):

Proposition4 For anysubsetM of S� i that is convexandclosed,theM-maximin
strategiesmakeupa subsetof BRi (M).

Corollary 3 There are alwaysadmissiblebestrepliesto any convex andclosed
subsetM of S� i .

3.2 Optimal Strategiesand the PDM

WhenusingalinearprevisionP, any admissiblestrategys i thatmaximisesP(Xs i )
is calledaBayesstrategy. Thisnamerefersto thefactthatit is anoptimalstrategy
in theusualBayesiansenseof maximisingexpectedutility; [8, Section3.9].

Eq. (3) tells us thatP(Xs i ) = Xs i (pP). This meansthat t i is a Bayesstrategy
whenever t i 2 argmaxs i Xs i (pP). Thisgivesthefollowing result.

Proposition5 Thesetof theBayesstrategiescorrespondingto a linear prevision
P is givenby theadmissiblestrategiesof BRi (pP).

If playeri's modelfor his opponent's strategy is a PDM P(� j bt ; r t ), we �nd
thathisoptimal(Bayes)strategiesaresimply theadmissiblestrategiesof BRi(r t ).

3.3 Optimal Strategiesand the IDM

Whenusinga coherentlower prevision P, a maximalstrategy is any admissible
strategy s i for which mint i2Si P(Xs i � Xt i ) � 0; see[8, Section3.9] for motiva-
tion.3

3To seethatthis de�nition generalisesthatof aBayesstrategy, considerthat

s i 2 argmax
t i2Si

P(Xt i ) , P(Xs i ) � max
t i2Si

P(Xt i ) , min
t i2Si

P(Xs i � Xt i ) � 0:
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WeshallusethenotationM (P) for thesetof linearprevisionsP thatdominate
P on its domain.

Proposition6 A strategys i is maximalunderP

, s i is a BayesstrategyundersomeP in M (P);

, s i is anadmissiblebestreplyto pP for someP 2 M (P), i.e., theadmissible
s i 2 BRi(MP), whereMP = f pP : P 2 M (P)g � Si .

Corollary 4 Thereare maximalstrategiesunderP.

Thereis anotheroptimality criterionassociatedwith a lower prevision P: an
admissiblemixedstrategy s i is calledP-maximinif it maximisesthe lower pre-
vision P(Xt i ) of all strategy gamblesXt i , i.e., if s i 2 argmaxt i2Si P(Xt i ); [8, Sec-
tion 3.9]. Sincea coherentlower prevision P is the lower envelopeof its setof
dominatinglinearprevisions(see[8, Theorem3.3.3]),weseethat

P(Xt i ) = min
P2M (P)

P(Xt i ) = min
s � i2MP

Xt i (s � i);

andconsequently, the admissiblemixed strategy s i is P-maximin if andonly if
s i 2 argmaxt i2Si mins � i2MP

Xt i (s � i), i.e., if it is MP-maximin. We know from

Section3.1thatall theMP-maximinstrategiesalsobelongto BRi (MP).

Corollary 5 For anycoherentlowerprevisionP, thereareP-maximinstrategies.
They coincidewith theadmissibleMP-maximinstrategies,andare in particular
alsomaximalstrategiesunderP.

If player i modelshis uncertaintyabouthis opponent's strategy by an IDM
P(� j bt ;Mt ), we have proved the following results,using the continuity of Y� i

andthepropertiesof M (P(� j bt ;Mt )) .

Theorem1 If Mt is a subsetof int(S� i ), then the set MP(�jbt ;Mt ) is the closed
convex hull co(Mt ) of Mt .

Wethus�nd thattheoptimalstrategiesin this imprecisemodelaretheadmissible
elementsof BRi(co(Mt )) . Moreover, if playeri wantsto playit safe(maximisehis
minimalexpectedgains),hecanuseadmissibleco(Mt )-maximinstrategies.

4 Playing the GameOver and Over Again

We now turn our attentionto how theproposedmodels,thePDM andthe IDM,
canbe usedwhena numberof roundsof the gameareplayed.We speci�cally
look at theway observationsof pastplay canchangetheassessmentsof a player
andwe formulateanalgorithmto guidetheplayersin their strategy choices.
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4.1 Learning fr om PastPlay

After playing t roundsof the game,player i hasobserved a so-calledhistory
z� i

t 2 Z � i
t = (S� i)t of the purestrategiesz� i

t (k), k = 1; : : : ;t, that his opponent
hasplayed.

If playeri supposesthathisopponentplaysa�x edmixedstrategy s � i ,4 which
is of coursenot necessarilythe case,the order of the strategies in the history
doesnot matterand the observed strategies can be consideredas outcomesof
a multinomial iid process.As a suf�cient statisticfor s � i he can then usethe
N� i-tuplen� i of observedoccurrencesfor whicheachcomponentn� i(s� i ) is the
numberof timeshis opponenthasplayeds� i 2 S� i, andwhich is consequentlya
randomvariablewith themultinomialdistribution. Thetotal numbert of rounds
playedis alsoequalto å s� i n� i(s� i ). TheN� i-tupleof observedfrequenciesn

� i

t
is denotedby k � i

t andcanbeconsideredto beanelementof S� i .
Thelikelihoodfunctionfor n� i is

Ln� i (s � i ) =
t!

Õs� i n� i(s� i)! Õ
s� i2S� i

s � i(s� i )n� i(s� i ) :

UsingBayes'rule, we cannow update(seee.g.[5, Chapter2]) a prior Dirichlet
densityfunction f (s � i j b0; r 0) with theobservationsn� i,

f (s � i j b0; r 0;n� i) =
1

P(Ln� i j b0; r 0)
f (s � i j b0; r 0)Ln� i (s � i)

= f (s � i j b0 + t;
b0r 0 + n� i

b0 + t
)

= f (s � i j bt ; r t):

Weseethattheposteriordensityfunction f (s � i j bt ; r t ) is still aDirichlet density
function.This meansthat that theDirichlet densityfunctionsconstitutea conju-
gatefamily of densityfunctionsfor themultinomialsamplinglikelihoodfunction
Ln� i . Observe that P(Ln� i j b0; r 0) hasto be non-zero,which is guaranteedby
b0 > 0 andr 0 2 int(S� i).

4.2 Updating a Dirichlet model

Whenupdatinga prior PDM P(� j b0; r 0) after t rounds,we �nd thatwe simply
haveto updatetheparameters,

b0 ! bt = b0 + t and r 0 ! r t =
b0r 0 + n� i

b0 + t
; (6)

4This correspondsto theunderlyingassumptionusedin so-called�ctitious play; [5, Chapter2].
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to obtain the posteriorPDM P(� j bt ; r t). It is clear that �rst updatingwith n� i

andthenupdatingthenew modelwith m� i is equivalentto updatingtheoriginal
modelwith n� i + m� i.

Whenupdatinga prior IDM P(� j b0;M0) after t rounds,the answeris a bit
morecomplicated.It is possiblethat therearen� i for whichP(Ln� i j b0;M0) = 0
evenwith M0 � int(S� i ), i.e.,for P(Ln� i j b0;M0) > 0 weneedP(Ln� i j b0; r 0) > 0
for all r 0 2 co(M0). However, usingthenotionof regular extension, we can�nd
a uniqueposteriorIDM that is coherentwith P(� j b0;M0) andthat satis�es the
additionalrationality axiom of regularity; [8, AppendixJ]. This posteriorlower
previsionturnsout to bethelowerenvelopeof theupdatedPDM's,

inf
r 02M0

P(X j b0 + t;
b0r 0 + n� i

b0 + t
) = inf

r t2Mt
P(X j bt ; r t ) = P(X j bt ;Mt );

wherebt andMt aretheparametersof theupdatedIDM,

b0 ! bt = b0 + t and M0 ! Mt = f
b0r 0 + n� i

b0 + t
: r 0 2 M0g: (7)

4.3 Iterati vePlaying Algorithm: Assess,Decideand Update

Our genericguiding algorithmfor playeri playing multiple roundsof a strictly
competitive two-playergameconsistsof threesteps;[4, Section3]. Assumethat
t roundshave alreadybeenplayed,andthat thehistoryz� i

t of thepurestrategies
playedby theopponentduringtheseroundsis availableto playeri. He is aboutto
playa new roundandusessomemodelto describetheinformationhehas.

1. Playeri hasto make anassessmentµi(z� i
t ) aboutthedatathatarerelevant

for his strategy choice:to thisend,heusesanassessmentrule µi .

2. Playeri hasto usea decisionrule f i to choosea strategy f i (z� i
t ) to play,

usinghis assessmentsµi(z� i
t ).

3. After theroundis played,playeri shouldusetheobservationof his oppo-
nent'sstrategy to updatehis information.

Let us now seewhat this algorithm becomesfor the two typesof uncertainty
modelsdescribedabove.

Whenusinga PDM P(� j bt ; r t), wecanformulatethefollowing implementa-
tion of thealgorithm.

1. Let µi(z� i
t ) = r t = pP(�jbt ;r t ) , theprevisionof theopponent'sstrategy.

2. Let f i(z� i
t ) besome(admissible)elementof BRi(r t ).

3. UpdatethePDM to P(� j bt+ 1; r t+ 1) usingEq.(6).
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Initially, playeri hasto choosea r 0 andb0. Theparameterb0 canbeinterpreted
asthenumberof pseudocounts5 associatedwith theinitial previsionof his oppo-
nent's strategy r 0, for which any choiceis arbitrary(if it is not basedon some
information).

WhenusinganIDM P(� j bt ;Mt ), we canformulatetwo differentimplemen-
tationsof thealgorithm,differentonly in their choiceof behaviour rule.

1. Let µi(z� i
t ) = co(Mt ) = MP(�jbt ;Mt ) .

2. (a) If we considermaximalityastheoptimalitycriterion,thenlet f i(z� i
t )

besome(admissible)elementof BRi(co(Mt )) .

(b) If weconsidermaximinityastheoptimalitycriterion,thenlet f i(z� i
t )

besome(admissible)co(Mt )-maximinstrategy.

3. UpdatetheIDM to P(� j bt+ 1;Mt+ 1) usingEq.(7).

Initially, playeri hasto choosean M0 anda numberof pseudocountsb0. When
hehasno informationavailable,anobviouschoicefor M0 is int(S� i), whichcor-
respondsto so-callednear-ignorance[8, Section4.6.9].The choicefor the best
reply behaviour rule or themaximinbehaviour rule will not in�uence theresults
of Section5 in any way.

5 Equilibria and Convergence

Now thatwe have two learningmodels,thePDM andthe IDM, at our disposal,
wecaninvestigatethegame-playthatresultsfrom usingthem.Westartby giving
somede�nitions thatareessentialfor theensuinganalysis.

5.1 StrategyPro�les and Equilibria

To be able to analysethe game-playthat resultsfrom the assessmentand be-
haviour rulesdiscussedin Section4.3,we introducesomenew notationandrecall
theconceptof anequilibrium.

A coupleof strategiesof the playersis calleda strategy pro�le , which can
be pures = (si ;s� i ) 2 S= Si � S� i, or mixed s = (s i ;s � i) 2 S = Si � S� i . A
correspondingpro�le historyaftert roundsof play is denotedby zt 2 Zt = St .

Thenotations(s) correspondsto (s i(si );s � i (s� i)) . Likewise,wewrite

BR(s) = BRi(s � i) � BR� i(s i) � S;

µ(zt) = µi(z� i
t ) � µ� i(zi

t ) � S;

f (zt ) = (f i (z� i
t ); f � i (zi

t )) 2 S:

5In theliterature,thevalues1 and2 arefoundfor prior modelsthatarenot basedonany informa-
tion; [9].
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An equilibrium is a strategy pro�le for which the pay-off for both players
cannotbe increasedif one of them changeshis strategy, while his opponent's
strategy remainsunchanged;[3]. Thismeansthat

s � is anequilibrium , (8i)
�

ui(s � ) = max
t i2Si

ui(t i ;s � i
� )

�
, s � 2 BR(s � ):

If s� = BR(s� ), thens� is a strict equilibrium.6 A gamecanhave multiple (strict)
equilibria.7

5.2 AssessmentRules

Thede�nitions in thissectionandin thenext aregeneralisationsof thede�nitions
givenby Fudenberg andKrepsin [4] to learningmodelswith assessmentsµi(z� i

t )
thatareset-valuedratherthanpoint-valued.

An importantcharacterisationof possibleassessmentrulescanbe madeby
lookingat whatthein�uence is of differentpartsof a history.

We say that a assessmentrule µi is adaptiveif it attachesdiminishing im-
portanceto earlierpartsof thehistory, asthenumberof roundst increases.This
meansthatfor all t andall e> 0,

(9T > t)
�
8t0> T � t

� �
8z� i

t+ t0 2 Z � i
t+ t0

��
8s i 2 µi(z� i

t+ t0)
� �

s i(si ) < e
�
;

for everypurestrategy si thatwasnot playedin thelastt0rounds(did not appear
in thet0 lastcomponentsof z� i

t+ t0).
A speci�c subcategory of theadaptive assessmentrulescanbede�ned using

theobservedfrequenciesk � i
t of strategiesplayedby theopponent.An assessment

rule µi is calledasymptoticallyempirical if for every in�nite historyz� i
¥ 2 Z � i

¥ it
holdsthatlimt! ¥ sups � i2µi(z� i

t ) d(s � i ;k� i
t ) = 0, wherethez� i

t arepartialhistories

of theselectedin�nite historyz� i
¥ .

Usingtheupdatingformulae(6) and(7), weobtainthefollowing result.

Theorem2 Theassessmentrules of the PDM and the IDM are asymptotically
empirical,andthusadaptive.

5.3 Behaviour Rules

It is clearthatthebehaviour rulesf determinewhichhistoriesarepossible.A his-
tory is calledcompatiblewith thebehaviour rulesf usedby theplayersif it can
begenerated(with non-zeroprobability)by thesebehaviour rules.Explicitly, this

6By Proposition3, only purestrategy pro�les canbestrictequilibria.
7Whenonly admissiblestrategiesareconsideredoptimal,someequilibriamight not beplayable.

Thereis alwaysat leastoneadmissibleequilibrium.
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meansthatfor everypurepro�le zt(k), k = 1; : : : ;t, thatis acomponentof acom-
patiblepro�le history, bothcomponentsof f (zk� 1)(zt (k)) arestrictly positive,so
therandomisationdevicesusedby theplayerscanselectthepurestrategieszi

t (k)
andz� i

t (k) with non-zeroprobability.
It is usefulto know to whatdegreethebehaviour rulesf usedby theplayers

succeedin attainingtheobjectiveof optimality (seeSection1.2).Thecharacteri-
sationsin thissectiondo just this,andgiveaclearinterpretationof thisobjective,
keepingin mind that theplayerssupposethat their opponentplaysanunknown,
but �x ed,mixedstrategy.

We call abehaviour rule f i set-myopicrelativeto theassessmentruleµi if, for
all t andhistoriesz� i

t , it holdsthatf i (z� i
t ) 2 BRi(µi(z� i

t )) . Whentheassessments
µi(z� i

t ) arepoint-valued,thepre�x `set' in set-myopicis dropped.
We now de�ne a weakeningof thenotionof aset-myopicbehaviour rule.We

call a behaviour rule f i stronglyasymptoticallyset-myopicrelative to theassess-
ment rule µi if, for somesequenceet > 0 with limt! ¥ et = 0 andfor all t and
historiesz� i

t , it holdsthat
�
8s � i 2 µi(z� i

t )
��

8s̃i 2 Si suchthatf i (z� i
t )( s̃i ) > 0

�

�
ui(s̃i ;s � i) + et � max

si2Si
ui(si ;s � i)

�
:

Usingthede�nitions from Section4.3thenext resultis immediate.

Theorem3 Thebehaviourrules for the IDM are set-myopicand thebehaviour
rule for thePDM is myopic.

5.4 Convergenceto equilibria

An interestingtheoremaboutstrictequilibriafollowsdirectly from thede�nitions
of astrict equilibriumandof amyopicbehaviour rule; [4].

Theorem4 (absorption to a strict equilibrium) If there is a strict equilibrium
s� that is playedin someroundt of a pro�le historyzt compatiblewith a myopic
behaviourrule f , thens� will beplayedduringall subsequentroundst0> t.

This theoremholds for the PDM (with myopic behaviour rules),due to Theo-
rem3, but not for the IDM (with set-myopicbehaviour rules),becausewe have
beenableto show thattheselectedmixedstrategy f i(z� i

t ) underbothoptimisation
criteriacanstill bedifferentfrom si

� dueto thefactthatµi(z� i
t ) = co(Mt ) is a set.

It is possibleto tightenthe conditions,to obtaina resultthat alsoworks for the
IDM, i.e., to makesurethatbestreplyonly containss� .

Theorem5 (conditional absorption to a strict equilibrium) If, for somepro�le
historyzt compatiblewith set-myopicbehaviourrulesf , thestrategypro�le f (zt )
cannotbedifferentfromthestrict equilibriums� , thens� will beplayedduringall
subsequentroundst0> t.
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For equilibrias� of purestrategiesthataren't necessarilystrict, thefollowing
resultis found.

Theorem6 (repeatedplay of a purestrategypro�le) Consideran in�nite his-
tory z¥ in Z¥ such that for somet, a pure strategy pro�le s� is playedin all
subsequentrounds.If z¥ is compatiblewith behaviourrules f that are strongly
asymptoticallyset-myopicrelativeto theadaptiveassessmentrulesµ, thens� is
anequilibrium.

This theoremcanbeusedfor boththePDM andtheIDM, dueto Theorems2 and
3, evenif bothplayersdon't usethesamemodel.For example,oneplayercanuse
theIDM andhis opponentthePDM, or two playerscanusetheIDM, eachusing
adifferentoptimalitycriterion.

For mixed equilibria s � , the following result aboutthe convergenceof the
observedgame-playto a mixedequilibrium,is found.

Theorem7 (repeatedplay of a mixed strategypro�le) Let the in�nite history
z¥ in Z¥ be such that for somemixedstrategy pro�le s � , it holdsthat for both
players i 2 f� 1;1g

lim
t! ¥

k� i
t = s � i

� :

If the in�nite history z¥ is compatiblewith behaviourrules f that are strongly
asymptoticallyset-myopicrelativeto the assessmentrules µ that are asymptoti-
cally empirical,thens � is anequilibrium.

As before,dueto Theorems2 and3, this theoremcanbeusedfor boththePDM
andtheIDM.

Theorems6 and 7 can only say that convergencehasoccurred,but do not
indicatewhenconvergencewill occur. They couldbeusefulfor �nding equilibria
in large games.As thesetheoremsaregeneralisationsto set-valuedassessment
rulesof theoremsfoundin [4], their proofsare(not alwaystrivial) modi�cations
of theonesfoundthere.

6 Conclusions

6.1 GeneralRemarks

Both thelearningmodelsdiscussedaboveaccomplishourobjectiveof optimality
of theexpectedpay-off quitewell. Their convergencepropertiesalsofavour their
usein gametheory, notablyin thesearchfor equilibria.

The PDM hasalreadybeenstudiedin the literatureandthe learningmodel
basedonit is oftencalled�ctitious play in agame-theoreticsetting.TheIDM has
alsobeenusedin differentcontexts;see[9] for thepresentationof theIDM itself
and[1], [10], [11] and[12] for examplesof possibleapplicationsin otherareas.
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In Section5 we have in factgeneralisedthe resultsof Fudenberg andKreps
in [4, Sections3 and4], wherepoint-valuedassessmentsµi(z� i

t ) areused,to set-
valuedassessments.This is why we formulatedTheorems6 and7 for a broader
classof learningmodelsthanour Dirichlet models,which allows Section5 to be
seenasageneralisationof [4, Sections3 and4], andnotonly asagroupof results
for thePDM andIDM.

We haven't discussedthe choiceof a speci�c strategy f i(z� i
t ) from among

the optimal ones.But, if for a speci�c applicationother, additional,criteria are
available,thenusingthemat this stagewill not in�uence theconvergenceresults
in any way.

6.2 PDM vs. IDM

If wecomparethePDM to theIDM, the�rst thing to besaidis thatthePDM is a
specialcaseof theIDM, whereM0 = f r 0g. This immediatelyindicatesthemost
importantadvantageof the IDM over the PDM, thepossibility of not having to
makeanarbitraryinitial choice,asthereis noneedto chooseonespeci�c prior.

Thesecondadvantageof thelearningmodelusingtheIDM is that it re�ects,
in its assessmentµi(z� i

t ), the amountof informationon which it is based.This
correspondsto the fact that the distancesbetweenelementsof Mt shrink with
increasingt. So themodelbecomesmorepreciseasmoreobservationscomein,
in thesensethatall elementsof Mt will lie closerandcloserto ther t of any PDM
thatcouldhavebeenused.8

Onedisadvantageof the IDM is that it is a morecomplex model(theplayer
hasto work with setsof strategiesinsteadof onestrategy). This differencecould
bere�ectedby thecalculationloadfor bothmodels.
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