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JOSÉ CARLOS FERREIRA DA ROCHA
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Abstract

A credalnetwork associatessetsof probability distributions with directed
acyclic graphs.Understrongindependenceassumptions,inferencewith credal
networks is equivalent to a signomialprogramunder linear constraints,a
problemthat is NP-hardeven for categorical variablesandpolytreemod-
els. We describean approachfor inferencewith polytreesthat is basedon
branch-and-boundoptimization/searchalgorithms.We use boundsgener-
atedby Tessem's A/R algorithm, and considervariousbranch-and-bound
schemes.
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1 Intr oduction

A credalnetwork providesarepresentationfor impreciseprobabilisticknowledge
throughdirectacyclic graphs(DAGs)[1]. In this formalism,eachnodein aDAG
representsa randomvariable,andeachvariableis associatedwith convex setsof
probabilitydistributions.Thestructureof thegraphindicatesrelationsof proba-
bilistic independencebetweenvariables.In this paperwe interpretindependence
relationsasstatementsof strongindependence[1, 2].

A credal network can be viewed as a Bayesiannetwork [3] with relaxed
numericalstatements.Credalnetworks can be usedto study the robustnessof

� The�rst authoris supportedin partby CAPES.Thework hasreceived substantialsupportfrom
HPLabsthrough“ConvênioRedesBayesianasparaAprendizado.”
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Bayesiannetworks [4], or to representvagueor incompleteprobability state-
ments.

An inferencewith a credalnetwork is the computationof upperand lower
probabilityvaluesfor eachcategoryof a queryvariable.Thiscomputationis NP-
hardeven for polytrees[5], andit canbe viewed asa signomialprogramunder
linearconstraints[6]. Exactandapproximateinferencealgorithmshavebeenpro-
posedin theliterature,but noalgorithmcanhandlelargecredalnetworksexactly.

In thisarticleweproposenew algorithmsfor inferencesin polytrees.Theidea
is to usebranch-and-boundsearch/optimizationtechniquesto produceinferences.
We explore Tessem's A/R algorithm[7] asa boundgenerationmechanism.We
show how this approachcangenerateexactandapproximateinferences,illustrat-
ing themainideaswith of examples.

The organizationof the text is as follows. Sections2 and3 presenta sum-
mary of credalnetworks andbranch-and-boundtechniques.Section4 describes
how exact andapproximateinferencecanbe performedwith branch-and-bound
techniquesandtheA/R algorithm.Section5 shows how exact andapproximate
techniquescanbe combinedthroughdecompositionof networks.Section6 dis-
cussestheproposedalgorithmsandresults.

2 Credal sets,credal networks and inference

A convex setof probability distributions is calleda credalset [8].1 Denotethe
probabilitydensityof a categorical randomvariableX by p(X). A credalsetfor
X is denotedby K(X); we assumethat every credalsethasa �nite numberof
vertices.We canrepresentsucha setjust enumeratingits vertices.A conditional
credalsetis a setof conditionaldistributions.We obtaina conditionalcredalset
applyingBayesrule to eachdistribution in a joint credalset.

Givenanumberof marginalandconditionalcredalsets,anextensionof these
setsis ajoint credalsetwith thegivenmarginalandconditionalcredalsets.A col-
lectionof marginalandconditionalcredalsetscanhavemorethanoneextension.
In thispaperwearealwaysinterestedin computingthelargestpossibleextension
for a givencollectionof marginalandconditionalcredalsets.

Credalnetworksassociatecredalsetswith a directacyclic graph.In analogy
to Bayesiannetworks,in a credalnetwork everynodeof a directedacyclic graph
is associatedwith avariable,2 andeveryvariableis associatedwith acollectionof
local credalsetsK(Xjpa(X)) , wherepa(X) denotestheparentsof variableX in
thegraph.Thatis, a nodestoresthecredalsets

f K(Xjpa(X) = p1) ; : : : ;K(Xjpa(X) = pm)g;

1Wedealonly with convex sets.
2To simplify thetext, we representanodeandits variablewith thesamesymbol.
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wheref p1; : : : ;pmg arethe instancesof pa(X). A root nodehasonly onecredal
setassociatedwith it.

ThesetsK(Xjpa(X)) arecalledseparatelyspeci�edwhenthereis norelation-
ship betweenthemfor differentvaluesof pa(X). In this paperwe assumethat
local credalsetsarealwaysseparatelyspeci�ed.

Thebasicassumptionin acredalnetwork is thateveryvariableis independent
of its nondescendantsnonparentsgivenits parents.Obviously theimport of such
a conditiondependsonwhich conceptof independencefor credalsetsis adopted
[1, 2, 9]. In thispaperweadopttheconceptof strongindependence: two variables
X andY arestronglyindependentwhenevery extremepoint of K(X;Y) satis�es
stochasticindependenceof X andY (that is, eachvertex p(X;Y) 2 K(X;Y) sat-
is�es p(XjY) = p(X) and p(YjX) = p(Y) for all possibleconditioningvalues)
[10].

Thestrongextensionof acredalnetwork is thelargestjoint credalsetsuchthat
every variable is strongly independentof its nondescendantsnonparentsgiven
its parents.The strongextensionof a credalnetwork is the joint credalset that
containseverypossiblecombinationof verticesfor all credalsetsin thenetwork,
suchthattheverticesarecombinedasfollows [1]:

p(X1; : : : ;Xn) = Õ
i

p(Xi jpa(Xi)) : (1)

Figure1 showsthestructureof acredalnetwork thatis latterusedin examples.
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Figure1: A polytreecredalnetwork.

An inferencein a credalnetwork is thecomputationof tight boundsfor prob-
ability valuesin anextensionof thenetwork. Theseboundsarecalledupperand
lower probabilities.If Xq is a queryvariableandXE representsa setof observed
variables,thenan inferenceis thecomputationof tight boundsfor p(XqjXE) for
oneor morevaluesof Xq.

Algorithms for exact inferencein strongextensionscan be found in [1, 5,
11, 12]. The only known polynomialalgorithmfor strongextensionsis the 2U
algorithm,which processespolytreeswith binary variables[13]. In general,ex-
act inferencein credalnetworks is a NP-hardproblem(even for polytrees),so
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approximatealgorithmsarea naturalsolution.We distinguishouter approxima-
tionsfrom innerones;theformerareproducedwhenthecorrectinterval between
lower andupperprobabilitiesis enclosedin the approximateinterval; the latter
approximationsareproducedwhenthecorrectinterval enclosestheapproximate
interval.Outerapproximationscanbefoundin [7, 14, 15], andinnerapproximate
algorithmscanbefound in [4, 16, 17]. Generallyspeaking,inneralgorithmsare
obtainedby localoptimizationmethods.

In this paperweareinterestedin inferenceswith strongextensions.Thedif�-
culty facedby inferencealgorithmsis thepotentiallyenormousnumberof vertices
thata strongextensioncanhave— evena relatively smallnetwork candwarf the
bestexactalgorithms.Considerthefollowing example,takenfrom [5]:

Example1 Considera networkwith four variablesX, Y, Z andW; W is thesole
child of X,Y andZ, andtherearenootherarrowsin thenetwork.Supposethatall
variableshavethreevaluesandthateverylocal credalsethasonly threevertices.
The verticesof the strong extensionK(X;Y;Z;W) factorizeas p(W;X;Y;Z) =
p(WjX;Y;Z) p(X) p(Y) p(Z). Now, W is associatedwith 27credalsets;therefore
thereare327 waysto combinetheverticesof thesecredalsets.These327 vertices
mustbe combinedwith everycombinationof verticesof K(X), K(Y) andK(Z).
So,thepotentialnumberof verticesin K(X;Y;Z;W) is 330.

We notethat inferencein credalnetworks is an optimizationproblem.Con-
siderthecomputationof anupperprobability:

� The goal is to �nd a distribution p(Xi jpa(Xi)) in K(Xi jpa(Xi)) , for each
variableXi , soasto maximizetheprobabilityvaluep(XqjXE).

� Theobjective function p(XqjXE) is a fractionof multilinearexpressions:

p(XqjXE) =
å X1;:::;Xnnf Xq;XEgÕi p(Xi jpa(Xi))

å X1;:::;XnnXE Õ i p(Xi jpa(Xi))
:

� Themaximizationis subjectto linearconstraints,givenour assumptionof
credalsetswith �nitely many vertices.

Thismaximizationproblembelongsto the�eld of signomialprogramming[6], as
observedindependentlyby [4, 12, 18]. Signomialprogramsaregenerallysolved
dividing thefeasibleset(“branching”onvarioussubsets)andobtainingouterap-
proximations(“bounding” the objective function in eachsubset)[6, 19]. That
is, signomialprogrammingis solvedby branch-and-boundprocedures.Thegreat
advantageof signomialprogrammingover moregeneraloptimizationproblems
is that it is possibleto obtain boundsfor signomialprogramsusing geometric
programming— awell establish�eld thatcanbetackledef�ciently throughcon-
vex programming[20]. However, direct applicationof geometricprogramming
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boundsto strongextensionsseemsto facedif�culties. First, the inferenceprob-
lemis an“implicit” signomialprogramming,astheobjectivefunctionis encoded
in thegraphthroughExpression(1); eachcombinationof variablesin thecredal
network would be a maximizerin the geometricprogram.Second,andperhaps
moreimportantly, the “degreeof dif�culty” of a geometricprogramdependson
thenumberof polynomialtermsin theprogram— notethatExpression(1) sum-
marizesa largenumberof terms.

In this paperwe adoptthebasicideaof branchingandboundingto compute
lower andupperprobabilities,but insteadof relying on propertiesof geometric
programming,we useboundsthat have beenspeci�cally developedfor strong
extensions.

3 Branch-and-boundsearch and optimization

Branch-and-boundtechniquesappearin arti�cial intelligence,optimizationand
constraintsatisfaction[21, 22]. The basicpurposeof a branch-and-boundalgo-
rithm is to optimizea function.For example,take aproblemP statedas:

(P) maxf (w)

s.t. g(w) � 0;w 2 W;

whereW � Â n, f is arealvaluedfunction,andtheimageof g is containedin Â m.
A branch-and-boundtechniqueis suitablefor P wheneverit is possibleto divideP
in sub-instancesthatareeasierto solveor approximatethanP itself, andsuchthat
thesolutionfor P is presentin oneof thesesub-instances[23, 24]. Additionally, a
branch-and-boundtechniquerequiresa boundr (overestimation)for thesolution
of P. This upperboundis usuallyobtainedfrom a relaxedversionof P, indicated
by R. Obviously, Rmustbeeasierandfasterto solvethanP, andmustgiveagood
approximationfor P. Therelaxedboundfor P is denotedby r(P).

In our implementationwe use the following versionof branch-and-bound
[25]; severalvariantsexist for it [23].

Algorithm1 - Depth-�rstbranch-and-bound

� Input: a problemP.

� Output:thevalueof maxf (w), denotedby p̄.

1. Initialize p̂ with a smallvalue(necessarilysmallerthanp̄).

2. If W containsasinglevaluew then:updatep̂ with f (w) when f (w) > p̂;

3. else:
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(a) usingdecomposition,obtaina list L of sub-instancesof P; eachsub-
instanceis denotedby Ph andhasfeasibleregionWh.

(b) for eachPh do

i. if Wh is feasiblein theoriginal problemandr(Ph) > p̂, call re-
cursively depth-�rst branch-and-boundoverPh.

4. Take thelast p̂ asp̄.

This algorithmcanbeviewedasa searchin a treewheretheroot nodecon-
tainsP anddescendantnodescontainsub-instancesof P. Theleaf nodescontain
problemsthatcanbeexactly solved.Whena leaf nodel is reached,thevaluefor
f at l is computed;if thisvalueis thelargestoneup to thatmoment,it is retained.
Non-leaf nodesare processedby relaxing the original problemand producing
bounds.Everynon-leafnodeis expandedby decompositioninto sub-instances,as
longasits boundis largerthanthecurrentbestvalue.

4 Branch-and-bound inferencein strongextensions

This sectioncontainsthecentralideasin this paper. We usea branch-and-bound
procedurewhere

� branchingoccursateveryvertex of credalsets,and

� boundingis achievedby Tessem'sA/R algorithm[7].

Givena queryvariableX anda credalnetwork N , asinglerunof thebranch-
and-boundprocedurecomputesthe lower or upperprobability for a singlestate
of X, denotedby x.

The�rst stepis to discardvariablesthatarenotusedto computetheinference;
thiscanbedoneusingd-separation[26]. Theresultingnetwork is denotedby N0.

4.1 Branching

Therootnodein thebranch-and-boundsearchtreeis N0. TherootnodeN0 is then
divided into several simplercredalnetworks f N01; : : : ;N0qg. Eachoneof these
networks is obtainedasfollows. We selectonecredalsetin N0, andproduceas
many networksasthereareverticesin thiscredalset— eachnetwork isassociated
with a singlevertex of the selectedcredalset.This decompositionprocedureis
thenappliedrecursively, following thebranch-and-boundalgorithm.At eachstep,
acredalsetis “expanded”.Usingthisdecompositionstrategy, a leafnodecontains
a Bayesiannetwork, obtainedby a particularselectionof verticesin all credal
setsin the credalnetwork. Whena leaf nodeis reached,a variableelimination
algorithmis usedto performinferencein the Bayesiannetwork de�ned by the
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leaf [27]. Suchanalgorithmproducesa probabilityvaluep(xjXE); if p(xjXE) is
greaterthanthecurrentmaximumprobability, thelattervalueis updated.

We alwaysselectthenon-expandedcredalsetnearestto thequeriedvariable,
but we alwayskeepthequeryvariableto beprocessedat last (a similar criterion
is usedin [28] to dealwith partialevaluationof beliefnets).Wehavetriedseveral
criteria for theselectionof thecredalsetsthatareexpanded,andwe found that
theprocedurejustdescribedis quiteappropriate.

4.2 Bounding

For non-leafnodesin thesearchtree,werun theA/R algorithmasarelaxationof
exactinference[7], becausethis algorithmproducesouterboundsratherquickly.
TheA/R algorithmfocusesonpolytrees,eventhoughit canbemodi�ed to handle
moregeneralnetworks[14].

TheA/R algorithmassumesthateverycredalsetis approximatedby acollec-
tion of probabilityintervals.Sowemustconvertthecredalnetwork to aninterval-
basedBayesiannetwork (conditionalprobability tablescontainintervals).Obvi-
ously thereplacementof credalsetsby probability intervalsintroducespotential
inaccuraciesinto theprocess.

The A/R algorithmmimics the dynamicsof Pearl's belief propagationalgo-
rithm [3]. The functionsl , p andthemessagesusedin BP arestill de�ned with
identicalpurposes,but they arenow interval-valuedfunctions.Theideais to ma-
nipulatetheseintervals using interval arithmeticand two additionaltechniques
calledby Tessemannihilationandreinforcement.

We can understandthe basicideasin the A/R algorithm by looking at the
computationof the interval-valuedmessagep(X) — this messageis computed
at a nodeX with parentsY0; : : : ;Yk. Considerthenthecomputationof p� (x j ), the
lowerboundof p(x j ) for aparticularvaluex j :

1. Constructainterval-valuedfunctionb(Y0; : : : ;Yk) by interval-multiplication
of the messagespX(Yi) received by X (thesemessagesare also interval-
valued).

2. Constructa distribution p(Y0; : : : ;Yk) thatis consistentwith theintervalsin
b(Y0; : : : ;Yk), suchthat p(Y0; : : : ;Yk) minimizesthesum

å
Y0;:::;Yk

p(x j jY0; : : : ;Yk) p(Y0; : : : ;Yk) ;

wherep(x j jY0; : : : ;Yk) is thelower valuefor p(x j jY0; : : : ;Yk); theminimum
of thesumis p� (x j ).

Theseoperationsareef�cient becauseit is nothardto �nd p(Y0; : : : ;Yk) in step2:
sort p(x j jY0; : : : ;Yk) in increasingorder, anddistributeprobability mass(consis-
tentlywith b(Y0; : : : ;Yk)) from thesmallestto thelargestvalueof p(x j jY0; : : : ;Yk).
Thesameoperationscanbeadaptedto computetheupperboundp� (x j ).
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Figure2: An exampleof branch-and-boundbasedinference.Left: asimplecredal
network, whereK(U) is the convex hull of f a0;a1g, with a0 = (0:5;0:5) and
a1 = (0:3;0:7); K(Vju0) is theconvex hull of f b0;b1g, with b0 = (0:5;0:5) and
b1 = (0:3;0:7); K(Vju1) is theconvex hull of f b2;b3g, with b2 = (0:4;0:6) and
b3 = (0:2;0:8). Right:Searchtreefor computationof p(v0).

The A/R algorithmprescribessimilar operationsfor computationof l X(Yi)
andpZi (X) (whereZi is a child of X). The function l (X) is obtainedby direct
interval multiplication.Finally, thealgorithmusesannihilationor reinforcement
operationsto “normalize”thefunctionsl X(Yi), pZi (X), andtheproductp(X)l (X)
— “normalization” meanssimply computingboundsthat take into accountthe
factthatprobabilitydistributionsaddup to one.

In our branch-and-boundprocedure,the deepera nodeis in the searchtree,
themorepoint probabilitiesaremanipulatedby theA/R algorithm.

Example2 Figure 2 showsa verysimplenetworkandthethebasicstepsof our
branch-and-boundalgorithmwhencomputingp(v0). Nodesin thesearch treerep-
resentcredalnetworks;thenumberinginsidenodesindicatestheorder in which
nodesare visited.Thevaluer is obtainedby the A/R algorithm. Closeto each
arc in the search treewe indicatewhich vertex (and for which credal set)was
expanded.

4.3 Experiments

We have implementedthe branch-and-boundschemein a Java program,using
PentiumIV machinesto run tests.We ranexperimentswith networkscontaining
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Table1: Costfor exactinferencefor E in thenetwork of Figure1.

# states # vertices Potentialsize Visitednodes Samples
per percredal of thestrong (mean) (networks)

variable sets extension
03 02 221 5499 35
03 03 321 284912 10
04 02 235 559255 10

variableswith threeandfour states.Eachcon�gurationwastestedagainstseveral
randomlygeneratedcredalnets[29]. Experimentsdiscussedin this sectionhave
no evidence(XE = /0); this restrictionsimpli�es thepresentationwith no lossin
generality.

We have observed that the size of the searchtree exploredby branch-and-
boundis usuallya smallfractionof thepotentialverticesof thestrongextension.
As anexample,considerthenetwork in Figure1. Table1 shows relevantresults
for queryvariableE, indicatingthenumberof statesfor variables,thenumberof
verticesfor eachcredalsetin thenetwork,andthepotentialnumberof verticesof
thestrongextension.The tableindicateshow many networksof eachtypewere
tested,andthemeannumberof visitednodesduringbranch-and-bound.Notethe
enormousdifferencebetweenthepotentialnumberof verticesandthenumberof
effectively expandednodes.

As anotherinstructive example,we appliedthebranch-and-boundschemeto
thenetwork describedin Example1. We testedthirty randomlygeneratedcredal
networks with the samestructureanddifferentcredalsets;in eachoneof them
we computedthe lower andupperprobabilitiesfor w0. Thesesamplenetworks
hadternaryvariablesandthreedistributionsin eachcredalset.The branch-and-
boundsearchwasalwaysableto quickly computetheexactinference,onaverage
exploring243nodesperinference.

Consideranotherexample.We took thepolytreestructureof thewell-known
Bayesiannetwork called“Car Starts”3 andsetall of its variablesasternary. We
assumedthat in practiceit would be unusualto have credalsetsassociatedto
all variablesin a credalnetwork — somedistributionscould be obtainedwith
greaterprecision,andin any casethespeci�cationof dozensof credalsetsis not
an easymatter. We thereforeintroducedcredalsetsin all root nodesandin the
nodecalledBatteryState, usinge-contaminatedmodelswith e = 0:2 [30]. The
resultingstrongextensionhas318 potentialvertices(about387million potential
vertices).We ranbranch-and-boundinferencefor all statesof thevariableStarts
and obtainedexact valuesafter evaluating1,139,717nodes(lessthan 0.3% of

3MicrosofResearch:http://www.research.microsoft.com/research/dtg/bnformat/autoxml.html.
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Table2: Theprobabilityerror in underestimatedapproximatereasoningfor E in
thenetwork of Figure1.

# states # vertices Fixednumber Mean
pervariable percredalset of visitednodes relativeerror

03 03 150000 0.0013
03 03 30000 0.0067
04 02 200000 0.0061
04 02 50000 0.0097

the numberof potentialverticeswere explored).An interestingtest was made
with thebranchingstrategy. Weranthesameinferenceusinga“reverseordering”
for branching;that is, we �rst expandedthe credalsetsthat werefarthestaway
from thequerynode.Usingthis strategy, thebranch-and-boundalgorithmfound
theexactvaluesafterexpanding4,546,943nodes.This simpletestreinforcesthe
intuition that the mostrelevantprobability valuesin an inferencearethe values
thatare“close” to thequeryvariable.

It is alsopossibleto look at thebranch-and-boundschemenotonly asanexact
algorithm,but alsoasanalgorithmthatcanbestoppedatany timeto generateap-
proximateresults.Wetestedthis ideaby runningthebranch-and-boundalgorithm
with a �x ednumberof nodes.Table2 showsthemeanrelativeerrorin inferences
(eachrow is the meanof ten randomnetworks).The relative error is computed
usingtheapproximateandtheexactvaluesfor P(E = e0).

5 Infer encewith network fragments

If the credalnetwork N is large, it may not be possibleto run the branch-and-
boundalgorithm to optimality. In this sectionwe proposestrategies to handle
suchproblems.Thebasicideais to divide thecredalnetwork in partsandto run
branch-and-boundin thesesub-networks,in somesuitableorder. Weillustratethis
ideathroughanexample.

Considerthenetwork in Figure1, with ternaryvariablesandtwo verticesin
eachcredalset.Supposethatwe want to computeexact lower andupperproba-
bilities for variableG andthatourspaceandtimeconstraintsallow usto perform
an exact inferencejust for E, but not for G. We thenrun branch-and-boundand
obtainlowerandupperprobabilitiesfor E. In aparticularinstanceof thenetwork
shown in Figure1, weobtainedp(e0) 2 [0:199;0:587], p(e1) 2 [0:084;0:375] and
p(e2) 2 [0:212;0:604]. Wecaneasilygeneratethelargestcredalsetthatis consis-
tentwith theseintervals.We obtainK(E) de�ned by thevertices

f (0:413;0:375;0:212); (0:312;0:084;0:604); (0:587;0:084;0:329);
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(0:199;0:197;0:604); (0:587;0:201;0:212); (0:199;0:375;0:426)g:

Now we canremove E andits antecedentsfrom the network, andreplaceE by
a new nodeE0 that hasthe marginal credalsetof E as its marginal credalset.
The transformednetwork is displayedin Figure 3. We then run exact branch-
and-boundbasedinferencefor G, obtainingthe intervals p(g0) 2 [0:091;0:447],
p(g1) 2 [0:157;0:564] andp(g2) 2 [0:208;0:591]. Incidentally, we computedthe
sameinferenceswith an exhautive algorithmin the JavaBayessystem4 andgot
thesamevalues.
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Figure3: Transformedpolytreecredalnetwork.

If inferencesin thetransformedcredalnetwork arestill unfeasible,wecanrun
anapproximateinferencealgorithmin thetransformedcredalnetwork. Consider
runningTessem's algorithmin the network in Figure3. We obtainthe intervals
p(g0) 2 [0:053;0:502], p(g1) 2 [0:116;0:663] andp(g2) 2 [0:128;0:644].

In closing,we notethat Tessem's algorithmalonein the completeexample
network producedtheintervalsp(g0) 2 [0:040;0:524], p(g1) 2 [0:106;0:698] and
p(g2) 2 [0:097;0:667].

6 Discussion

Any branch-and-boundalgorithmis highlydependentonthequalityof thebounds
it employs.We have foundthatTessem's bounds,while fastto computeandrea-
sonablyaccurate,arequitewide — usuallythesearchtreeis expandedto a large
depthbeforesomeof its branchesarediscarded.To giveanexample,in thecom-
putationof inferencesfor variableE in our sampleswith ternaryvariablesand
threevertices,the branch-and-boundalgorithmexplored the searchtreealmost
completelydown to levels12or 13 (thecompletesearchtreehas21 levels).

As anaside,wehavealsoimplementeda breadth-�rstversionof branch-and-
bound[22], but we have found that the needto storethe expandedfrontier in
suchalgorithmsmakesthemunfeasible.Breadth-�rstbranch-and-boundwill only
becomeareality if betterboundsthanTessem'sarefound.

4Freesoftware,sitehttp://www.cs.cmu.edu/javabayes.
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Generallyspeaking,wecansaythatthebranch-and-boundalgorithmneedsto
explorea tiny fractionof potentialverticesof thestrongextension,andis faster
thanthebestexistingexactalgorithms[5]. For reallysmallcredalnetworks(with
afew thousandpotentialverticesin thestrongextension),theoverheadof branch-
ing andboundingcanbe signi�cant, andin thosecasesenumerationalgorithms
maybefaster.

Clearly, the branch-and-boundalgorithm with Tessemboundscannotcope
with arbitrarily largeproblems,andit canfacedif�culties evenin seeminglysim-
ple situations.In thenetwork in Figure1, inferencesfor variableL couldnot be
foundexactly, evenafterextensive tests.

7 Conclusion

Thispapercanbebestunderstoodasproposingafamilyof solutionsfor inference
in strongextensions,using branch-and-boundalgorithmsas a unifying idea in
suchsolutions.We have restrictedourselvesto polytrees,but branch-and-bound
techniquescanbeusedfor generalinference;we havestressedtheuseof Tessem
bounds,but any boundingschemecanbeused.

We believe that our ideasarethe �rst explicit formulationandimplementa-
tion of inferencein credalnetworksasa searchprocedurethatrunsto optimality.
Branch-and-boundtechniquesarerathersuitablefor thispurpose;theexperiments
show that inferencewith branch-and-boundandTessemboundsis a de�nite im-
provementoverexistingalgorithms.

We alsowould like to emphasizethe possibility that a network is processed
in pieces,usingdifferentlevelsof accuracy in eachoneof thepartial inferences.
Sucha strategy seemsto be appropriatefor largenetworks.Our future research
will be focusedon developingandimplementinggeneralalgorithmsfor decom-
posingnetworksandprocessingfragmentswith differentstrategies.
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