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Abstract

A credalnetwork associatesetsof probability distributions with directed
agyclic graphsUnderstrongindependencassumptionsnferencewith credal
networks is equivalentto a signomialprogramunderlinear constraintsa
problemthat is NP-hardeven for cateyorical variablesand polytree mod-
els. We describean approachfor inferencewith polytreesthatis basedon
branch-and-bounptimization/searchalgorithms.We use boundsgener
atedby Tessens A/R algorithm, and considervarious branch-and-bound
schemes.
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1 Intr oduction

A credalnetwork providesarepresentatiofor impreciseprobabilisticknowledge
throughdirectacgyclic graphg(DAGSs)[1]. In this formalism,eachnodein aDAG
represents randomvariable,andeachvariableis associatedvith convex setsof
probability distributions. The structureof the graphindicatesrelationsof proba-
bilistic independencketweervariablesIn this paperwe interpretindependence
relationsasstatementsf strongindependencgl, 2].

A credal network can be viewed as a Bayesiannetwork [3] with relaxed
numericalstatementsCredal networks can be usedto study the robustnessof

The rst authoris supportedn partby CAPES.Thework hasreceved substantiasupportfrom
HP Labsthrough“Convénio RedeBayesianaparaAprendizadd.
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Bayesiannetworks [4], or to representvagueor incompleteprobability state-
ments.

An inferencewith a credalnetwork is the computationof upperand lower
probabilityvaluesfor eachcategory of a queryvariable.This computatioris NP-
hardevenfor polytrees[5], andit canbe viewed asa signomialprogramunder
linearconstraintg6]. Exactandapproximatenferencealgorithmshave beenpro-
posedn theliterature,but noalgorithmcanhandlelarge credalnetworks exactly.

In thisarticlewe proposenew algorithmsfor inferencesn polytreesTheidea
is to usebranch-and-bounskearch/optimizatiotechniqueso producenferences.
We explore Tessens A/R algorithm[7] asa boundgeneratiormechanismWe
shav how this approacltangeneratexactandapproximatenferencesillustrat-
ing themainideaswith of examples.

The organizationof the text is asfollows. Sections2 and 3 presenta sum-
mary of credalnetworks andbranch-and-bountechniquesSection4 describes
how exactandapproximatenferencecan be performedwith branch-and-bound
techniquesandthe A/R algorithm.Section5 shovs how exactandapproximate
techniquesanbe combinedthroughdecompositiorof networks. Section6 dis-
cusseshe proposedilgorithmsandresults.

2 Credalsets,credal networks and inference

A corvex setof probability distributionsis calleda credalset[8]. Denotethe
probability densityof a categoricalrandomvariableX by p(X). A credalsetfor
X is denotedby K(X); we assumehat every credalsethasa nite numberof
vertices.We canrepresensucha setjust enumeratingts vertices.A conditional
credalsetis a setof conditionaldistributions.We obtaina conditionalcredalset
applyingBayesrule to eachdistributionin ajoint credalset.

Givenanumberof mamginalandconditionalcredalsets anextensionof these
setds ajoint credalsetwith the givenmaiginalandconditionalcredalsets A col-
lectionof mamginalandconditionalcredalsetscanhave morethanoneextension.
In this papemwe arealwaysinterestedn computingthelargestpossiblesxtension
for agivencollectionof mamginalandconditionalcredalsets.

Credalnetworks associateredalsetswith a directagyclic graph.In analogy
to Bayesiametworks, in a credalnetwork every nodeof a directedacgyclic graph
is associateavith avariable? andevery variableis associatesvith a collectionof
local credalsetsK(Xjpa(X)), wherepaX) denoteshe parentsof variableX in
thegraph.Thatis, anodestoresthe credalsets

1\We dealonly with corvex sets.
2To simplify thetext, we represena nodeandits variablewith the samesymbol.
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setassociatedvith it.

ThesetsK(Xjpa(X)) arecalledsepaatelyspeci edwhenthereis norelation-
ship betweenthem for differentvaluesof pa(X). In this paperwe assumehat
local credalsetsarealwaysseparatelgpeci ed.

Thebasicassumptiorin acredalnetwork is thateveryvariableis independent
of its nondescendantsnparentgjivenits parentsObviously theimport of such
a conditiondepend®n which conceptof independencéor credalsetsis adopted
[1, 2, 9]. In this papemwe adoptthe concepbf strongindependenceawo variables
X andY arestronglyindependentvhenevery extremepoint of K(X;Y) satis es
stochastiandependencef X andY (thatis, eachvertex p(X;Y) 2 K(X;Y) sat-
ises p(XjY) = p(X) and p(YjX) = p(Y) for all possibleconditioningvalues)
[10].

Thestrongextensiorof acredalnetwork is thelargestoint credalsetsuchthat
every variableis strongly independenbdf its nondescendantsonparentgjiven
its parents.The strongextensionof a credalnetwork is the joint credalsetthat
containsevery possiblecombinationof verticesfor all credalsetsin the network,
suchthattheverticesarecombinedasfollows[1]:

P23 %) = O p(XiipalX)) : (1)

Figurel shawvsthestructureof acredalnetwork thatis latterusedn examples.
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Figurel: A polytreecredalnetwork.

An inferencein a credalnetwork is the computatiorof tight boundsfor prob-
ability valuesin anextensionof the network. Theseboundsarecalledupperand
lower probabilities.If X, is aqueryvariableandXg represents setof observed
variablesthenaninferenceis the computatiorof tight boundsfor p(XqjXg) for
oneor morevaluesof Xg.

Algorithms for exact inferencein strongextensionscan be foundin [1, 5,
11, 12]. The only known polynomialalgorithmfor strongextensionsis the 2U
algorithm,which processegolytreeswith binary variables[13]. In generalex-
actinferencein credalnetworks is a NP-hardproblem (even for polytrees),so
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approximatealgorithmsare a naturalsolution.We distinguishouter approxima-
tionsfrom inner onestheformerareproducedvhenthe correctinterval between
lower and upperprobabilitiesis enclosedn the approximatenterval; the latter
approximationsreproducedvhenthe correctinterval encloseghe approximate
interval. Outerapproximationganbefoundin [7, 14, 15], andinnerapproximate
algorithmscanbefoundin [4, 16, 17]. Generallyspeakingjnneralgorithmsare
obtainedby local optimizationmethods.

In this paperwe areinterestedn inferenceswith strongextensionsThedif -
culty facedby inferencealgorithmss thepotentiallyenormousiumberof vertices
thata strongextensioncanhave — evenarelatively smallnetwork candwarf the
bestexactalgorithms.Considetthefollowing example takenfrom [5]:

Example1 Considera networkwith four variablesX, Y, Z andW; W is thesole
child of X, Y andZ, andthere are nootherarrowsin thenetwork.Suppos¢hatall
variableshavethreevaluesandthateverylocal credalsethasonly threevertices.
The verticesof the strong extensionK(X;Y;Z;W) factorizeas p(W, X;Y;Z) =
p(WjX:;Y;Z) p(X) p(Y) p(Z). Now W is associatedvith 27 credalsets;therefore
there are 327 waysto combinethe verticesof thesecredal sets. These3?’ vertices
mustbe combinedwith every combinationof verticesof K(X), K(Y) andK(Z).
So,the potentialnumberof verticesin K(X;Y;Z;W) is 3%C.

We notethatinferencein credalnetworksis an optimizationproblem.Con-
siderthe computatiorof anupperprobability:

The goalis to nd a distribution p(X;jjpa(%)) in K(Xjpa(X)), for each
variableX;, soasto maximizethe probabilityvalue p(Xqj Xg).

Theobjective function p(XgjXg) is afractionof multilinearexpressions:

P(XgiXE) = —

The maximizationis subjectto linear constraintsgiven our assumptiorof
credalsetswith nitely mary vertices.

Thismaximizationproblembelonggo the eld of signomialprogrammind6], as
obsenedindependenthpy [4, 12, 18]. Signomialprogramsaregenerallysolved
dividing thefeasibleset(“branching”on varioussubsetsandobtainingouterap-
proximations(“bounding” the objective function in eachsubset)[6, 19]. That
is, signomialprogrammings solvedby branch-and-boungroceduresThe great
adwantageof signomialprogrammingover more generaloptimizationproblems
is that it is possibleto obtain boundsfor signomial programsusing geometric
programming— awell establisheld thatcanbetackledef ciently throughcon-
vex programming[20]. However, direct applicationof geometricprogramming
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boundsto strongextensionsseemdo facedif culties. First, the inferenceprob-

lemis an“implicit” signomialprogrammingasthe objective functionis encoded
in the graphthroughExpression1); eachcombinationof variablesin the credal
network would be a maximizerin the geometricprogram.Second and perhaps
moreimportantly the “degreeof dif culty” of a geometricprogramdependon

thenumberof polynomialtermsin the program— notethatExpressior(1) sum-
marizesalarge numberof terms.

In this paperwe adoptthe basicideaof branchingandboundingto compute
lower and upperprobabilities,but insteadof relying on propertiesof geometric
programmingwe useboundsthat have beenspeci cally developedfor strong
extensions.

3 Branch-and-boundsearch and optimization

Branch-and-bountechniquesappearin arti cial intelligence,optimizationand
constraintsatishction[21, 22]. The basicpurposeof a branch-and-boundlgo-
rithm is to optimizea function.For example take a problemP statedas:

(P) maxf(w)
s.t. gw) Ow2W,;

whereW A" f is arealvaluedfunction,andtheimageof g is containedn A™.
A branch-and-bountéchniqués suitablefor P wheneerit is possibleo divide P
in sub-instancethatareeasieito solve or approximatahanP itself, andsuchthat
thesolutionfor P is presentn oneof thesesub-instancef3, 24]. Additionally, a
branch-and-bountkchniquerequiresa boundr (overestimationjfor the solution
of P. This upperboundis usuallyobtainedfrom arelaxedversionof P, indicated
by R. Obviously, R mustbe easiefandfasterto solve thanP, andmustgive agood
approximatiorfor P. Therelaxedboundfor P is denotedby r(P).
In our implementationwe usethe following versionof branch-and-bound

[25]; severalvariantsexist for it [23].

Algorithm1 - Depth- rstbranch-and-bourl
Input: a problemP.
Output: the valueof maxf (w), denotedoy p.
1. Initialize p with asmallvalue(necessarilgmallerthanp).
2. If W containsa singlevaluew then:updatep with f(w) whenf(w) > p;

3. else:
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(a) usingdecompositionpbtaina list L of sub-instancesf P; eachsub-
instancds denotedvy P, andhasfeasibleregion Wy,.

(b) for eachh;, do

i. if Wy, is feasiblein the original problemandr(P,) > p, call re-
cursively depth- rstbranch-and-boundver Py,.

4. Takethelastp asp.

This algorithmcanbe viewed asa searchin a treewheretheroot nodecon-
tainsP anddescendamodescontainsub-instancesf P. The leaf nodescontain
problemsthatcanbe exactly solved. Whena leaf nodel is reachedthevaluefor
f atl is computedjf thisvalueis thelargestoneup to thatmomentit is retained.
Non-leaf nodesare processedy relaxing the original problemand producing
boundsEverynon-leafnodeis expandediy decompositiorinto sub-instancess
long asits boundis largerthanthe currentbestvalue.

4 Branch-and-boundinferencein strongextensions

This sectioncontainsthe centralideasin this paper We usea branch-and-bound
proceduravhere

branchingoccursat every vertex of credalsets,and
boundingis achievedby Tessens A/R algorithm[7].

GivenaqueryvariableX andacredalnetwork N , asinglerun of thebranch-
and-boundorocedurecomputeshe lower or upperprobability for a single state
of X, denotechy x.

The rst stepis to discardvariableghatarenotusedto computetheinference;
this canbedoneusingd-separatioffi26]. Theresultingnetwork is denotedby No.

4.1 Branching

Therootnodein thebranch-and-bounskearcttreeis Ng. TherootnodeNg is then

networks is obtainedasfollows. We selectonecredalsetin Ng, andproduceas
mary networksasthereareverticesn thiscredalset— eachnetwork is associated
with a single vertex of the selectedcredalset. This decompositiorprocedurds
thenappliedrecursvely, following thebranch-and-boundligorithm.At eachstep,
acredalsetis “expanded” Usingthisdecompositiorstrateyy, aleafnodecontains
a Bayesiannetwork, obtainedby a particularselectionof verticesin all credal
setsin the credalnetwork. When a leaf nodeis reacheda variableelimination
algorithmis usedto performinferencein the Bayesiannetwork de ned by the
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leaf[27]. Suchanalgorithmproducesa probability value p(XjXg); if p(XjXg) is
greatetthanthe currentmaximumprobability, the lattervalueis updated.

We alwaysselectthe non-expandeccredalsetnearesto the queriedvariable,
but we alwayskeepthe queryvariableto be processedt last (a similar criterion
is usedin [28] to dealwith partialevaluationof belief nets).We have tried several
criteriafor the selectionof the credalsetsthat are expanded andwe found that
theprocedurgustdescribeds quite appropriate.

4.2 Bounding

For non-leafnodesin the searchtree,we runthe A/R algorithmasa relaxationof
exactinference[7], becausehis algorithmproducesouterboundsratherquickly.
TheA/R algorithmfocusen polytreesgventhoughit canbemodi ed to handle
moregenerahetworks[14].

The A/R algorithmassumethatevery credalsetis approximatedy acollec-
tion of probabilityintervals.Sowe mustcorvertthecredalnetwork to aninterval-
basedBayesiametwork (conditionalprobability tablescontainintervals). Obvi-
ouslythereplacemenof credalsetsby probability intervalsintroducespotential
inaccuraciesnto the process.

The A/R algorithmmimics the dynamicsof Pearls belief propagatioralgo-
rithm [3]. Thefunctionsl , p andthe messagessedin BP arestill de ned with
identicalpurposesbut they arenow interval-valuedfunctions.Theideais to ma-
nipulatetheseintervals using interval arithmeticand two additionaltechniques
calledby Tessemannihilationandreinforcement

We can understandhe basicideasin the A/R algorithm by looking at the
computationof the interval-valuedmessage(X) — this messagés computed

of the messagepx(Y;) receved by X (thesemessagesire also interval-
valued).

The sameoperationsanbe adaptedo computethe upperboundp (x;).
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Figure2: An exampleof branch-and-bounbasednferenceleft: asimplecredal
network, whereK(U) is the corvex hull of fa% alg, with a® = (0:5;0:5) and
al = (0:3;0:7); K(Vjup) is the corvex hull of f b%btg, with b® = (0:5;0:5) and
bl = (0:3;0:7); K(Vjuy) is the corvex hull of f b%;b3g, with b? = (0:4;0:6) and
b3 = (0:2;0:8). Right: Searchtreefor computatiorof p(vo).

The A/R algorithm prescribessimilar operationsfor computationof | x(;)
andpz (X) (wherez; is a child of X). The function| (X) is obtainedby direct
interval multiplication. Finally, the algorithmusesannihilationor reinforcement
operationgo “normalize”thefunctionsl x(Y), pz (X), andtheproductp(X)! (X)
— “normalization” meanssimply computingboundsthat take into accountthe
factthatprobability distributionsaddup to one.

In our branch-and-boungrocedurethe deepera nodeis in the searchtree,
themorepoint probabilitiesaremanipulatedy the A/R algorithm.

Example 2 Figure 2 showsa very simplenetworkandthe the basicstepsof our
branch-and-boumlalgorithmwhencomputingp(vo) . Nodesn theseach treerep-
resentcredal networks;the numberinginsidenodesindicatesthe order in which
nodesare visited. Thevaluer is obtainedby the A/R algorithm. Closeto each
arc in the seach tree we indicate which vertex (and for which credal set) was
expanded.

4.3 Experiments

We have implementedthe branch-and-boundchemein a Java program,using
PentiumlV machinedo run tests.We ran experimentsawvith networks containing
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Tablel: Costfor exactinferencefor E in the network of Figurel.

# states| #vertices| Potentialsize | Visitednodes| Samples
per percredal | of thestrong (mean) (networks)
variable sets extension
03 02 2%t 5499 35
03 03 3%t 284912 10
04 02 2% 559255 10

variableswith threeandfour statesEachcon gurationwastestedagainsseveral
randomlygeneratedredalnets[29]. Experimentdiscussedn this sectionhave
no evidence(Xg = 0); this restrictionsimpli es the presentatiomwith no lossin
generality

We have obsenred that the size of the searchtree explored by branch-and-
boundis usuallya smallfraction of the potentialverticesof the strongextension.
As anexample,considerthe network in Figure 1. Table 1 shavs relevantresults
for queryvariableE, indicatingthe numberof statesfor variablesthe numberof
verticesfor eachcredalsetin the network, andthe potentialnumberof verticesof
the strongextension.The tableindicateshow many networks of eachtype were
testedandthe meannumberof visited nodesduringbranch-and-boundNotethe
enormoudifferencebetweerthe potentialnumberof verticesandthe numberof
effectively expandechodes.

As anotherinstructive example,we appliedthe branch-and-boundchemeo
the network describedn Examplel. We testedthirty randomlygeneratedredal
networks with the samestructureand differentcredalsets;in eachone of them
we computedthe lower and upperprobabilitiesfor wp. Thesesamplenetworks
hadternaryvariablesandthreedistributionsin eachcredalset. The branch-and-
boundsearchwasalwaysableto quickly computethe exactinferencepn average
exploring 243 nodesperinference.

Consideranotherexample.We took the polytreestructureof the well-known
Bayesiametwork called“Car Starts® andsetall of its variablesasternary We
assumedhat in practiceit would be unusualto have credal setsassociatedo
all variablesin a credalnetwork — somedistributions could be obtainedwith
greatemrecision,andin ary casethe speci cationof dozensof credalsetsis not
an easymatter We thereforeintroducedcredalsetsin all root nodesandin the
nodecalled BatterySate, using e-contaminatednodelswith e = 0:2 [30]. The
resultingstrongextensionhas3'8 potentialvertices(about387 million potential
vertices).We ran branch-and-bounthferencefor all statesof the variableSarts
and obtainedexact valuesafter evaluating 1,139,717nodes(lessthan 0.3% of

3Microsof Researchhttp://iwwresearch.microsoft.com/reseh/dig/bnfomatauxml.himl.



Rotha & Cozman:nferencein CredalNets 491

Table2: The probability errorin underestimatedpproximatereasoningor E in
thenetwork of Figurel.

# states # vertices Fixednumber Mean
pervariable | percredalset | of visitednodes| relative error
03 03 150000 0.0013
03 03 30000 0.0067
04 02 200000 0.0061
04 02 50000 0.0097

the numberof potentialverticeswere explored). An interestingtestwas made
with thebranchingstrateyy. We ranthe samenferenceusinga“reverseordering”
for branching;thatis, we rst expandedthe credalsetsthat were farthestaway
from the querynode.Usingthis stratey, the branch-and-boundlgorithmfound
the exactvaluesafterexpanding4,546,94hodes This simpletestreinforcesthe
intuition that the mostrelevant probability valuesin aninferencearethe values
thatare“close” to thequeryvariable.

It is alsopossibleto look atthebranch-and-bounschemeanotonly asanexact
algorithm,but alsoasanalgorithmthatcanbestoppedatary timeto generatep-
proximateresults We testedthisideaby runningthebranch-and-bounalgorithm
with a x ednumberof nodesTable2 shavsthe meanrelative errorin inferences
(eachrow is the meanof tenrandomnetworks). The relative erroris computed
usingthe approximateandthe exactvaluesfor P(E = ).

5 Inferencewith network fragments

If the credalnetwork N is large, it may not be possibleto run the branch-and-
boundalgorithmto optimality. In this sectionwe proposestratgjiesto handle
suchproblems.Thebasicideais to divide the credalnetwork in partsandto run
branch-and-bounith thesesub-netverks,in somesuitableorder Weillustratethis
ideathroughanexample.

Considerthe network in Figure 1, with ternaryvariablesandtwo verticesin
eachcredalset. Supposeahatwe wantto computeexact lower andupperproba-
bilities for variableG andthatour spaceandtime constraintsallow usto perform
an exactinferencejust for E, but not for G. We thenrun branch-and-boundnd
obtainlower andupperprobabilitiesfor E. In a particularinstanceof the network
shavnin Figurel, we obtainedp(ep) 2 [0:199;0:587], p(e1) 2 [0:084,;0:375 and
p(e2) 2 [0:212;0:604]. We caneasilygeneratehelargestcredalsetthatis consis-
tentwith theseintervals.We obtainK (E) de ned by thevertices

f(0:413;0:375;0:212); (0:312,0:084; 0:604); (0:587;0:084;0:329);
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(0:199;0:197;0:604); (0:587;0:201;0:212); (0:199;0:375; 0:426) g

Now we canremove E andits antecedentfrom the network, andreplaceE by
a nev nodeE° that hasthe maminal credalsetof E asits mamginal credalset.
The transformednetwork is displayedin Figure 3. We thenrun exact branch-
and-boundbasednferencefor G, obtainingtheintervals p(go) 2 [0:091;0:447],
p(g1) 2 [0:157;0:564] and p(g2) 2 [0:208;0:591]. Incidentally we computedhe
sameinferenceswith an exhautive algorithmin the JavaBayessystent and got
thesamevalues.

E—©
—t—0
®
O

Figure3: Transformedgolytreecredalnetwork.

If inferencesn thetransformedredalnetwork arestill unfeasibleywe canrun
anapproximatenferencealgorithmin the transformectredalnetwork. Consider
running Tessens algorithmin the network in Figure 3. We obtainthe intervals
p(go) 2 [0:053,0:507], p(g1) 2 [0:116,0:663 andp(gz) 2 [0:128 0:644].

In closing,we notethat Tessens algorithmalonein the completeexample
network producedheintervals p(go) 2 [0:040,0:524], p(91) 2 [0:106;0:698 and
p(g2) 2 [0:097,0:667].

6 Discussion

Any branch-and-bounalgorithmis highly dependendnthequality of thebounds
it employs. We have foundthat Tessens boundswhile fastto computeandrea-
sonablyaccuratearequitewide — usuallythe searchireeis expandedo alarge
depthbeforesomeof its branchesrediscardedTo give anexample,in thecom-
putationof inferencesfor variableE in our sampleswith ternaryvariablesand
threevertices,the branch-and-boundlgorithm explored the searchtree almost
completelydown to levels 12 or 13 (the completesearchreehas21 levels).

As anaside we have alsoimplementeda breadth- rstversionof branch-and-
bound[22], but we have found that the needto storethe expandedfrontier in
suchalgorithmsmakesthemunfeasibleBreadth- rstbranch-and-boundill only
becomeareality if betterboundsthanTessens arefound.

4Freesoftware,site http://wwwcs.cmu.edujavabayes.



Rotha & Cozman:nferencein CredalNets 493

Generallyspeakingwe cansaythatthebranch-and-boundligorithmneedso
explore atiny fraction of potentialverticesof the strongextension,andis faster
thanthebestexisting exactalgorithms[5]. For really smallcredalnetworks (with
afew thousandotentialverticesin thestrongextension) the overheadf branch-
ing andboundingcanbe signi cant, andin thosecasessnumeratioralgorithms
maybefaster

Clearly, the branch-and-boundlgorithm with Tessemboundscannotcope
with arbitrarily large problems andit canfacedif culties evenin seeminglysim-
ple situations.In the network in Figure1, inferencedor variableL could not be
foundexactly, evenafterextensve tests.

7 Conclusion

This papercanbebestunderstoodsproposingafamily of solutionsfor inference
in strongextensions,using branch-and-boundlgorithmsas a unifying ideain
suchsolutions.We have restrictedourselesto polytreesbut branch-and-bound
techniquesanbeusedfor generainferencewe have stressedhe useof Tessem
boundsput any boundingschemecanbe used.

We believe that our ideasarethe rst explicit formulationandimplementa-
tion of inferencein credalnetworksasa searchprocedureghatrunsto optimality.
Branch-and-bountkchniquesrerathersuitablefor this purposetheexperiments
shaw thatinferencewith branch-and-boundnd Tessenboundsis a de nite im-
provementover existing algorithms.

We alsowould like to emphasizehe possibility thata network is processed
in pieces,usingdifferentlevels of accurag in eachoneof the partialinferences.
Sucha stratgly seemso be appropriatefor large networks. Our future research
will befocusedon developingandimplementinggeneralalgorithmsfor decom-
posingnetworksandprocessingragmentswith differentstrateies.
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