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Abstract

Thisarticleintroducesanew way of understandingubjectve probabilityand
its generalizatiorio lower andupperprevision. Insteadof askingwhethera
persoris willing to paygivenpricesfor givenrisky payofs, we askwhether
thepersorbelieveshecanmale alot of mone atthoseprices.If not—if the
personis corvincedthatno strateyy for exploiting the pricescanmake him

veryrich in thelong run—thenthe pricesmeasuréis subjectve uncertainty
aboutthe eventsinvolved.

Thisnew understandingusti es PeteWalley'supdatingprinciple,which
applieswhennew informationis anticipatedxactly. It alsojusti es awealer
principle thatis moreusefulfor planningbecausét appliesevenwhennew
informationis not anticipatedexactly. This wealer principle cansene asa
basisfor e xible probabilisticplanningin eventtrees.
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1 Intr oduction

In the establishedinderstandingf subjectve probability, setout by Bruno de
Finetti [2] and his followers, a person$ beliefs are revealedby the betshe is
willing to make. The oddsat which heis willing to betde ne his probabilities.
We developa somevhatdifferentunderstandingf subjectve probability, us-
ing ShaferandVovk's game-theoretiéramework [8]. In this framework, proba-
bility is understoodn termsof two players:onewho offersbets,andoneto whom
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the betsareoffered.We call thesetwo playersHouseand Gambler respectiely.
The establishedinderstandingeemgo be concernedvith Houses uncertainty
sincehe is the one stating odds and offering to bet. But following Shaferand
Vovk, we take Gamblers point of view. Gambleris trying to beatthe odds,and
ShaferandVovk's work suggestshatwhatmakesoddsexpression®f a persons
uncertaintyis his corviction thathe cannotbeatthem.

We brie y introduceour new understandingf subjectve probabilityin Sec-
tion x2 andimmediatelygeneralizeat to lowerandupperprevisionin Sectionx3.

2 Subjective Probability

SupposeéHousestatesoddsp: (1 p) andoffers Gamblerthe opportunityto bet
ary amounthe choosedor or againstE at theseodds. This meansthat House
offersGamblerthe payof

a(l p) if Ehappens

ap  if Efails (1)

for any realnumbera, which Gamblemustchoosémmediatelybeforeary other
informationbecomeswvailable. The absolutevalueof a is thetotal stalesfor the
bet,andthe signof a indicateswhich sideGambleris taking:

If a is positive, thenGambleris bettingon E happeningGamblerputsup
ap, whichhelosesto Housef E fails,while Houseputsupa(1l p), which
helosesto Gamblerif E happensThetotal stalesareap+ a(1 p),ora.

If a is negative, then Gambleris betting againstE happeningGambler

putsup a(l p), which helosesto Houseif E happenswhile House

putsup ap, which he losesto Gamblerif E fails. The total stales are
a(l p) ap,or a.

No principle of logic requiresHouseto stateoddsat which Gamblercantake ei-
ther side.But mathematicaprobability hasearnedour attentionby its practical
successesver several centuriesandif we follow de Finetti in rejectingasde-
fective all pastattemptsto provide objectie interpretationsof probability, then
we seemto be left with (1) asthe only viable way of interpretingthis successful
mathematicatheory

De Finetti developedthis interpretationfrom the viewpoint of the playerwe
arecallingHouse TheprinciplethatHouseshouldavoid surelossto Gamblemwas
fundamentato this development!f we agreghatHouseshouldoffer Gambler(1)
for somep, thentheprinciplethatHouseshouldavoid surelossleadsmmediately
to theconclusionthat p shouldbe unique.If Houseoffers(1) for both p; and py,
wherep; < p2, thenGamblercanaccepthe p;-offerwith a = 1 andthe p;-offer
with a = 1, andthis producesa suregainof p, p; for Gambler no matter
whetherE happen®r fails.
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2.1 Protocols

From a thoroughlygame-theoretipoint of view, the gamebetweenHouseand
Gambleralsoinvolvesa third player, who decidesthe outcomeson which they
arebetting.Calling this third playerReality, we canlay out an explicit protocol
for thegamein the style of ShaferandVovk [8].

PROBABILITY FORECASTING
Houseannounce® 2 [0; 1].
Gamblerannouncesa 2 R.
Realityannouncesg 2 f 0; 1g.
Ki:= Ko+ a(x p).

This is a perfect-informationprotocol; the playersmove in the orderindicated
(not simultaneously)and eachplayer seesthe otherplayers'movesasthey are
made We have written Ko for Gamblersinitial capitalandK; for his nal capital.
Reality's announcemenindicatesthe happeningor failure of E: x = 1 means
E happensandx = 0 meansE fails. Thusa(x p) is thesameas(1). Thisis
Gamblers netgain,which we canthink of astheresultof his payingap for ax;
Gamblerbuysa unitsof x for p perunit.

We may, for example,presentdeFinetti's agumentfor Additivity in thisfor-
mat. Considerthe following protocol, where Housegives probabilitiesfor the
threeeventsk, F, andE[ F, whereE andF aredisjoint:

MULTIPLE PROBABILITY FORECASTING

Houseannouncege; pr; Pe F 2 [0;1].

Gamblerannouncese;ar;ag r 2 R.

Realityannouncese; xg; xg[ F 2 f0; 1g.

Ki:= Ko+ ae(xe Ppe)+ar(Xr Pr)+ ag r(Xe[F Pe[F)-
Constraint on Reality: Reality mustmake xg[ F = xg + Xg (this expresseshe
assumptionthatE andF aredisjointandthatE[ F is theirdisjunction).

The constrainton Realityis partof the rulesof the game Lik e the otherrules, it
is known to the playersatthe outset.
To seethatHousemustmake pg; r = pe + pr in orderto avoid surelossin
this protocol,set 8
< 1 ifpgr>pe+ pr
di=_ 0 ifpgr=pe+pr
1 if pgfr< pe+ pr

and considerthe stratgly for Gamblerin which ag andag are equalto d and
ag[ F isequalto d. Gamblersnetgainwith this stratey is

dixe pe)+d(xr pr) dxer PeF)=d(perr  (PE+ PF));
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whichis positive unlesspe + pr = pPg[ k.

This argumentreadily generalizeso anargumentfor therule thatrelatesthe
expectedvalue (or prevision) of a payof to the probability of the eventsthat
determinethe payof.

2.2 Cournot'sPrinciple

Therulesof probabilitycanbederivedfrom Houses motivationto avoid sureloss.
But a clearunderstandingf how subjectve probabilitiesshouldbe updatedover
timerequireghatwe shiftto Gamblersviewpointandinvoke Cournotsprinciple.
Whenwe asserthat certainnumbersare valid asobjective probabilities,we are
assertinghatthey do not offer anyoneary opportunityto getveryrich. Whenwe
adwancethemasour subjectve probabilitieswe aresayingsomethingnly alittle
different:we areassertinghatthey do not offer us,with theknowledgewe have,
ary opportunityto getvery rich. Whenwe saythis, we put oursehesin therole
of Gambler notin therole of House.The pointis not how we got the numbers:
thepointis whatwe think we cando with them.

A probability for a single event, if it is not equalto 0 or 1, can hardly be
refuted.Evenif Gamblerchooseghe winning side,with stakeshigh enoughto
male alot of money, we will hesitateto concludethatthe probabilitywaswrong.
Gamblermay simply have beenlucky. On the otherhand,if Houseannounces
probabilitiesfor asequencef eventsandGamblerconsistentlymanageso make
mongy, thenthe validity of the probabilitieswill becastin doubt.

ShaferandVovk [8] have shovn thatwe canmake this notion of testingpre-
cisewithin thefollowing protocol,whereHouseannounceprobabilitiesps; p2;:::

Houseannouncegy, 2 [0;1].
Gamblerannouncean 2 R.
Realityannounces, 2 f 0; 1g.
Knh:=Kn 1+ an(Xn  pn)-

In this protocol,GamblercantestHouses probabilitiesby trying to getin nitely
rich (limp ¥ Kn = ¥) without everrisking bankrupty (withoutgiving Realityan
opportunityto make K, negativefor ary n). If Gamblersucceed# doingthis, he
hasrefutedanin nite subsebf the setof givenprobabilities.

ShaferandVovk usethe nameCournot's principle for thehypothesighatRe-
ality will notallow Gamblerto becoman nitely rich withoutrisking bankruptg.
This principle saysthatno matterwhat bankrupty-freestrateyy for Gamblerwe
specify(in additionto Houses andReality's previousmoves,sucha stratgy may
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alsouseotherinformationavailableto Gambler) we canbecon dentthatReality
will move in sucha way thatthe stratey will not make Gamblerin nitely rich.
Thisis anempiricalhypothesis—aypothesigabouthow Realitywill behae, not
arule of thegame.

If givenprobabilitiessatisfyCournots principlefor any potentialgamblerno
matterhow muchinformationthatgamblerhas thenwe mightcall themobjective
or causalprobabilitie5, 6]. Ontheotherhand,if they satisfyCournotsprinciple
only for gamblerswith a certainlevel of information,thenwe might call them
subjectiveprobabilitiesfor thatlevel of information.An individual who believes
thatthe probabilitiesprovided to him by somesourceor methoddo not permit
ary bankruptg-free stratgyy to make him very rich might reasonablycall them
his personakubjectve probabilities.

Underthis interpretationa personwith subjectve probabilitiesis not merely
sayingthat he doesnot know how to getvery rich bettingat theseprobabilities.
Heis sayingthatheis corvincedthatthereis no bankruptg-freestrateyy thatwill
male him veryrich.

3 Subjective Lower and Upper Prevision

In recentdecadestherehasbeengreatinterestin supplementingubjectve prob-
ability with more e xible representationsf uncertainty Someof the represen-
tationsstudiedemphasizevidenceratherthangambling[4, 9, 12]; othersusea
concepiof partialpossibility[3]. But mary scholargreferto generalizeéhe story
aboutbetting that underliessubjectve probability. The rst stepof sucha gen-
eralizationis obvious. Insteadof requiringa personto setoddsat which he will
take eitherside of a bet, allow him to setseparateddsfor the two sides.This
leadsto lower andupperprobabilitiesandlower andupperprevisionsratherthan
additive probabilitiesand expectedvalues.Seethe earlywork of C. A. B. Smith
[10, 11] and PeterWilliams [17, 18, 19|, the in uential work of PeterWalley
[13, 14, 15, 16], andtherecentwork of theimpreciseprobabilitiesproject[1].

In this section,we look atlower andupperprevisionsfrom the point of view
developedin the precedingsection.This leadsto a betterunderstandingf how
thesemeasure®f subjective uncertaintyshouldchangewith new information,
bothwhenthe new informationis exact (i.e., whenit is the only additionalinfor-
mation)andwhenit is not.

3.1 Pricing Eventsand Payoffs

Whereagprobabilitiesfor eventsdetermineexpectedvaluesfor payofs that de-
pendonthoseevents(seex2.1),lower andupperprobabilitiesarenot soinforma-
tive. The ratesat which a personis willing to betfor or againstgiven eventsdo
not necessarilydeterminethe pricesat which heis willing to buy or sell payofs
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dependingnthoseevents.We needmorethanatheoryof lower andupperprob-
abilitiesfor events:we needatheoryof lower andupperprevisionsfor payofs.

3.1.1 Lower and Upper Probabilities

SupposéHouseexpressesis uncertaintyaboutE by specifyingtwo numbers p;
andp,. He offersto pay Gambler

ai(1 p1) if E happens

ai(x po) = aip1  if E fails 2)
forarya; 0, andhealsooffersto pay Gambler
as(1 if E happens
az(X p2) - 2( p2) pp (3)

azpe if E fails

foraryas; 0.In (2), Gamblersellsa; unitsof x for p1 perunit, while in (3), he
buysa unitsof x for p, perunit. Hereis the protocolfor this:

FORECASTING WITH LOWER AND UPPER PROBABILITIES
Houseannounce®s; p2 2 [0; 1].
Gamblerannouncega;az 2 [0;¥).
Realityannouncesg 2 f 0; 1g.

Ki:= Ko ai(x p1)+azxx p2).

To avoid sureloss,Housemustmake p1  pz. If p1> p2, thenGamblercanmalke
money for sureby makingai anda; strictly positive andequal.

Housewould presumablypewilling to increaséhis own payofs by decreasing
p1 in (2) andincreasingp: in (3). The naturalremainingquestionis how high
Housewill make p; andhow low hewill make p2. We maycall p; andp, Houses
lower and upper probabilities respectiely, if Housewill not offer (2) for ary
valuehigherthan p; andwill notoffer (3) for ary valuelower than pa.

When we model our beliefs by putting ourselesin the role of House,we
have some e xibility in the meaningwe give our refusalto offer highervalues
of p1 or lower valuesof p,. Perhapsave arecertainthatwe do not wantto make
additionaloffers, perhapsve are hesitating,or perhapswve are providing merely
anincompletemodelof our beliefs(Walley [14], pp.61-63).

Whenwe insteadmodelour beliefsby putting oursehesin the role of Gam-
bler, the questionis what valuesof p1 and p, we believe will satisfy Cournots
principle.In thecontet of asequencef forecastsye mightcall p; andp, Gam-
bler's lower and upperprobabilitieswhen (1) Gamblerbelievesthat no strateyy
for buying andselling will make him very rich in thelong run whenhe cansell
x for py or buy it for pz but (2) Gambleris not con dent aboutthis in the case
whereheis allowedto sell x for morethanp; or buy it for lessthanp,.
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Clause(2) canbe madeprecisein more than one way. Gamblermight be
unsureaboutwhetherhe cangetvery rich with bettervaluesof p; or p2, or he
might believe thata strategy availableto him would succeedvith suchvalues.

3.1.2 Lower and Upper Previsions

Thefollowing protocolallows usto price a payof x thatdepend®n theoutcome
of morethanoneevent:

FORECASTING WITH LOWER AND UPPER PREVISIONS
Houseannounce®s; p2 2 R.
Gamblerannouncesa;a; 2 [0;¥).
Realityannounce 2 R.

Ki:= Ko ai(x p1)+axx p2).

Again, Gambleris allowedto sell x for p; andbuy it for py. If p; is the highest
priceatwhich Gamblercansell x (eitherthe highestprice Housewill offer or the
highestprice at which Gamblerbelieves Cournots principle, dependingon our
viewpoint), we may call it thelower prevision of x. Similarly, if py is thelowest
priceatwhich Gamblercanbuy x, we may call it the upperprevisionof x.

Housemay have more to say aboutx thanthe lower and upperprevisions
p1 and p2, and even the statementhat theseare lower and upperprevisionsis
not exactly a statementiboutthe protocolitself. We now turn to a moreabstract
approachbettersuitedto generaldiscussion.

3.2 Forecastingin General

ConsidemsetR, andconsiderasetH of real-valuedfunctionsonR. We callH a
beliefconeonR if it satis esthesetwo conditions:

1. If gisareal~valuedfunctiononR andg(r) Oforallr 2 R, thengisinH.

2. If g1 andgy arein H anda; anday arenonnegative numbersthena;g; +
ax0z isin H.

We write G for thesetof all beliefconeson R.

Intuitively, a belief coneis a setof payofs that Housemight offer Gambler
Thusif (a @) 2 H, Houseis willing to buy g for a; andif (g a) 2 H, House
is willing to sell g for a. Condition1 saysthatHousewill atleastoffer any con-
tractthatdoesnot requirehim to risk a loss.Condition2 saysHousewill allow
Gamblerto combineary two of his offers,in any amountsTheseconditionsare,
of coursecloselyrelatedto Walley's concepiof desiability.

Thefollowing abstracprotocolis adaptedrom p. 90 of [8].

FORECASTING
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Parameters:R andC g

Protocol:
Houseannounces$i 2 C.
Gamblerannounceg 2 H.
Realityannounces 2 R.
Ki:= Ko+ g(r).

We call ary protocolobtainedby a speci ¢ choiceof R andC a forecastingpro-
tocol. We call R thesamplespace

We call a real-valuedfunction on the samplespaceR a variable Houses
move H, itself a setof variables,determinedower and upperprevisionsfor all
variablesThelower previsionfor aboundedvariablex is

Eyx:=sufaj(a x)2Hg; (4)
andthe upperprevisionis
Enx:=inffaj(x a)2 Hg: (5)

Thesede nitions are similar to thosegiven by Walley ([14], pp. 64—65),with a
differencen signbecauséaValley considersa collectionD of payofs thatHouse
is willing to acceptfor himselfratherthana collectionH thatHouseoffers.

The condition(a x) 2 H in (4) meansthat Gamblercansell x for a. So
roughly speakingthelower prevision E, x is the highestprice at which Gambler
cansell x. We say “roughly speaking”because (4) tells us only that Gambler
canobtaina xfor a arbitrarily closeto Ey x, notthathecanobtain(Ey x) x.
Similarly, the upperprevision Ey x is roughly the lowestprice at which Gambler
canbuy Xx.

Oncewe know lower previsionsfor all variableswe alsoknow upperprevi-
sionsfor all variablesandvice versabecause

Enx= Eu( X
for every variablex. For additionalgeneralpropertiesof lower andupperprevi-
sions,seeChapter2 of Walley [14] andChaptersl and8 of [8].

3.2.1 Regular Protocols

GivenH 2 Cg, set B
H =fx:R7'RjExyx O0g:

Thefollowing factscanbeveri ed straightforvardly:
H isalsoabeliefcone(H 2 &R),
H H,
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Enx= En xandEyx= Ey xfor everyvariablex, and
(H) =H .

Intuitively, if Houseoffers Gamblerall the payofs in H, thenhe might aswell
alsooffer the otherpayofsin H , becausdor every payof in H , thereis onein
H thatis arbitrarily close.

We call a forecastingprotocolregular if H= H for everyH in C. Because
ary forecastingprotocolcanbe replacedwith a regularonewith the samelower
andupperprevisions(enlageeachH in Cto H ), little generalityis lostwhenwe
assumeegularity. This assumptiorallows usto remove the “roughly speaking”
from the statementghat the lower prevision of x is the highestprice at which
Gamblercansell x andthe upperprevision the lowestprice at which he canbuy
it. It alsoallows usto saythatH is completelydeterminedy its upperprevisions
(andhencealsoby its lower previsions):

x2 H if andonlyif Exx O

Theconditionx 2 H saysthatHousewill givexto Gambler TheconditionEy x
0 saysthatHousewill sellx to Gamblerfor O or less.

3.2.2 Interpretation

Bothinterpretation®f lowerandupperprevisionswediscussedh x3.1generalize
to forecastingprotocolsin general We canputoursehesin therole of Houseand
saythatour beliefsareexpressedy the priceswe arewilling to pay—ourlower
andupperprevisions.Or, aswe prefer we canputoursehesin therole of Gambler
andsubscribeo thesepricesin the senseof believing thatthey will notallow us
to becomeveryrich in thelong run, no matterwhatstratey we follow.

Thereferencedo thelongrunin the secondnterpretatiormustbe understood
in termsof a sequentialersionof our abstraciprotocol.If we supposefor sim-
plicity, thatRealityandHousehave the samechoicesof belief conesandpayofs
on every move, this sequentiaprotocolcanbe written asfollows:

SEQUENTIAL FORECASTING
Parameters:R andC Gy
Protocol:

Ko = 1.

Forn= 1;2;::::
Houseannounces$i, 2 C.
Gamblerannouncesg, 2 Hp.
Realityannounces, 2 R.
Kn:= Kn 1+ gn(rn).

Theambiguitiesve discussedh x3.1alsoarisehere.If we take Houses point
of view, we mayor maynotbecatejoricalaboutour unwillingnesgo offer riskier
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payofsthanthosein Hy,. If we take Gamblers point of view, we maybemoreor
lesscertainaboutwhetherargerH,, would alsosatisfyCournots principle.

3.3 Walley'sUpdating Principle

We turn now to PeteiWalley's updatingprinciple. This principle canbe shovn to
entailtherule of conditionalprobabilitywhenit is appliedto subjectve probabil-
ity. Herewe applyit to our abstractramework for lowerandupperprevisions.

TwO-STAGE FORECASTING

Protocol:

At timeO:
Houseannouncesig 2 C.
Gamblerannouncesgp 2 Ho.
Realityannounces?2 f1;2;:::;kg.

At timet:
Houseannouncesl; 2 Gg,.
Gamblerannouncesy; 2 Hs.
Realityannounces; 2 B;.

Ke = Ko+ go(re) + gi(re)-

Becausewe areconsideringherehow Houseshouldmake his secondmove, we
leave this move unconstrainedby the protocol.In Sections3.4and3.5 below we
considertwo speci ¢ alternatvesfor this choice.Here, Housecan chooseary
belief coneonthereducedsamplespaceB;.

Walley's updatingprinciple saysthatif Houseknows at time 0 that Reality's
announcemerdf i will be Houses only new informationwhenhe movesattime
t, thenattime 0, ashemakeshis move Hg, Houseshouldintendfor his move H¢
to bethebelief conew; on B; givenby

wi:=fg:Bi 7' Rjg 2 Hog; (6)
whereg' is de ned by

wo o og(r) ifr2B;

9M=""5" itrzs; @

In words: Houseshouldintendto offer a given payof at the secondstageafter
Reality announces if andonly if heis alreadyoffering that payof at the rst

stagecontingenton that value of i. This producessimple formulaerelatingthe
new lowerandupperprevisionsto theold ones:

E,x= sufaj E,(x a)’ 0g ®
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and .
EW{x: inffaj En,(x a) Og 9)

for every variablex onthereducedsamplespaceB;.

3.4 Announcing Futur e Beliefsin Advance

We now considerHouses secondmave beingconstrainedy announcindhis fu-

ture beliefsin advance.The rule of conditionalprobability canbe shovn to be
mandatedy the principle of Houses avoiding surelosswhenhe announcesu-

ture subjectve probabilitiesin advance.What if Houseannouncesn adwance
future beliefsthatdetermineonly lower andupperprevisions?

ADVANCE FORECASTING

Protocol:
At timeO:

Gamblerannouncesg)p 2 Ho.
Realityannounces? f1;2;:::;kg.
At timet:
Gamblerannouncesy 2 H!.
Realityannounces; 2 B;.
Kt := Ko+ go(re) + ge(re).

ConsiderHouses Hp andhis H/ for someparticularj. Supposéhe variable
gisin H{, butg" is notin Ho. Thenit would make no differencein whatGambler
cando if Housewereto enlage Hg by addingg’ to it. He canalreadyget the
effectof g attime 0 by planningin advanceto announcey attimet.

So we canassumeyithout changingwhat Gamblercanaccomplish that if
g2 H{, theng" 2 Ho. ThisassumptiorimpliesH! w/ by (6) andthen
E, E, (10)
by (4). Thelower prevision at timet that is foreseerand announcedat time 0
shouldnot exceedthelower previsiongivenby Walley's updatingprinciple. Writ-
ing simply Eq X for Ey x andE; x for EH{ X (the lower previsionsthat Houses
time-0Oannouncementsnply for time 0 andt, respectrely) andrecalling(8), we
canwrite (10) in theform

E,x sufajEy(x a) Og; (11)

wherex is avariableon thereducedsamplespaceB;.
The argumentfor (11) relieson the new viewpoint developedin this article,
accordingto which a person$ uncertaintyis measuredy priceshe believeshe
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cannotbeat,not by pricesheis disposedo offer. We expect(11) to hold because
if it did not, the time O lower previsionswould needto be increasedo re ect
strongetbettingoffersthatGamblercannotbeat.Strictly speakingpf coursetalk
aboutGamblemot beingableto beatgivenpricesis talk aboutthe long run, and
soacompletesxpositionof theargumentwouldinvolve a sequentiaprotocol.We
leave this furtherelaboratiorof theargumentto thereader

Theargumentdoesnot rely on ary assumptioraboutexactinformation.Pos-
sibly Houseand Gamblerwill learnmorethanB; by timet. E; X, in (11), is not
necessarilyhelower previsionattimet. It is merelythelower previsionattimet
to which Housecommitshimselfattime 0. Thiscommitmendoesnotexcludethe
possibilitythatHouseandGamblemwill acquireadditionalunanticipatednforma-
tion andthatHousewill thusoffer Gamblemrmorevariablesattimet thanthoseto
which he committedhimselfattime 0. In this casethe actuallower prevision for
X attimet maycomeout higherthanEH{ x andeven higherthanEW{ X.

For planningat time 0, we areinterestedn whatwe cancounton alreadyat
time 0. This is why the upperboundin (11) is interesting.Whentime t comes
around,positive unanticipatednformation may lead us to give x a lower pre-
vision exceedingthis upperbound,but thereis also the possibility of negative
unanticipatednformation, and the upperboundcan be thoughtof astelling us
how consenrative we needto be in our advancecommitmentsn orderto hedge
againsthe possiblenggative information.

3.5 Updating with Exact Information

Althoughthecasein Section3.4 above wherecommitmentsaremadein advance
in thefaceof possibleunanticipatechew informationseemgo usto have greater
practicalimportanceit is alsoof interestto considetthe casewherenew informa-
tion is anticipatedexactly. Thisis whereWalley's principle applies.
Extendingthe protocolof x3.3,we obtainthefollowing sequentiaprotocol:

SEQUENTIAL TWO-STAGE FORECASTING
Ko:= 1
Forn= 1;2;:::
At timen:
Houseannounce$ig 2 C.
Gamblerannounceg 2 Hno.
Realityannounces, 2 f1;2;:::;kg.
At timen+ 1=2:
Houseannouncesin; 2 Gg; .
Gamblerannounceg 2 Hp.
Realityannounces, 2 B;,.
Kn:= Kn 1+ gno(rn) + gna(rn).
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First, we make the following assumptions:
1. Houses Hy satisfyCournots principle.

2. Houseagreesn advanceto follow Walley's updatingprinciple:Hpy = win,
wherew}, := fg:Bj 7! Rjg 2 Hnog

3. The only new information Gambleracquiresbetweenhis move at time n
andhis move attime n+ 1=2is Reality's choiceof of i,,. (By the preceding
assumptionhe alreadyknows Houses move Hy;.)

4. RealitydisrggardsGamblers moveswhenshechooseserown moves.

Will all of Houses announcementgheH o andHp;) satisfyCournots principle
asagroup?lt is reasonabléo concludethatthey will. If they did not,thenGam-
blerwould have abankrupty-freestratgy Sthatwould make himin nitely rich.
This strat@y would specifygng 2 Cfor n= 1;2;::: andg); 2 wh forn= 1,2;:::

(Assumption4) and Housewill follow Walley's recommendatiorfior H; (As-
sumption2), Gamblerhasa stratgy S°for choosingthe gno alonethatmakeshis
capitalgrow exactly asS does:to duplicatethe effect of S's move gn;, he adds

andsoGamblemwould have theinformationneededo implementit (Assumption
3). So Swould alsomake Gamblerin nitely rich, contradictingAssumptionl.

Thisresultis along-runjusti cation for Walley's updatingprinciplein its full
generality

4 Summary and Prospects

In this article, we setforth a new way of understandingprobabilitiesand previ-
sionsin which we consideredsamblers viewpoint, andadoptedCournots prin-
ciple,in aseriesof game-theoretiprotocols.

The properhandlingof updatingdependsn whetherwe canexactly antici-
patenew information.

We learnedin x3.5thatif we canexactly anticipatenew information—i.e.,

whatall our new informationwill be,thenwe canfollow Walley's updating
principle,deriving new lower previsionsfrom old onesusingtheformula

Ex=sufajEo(x a) Og (12)

We learnedin x3.4 that if we cannotexactly anticipatenew information,
but we do know thatwe will learnwhich of the mutually exclusive events
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visionsthat dependon which B; happensthenthesepreannouncetbwer
previsionsshouldsatisfythe upperbound

Ex sufajEx a) 0g: (13)
Therequiremenbf exactnew informationis very strong.Theinequality(13) de-

Thereis norequirementhatthis beall welearn.Ontheotherhand theinequality
only boundsthe new lower prevision that canbe guaranteect the outset,at the
planningstage Unanticipatednformationmay producea higherlower prevision.

In this article, we have invoked Cournots principle usinga relatively simple
protocol,in which Realityhasabinarychoiceateachstep.This principlecanalso
be adopted however, when Reality sometimeshasmore thantwo choices,and
whenthe choicesavailableto her may dependon what shehasdonepreviously.
This bringsusto the generalityof aneventtree[5], offering additional e xibility
thatis neededn planning Hereit maybecorvenientto suppressherole of House
in favor of aformalrule for determiningheprobabilitiesofferedto Gamblerand
to allow for unanticipatednformationandthe re nementof beliefs.We explore
thesequestionsn [7].
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