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Abstract

Thisarticleintroducesanew wayof understandingsubjectiveprobabilityand
its generalizationto lower andupperprevision. Insteadof askingwhethera
personis willing to paygivenpricesfor givenrisky payoffs, weaskwhether
thepersonbelieveshecanmake a lot of money at thoseprices.If not—if the
personis convincedthatno strategy for exploiting thepricescanmake him
very rich in thelong run—thenthepricesmeasurehis subjective uncertainty
abouttheeventsinvolved.

Thisnew understandingjusti�es PeterWalley'supdatingprinciple,which
applieswhennew informationis anticipatedexactly. It alsojusti�es aweaker
principle that is moreusefulfor planningbecauseit appliesevenwhennew
informationis not anticipatedexactly. This weaker principle canserve asa
basisfor �e xible probabilisticplanningin eventtrees.
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1 Intr oduction

In the establishedunderstandingof subjective probability, set out by Bruno de
Finetti [2] and his followers,a person's beliefs are revealedby the betshe is
willing to make.Theoddsat whichheis willing to betde�ne his probabilities.

We developa somewhatdifferentunderstandingof subjectiveprobability, us-
ing ShaferandVovk's game-theoreticframework [8]. In this framework, proba-
bility is understoodin termsof two players:onewhooffersbets,andoneto whom
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thebetsareoffered.We call thesetwo playersHouseandGambler, respectively.
Theestablishedunderstandingseemsto be concernedwith House's uncertainty,
sincehe is the one statingoddsand offering to bet. But following Shaferand
Vovk, we take Gambler's point of view. Gambleris trying to beattheodds,and
ShaferandVovk'swork suggeststhatwhatmakesoddsexpressionsof a person's
uncertaintyis his conviction thathecannotbeatthem.

We brie�y introduceour new understandingof subjective probability in Sec-
tion x2 andimmediatelygeneralizeit to lowerandupperprevision in Sectionx3.

2 Subjective Probability

SupposeHousestatesoddsp : (1� p) andoffersGamblertheopportunityto bet
any amounthe choosesfor or againstE at theseodds.This meansthat House
offersGamblerthepayoff

�
a(1� p) if E happens

� a p if E fails
(1)

for any realnumbera, whichGamblermustchooseimmediately, beforeany other
informationbecomesavailable.Theabsolutevalueof a is thetotal stakesfor the
bet,andthesignof a indicateswhichsideGambleris taking:

� If a is positive, thenGambleris bettingon E happening.Gamblerputsup
a p, whichhelosesto Houseif E fails,while Houseputsupa(1� p), which
helosesto Gamblerif E happens.Thetotalstakesarea p+ a(1� p), or a.

� If a is negative, then Gambleris betting againstE happening.Gambler
putsup � a(1 � p), which he losesto Houseif E happens,while House
puts up � a p, which he losesto Gamblerif E fails. The total stakesare
� a(1� p) � a p, or � a.

No principleof logic requiresHouseto stateoddsat which Gamblercantake ei-
ther side.But mathematicalprobability hasearnedour attentionby its practical
successesover several centuries,andif we follow de Finetti in rejectingasde-
fective all pastattemptsto provide objective interpretationsof probability, then
we seemto beleft with (1) astheonly viableway of interpretingthis successful
mathematicaltheory.

De Finetti developedthis interpretationfrom theviewpoint of theplayerwe
arecallingHouse.TheprinciplethatHouseshouldavoid surelossto Gamblerwas
fundamentalto thisdevelopment.If weagreethatHouseshouldofferGambler(1)
for somep, thentheprinciplethatHouseshouldavoid surelossleadsimmediately
to theconclusionthat p shouldbeunique.If Houseoffers(1) for both p1 andp2,
wherep1 < p2, thenGamblercanacceptthep1-offer with a = 1 andthep2-offer
with a = � 1, andthis producesa suregain of p2 � p1 for Gambler, no matter
whetherE happensor fails.
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2.1 Protocols

From a thoroughlygame-theoreticpoint of view, the gamebetweenHouseand
Gambleralsoinvolvesa third player, who decidesthe outcomeson which they
arebetting.Calling this third playerReality, we canlay out an explicit protocol
for thegamein thestyleof ShaferandVovk [8].

PROBABIL ITY FORECASTING

Houseannouncesp 2 [0;1].
Gamblerannouncesa 2 R.
Realityannouncesx 2 f 0;1g.
K1 := K0 + a(x� p).

This is a perfect-informationprotocol; the playersmove in the order indicated
(not simultaneously),andeachplayerseesthe otherplayers'movesasthey are
made.WehavewrittenK0 for Gambler'sinitial capitalandK1 for his�nal capital.
Reality's announcementindicatesthe happeningor failure of E: x = 1 means
E happens,andx = 0 meansE fails. Thusa(x � p) is the sameas(1). This is
Gambler's netgain,which we canthink of astheresultof his payinga p for ax;
Gamblerbuysa unitsof x for p perunit.

We may, for example,presentdeFinetti's argumentfor Additivity in this for-
mat. Considerthe following protocol,whereHousegives probabilitiesfor the
threeeventsE, F, andE [ F, whereE andF aredisjoint:

MULTIPLE PROBABIL ITY FORECASTING

HouseannouncespE; pF ; pE[ F 2 [0;1].
GamblerannouncesaE;aF ;aE[ F 2 R.
RealityannouncesxE;xF ;xE[ F 2 f 0;1g.
K1 := K0 + aE(xE � pE) + aF (xF � pF ) + aE[ F (xE[ F � pE[ F ).

Constraint on Reality: Reality mustmake xE[ F = xE + xF (this expressesthe
assumptionsthatE andF aredisjointandthatE [ F is their disjunction).

Theconstrainton Reality is partof therulesof thegame.Like theotherrules,it
is known to theplayersat theoutset.

To seethatHousemustmake pE[ F = pE + pF in orderto avoid surelossin
thisprotocol,set

d :=

8
<

:

1 if pE[ F > pE + pF
0 if pE[ F = pE + pF

� 1 if pE[ F < pE + pF

andconsiderthe strategy for Gamblerin which aE andaF areequalto d and
aE[ F is equalto � d. Gambler'snetgainwith this strategy is

d(xE � pE) + d(xF � pF ) � d(xE[ F � pE[ F ) = d(pE[ F � (pE + pF )) ;
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which is positiveunlesspE + pF = pE[ F .
This argumentreadilygeneralizesto anargumentfor therule thatrelatesthe

expectedvalue (or prevision) of a payoff to the probability of the eventsthat
determinethepayoff.

2.2 Cournot's Principle

Therulesof probabilitycanbederivedfromHouse'smotivationtoavoidsureloss.
But a clearunderstandingof how subjectiveprobabilitiesshouldbeupdatedover
timerequiresthatweshift to Gambler'sviewpointandinvokeCournot'sprinciple.
Whenwe assertthatcertainnumbersarevalid asobjective probabilities,we are
assertingthatthey donotoffer anyoneany opportunityto getveryrich. Whenwe
advancethemasoursubjectiveprobabilities,wearesayingsomethingonly alittle
different:we areassertingthatthey donot offer us,with theknowledgewe have,
any opportunityto getvery rich. Whenwe saythis, we put ourselvesin therole
of Gambler, not in the role of House.Thepoint is not how we got thenumbers:
thepoint is whatwe think wecandowith them.

A probability for a single event, if it is not equalto 0 or 1, can hardly be
refuted.Even if Gamblerchoosesthe winning side,with stakeshigh enoughto
makea lot of money, wewill hesitateto concludethattheprobabilitywaswrong.
Gamblermay simply have beenlucky. On the otherhand,if Houseannounces
probabilitiesfor asequenceof events,andGamblerconsistentlymanagesto make
money, thenthevalidity of theprobabilitieswill becastin doubt.

ShaferandVovk [8] have shown thatwe canmake this notionof testingpre-
cisewithin thefollowingprotocol,whereHouseannouncesprobabilitiesp1; p2; : : :
for a seriesof eventsE1;E2; : : : with indicatorvariablesx1;x2; : : : :

SEQUENTIAL PROBABIL ITY FORECASTING

K0 := 1.
For n = 1;2; : : : :

Houseannouncespn 2 [0;1].
Gamblerannouncesan 2 R.
Realityannouncesxn 2 f 0;1g.
Kn := Kn� 1 + an(xn � pn).

In this protocol,GamblercantestHouse'sprobabilitiesby trying to getin�nitely
rich (limn! ¥ Kn = ¥ ) withoutever riskingbankruptcy (withoutgiving Realityan
opportunityto makeKn negativefor any n). If Gamblersucceedsin doingthis,he
hasrefutedanin�nite subsetof thesetof givenprobabilities.

ShaferandVovk usethenameCournot'sprinciple for thehypothesisthatRe-
ality will notallow Gamblerto becomein�nitely rich without riskingbankruptcy.
This principlesaysthatno matterwhatbankruptcy-freestrategy for Gamblerwe
specify(in additionto House'sandReality'spreviousmoves,suchastrategy may
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alsouseotherinformationavailableto Gambler),wecanbecon�dent thatReality
will move in sucha way that thestrategy will not make Gamblerin�nitely rich.
This is anempiricalhypothesis—ahypothesisabouthow Realitywill behave,not
a ruleof thegame.

If givenprobabilitiessatisfyCournot'sprinciplefor any potentialgambler, no
matterhow muchinformationthatgamblerhas,thenwemightcall themobjective
or causalprobabilities[5, 6]. Ontheotherhand,if they satisfyCournot'sprinciple
only for gamblerswith a certainlevel of information,thenwe might call them
subjectiveprobabilitiesfor that level of information.An individual who believes
that the probabilitiesprovided to him by somesourceor methoddo not permit
any bankruptcy-freestrategy to make him very rich might reasonablycall them
hispersonalsubjectiveprobabilities.

Underthis interpretation,a personwith subjectiveprobabilitiesis not merely
sayingthathedoesnot know how to getvery rich bettingat theseprobabilities.
Heis sayingthatheis convincedthatthereis nobankruptcy-freestrategy thatwill
makehim very rich.

3 Subjective Lower and Upper Prevision

In recentdecades,therehasbeengreatinterestin supplementingsubjectiveprob-
ability with more �e xible representationsof uncertainty. Someof the represen-
tationsstudiedemphasizeevidenceratherthangambling[4, 9, 12]; othersusea
conceptof partialpossibility[3]. But many scholarspreferto generalizethestory
aboutbettingthat underliessubjective probability. The �rst stepof sucha gen-
eralizationis obvious.Insteadof requiringa personto setoddsat which hewill
take eithersideof a bet, allow him to setseparateoddsfor the two sides.This
leadsto lowerandupperprobabilitiesandlowerandupperprevisionsratherthan
additive probabilitiesandexpectedvalues.Seetheearlywork of C. A. B. Smith
[10, 11] and PeterWilliams [17, 18, 19], the in�uential work of PeterWalley
[13, 14, 15, 16], andtherecentwork of theimpreciseprobabilitiesproject[1].

In this section,we look at lower andupperprevisionsfrom thepoint of view
developedin the precedingsection.This leadsto a betterunderstandingof how
thesemeasuresof subjective uncertaintyshouldchangewith new information,
bothwhenthenew informationis exact (i.e.,whenit is theonly additionalinfor-
mation)andwhenit is not.

3.1 Pricing Eventsand Payoffs

Whereasprobabilitiesfor eventsdetermineexpectedvaluesfor payoffs that de-
pendon thoseevents(seex2.1),lowerandupperprobabilitiesarenotsoinforma-
tive. The ratesat which a personis willing to bet for or againstgiveneventsdo
not necessarilydeterminethepricesat which he is willing to buy or sell payoffs
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dependingon thoseevents.We needmorethana theoryof lowerandupperprob-
abilitiesfor events:weneeda theoryof lowerandupperprevisionsfor payoffs.

3.1.1 Lower and Upper Probabilities

SupposeHouseexpresseshisuncertaintyaboutE by specifyingtwo numbers,p1
andp2. Heoffersto payGambler

� a1(x� p1) =
�

� a1(1� p1) if E happens
a1p1 if E fails

(2)

for any a1 � 0, andhealsooffersto payGambler

a2(x� p2) =
�

a2(1� p2) if E happens
� a2p2 if E fails

(3)

for any a2 � 0. In (2), Gamblersellsa1 unitsof x for p1 perunit, while in (3), he
buysa2 unitsof x for p2 perunit. Hereis theprotocolfor this:

FORECASTING WITH LOWER AND UPPER PROBABIL ITIES

Houseannouncesp1; p2 2 [0;1].
Gamblerannouncesa1;a2 2 [0;¥ ).
Realityannouncesx 2 f 0;1g.
K1 := K0 � a1(x� p1) + a2(x� p2).

To avoid sureloss,Housemustmake p1 � p2. If p1 > p2, thenGamblercanmake
money for sureby makinga1 anda2 strictly positiveandequal.

Housewouldpresumablybewilling to increasehisown payoffsby decreasing
p1 in (2) andincreasingp2 in (3). The naturalremainingquestionis how high
Housewill make p1 andhow low hewill make p2. Wemaycall p1 andp2 House's
lower and upperprobabilities, respectively, if Housewill not offer (2) for any
valuehigherthanp1 andwill notoffer (3) for any valuelower thanp2.

When we model our beliefs by putting ourselves in the role of House,we
have some�e xibility in the meaningwe give our refusalto offer highervalues
of p1 or lower valuesof p2. Perhapswe arecertainthatwe do not want to make
additionaloffers,perhapswe arehesitating,or perhapswe areproviding merely
anincompletemodelof ourbeliefs(Walley [14], pp.61–63).

Whenwe insteadmodelour beliefsby puttingourselvesin therole of Gam-
bler, the questionis what valuesof p1 and p2 we believe will satisfyCournot's
principle.In thecontext of asequenceof forecasts,wemightcall p1 andp2 Gam-
bler's lower andupperprobabilitieswhen(1) Gamblerbelievesthatno strategy
for buying andsellingwill make him very rich in the long run whenhecansell
x for p1 or buy it for p2 but (2) Gambleris not con�dent aboutthis in the case
whereheis allowedto sell x for morethanp1 or buy it for lessthanp2.
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Clause(2) can be madeprecisein more than one way. Gamblermight be
unsureaboutwhetherhe canget very rich with bettervaluesof p1 or p2, or he
mightbelievethatastrategy availableto him wouldsucceedwith suchvalues.

3.1.2 Lower and Upper Previsions

Thefollowing protocolallowsusto priceapayoff x thatdependson theoutcome
of morethanoneevent:

FORECASTING WITH LOWER AND UPPER PREVISIONS

Houseannouncesp1; p2 2 R.
Gamblerannouncesa1;a2 2 [0;¥ ).
Realityannouncesx 2 R.
K1 := K0 � a1(x� p1) + a2(x� p2).

Again,Gambleris allowedto sell x for p1 andbuy it for p2. If p1 is thehighest
priceat whichGamblercansell x (eitherthehighestpriceHousewill offer or the
highestprice at which GamblerbelievesCournot's principle,dependingon our
viewpoint),we maycall it the lower previsionof x. Similarly, if p2 is the lowest
priceat whichGamblercanbuy x, we maycall it theupperprevisionof x.

Housemay have more to say aboutx than the lower and upperprevisions
p1 and p2, andeven the statementthat theseare lower andupperprevisions is
not exactly a statementabouttheprotocolitself. We now turn to a moreabstract
approach,bettersuitedto generaldiscussion.

3.2 Forecastingin General

ConsiderasetR, andconsiderasetH of real-valuedfunctionsonR. We call H a
beliefconeonR if it satis�esthesetwo conditions:

1. If g is areal-valuedfunctiononR andg(r ) � 0 for all r 2 R, theng is in H.

2. If g1 andg2 arein H anda1 anda2 arenonnegativenumbers,thena1g1 +
a2g2 is in H.

We write CR for thesetof all beliefconesonR.
Intuitively, a belief coneis a setof payoffs thatHousemight offer Gambler.

Thusif (a � g) 2 H, Houseis willing to buy g for a; andif (g � a) 2 H, House
is willing to sell g for a. Condition1 saysthatHousewill at leastoffer any con-
tract thatdoesnot requirehim to risk a loss.Condition2 saysHousewill allow
Gamblerto combineany two of his offers,in any amounts.Theseconditionsare,
of course,closelyrelatedto Walley's conceptof desirability.

Thefollowing abstractprotocolis adaptedfrom p. 90of [8].

FORECASTING



518 ISIPTA ' 03

Parameters:R andC � CR
Protocol:

HouseannouncesH 2 C.
Gamblerannouncesg 2 H.
Realityannouncesr 2 R.
K1 := K0 + g(r ).

We call any protocolobtainedby a speci�c choiceof R andC a forecastingpro-
tocol. We call R thesamplespace.

We call a real-valuedfunction on the samplespaceR a variable. House's
move H, itself a setof variables,determineslower andupperprevisionsfor all
variables.Thelowerprevisionfor aboundedvariablex is

EH x := supf a j (a � x) 2 Hg; (4)

andtheupperprevisionis

EH x := inff a j (x� a) 2 Hg: (5)

Thesede�nitions aresimilar to thosegiven by Walley ([14], pp. 64–65),with a
differencein signbecauseWalley considersa collectionD of payoffs thatHouse
is willing to acceptfor himselfratherthanacollectionH thatHouseoffers.

The condition (a � x) 2 H in (4) meansthat Gamblercan sell x for a. So
roughlyspeaking,thelowerprevisionEH x is thehighestpriceatwhichGambler
cansell x. We say “roughly speaking”because(4) tells us only that Gambler
canobtaina � x for a arbitrarily closeto EH x, not thathecanobtain(EH x) � x.
Similarly, theupperprevisionEH x is roughlythelowestpriceat which Gambler
canbuy x.

Oncewe know lower previsionsfor all variables,we alsoknow upperprevi-
sionsfor all variables,andviceversa,because

EH x = � EH(� x)

for every variablex. For additionalgeneralpropertiesof lower andupperprevi-
sions,seeChapter2 of Walley [14] andChapters1 and8 of [8].

3.2.1 Regular Protocols

GivenH 2 CR, set
H � := f x : R 7! R j EH x � 0g:

Thefollowing factscanbeveri�ed straightforwardly:

� H � is alsoa belief cone(H � 2 CR),

� H � H � ,
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� EH x = EH� x andEH x = EH� x for everyvariablex, and

� (H � )� = H � .

Intuitively, if HouseoffersGamblerall the payoffs in H, thenhe might aswell
alsooffer theotherpayoffs in H � , becausefor everypayoff in H � , thereis onein
H thatis arbitrarilyclose.

We call a forecastingprotocolregular if H = H � for every H in C. Because
any forecastingprotocolcanbereplacedwith a regularonewith thesamelower
andupperprevisions(enlargeeachH in C to H � ), little generalityis lostwhenwe
assumeregularity. This assumptionallows us to remove the “roughly speaking”
from the statementsthat the lower prevision of x is the highestprice at which
Gamblercansell x andtheupperprevision the lowestpriceat which hecanbuy
it. It alsoallowsusto saythatH is completelydeterminedby its upperprevisions
(andhencealsoby its lowerprevisions):

x 2 H if andonly if EH x � 0:

Theconditionx2 H saysthatHousewill givex to Gambler. TheconditionEH x �
0 saysthatHousewill sell x to Gamblerfor 0 or less.

3.2.2 Inter pretation

Bothinterpretationsof lowerandupperprevisionswediscussedin x3.1generalize
to forecastingprotocolsin general.Wecanputourselvesin theroleof Houseand
saythatour beliefsareexpressedby thepriceswe arewilling to pay—ourlower
andupperprevisions.Or, asweprefer, wecanputourselvesin theroleof Gambler
andsubscribeto thesepricesin thesenseof believing that they will not allow us
to becomevery rich in thelong run,nomatterwhatstrategy we follow.

Thereferenceto thelong run in thesecondinterpretationmustbeunderstood
in termsof a sequentialversionof our abstractprotocol.If we suppose,for sim-
plicity, thatRealityandHousehave thesamechoicesof belief conesandpayoffs
oneverymove,this sequentialprotocolcanbewrittenasfollows:

SEQUENTIAL FORECASTING

Parameters:R andC � CR
Protocol:

K0 := 1.
For n = 1;2; : : : :

HouseannouncesHn 2 C.
Gamblerannouncesgn 2 Hn.
Realityannouncesr n 2 R.
Kn := Kn� 1 + gn(rn).

Theambiguitieswediscussedin x3.1alsoarisehere.If wetakeHouse'spoint
of view, wemayor maynotbecategoricalaboutourunwillingnessto offer riskier
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payoffs thanthosein Hn. If we takeGambler'spointof view, wemaybemoreor
lesscertainaboutwhetherlargerHn would alsosatisfyCournot'sprinciple.

3.3 Walley'sUpdating Principle

We turnnow to PeterWalley'supdatingprinciple.Thisprinciplecanbeshown to
entailtheruleof conditionalprobabilitywhenit is appliedto subjectiveprobabil-
ity. Hereweapplyit to ourabstractframework for lowerandupperprevisions.

TWO-STAGE FORECASTING

Parameters:R, a disjointpartitionB1; : : : ;Bk of R, C � CR
Protocol:

At time0:
HouseannouncesH0 2 C.
Gamblerannouncesg0 2 H0.
Realityannouncesi 2 f 1;2; : : : ;kg.

At timet:
HouseannouncesHt 2 CBi .
Gamblerannouncesgt 2 Ht .
Realityannouncesr t 2 Bi .

Kt := K0 + g0(r t ) + gt(r t ).

Becausewe areconsideringherehow Houseshouldmake his secondmove, we
leave this moveunconstrainedby theprotocol.In Sections3.4and3.5below we
considertwo speci�c alternatives for this choice.Here,Housecan chooseany
belief coneon thereducedsamplespaceBi .

Walley's updatingprinciplesaysthat if Houseknows at time 0 thatReality's
announcementof i will beHouse's only new informationwhenhemovesat time
t, thenat time 0, ashemakeshis moveH0, Houseshouldintendfor his moveHt
to bethebelief conewi

t onBi givenby

wi
t := f g : Bi 7! R j g" 2 H0g; (6)

whereg" is de�ned by

g" (r ) :=
�

g(r ) if r 2 Bi
0 if r =2 Bi :

(7)

In words:Houseshouldintendto offer a given payoff at the secondstageafter
Reality announcesi if andonly if he is alreadyoffering that payoff at the �rst
stagecontingenton that valueof i. This producessimple formulaerelatingthe
new lowerandupperprevisionsto theold ones:

Ewi
t
x = supf a j EH0

(x� a)" � 0g (8)
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and
Ewi

t
x = inff a j EH0(x� a)" � 0g (9)

for everyvariablex on thereducedsamplespaceBi .

3.4 Announcing Future Beliefsin Advance

We now considerHouse's secondmove beingconstrainedby announcinghis fu-
ture beliefs in advance.The rule of conditionalprobability canbe shown to be
mandatedby theprincipleof House's avoiding surelosswhenheannouncesfu-
ture subjective probabilitiesin advance.What if Houseannouncesin advance
futurebeliefsthatdetermineonly lowerandupperprevisions?

ADVANCE FORECASTING

Parameters:R, a disjointpartitionB1; : : : ;Bk of R, C � CR.
Protocol:

At time0:
HouseannouncesH0 2 CandH j

t 2 CB j for j = 1; : : : ;k.
Gamblerannouncesg0 2 H0.
Realityannouncesi 2 f 1;2; : : : ;kg.

At timet:
Gamblerannouncesgt 2 H i

t .
Realityannouncesr t 2 Bi .

Kt := K0 + g0(r t ) + gt(r t ).

ConsiderHouse's H0 andhis H j
t for someparticular j. Supposethevariable

g is in H j
t , but g" is not in H0. Thenit wouldmakenodifferencein whatGambler

cando if Housewere to enlarge H0 by addingg" to it. He canalreadyget the
effectof g" at time 0 by planningin advanceto announceg at timet.

So we canassume,without changingwhat Gamblercanaccomplish,that if
g 2 H j

t , theng" 2 H0. ThisassumptionimpliesH j
t � w j

t by (6) andthen

E
H j

t
� E

w j
t

(10)

by (4). The lower prevision at time t that is foreseenand announcedat time 0
shouldnotexceedthelowerprevisiongivenbyWalley'supdatingprinciple. Writ-
ing simply E0 x for EH0

x andEt x for EH i
t
x (the lower previsions that House's

time-0announcementsimply for time 0 andt, respectively) andrecalling(8), we
canwrite (10) in theform

Et x � supf a j E0(x� a)" � 0g; (11)

wherex is a variableon thereducedsamplespaceBi .
The argumentfor (11) relieson thenew viewpoint developedin this article,

accordingto which a person's uncertaintyis measuredby priceshe believeshe
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cannotbeat,notby pricesheis disposedto offer. We expect(11) to hold because
if it did not, the time 0 lower previsionswould needto be increasedto re�ect
strongerbettingoffersthatGamblercannotbeat.Strictly speaking,of course,talk
aboutGamblernot beingableto beatgivenpricesis talk aboutthe long run,and
soacompleteexpositionof theargumentwouldinvolveasequentialprotocol.We
leave this furtherelaborationof theargumentto thereader.

Theargumentdoesnot rely onany assumptionaboutexactinformation.Pos-
sibly HouseandGamblerwill learnmorethanBi by time t. Et x, in (11), is not
necessarilythelowerprevisionat timet. It is merelythelowerprevisionat timet
to whichHousecommitshimselfattime0.Thiscommitmentdoesnotexcludethe
possibilitythatHouseandGamblerwill acquireadditionalunanticipatedinforma-
tion andthatHousewill thusoffer Gamblermorevariablesat timet thanthoseto
whichhecommittedhimselfat time 0. In this case,theactuallowerprevision for
x at timet maycomeouthigherthanEH i

t
x andevenhigherthanEwi

t
x.

For planningat time 0, we areinterestedin whatwe cancounton alreadyat
time 0. This is why the upperboundin (11) is interesting.Whentime t comes
around,positive unanticipatedinformation may lead us to give x a lower pre-
vision exceedingthis upperbound,but thereis also the possibility of negative
unanticipatedinformation,andthe upperboundcanbe thoughtof astelling us
how conservative we needto be in our advancecommitmentsin orderto hedge
againstthepossiblenegative information.

3.5 Updating with Exact Inf ormation

Althoughthecasein Section3.4abovewherecommitmentsaremadein advance
in thefaceof possibleunanticipatednew informationseemsto usto havegreater
practicalimportance,it is alsoof interestto considerthecasewherenew informa-
tion is anticipatedexactly. This is whereWalley'sprincipleapplies.

Extendingtheprotocolof x3.3,we obtainthefollowing sequentialprotocol:

SEQUENTIAL TWO-STAGE FORECASTING

K0 := 1:
For n = 1;2; : : :

At timen:
HouseannouncesHn0 2 C.
Gamblerannouncesgn0 2 Hn0.
Realityannouncesin 2 f 1;2; : : : ;kg.

At timen+ 1=2:
HouseannouncesHn1 2 CBin

.
Gamblerannouncesgn1 2 Hn1.
Realityannouncesr n 2 Bin.

Kn := Kn� 1 + gn0(rn) + gn1(rn).
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First,we makethefollowing assumptions:

1. House'sHn0 satisfyCournot'sprinciple.

2. Houseagreesin advanceto follow Walley'supdatingprinciple:Hn1 = win
n ,

wherew j
n := f g : B j 7! R j g" 2 Hn0g.

3. The only new informationGambleracquiresbetweenhis move at time n
andhismoveat timen+ 1=2 is Reality'schoiceof of in. (By thepreceding
assumption,healreadyknowsHouse'smoveHn1.)

4. RealitydisregardsGambler'smoveswhenshechoosesherown moves.

Will all of House'sannouncements(theHn0 andHn1) satisfyCournot'sprinciple
asa group?It is reasonableto concludethatthey will. If they did not, thenGam-
blerwouldhaveabankruptcy-freestrategy S thatwouldmakehim in�nitely rich.
Thisstrategy wouldspecifygn0 2 C for n = 1;2; : : : andg j

n1 2 w j
n for n = 1;2; : : :

and j = 1; : : : ;k. BecauseReality's movesdo not dependon whatGamblerdoes
(Assumption4) andHousewill follow Walley's recommendationfor Hn1 (As-
sumption2), Gamblerhasa strategy S0 for choosingthegn0 alonethatmakeshis
capitalgrow exactly asS does:to duplicatetheeffect of S's move gn1, he adds
(g j

n1)" to S's gn0 for j = 1; : : : ;k. This strategy doesnot requireknowledgeof in,
andsoGamblerwouldhavetheinformationneededto implementit (Assumption
3). SoS0wouldalsomakeGamblerin�nitely rich, contradictingAssumption1.

This resultis a long-runjusti�cation for Walley'supdatingprinciplein its full
generality.

4 Summary and Prospects

In this article,we setforth a new way of understandingprobabilitiesandprevi-
sionsin which we consideredGambler's viewpoint,andadoptedCournot'sprin-
ciple, in a seriesof game-theoreticprotocols.

The properhandlingof updatingdependson whetherwe canexactly antici-
patenew information.

� We learnedin x3.5 thatif we canexactlyanticipatenew information—i.e.,
if we haveanexhaustiveadvancelist B1; : : : ;Bk of possibilitiesfor exactly
whatall ournew informationwill be,thenwecanfollow Walley'supdating
principle,deriving new lowerprevisionsfrom old onesusingtheformula

Et x = supf a j E0(x� a)" � 0g: (12)

� We learnedin x3.4 that if we cannotexactly anticipatenew information,
but we do know thatwe will learnwhich of themutuallyexclusive events
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B1; : : : ;Bk hashappened,andwecommitourselvesin advanceto lowerpre-
visionsthatdependon which Bi happens,thenthesepreannouncedlower
previsionsshouldsatisfytheupperbound

Et x � supf a j E0(x� a)" � 0g: (13)

Therequirementof exactnew informationis verystrong.Theinequality(13) de-
pendsonly ontheweakerconditionthatwelearnwhichof theB1; : : : ;Bk happens.
Thereis norequirementthatthisbeall welearn.Ontheotherhand,theinequality
only boundsthenew lower prevision that canbeguaranteedat theoutset,at the
planningstage.Unanticipatedinformationmayproduceahigherlowerprevision.

In this article,we have invokedCournot's principleusinga relatively simple
protocol,in whichRealityhasabinarychoiceateachstep.Thisprinciplecanalso
be adopted,however, whenReality sometimeshasmore than two choices,and
whenthechoicesavailableto hermaydependon whatshehasdonepreviously.
This bringsusto thegeneralityof aneventtree[5], offeringadditional�e xibility
thatis neededin planning.Hereit maybeconvenientto suppresstheroleof House
in favor of a formal rule for determiningtheprobabilitiesofferedto Gambler, and
to allow for unanticipatedinformationandthere�nementof beliefs.We explore
thesequestionsin [7].
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R. Wojć�ck�́, Eds.Ossolineum& Reidel,1976,pp.229–246.

Glenn Shafer is on the faculty of the RutgersBusinessSchool—Newark and New
Brunswick,NJ,USA. E-mail: gshafer@andromeda.rutgers.edu.

Peter R. Gillett is on the faculty of the RutgersBusinessSchool—Newark and New
Brunswick,NJ,USA. E-mail: gillett@business.rutgers.edu.

Richard B. Scherl is on the facultyof MonmouthUniversity's Departmentof Computer
Science,NJ,USA. E-mail: rscherl@monmouth.edu.


