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Abstract

A second-ordehierarchicaluncertaintymodel of a systemof independent
randomvariablesis studiedin the paper It is shavn thatthe complex non-
linearoptimizationproblemfor reducingthesecond-ordemodelto the rst-
orderonecanbe representeédsa nite setof simplelinear programming
problemswith a nite numberof constraintsThe stress-strengtheliability
analysisby unreliableinformation aboutstatisticalparametersf the stress
andstrengthexempli es the model. Numericalexamplesillustrate the pro-
posedalgorithmfor computingthe stress-strengtteliability.
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1 Intr oduction

By processingunreliableinformation, muchattentionhave beenfocusedon the
second-ader uncertaintymodels(hierarchical uncertaintymodel3 dueto their

guite commonality Thesemodelsdescribethe uncertaintyof a randomquantity
by meansof two levels. Varioussecond-ordemodelsandtheir applicationscan
be found in the literature[4, 6, 7, 12, 13, 22], anda comprehensie review of

hierarchicalmodelsis givenin [5], whereit is arguedthatthe mostcommonhi-

erarchicalmodelis the Bayesianone[2, 8, 14]. At the sametime, the Bayesian
hierarchicaimodelis unrealisticin problemswherethereis availableonly partial

informationaboutthe systembehavior.

The main shortcomingof most proposedsecond-ordehierarchicalmodels
(from theinformationalpoint of view) is the necessityto assumehe certaintype
of the second-ordeprobability or possibility distributions de ned on the rst-
orderlevel. Thisinformationis usuallyabsentn mary applicationsandadditional

532



Utkin: UncertaintyModelof IndependenRandomvariables 533

assumptionsnayleadto someinaccurag in results.The studyof sometasksre-
latedto homogeneousecond-ordemodelswithout ary assumptiongboutprob-
ability distributionshasbeenillustratedby KozineandUtkin [10]. However, these
modelsareof limited usedueto the homogeneityof gamblesconsideredn the
rst-order level, i.e.,theinitial informationis restrictedby previsionsof identical
gamblesA new hierarchicaluncertaintymodelfor combiningdifferenttypesof
evidencewas proposedby Utkin [17, 16], wherethe second-ordeprobabilities
canberegardedascon denceweightsandthe rst-order uncertaintyis modelled
by lower andupperprevisionsof differentgambleq21]. However, the proposed
model[17, 16] supposethatinitial informationis givenonly for onerandomvari-
able.At thesametime, mary applicationsusea setof randomvariablesdescribed
by asecond-ordenncertaintymodel,andit is necessaryo nd amodelfor some
functionof thesevariablesFor example reliability analysisdemanddo compute
thereliability of a systemunderuncertaininformationaboutits componentsAn
imprecisehierarchicalmodel of a numberof randomvariableshasbeenstudied
by Utkin [18], but thismodelsupposethatthereis noinformationaboutindepen-
denceof randomvariableslIt shouldbe notedthatthe conditionof independence
takesplacein mary applicationsThis condition makesthe naturalextensionto
benon-linearand,asaresult,thecorrespondindpierarchicamodelbecomewery
complex.

An ef cient approacho solve this problemis proposedn the paperIn order
to shaw thepracticalrelevanceof theproposedpproachit is appliedto thestress-
strengthreliability analysisby theindependenstressandstrength.

2 Impr eciseStress-Stength Reliability

A probabilisticmodelof structuralreliability canbeformulatedasfollows. LetY
represendrandonvariabledescribinghestrengthof asystenmandlet X represent
a randomvariable describingthe stressor load placedon the system.System
failure occurswhenthe stresson the systemexceedghe strengthof the system.
Thenthe reliability of the systemis determinedasR= Prf X Yg. A general
approachto the structuralreliability analysisbasedon the impreciseprobability
theory[11, 21, 23] wasproposedn [19, 20]. Letusbrie y considetthisapproach.
Supposethat available information aboutthe randomstressX andthe random
strengthY is givenasa setof n lower Eh; andupperEh; previsionsof gambles
hi(X;Y) (unboundedjamblesareconsideredn [15]) suchthat

Ehi  Epxyhi(X;Y) Ehi;i= 125
Here p(x;y) is ajoint densityof the stressandstrength.lt is assumedhatthere

existasetof densityfunctionssuchthatlinearprevisionsk ., hi canberegarded
asexpectationf h;. Takinginto accounthat

R=PrfX Yg= Epxylox (Y X); )
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we canwrite thefollowing optimizationproblemgnaturalextension)for comput-
ing thelower R andupperR stress-strengtteliability asfollows:

z
RR =inf sup ligy)(y X)p(xy)dxdy; )
p p R%

subjectto 7
Eh; i hi(x;y)p(x;y)dxdy Ehi;i= 1;::n: 3)

Herethein mum andsupremumaretaken over the setof all possibledensities
f p(x y)g satisfyingconditions(3), ljg)(Y  X) is the indicatorfunction taking
thevaluelif Y X andOotherwiself randomvariablesX andY areindependent,
thentheconstraintp(x;y) = px(X) py(y) is addedo constraint3), wherepx and
py aredensitiesof X andY, respectiely.

Thenaturalextensionis apowerful tool for analyzingthereliability ontheba-
sisof availablepartialinformation.However, it hasashortcomingLet usimagine
thattwo expertsprovidethefollowing judgementsaboutthestress(i) meanvalue
of thestresds notgreaterthan10; (i) meanvalueof thestresss notlessthan10
hours.The naturalextensionproducegheresultingmearvalue[0; 10]\ [10;¥) =
10.In otherwords,the absolutelyprecisemeasurés obtainedrom tooimprecise
initial data.This is unrealisticin practiceof reliability analysis.The reasonof
suchresultsis that probabilitiesof judgementareassumedo be 1. If we assign
somedifferentprobabilitiesto judgementsthenwe obtainmorerealisticassess-
ments.For example,if thebeliefto eachjudgements 0:5, then,accordingto [9],
theresultingmeanvalueis greaterthan5 hours.Thereforejn orderto obtainthe
accurateandrealisticreliability assessmentg, is necessaryo take into account
somevaguenessf informationaboutcharacteristicsf the stressandstrength.

3 Second-OrderModel. Problem Statement
Supposehatthereexist n judgement@boutthe stressX:

Efi(X) 2 Tj = [t;;§] 1= L
andl judgements@boutthe strengthy:

Ehj(Y) 2 §; = [s;;5]; J = Lusl:

Here f; andh; are gamblescorrespondindo the available judgementsaboutX

andY. Moreover, it is known that
a; Pr Efj 2T i j

aj, =1L
b, PrEh2S  bjj=1Lulk:
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Thesecond-ordeprobabilities[a ;;aj] and[gj :b] areinterpretedasa modelfor

uncertaintyabout“correct” valuesof partially known measure®f X andY. Let
usbrie y discussthe senseof beliefsto the expertjudgementslf we know that
anexpertprovides100 a% of “correct” judgementsthis meanshat, by giving
nitely mary intervals,sayn, for anunknonn parameterapproximatelyna inter-
valscoversome‘correct” valueof theparameteButif wehaveonlythe(n+ 1)-st
interval anddonotknow anythingaboutpreviousn intenvals,thenwe canonly say
thatthe“correct” valueof theparameteliesin thisinterval with probabilitya and
outsidethis interval with probabilityl a. If we would have all aforementioned
n intervals, someprobability distribution of the parameteicould be constructed
andwell-known Bayesiammethodscouldbeused In this casethereis no needto
applyimpreciseprobabilities.

Theterm“expertinformation” maybeusedin amoregenerakenseln partic-
ular, con denceinternvalsof parameterglicited asa resultof statisticalinference
with correspondingon dence probabilitiesmay be regardedas “beliefs to ex-
perts”. For example,if we have one con denceinterval for the expectationof a
probability distribution, thenwe can only assertthatthe “correct” value of the
expectationis in the interval with the con denceinterval probability [a; 1] and
outsidethe con denceinterval with the probability[0;1  a].

How to nd averagevaluesof RandR, i.e.,to reducethesecond-ordemodel
to the rst-order one?Roughly speakingif we have second-ordeprobabilities
de ned for differentintervals of Ef; andEh;j, thenthereexist a setof second-
orderdistributionsof Efj, Ehj, andEly)(Y X) producedaninterval of lower
andupperexpectationof Eljgy) (Y  X), i.e.,RandR. We will call thisinterval
"average”to distinguishexpectationgprevisions)on the rst andsecondevels
of the consideredecond-ordeuncertaintymodel.In fact,the "average”interval
allows usto getrid of themorecomplex second-ordemodelandto dealwith the

rst-order model.This problemis especiallydif cult if thestressandstrengthare

independentAt that, a specialtype of independencealled by the free product
[11] is studiedin the paper This type of independencés like to the epistemic
irrelevance[3] and,generallyis asymmetric.

In orderto give the readerthe essencef the subjectanalyzedand make all
theformulasmorereadablewe will mainly consideronly thelower boundR.

Letv; = Efj andw; = Eh; bevaluesof randomvariablesv; andW de ned on
samplespacedM andL ;, respectiely. LetV = (V1;::5;Vh), W = (Wy; 5 W,) and
V = (vi;:5vn); W = (w5 wy) bethe vectorsof randomvariablesv;, W and
theirvaluesrespectrely. DenoteN = f 1;::;;ngandL = f 1;:::;1g. Thenthenatu-
ral extensionfor computingR canbewritten asa sequencef lower expectations:

o

n .
R=EY EW Elpgy (Y X)
by givenlower andupperprevisions
Ely(w) = a;; El(v) = &; Elg(w) = b; Elg(w) = b;: (4)
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By introducingarandomvariableZ having valuesz(V;W) = Elpgy)(Y X)
andassuminghatthereexistsasetof densitieg (V) andy (W) of vectorsv and
W, respectiely, we canwrite

Z Z
= inf ) i?f Wz(V;W)j V)av y(W)dw; (5)

170

y

subjectto
Z z _
a; It (w)j (V)dv  a@;i2N; bi Is(W)y(W)dW b;;i2L: (6)
w - L

HereW= W, Wh, L=1L1 L. The samplespacesN andL j are
determinedy setsof valuesE f; andEh;, i.e.,
W = [infEfi; supEfi]; L = [inf Ehj; supEh;]:

A dual optimizationproblemcannot be written asit hasbeenmadein [18] be-
causeheinitial problemis non-linearOuraimisto nd R, i.e.,to solve (5)-(6).

4 Solution of Problem (5)-(6)

4.1 A Setof Linear Programming Problems

Let W = (wg;:;w,) 2 L be arealizationof the vectorW. DenoteR(W ) =
Ej z(V; W ). Problem(5)-(6) canberepresentedsfollows:

4 4
R=inf inf  zZ(V;W)j (V)dv y((W)dw
yoLow 2
=inf infRW )y (W)dW = inf R(W )y (W)dW; @)
Yy wi Y w
subjectto B
Qi Eylg(w) b;;i2L: (8)
Here
R(W ) = infE; 2V W ); )
subjectto
a; Ejlg(v) &;i= 15 (20)

Problems(7)-(8) and(9)-(10) arelinear and dual optimizationproblemscan
bewritten, i.e., we have a setof thefollowing problemsfor eachw 2 L:
!

RW )=sup G+ @ (ca; da) ; (11)
i2N
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subjectto¢i;di 2 R+, ¢cp 2 R,i2 N,and8V 2 W,
o+ a (e d)lt(v) ZAV;W); (12)
i2N

andonelinearprogrammingproblem

R= sup CO"'é Cibi diEi ; (13)
2L

subjecttoci;di 2 R+, 2 R,i2 L,and8W 2L,
co+a(c d)lgw) RW): (14)
i2L

The dual problemshave beenintroducedn orderto getrid of densitieg (V)
andy (W).

4.2 Solution of Problem (11)-(12)

An algorithmandanapproacho solvinga problemsimilarto (11)-(12)aregiven
in [16, 17]. But problem(11)-(12)hassomedifference.To solve this problem,it
is necessaryo de ne whatz(V;W ) is.

LetJbeasetof indicesandJ N. Introducethefollowing setsof constraints:

T=1T;123g; Ty =T 12 Jg; T = WinTi:

Thenconstraint{12) canberewrittenas

n
ot A (i d)In(Epcfi) ZAVIW )i px2 P: (15)
i=1
HereP is the setof all densitiesf pxg. Let usconsidertheseconstraintsn detail
andde ne z(V;W ). Notethat

ZAV;W ) = Epgpylo (Y X): (16)

oy = W a7
So,z(V;W ) canbe found by solving the optimizationproblemwith objective
function (16), constraintq17), andconstraintgor px, which will be considered
below.

In orderto computetheindicatorfunctionsin (15),it is necessaryo substitute
differentfunctionspx from P andto calculatethe correspondingaluesof E p, fi
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andly, (Ep, fi). Moreover, it is necessaryo solve problem(16)-(17)for eachpy 2
P. Obviously, this taskcannot be practicallysolved. Therefore anothermway for
solvingthe optimizationproblemis proposed.

We callthesetT ;[ T consistentf thereis atleastonedensitypx suchthat
Epxfi2 Ti,i2 3, Ep, fj 2 TJ-C, j 2 NnJ. Now we canseethatif thesetT;[ Tg;
is consistentthenly, (Ep, fi) = 1if i 2 J, andly, (Epy fi) = Oif i 2 NnJ. In other
words,if thesetTg ;[ T is consistentthenthereexists at leastone density px
suchthatall linear previsionsEp, fi, i 2 J, arein intervals T andtheir indicator
functionsare equalto 1, all linear previsionsEp, fj, j 2 NnJ, do not belongto
intervals T; andtheir indicatorfunctionsare equalto 0. In this casewe will say
that px belonggo asetP;. So,to simplify constraint{15), it is necessaryo look
over all consistensetsTS ;[ T;. Thenconstraintg15) can be rewritten for all
J N, suchthatTg ;[ T areconsistentasfollows:

Ctal(c d) ZAViW): (18)
i2J
If TS,y [ To is inconsistentthencorrespondingnequality (18) is excludedfrom
thelist of all constraints.

But how to determinethe consisteng of setsT$ ;[ T;? ThesetTg ;[ Ty is
consistentf anoptimizationproblemwith constraintproducedoy T ;[ T; has
ary solution.At that, the objective functionmay be arbitrary In otherwords,for
determiningthe consisteng of T ;[ Tj, it is necessaryo solve the following

optimizationproblem:
inf sup Ep u(x);
Px px
subjectto Ep, fi 2 Ti; 12 J; Ep, fj 2 TE; j 2 Nnd. Hereu is anarbitraryfunction.
Let p§<l) 2 P;and p§<2) 2 P;. Then
(B )= In(E o fi):
Let
2 (\y- - _ _ — ADy- .
22v;w ) E@plom(Y X) Ea loxY X) 20V, W ):
Thenthe constraint

o+ a(c d)IRE wf) ZAV(V;w)
i2N Px

follows from the constraint

ot a(c d)IRE f) ZA(V;W)
i2N Px
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andcanberemoved.Thisimpliesthat(15) is equivalentto

co+ g (c d) infAV;W); (19)
i2J P
where
|QJfZ(V;W )= Inf Epcpyliomn (Y X); (20)
subjectto
_ T 123 o
Ep, fi 2 TS 12 NnJ ;12 N; (21)
Ep/hi=w;i2L: (22)

So,anin nite numberof constraintshasbeenreducedo at most2" constraints
(19).Sincethefunctionuis arbitrary theninfp, z(V; W ) maybeusedin placeof
u. Thereexist exactanalyticalsolutionsto problem(20)-(22)for varioustypesof
initial information[19].

4.3 Solution of Problem (13)-(14)

Now we have thevaluesof R(W ) for eachW 2 L. Letusintroducethesets
&=1S;i2Kg; S(=fS;i2Kg; K L=f12::lg

For solving problem (13)-(14), we apply an algorithm which is similar to the
consideredanein theprevioussubsectioni.e.,
!

R=sup co+@ Gb, db ; (23)
2L

subjecttoci;di 2 R+, 02 R,i2L,and8K L,8W 2L,

o+l d) inf _ RW ): (24)
i2K nK

Thisis asimplelinearprogrammingproblemwith at most2' constraints.

5 Exact Boundsfor the Reliability

It canbe seenfrom resultsof the previous sectionthat complex non-linearopti-
mizationproblem(5)-(6)is reducedo a setof linearprogrammingproblemswith
nitely mary constraintandnon-lineamproblems(20)-(22)which canbe numetr
ically solved or have exact solutions[19] for the mostimportanttypesof initial
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information(pointsof probability distribution functionsof X andY, momentsof
X andY, probabilitiesde ned on nestedntervals). However, theseoptimization
problemshave to be solvedfor all valuesof W 2 L whosenumbermaybein -
nite. This leadsonly to the approximatesolutionandmakesthe taskto be rather
dif cult from the computationapoint of view evenby a small numberof initial
judgementslt turnsout that optimizationproblem(5)-(6) canbe exactly solved.
Thereforeaninterestingandef cient solutionof the problemis proposedn this
section.

Let us considerconstrainty24). Supposehat R(W ) achiezesits minimum
atW = Wy(K) 2 § [ <. Thenall vectorsW 2 &, [ S exceptW(K)
arenotusedin constraintgo problem(23)-(24).Thisimpliesthatwe do notneed
to look over all possiblevectorsW . By returningto problem(11)-(12),it is
necessaryo solwve it only for W,(K), K L. This implies that the numberof
solved optimizationproblemsis nite anddepend®n numbersn andl of initial
judgementaboutX andY. Moreover, we canobtainexactboundsfor the stress-
strengthreliability in this case However, we do not know pointsW ,(K) before
solving problem(11)-(12).Let usshav how to overcomethis dif culty .

It follows from (11)-(12)thatR(W ) decreaseasz(V;W ) decreasesviore-
over, the left sidesof constraintg19) and (24) do not dependon specialvalues
of W andaredeterminecbnly by thesetS® [ Sc. Thisimpliesthatwe do not
needto know anoptimalvalueof thevectorWW = W(K). It is enoughto know
thatthis value belongsto the setS’, [ S (this allows usto constructthe K-th
constrainin (24)) andmakesz(V;W ) andR(W ) to be minimalfor atleastone
W 2 & [ &-. Thereforeconstraintg22) have to bereplacedvy constraints

S, 12K |
S; i2LnK
whereintenalsS, S arede ned by thesetS’,, [ .

Indeed|nfyy 251 s« R(W ) correspondso infyy 25 [ infp, Z(V; W ): At
the sametime, this is equivalentto the probleminfp, z(V;K) subjectto
T; i2J . ) _ S, i2K
T¢ i2Nng 2NTERNE e o
becauseonstraintg25) containall pointsW 2 § [ S andinfp, z(V;W ) is
achievedat py satisfyingoneof thevaluesw .

So0,2V;W ) andR(W ) canbereplacedy z(J; K) andR(K). Thismeanghat
valuesof V andW aretakenfrom thesetsT§ ;[ Ty andS’, [ &, respectiely.

It is worth noticing that this subtletechniqueallows us to solve a problem
of consisteng of judgementg22). It is obviousthat constraintg22) may bein-
consistenby somevaluesof w; , andit is not clearwhatto doin this case After
introducingconstraintg25), theinconsisteng meanghatthe correspondingon-
straintin (24) is removedfrom thelist of constraintgo problem(23)-(24).

Ep, hi(Y) 2 i2L; (25)

Epy fi 2 i2L;
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6 Algorithm for Computing R

Let uswrite a nal algorithmfor computingR.

Stepl.ChoosingasetanKi[ & from thepossiblesetsS” [ S, K L.

StepZ.ChoosingasetT,\fan[ Ty, fromthepossiblesetsT ;[ Ts,J N,

Step 3. Solving the optimizationproblemwith objective function (20) and
constraintg21) and(25) by Ti and S takenfrom setsTNCnJi [ Ty and$nKi [ &
de ned on Stepsl and2, respectiely. Theresultof this stepis thevaluez(J;; K).
If z2(J;K;) areobtainedfor all possible] N, thengoto Step4, elsegoto Step2.

Step4. Solvinglinearprogrammingproblem(11)-(12)by usingtheconsistent
valuesof z(J; K;) computedon Step3. Theresultof this stepis thevalueR(K). If
R(K) areobtainedfor all possibleK L, thengoto Step5, elsegoto Stepl.

Step5. Solvinglinearprogrammingoroblem(23)-(24)by usingtheconsistent
valuesof R(K) computedon Step4. Theresultof this stepis R.

Accordingto thealgorithm,it is necessaryo solve 2' + 1 linearprogramming
problems(Steps4 and5) and2" non-linearoptimizationproblems(Step3). Step
3 canbe realizedby meansof resultsgivenin [19]. For solving this non-linear
problemin a caseof arbitrary judgementsa software programhasbeendevel-
oped.

7 Numerical Example 1

Supposehattwo expertsprovide probabilitiesof eventsconcerninghestressand
strength.The rst expert:0:9 and1 areboundsfor the probability thatthe stress
is lessthanx; = 18. The secondexpert: 0 and0:2 areboundsfor the probability
thatthe strengthis lessthany; = 14; 0:75 and 1 are boundsfor the probability
thatthe strengthis lessthany, = 20. The beliefsto expertsare0:9 and[0:6; 0:8],
respectiely. The beliefs[a; b] meanthatthe expertprovidesbetweera% andb%
of truejudgementsThis informationcanbeformally representeds

Pif 0:9 E|[0;18](X) 1g= 0:9;
PrfO  Elj4(Y) 0:292 [0:6;0:8];
Prf0:75 Eljpq(Y) 192 [0:6;0:8]:
HereN = f1g,L = f1;2g. Letus nd R= EElgy)(Y X).De ne sets

K=1f1,20, S [ & = fS1; 0= f[0;0:2];[0:75; 1]g;
K=flg, S [ & = fS;Sg= £[0;0:2];[0;0:75]g;
K=1f2g Sk &= S Sg= f[0:2;1];[0:75;1]g;
K=12g Sl S =fS[Sg= [0:2,1];[0;0:75g:
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and

J=f1g; Tgy[ Ta= fTig= f[0:9;1]g;
J=12g; Ty, To=fTfg= f[0;0:9]g:

Let uscomputez(J; K) for eachK andJ. Accordingto [19], thereholds
z=14(1 ) j()=minfj:rx yjg
Hencej(1) = 2, andthefollowing holdforJ= f1g fig

K=f12g; 2(JK) = 0;
K= flg; 2J;K) = 0:225
K=f2g; 2(JK) = 0;
K=f?g; 2J;K) = 0:225

If J=f?g, thenz(J;K) = Oforall K f1;2g becausénf TS = 0. Let ussolve
problem(11)-(12)for eachK L. For example,if K = f1g, then

R(f1g) = sup(co+ 0:9c; 0:9d1);

subjecttocs;di1 2 Ry, 02 R,co+ (1 d1) 0:225,c9 O.
HenceR(f 1g) = 0:2025. Similarly, we canget R(f 1;2g) = 0, R(f2g) = 0,
R(f ? g) = 0:2025.Let ussolve problem(23)-(24)

R= sup(co+ 0:6c; 0:8d1+ 0:6¢c, 0:8dy);
subjectto c;dy;c;d22 Ry, 02 R,

Cot (1 di)+(c2 d) O
Cot+ (Cj_ dl) 0:2025
cot(c d2) 0;co 0:2025

HenceR = 0:0405.The upperstress-strengtreliability R= 0:9996canbe com-
putedin the sameway by takinginto accounthatthereholdsz=1 s;(1 {y).
How to usethe obtainedintenval? This depend®n a decisionmaker andthe
systempurposegconsequenced failures).Thevalues0:0405and0:9996canbe
interpretedaspessimisticandoptimisticassessments the stress-strengttelia-
bility, respectiely. If consequencesf the systemfailure arecatastrophigtrans-
port systemsnuclearpower plants),thenthe lower bound(pessimistiadecision)
for the systenreliability hasto bedeterminatre andis comparedvith arequired
level of the systemreliability. If the systemfailure doesnot imply major con-
sequenceghen the upperbound (optimistic decision)can be used.Generally
the decisionmaker may usea cautionparameteh [1] on the basisof his (her)
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own experienceyariousconditionsof the systemfunctioning, etc. In this case,
the precisevalue of the systemreliability is determinedasthe linear combina-
tion hR+ (1 h)R At the sametime, it canbe seenfrom the examplethat the
obtainedinterval [R;R] is very wide andthe resultsaretoo impreciseto make a
usefuldecisionconcerninghereliability.

8 Numerical Example 2

Supposeéhatinformationaboutthe stressand strengthis representeasthe fol-

lowing setof con denceintervalsfor two momentsthe rst andsecondnoments
of the stressarein intervals [7; 8] and[40; 50], respectrely, with the con dence
probability 0:95; the rst and secondmomentsof the strengthare in intervals
[12;13] and[15G; 160, respectiely, with the con dence probability 0:9. By as-
sumingthat all valuesof the stressand strengthare in the interval [0;50] (the
samplespace)thisinformationcanbeformally representeds

Pif7 EX 8g2][0:951]; Pf40 EX? 5092 [0:95;1];
Pf12 EY 13g92[0:9;1]; Pf150 EY? 16092 [0:9;1]:
HereN = f1;2g, L = f 1;2g. Resultsof computingz(J; K) for eachK andJ are

showvnin Tablel.

Tablel: Valuesof z(J;K)

K=f12g9 | K=flg| K=f2g | K=f?g
J=112g 0:62 0:122 0:04 0
J=1flg 0:265 0:085 0:03 0
J=12g 0:5 0:12 0:042 0
J=1?g 0 0 0 0

Let ussolve (11)-(12)for eachK L. For example,if K = f 1;2g, then
B(f 1; 29) = sup(co+ 0:95c; 1d;+ 0:95¢; 1d1);
subjectto cs;d1;c2;d2 2 Ry, Co 2 R,

Cot+ (c1 di)+(c2 dp) 0:62
co+ (c1 di) 0:265
Cot (2 dp) 05 ¢ O

HenceR(f 1;2g) = 0:589.Similarly, we cangetR(f 1g) = 0:116,R(f 2g) = 0:038,
R(f ? g) = 0. Letussolve problem(23)-(24)

R=sup(co+ 0:9c; 1d1+ 0:9c, 1dy);
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subjectto cs;di;c2;d2 2 Ry, Co 2 R,

Co+ (c1 di)+(c2 dp) 0:589
cot (cp di) 0:116
cot(c; d2) 0038 cg O

HenceR = 0:487.Theupperboundis R= 1. If we assumehattheintervals for
momentsof the stressand strengthhave probabilities1 (the rst-order model),
then lower and upperboundsfor the stress-strengtheliability are 0:62 and 1,
respectiely.

9 Conclusion

Theef cient algorithmfor computingthestress-strengtieliability by thesecond-
orderinitial informationaboutthestressandstrengthhasbeenproposedn thepa-
per. This algorithmusesthe imprecisestress-strengtteliability modelsobtained
in [19]. Its mainvirtue is thatcomplex non-linearoptimizationproblem(5)-(6) is
reducedo a nite setof simpleproblemswhosesolutionpresentso dif culty .
Therefore this approachmight be a basisfor developingsimilar algorithmsfor
reliability analysisof varioussystemsvhererandomvariablesdescribinghesys-
temreliability behaior areindependentThe upperboundfor the stress-strength
reliability canbe similarly computedIn this casethe“inf” is replacedy “sup”
in optimizationproblemsandvice versa.

It shouldbe notedalsoa shortcomingpf the algorithm.Thejoint judgements
aboutthe stressand strengthcannot be usedbecauseptimizationproblem(5)-
(6) in this casecannotbedecomposeithto a setof linearprogrammingproblems.
Thereforefurtherstudyis neededo developmethodsandef cient algorithmsfor
processinghe second-ordeimpreciseprobabilitiesby this type of initial infor-
mation.
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