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Abstract

A second-orderhierarchicaluncertaintymodelof a systemof independent
randomvariablesis studiedin thepaper. It is shown that thecomplex non-
linearoptimizationproblemfor reducingthesecond-ordermodelto the�rst-
order onecan be representedasa �nite setof simple linear programming
problemswith a �nite numberof constraints.Thestress-strengthreliability
analysisby unreliableinformationaboutstatisticalparametersof the stress
andstrengthexempli�es the model.Numericalexamplesillustratethe pro-
posedalgorithmfor computingthestress-strengthreliability.
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1 Intr oduction

By processingunreliableinformation,muchattentionhave beenfocusedon the
second-order uncertaintymodels(hierarchical uncertaintymodels) due to their
quitecommonality. Thesemodelsdescribetheuncertaintyof a randomquantity
by meansof two levels.Varioussecond-ordermodelsandtheir applicationscan
be found in the literature[4, 6, 7, 12, 13, 22], anda comprehensive review of
hierarchicalmodelsis givenin [5], whereit is arguedthat themostcommonhi-
erarchicalmodelis the Bayesianone[2, 8, 14]. At thesametime, theBayesian
hierarchicalmodelis unrealisticin problemswherethereis availableonly partial
informationaboutthesystembehavior.

The main shortcomingof most proposedsecond-orderhierarchicalmodels
(from theinformationalpoint of view) is thenecessityto assumethecertaintype
of the second-orderprobability or possibility distributionsde�ned on the �rst-
orderlevel.Thisinformationis usuallyabsentin many applicationsandadditional
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assumptionsmayleadto someinaccuracy in results.Thestudyof sometasksre-
latedto homogeneoussecond-ordermodelswithoutany assumptionsaboutprob-
ability distributionshasbeenillustratedby KozineandUtkin [10]. However, these
modelsareof limited usedueto thehomogeneityof gamblesconsideredon the
�rst-order level, i.e., theinitial informationis restrictedby previsionsof identical
gambles.A new hierarchicaluncertaintymodelfor combiningdifferenttypesof
evidencewasproposedby Utkin [17, 16], wherethe second-orderprobabilities
canberegardedascon�denceweightsandthe�rst-order uncertaintyis modelled
by lower andupperprevisionsof differentgambles[21]. However, theproposed
model[17, 16] supposesthatinitial informationis givenonly for onerandomvari-
able.At thesametime,many applicationsuseasetof randomvariablesdescribed
by asecond-orderuncertaintymodel,andit is necessaryto �nd amodelfor some
functionof thesevariables.For example,reliability analysisdemandsto compute
thereliability of a systemunderuncertaininformationaboutits components.An
imprecisehierarchicalmodelof a numberof randomvariableshasbeenstudied
by Utkin [18], but thismodelsupposesthatthereis noinformationaboutindepen-
denceof randomvariables.It shouldbenotedthattheconditionof independence
takesplacein many applications.This conditionmakesthe naturalextensionto
benon-linearand,asaresult,thecorrespondinghierarchicalmodelbecomesvery
complex.

An ef�cient approachto solve this problemis proposedin thepaper. In order
to show thepracticalrelevanceof theproposedapproach,it isappliedto thestress-
strengthreliability analysisby theindependentstressandstrength.

2 Impr eciseStress-StrengthReliability

A probabilisticmodelof structuralreliability canbeformulatedasfollows.LetY
representarandomvariabledescribingthestrengthof asystemandlet X represent
a randomvariabledescribingthe stressor load placedon the system.System
failureoccurswhenthestresson thesystemexceedsthestrengthof thesystem.
Then the reliability of the systemis determinedasR = Prf X � Yg. A general
approachto thestructuralreliability analysisbasedon the impreciseprobability
theory[11, 21, 23] wasproposedin [19, 20]. Let usbrie�y considerthisapproach.
Supposethat available information aboutthe randomstressX and the random
strengthY is givenasa setof n lower Ehi andupperEhi previsionsof gambles
hi(X;Y) (unboundedgamblesareconsideredin [15]) suchthat

Ehi � Ep(x;y)hi(X;Y) � Ehi; i = 1; :::;n:

Here p(x;y) is a joint densityof thestressandstrength.It is assumedthat there
existasetof densityfunctionssuchthatlinearprevisionsEp(x;y)hi canberegarded
asexpectationsof hi . Takinginto accountthat

R= Prf X � Yg = Ep(x;y) I[0;¥ )(Y � X); (1)
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wecanwrite thefollowing optimizationproblems(naturalextension)for comput-
ing thelowerRandupperR stress-strengthreliability asfollows:

R


R

�
= inf

p

�
sup

p

� Z

R2
+

I[0;¥ )(y� x)p(x;y)dxdy; (2)

subjectto

Ehi �
Z

R2
+

hi(x;y)p(x;y)dxdy � Ehi ; i = 1; :::;n: (3)

Herethe in�mum andsupremumaretaken over the setof all possibledensities
f p(x;y)g satisfyingconditions(3), I[0;¥ )(Y � X) is the indicatorfunction taking
thevalue1 if Y � X and0 otherwise.If randomvariablesX andY areindependent,
thentheconstraintp(x;y) = pX(x)pY(y) is addedto constraints(3),wherepX and
pY aredensitiesof X andY, respectively.

Thenaturalextensionis apowerful tool for analyzingthereliability ontheba-
sisof availablepartialinformation.However, it hasashortcoming.Let usimagine
thattwo expertsprovidethefollowing judgementsaboutthestress:(i) meanvalue
of thestressis notgreaterthan10; (ii) meanvalueof thestressis not lessthan10
hours.Thenaturalextensionproducestheresultingmeanvalue[0;10] \ [10;¥ ) =
10.In otherwords,theabsolutelyprecisemeasureis obtainedfrom too imprecise
initial data.This is unrealisticin practiceof reliability analysis.The reasonof
suchresultsis thatprobabilitiesof judgementsareassumedto be1. If we assign
somedifferentprobabilitiesto judgements,thenwe obtainmorerealisticassess-
ments.For example,if thebelief to eachjudgementis 0:5, then,accordingto [9],
theresultingmeanvalueis greaterthan5 hours.Therefore,in orderto obtainthe
accurateandrealisticreliability assessments,it is necessaryto take into account
somevaguenessof informationaboutcharacteristicsof thestressandstrength.

3 Second-OrderModel. ProblemStatement

Supposethatthereexist n judgementsaboutthestressX:

E f j (X) 2 Tj = [t j ;t j ]; j = 1; :::;n;

andl judgementsaboutthestrengthY:

Eh j (Y) 2 Sj = [sj ;sj ]; j = 1; :::; l :

Here f j andh j aregamblescorrespondingto the availablejudgementsaboutX
andY. Moreover, it is known that

a j � Pr
�

E f j 2 Tj
	

� a j ; j = 1; :::;n;

b
j
� Pr

�
Eh j 2 Sj

	
� b j ; j = 1; :::; l :
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Thesecond-orderprobabilities[a j ;a j ] and[b
j
;b j ] areinterpretedasa modelfor

uncertaintyabout“correct” valuesof partially known measuresof X andY. Let
usbrie�y discussthesenseof beliefsto theexpert judgements.If we know that
anexpertprovides100� a% of “correct” judgements,this meansthat,by giving
�nitely many intervals,sayn, for anunknown parameter, approximatelyna inter-
valscoversome“correct”valueof theparameter. But if wehaveonly the(n+ 1)-st
intervalanddonotknow anythingaboutpreviousn intervals,thenwecanonlysay
thatthe“correct” valueof theparameterliesin thisintervalwith probabilitya and
outsidethis interval with probability1� a. If we would have all aforementioned
n intervals,someprobability distribution of the parametercould be constructed
andwell-known Bayesianmethodscouldbeused.In thiscase,thereis noneedto
applyimpreciseprobabilities.

Theterm“expertinformation”maybeusedin amoregeneralsense.In partic-
ular, con�denceintervalsof parameterselicitedasa resultof statisticalinference
with correspondingcon�denceprobabilitiesmay be regardedas“beliefs to ex-
perts”.For example,if we have onecon�denceinterval for theexpectationof a
probability distribution, thenwe canonly assert,that the “correct” valueof the
expectationis in the interval with the con�denceinterval probability [a;1] and
outsidethecon�denceinterval with theprobability[0;1� a].

How to �nd averagevaluesof RandR, i.e., to reducethesecond-ordermodel
to the �rst-order one?Roughlyspeaking,if we have second-orderprobabilities
de�ned for different intervals of E f j andEh j , thenthereexist a setof second-
orderdistributionsof E f j , Eh j , andEI[0;¥ )(Y � X) producedaninterval of lower
andupperexpectationsof EI[0;¥ )(Y � X), i.e.,R andR. We will call this interval
”average”to distinguishexpectations(previsions)on the �rst andsecondlevels
of theconsideredsecond-orderuncertaintymodel.In fact,the”average”interval
allowsusto getrid of themorecomplex second-ordermodelandto dealwith the
�rst-order model.Thisproblemis especiallydif�cult if thestressandstrengthare
independent.At that, a specialtype of independencecalledby the free product
[11] is studiedin the paper. This type of independenceis like to the epistemic
irrelevance[3] and,generally, is asymmetric.

In orderto give the readerthe essenceof the subjectanalyzedandmake all
theformulasmorereadable,wewill mainly consideronly thelowerboundR.

Let vi = E fi andwi = Ehi bevaluesof randomvariablesVi andWi de�ned on
samplespacesWi andL i , respectively. Let V = (V1; :::;Vn), W = (W1; :::;Wn) and
V = (v1; :::;vn); W = (w1; :::;wl ) be the vectorsof randomvariablesVi, Wi and
theirvalues,respectively. DenoteN = f 1; :::;ng andL = f 1; :::; lg. Thenthenatu-
ral extensionfor computingRcanbewrittenasasequenceof lowerexpectations:

R= EW
n

EVjW �
EI[0;¥ )(Y � X)

� o

by givenlowerandupperprevisions

EITi (vi) = a i ; EITi (vi ) = a i ; EISi (wi) = b
i
; EISi (wi) = bi : (4)
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By introducinga randomvariableZ having valuesz(V;W) = EI [0;¥ )(Y � X)
andassumingthatthereexistsasetof densitiesj (V) andy (W) of vectorsV and
W, respectively, we canwrite

R= inf
y

Z

L

�
inf
j

Z

W
z(V;W)j (V)dV

�
y (W)dW; (5)

subjectto

a i �
Z

W
ITi (vi)j (V)dV � a i ; i 2 N; b

i
�

Z

L
ISi (wi )y (W)dW � bi ; i 2 L: (6)

HereW= W1 � � � � � Wn, L = L 1 � � � � � L l . The samplespacesWi andL j are
determinedby setsof valuesE fi andEh j , i.e.,

Wi = [inf E fi ;supE fi ]; L j = [inf Eh j ;supEh j ]:

A dual optimizationproblemcannot be written asit hasbeenmadein [18] be-
causetheinitial problemis non-linear. Ouraim is to �nd R, i.e., to solve (5)-(6).

4 Solution of Problem(5)-(6)

4.1 A Setof Linear Programming Problems

Let W � = (w�
1; :::;w�

n) 2 L be a realizationof the vectorW. DenoteR(W � ) =
Ej z(V;W � ). Problem(5)-(6) canberepresentedasfollows:

R= inf
y

Z

L

�
inf
j

Z

W
z(V;W)j (V)dV

�
y (W)dW

= inf
y

Z

W
inf
j

R(W � )y (W)dW = inf
y

Z

W
R(W � )y (W)dW; (7)

subjectto
b

i
� Ey ISi (wi )� bi ; i 2 L: (8)

Here
R(W � ) = inf

j
Ej z(V;W � ); (9)

subjectto
a i � Ej ITi (vi )� a i ; i = 1; :::;n: (10)

Problems(7)-(8) and(9)-(10)arelinearanddualoptimizationproblemscan
bewritten, i.e.,wehaveasetof thefollowing problemsfor eachW � 2 L :

R(W � ) = sup

 

c0 + å
i2N

(cia i � dia i )

!

; (11)
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subjectto ci ;di 2 R+ , c0 2 R, i 2 N, and8V 2 W,

c0 + å
i2N

(ci � di) ITi (vi) � z(V;W � ); (12)

andonelinearprogrammingproblem

R= sup

 

c0 + å
i2L

�
cibi

� dibi

�
!

; (13)

subjectto ci ;di 2 R+ , c0 2 R, i 2 L, and8W � 2 L ,

c0 + å
i2L

(ci � di) ISi (wi ) � R(W � ): (14)

Thedualproblemshave beenintroducedin orderto getrid of densitiesj (V)
andy (W).

4.2 Solution of Problem(11)-(12)

An algorithmandanapproachto solvingaproblemsimilar to (11)-(12)aregiven
in [16, 17]. But problem(11)-(12)hassomedifference.To solve this problem,it
is necessaryto de�ne whatz(V;W � ) is.

Let J beasetof indicesandJ � N. Introducethefollowing setsof constraints:

TJ = f Ti ; i 2 Jg; T c
J = f Tc

i ; i 2 Jg; Tc
i = WinTi :

Thenconstraints(12)canberewrittenas

c0 +
n

å
i= 1

(ci � di) ITi (EpX fi ) � z(V;W � ); pX 2 P: (15)

HereP is thesetof all densitiesf pXg. Let usconsidertheseconstraintsin detail
andde�ne z(V;W � ). Notethat

z(V;W � ) = EpX pY I[0;¥ )(Y � X): (16)

However, we �x ed the vectorW � = (E� h1; :::;E� hl ). This meansthat the setof
probabilitydensitiespY(y) is restrictedasfollows:

E�
pY

h1 = w�
1; :::;E�

pY
hl = w�

l : (17)

So, z(V;W � ) canbe found by solving the optimizationproblemwith objective
function(16), constraints(17), andconstraintsfor pX , which will beconsidered
below.

In orderto computetheindicatorfunctionsin (15),it is necessaryto substitute
differentfunctionspX from P andto calculatethecorrespondingvaluesof EpX fi
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andITi (EpX fi ). Moreover, it is necessaryto solveproblem(16)-(17)for eachpX 2
P. Obviously, this taskcannot bepracticallysolved.Therefore,anotherway for
solvingtheoptimizationproblemis proposed.

Wecall thesetT c
NnJ [ TJ consistentif thereis at leastonedensitypX suchthat

EpX fi 2 Ti , i 2 J, EpX f j 2 Tc
j , j 2 NnJ. Now we canseethat if thesetTJ [ T c

NnJ
is consistent,thenITi (EpX fi ) = 1 if i 2 J, andITi (EpX fi ) = 0 if i 2 NnJ. In other
words,if thesetT c

NnJ [ TJ is consistent,thenthereexistsat leastonedensitypX

suchthatall linear previsionsEpX fi , i 2 J, arein intervalsTi andtheir indicator
functionsareequalto 1, all linear previsionsEpX f j , j 2 NnJ, do not belongto
intervalsTi andtheir indicatorfunctionsareequalto 0. In this case,we will say
thatpX belongsto asetPJ. So,to simplify constraints(15),it is necessaryto look
over all consistentsetsT c

NnJ [ TJ. Thenconstraints(15) canbe rewritten for all
J � N, suchthatT c

NnJ [ TJ areconsistent,asfollows:

c0 + å
i2J

(ci � di) � z(V;W � ): (18)

If T c
NnJ [ TJ is inconsistent,thencorrespondinginequality(18) is excludedfrom

thelist of all constraints.
But how to determinetheconsistency of setsT c

NnJ [ TJ? ThesetT c
NnJ [ TJ is

consistentif anoptimizationproblemwith constraintsproducedby T c
NnJ [ TJ has

any solution.At that,theobjective functionmaybearbitrary. In otherwords,for
determiningthe consistency of T c

NnJ [ TJ, it is necessaryto solve the following
optimizationproblem:

inf
pX

�
sup
pX

�
EpX u(x);

subjectto EpX fi 2 Ti ; i 2 J; EpX f j 2 Tc
j ; j 2 NnJ. Hereu is anarbitraryfunction.

Let p(1)
X 2 PJ andp(2)

X 2 PJ. Then

ITi (Ep(1)
X

fi ) = ITi (Ep(2)
X

fi ):

Let

z(2)(V;W � ) = E
p(2)

X pY
I[0;¥ )(Y � X) � E

p(1)
X pY

I[0;¥ )(Y � X) = z(1)(V;W � ):

Thentheconstraint

c0 + å
i2N

(ci � di) ITi (Ep(1)
X

fi ) � z(1)(V;W � )

follows from theconstraint

c0 + å
i2N

(ci � di) ITi (Ep(2)
X

fi ) � z(2)(V;W � )
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andcanberemoved.This impliesthat(15) is equivalentto

c0 + å
i2J

(ci � di) � inf
PJ

z(V;W � ); (19)

where
inf
PJ

z(V;W � ) = inf
pX ;pY

EpX pY I[0;¥ )(Y � X); (20)

subjectto

EpX fi 2
�

Ti ; i 2 J
Tc

i ; i 2 NnJ
; i 2 N; (21)

EpYhi = w�
i ; i 2 L: (22)

So,an in�nite numberof constraintshasbeenreducedto at most2n constraints
(19).Sincethefunctionu is arbitrary, theninfPJ z(V;W � ) maybeusedin placeof
u. Thereexist exactanalyticalsolutionsto problem(20)-(22)for varioustypesof
initial information[19].

4.3 Solution of Problem(13)-(14)

Now wehave thevaluesof R(W � ) for eachW � 2 L . Let usintroducethesets

SK = f Si ; i 2 Kg; Sc
K = f Sc

i ; i 2 Kg; K � L = f 1;2; :::; lg:

For solving problem(13)-(14), we apply an algorithm which is similar to the
consideredonein theprevioussubsection,i.e.,

R= sup

 

c0 + å
i2L

�
cibi

� dibi

�
!

; (23)

subjectto ci ;di 2 R+ , c0 2 R, i 2 L, and8K � L, 8W � 2 L ,

c0 + å
i2K

(ci � di) � inf
W� 2Sc

LnK [ SK
R(W � ): (24)

This is a simplelinearprogrammingproblemwith at most2l constraints.

5 Exact Boundsfor the Reliability

It canbe seenfrom resultsof theprevioussectionthatcomplex non-linearopti-
mizationproblem(5)-(6) is reducedto asetof linearprogrammingproblemswith
�nitely many constraintsandnon-linearproblems(20)-(22)whichcanbenumer-
ically solvedor have exactsolutions[19] for themostimportanttypesof initial
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information(pointsof probabilitydistribution functionsof X andY, momentsof
X andY, probabilitiesde�ned on nestedintervals).However, theseoptimization
problemshave to besolvedfor all valuesof W � 2 L whosenumbermaybein�-
nite.This leadsonly to theapproximatesolutionandmakesthetaskto berather
dif�cult from thecomputationalpoint of view evenby a small numberof initial
judgements.It turnsout thatoptimizationproblem(5)-(6) canbeexactly solved.
Therefore,aninterestingandef�cient solutionof theproblemis proposedin this
section.

Let usconsiderconstraints(24). SupposethatR(W � ) achievesits minimum
at W � = W �

o(K) 2 Sc
LnK [ SK . Thenall vectorsW � 2 Sc

LnK [ SK exceptW �
o(K)

arenotusedin constraintsto problem(23)-(24).This impliesthatwedonotneed
to look over all possiblevectorsW � . By returningto problem(11)-(12), it is
necessaryto solve it only for W �

o(K), K � L. This implies that the numberof
solvedoptimizationproblemsis �nite anddependson numbersn andl of initial
judgementsaboutX andY. Moreover, we canobtainexactboundsfor thestress-
strengthreliability in this case.However, we do not know pointsW �

o(K) before
solvingproblem(11)-(12).Let usshow how to overcomethis dif�culty .

It follows from (11)-(12)thatR(W � ) decreasesasz(V;W � ) decreases.More-
over, the left sidesof constraints(19) and(24) do not dependon specialvalues
of W � andaredeterminedonly by thesetSc

LnK [ SK . This impliesthatwe do not
needto know anoptimalvalueof thevectorW � = W �

o(K). It is enoughto know
that this valuebelongsto the setSc

LnK [ SK (this allows us to constructtheK-th
constraintin (24))andmakesz(V;W � ) andR(W � ) to beminimal for at leastone
W � 2 Sc

LnK [ SK . Therefore,constraints(22)have to bereplacedby constraints

EpYhi(Y) 2
�

Si; i 2 K
Sc

i ; i 2 LnK
; i 2 L; (25)

whereintervalsSi , Sc
i arede�ned by thesetSc

LnK [ SK .
Indeed,infW� 2Sc

LnK [ SK R(W � ) correspondsto infW� 2Sc
LnK [ SK infPJ z(V;W � ): At

thesametime, this is equivalentto theprobleminfPJ z(V;K) subjectto

EpX fi 2
�

Ti ; i 2 J
Tc

i ; i 2 NnJ
; i 2 N; EpYhi =

�
Si ; i 2 K
Sc

i ; i 2 LnK
; i 2 L;

becauseconstraints(25) containall pointsW � 2 Sc
LnK [ SK andinfPJ z(V;W � ) is

achievedat pY satisfyingoneof thevaluesW � .
So,z(V;W � ) andR(W � ) canbereplacedby z(J;K) andR(K). Thismeansthat

valuesof V andW aretakenfrom thesetsT c
NnJ [ TJ andSc

LnK [ SK , respectively.
It is worth noticing that this subtletechniqueallows us to solve a problem

of consistency of judgements(22). It is obvious thatconstraints(22) maybe in-
consistentby somevaluesof w�

i , andit is not clearwhat to do in this case.After
introducingconstraints(25), theinconsistency meansthatthecorrespondingcon-
straintin (24) is removedfrom thelist of constraintsto problem(23)-(24).
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6 Algorithm for Computing R

Let uswrite a �nal algorithmfor computingR.
Step1. Choosinga setSc

LnKi
[ SKi from thepossiblesetsSc

LnK [ SK , K � L.
Step2. Choosinga setT c

NnJj
[ TJj from thepossiblesetsT c

NnJ [ TJ, J � N.
Step 3. Solving the optimizationproblemwith objective function (20) and

constraints(21) and(25) by Ti andSi taken from setsT c
NnJi

[ TJi andSc
LnKi

[ SKi

de�nedonSteps1 and2, respectively. Theresultof thisstepis thevaluez(J j ;Ki ).
If z(J;Ki ) areobtainedfor all possibleJ � N, thengo to Step4, elsego to Step2.

Step4.Solvinglinearprogrammingproblem(11)-(12)by usingtheconsistent
valuesof z(J;Ki ) computedonStep3. Theresultof thisstepis thevalueR(K). If
R(K) areobtainedfor all possibleK � L, thengo to Step5, elsego to Step1.

Step5.Solvinglinearprogrammingproblem(23)-(24)by usingtheconsistent
valuesof R(K) computedonStep4. Theresultof thisstepis R.

Accordingto thealgorithm,it is necessaryto solve2l + 1 linearprogramming
problems(Steps4 and5) and2nl non-linearoptimizationproblems(Step3). Step
3 canbe realizedby meansof resultsgiven in [19]. For solving this non-linear
problemin a caseof arbitrary judgements,a softwareprogramhasbeendevel-
oped.

7 Numerical Example1

Supposethattwo expertsprovideprobabilitiesof eventsconcerningthestressand
strength.The�rst expert:0:9 and1 areboundsfor theprobability that thestress
is lessthanx1 = 18.Thesecondexpert:0 and0:2 areboundsfor theprobability
that the strengthis lessthany1 = 14; 0:75 and1 areboundsfor the probability
thatthestrengthis lessthany2 = 20.Thebeliefsto expertsare0:9 and[0:6;0:8],
respectively. Thebeliefs[a;b] meanthattheexpertprovidesbetweena% andb%
of truejudgements.This informationcanbeformally representedas

Prf 0:9 � EI[0;18](X) � 1g = 0:9;

Prf 0 � EI[0;14](Y) � 0:2g 2 [0:6;0:8];

Prf 0:75� EI[0;20](Y) � 1g 2 [0:6;0:8]:

HereN = f 1g, L = f 1;2g. Let us�nd R= EEI[0;¥ )(Y � X). De�ne sets

K = f 1;2g; Sc
LnK [ SK = f S1;S2g = f [0;0:2]; [0:75;1]g;

K = f 1g; Sc
LnK [ SK = f S1;Sc

2g = f [0;0:2]; [0;0:75]g;

K = f 2g; Sc
LnK [ SK = f Sc

1;S2g = f [0:2;1]; [0:75;1]g;

K = f ? g; Sc
LnK [ SK = f Sc

1;Sc
2g = f [0:2;1]; [0;0:75]g:
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and

J = f 1g; T c
NnJ [ TJ = f T1g = f [0:9;1]g;

J = f ? g; T c
NnJ [ TJ = f Tc

1 g = f [0;0:9]g:

Let uscomputez(J;K) for eachK andJ. Accordingto [19], thereholds

z= t1(1� sj (1)); j(i) = minf j : xi � y jg:

Hencej(1) = 2, andthefollowing hold for J = f 1g � f 1g

K = f 1;2g; z(J;K) = 0;

K = f 1g; z(J;K) = 0:225;

K = f 2g; z(J;K) = 0;

K = f ? g; z(J;K) = 0:225:

If J = f ? g, thenz(J;K) = 0 for all K � f 1;2g becauseinf Tc
1 = 0. Let ussolve

problem(11)-(12)for eachK � L. For example,if K = f 1g, then

R(f 1g) = sup(c0 + 0:9c1 � 0:9d1) ;

subjectto c1;d1 2 R+ , c0 2 R, c0 + (c1 � d1) � 0:225,c0 � 0.
HenceR(f 1g) = 0:2025.Similarly, we can get R(f 1;2g) = 0, R(f 2g) = 0,

R(f ? g) = 0:2025.Let ussolveproblem(23)-(24)

R= sup(c0 + 0:6c1 � 0:8d1+ 0:6c2 � 0:8d2) ;

subjectto c1;d1;c2;d2 2 R+ , c0 2 R,

c0 + (c1 � d1) + (c2 � d2) � 0;

c0 + (c1 � d1) � 0:2025;

c0 + (c2 � d2) � 0; c0 � 0:2025:

HenceR= 0:0405.Theupperstress-strengthreliability R= 0:9996canbecom-
putedin thesamewayby takinginto accountthatthereholdsz= 1� s1(1� t1).

How to usetheobtainedinterval?This dependson a decisionmaker andthe
systempurposes(consequencesof failures).Thevalues0:0405and0:9996canbe
interpretedaspessimisticandoptimisticassessmentsof thestress-strengthrelia-
bility, respectively. If consequencesof thesystemfailurearecatastrophic(trans-
port systems,nuclearpower plants),thenthe lower bound(pessimisticdecision)
for thesystemreliability hasto bedeterminativeandis comparedwith a required
level of the systemreliability. If the systemfailure doesnot imply major con-
sequences,then the upperbound(optimistic decision)can be used.Generally,
the decisionmaker may usea cautionparameterh [1] on the basisof his (her)
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own experience,variousconditionsof the systemfunctioning,etc. In this case,
the precisevalueof the systemreliability is determinedas the linear combina-
tion hR+ (1 � h)R. At the sametime, it canbe seenfrom the examplethat the
obtainedinterval [R;R] is very wide andthe resultsaretoo impreciseto make a
usefuldecisionconcerningthereliability.

8 Numerical Example2

Supposethat informationaboutthestressandstrengthis representedasthe fol-
lowing setof con�denceintervalsfor two moments:the�rst andsecondmoments
of the stressarein intervals [7;8] and[40;50], respectively, with the con�dence
probability 0:95; the �rst and secondmomentsof the strengthare in intervals
[12;13] and[150;160], respectively, with the con�denceprobability 0:9. By as-
sumingthat all valuesof the stressand strengthare in the interval [0;50] (the
samplespace),this informationcanbeformally representedas

Prf 7 � EX � 8g 2 [0:95;1]; Prf 40� EX2 � 50g 2 [0:95;1];

Prf 12� EY � 13g 2 [0:9;1]; Prf 150� EY2 � 160g 2 [0:9;1]:

HereN = f 1;2g, L = f 1;2g. Resultsof computingz(J;K) for eachK andJ are
shown in Table1.

Table1: Valuesof z(J;K)
K = f 1;2g K = f 1g K = f 2g K = f ? g

J = f 1;2g 0:62 0:122 0:04 0
J = f 1g 0:265 0:085 0:03 0
J = f 2g 0:5 0:12 0:042 0
J = f ? g 0 0 0 0

Let ussolve (11)-(12)for eachK � L. For example,if K = f 1;2g, then

R(f 1;2g) = sup(c0 + 0:95c1 � 1d1 + 0:95c1 � 1d1) ;

subjectto c1;d1;c2;d2 2 R+ , c0 2 R,

c0 + (c1 � d1) + (c2 � d2) � 0:62;

c0 + (c1 � d1) � 0:265;

c0 + (c2 � d2) � 0:5; c0 � 0:

HenceR(f 1;2g) = 0:589.Similarly, wecangetR(f 1g) = 0:116,R(f 2g) = 0:038,
R(f ? g) = 0. Let ussolveproblem(23)-(24)

R= sup(c0 + 0:9c1 � 1d1+ 0:9c2 � 1d2) ;
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subjectto c1;d1;c2;d2 2 R+ , c0 2 R,

c0 + (c1 � d1) + (c2 � d2) � 0:589;

c0 + (c1 � d1) � 0:116;

c0 + (c2 � d2) � 0:038; c0 � 0:

HenceR= 0:487.Theupperboundis R= 1. If we assumethat the intervalsfor
momentsof the stressandstrengthhave probabilities1 (the �rst-order model),
then lower and upperboundsfor the stress-strengthreliability are 0:62 and 1,
respectively.

9 Conclusion

Theef�cient algorithmfor computingthestress-strengthreliability by thesecond-
orderinitial informationaboutthestressandstrengthhasbeenproposedin thepa-
per. This algorithmusestheimprecisestress-strengthreliability modelsobtained
in [19]. Its mainvirtue is thatcomplex non-linearoptimizationproblem(5)-(6) is
reducedto a �nite setof simpleproblemswhosesolutionpresentsno dif�culty .
Therefore,this approachmight be a basisfor developingsimilar algorithmsfor
reliability analysisof varioussystemswhererandomvariablesdescribingthesys-
temreliability behavior areindependent.Theupperboundfor thestress-strength
reliability canbesimilarly computed.In this case,the“inf” is replacedby “sup”
in optimizationproblemsandviceversa.

It shouldbenotedalsoa shortcomingof thealgorithm.Thejoint judgements
aboutthestressandstrengthcannot beusedbecauseoptimizationproblem(5)-
(6) in thiscasecannotbedecomposedinto asetof linearprogrammingproblems.
Therefore,furtherstudyis neededto developmethodsandef�cient algorithmsfor
processingthe second-orderimpreciseprobabilitiesby this type of initial infor-
mation.
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