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Abstract

In this paperwe considerdecisionmakingunderhierarchicalimpreciseun-
certaintymodelsandderivegeneralalgorithmsto determineoptimalactions.
Numericalexamplesillustratetheproposedmethods.
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1 Intr oduction

Considerthebasicmodelof decisiontheory:Onehasto chooseanactionfrom a
non-empty, �nite setA = f a1; :::;ang of possibleactions.Theconsequencesof ev-
eryactiondependon thetrue,but unknown stateof natureJ 2 Q = f J 1; :::;J mg.
Thecorrespondingoutcomeis evaluatedby theutility function

u : (A � Q) ! R
(a;J ) 7�! u(a;J )

and by the associatedrandomvariableu(a) on (Q;Po(Q)) taking the values
u(a;J ). Often it makessenseto studyrandomizedactions,which canbe under-
stoodasaprobabilitymeasurel = (l 1; :::; l n) on (A;Po(A)) . Thenu(�) andu(�)
areextendedto randomizedactionsby de�ning u(l ;J ) := å n

s= 1u(as;J )l s.
This model containsthe essentialsof every (formalized)decisionsituation

underuncertaintyand is applied in a hugevariety of disciplines.If the states
of natureare producedby a perfectrandommechanism(e.g. an ideal lottery),
and the correspondingprobability measurep(�) on ((Q;Po(Q))) is completely
known, theBernoulli principle is nearlyunanimouslyfavored.Onechoosesthat
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actionl � whichmaximizestheexpectedutility Epu(l ) := å m
j= 1 (u(l ;J j ) � p(J j ))

amongall l .
In most practicalapplications,however, the true stateof naturecan not be

understoodasarisingfrom anidealrandommechanism.And evenif so,thecor-
respondingprobability distribution will be not known exactly. An ef�cient ap-
proachfor solvingthis problemin theframework of impreciseprobabilitytheory
(Kuznetsov [13], Walley [18], Weichselberger [20]) hasbeenproposedby Au-
gustinin [1, 2].

A related,quitecommonlyused,way to dealwith complex uncertaintyis to
applysecond-order uncertaintymodels(hierarchical uncertaintymodels). These
modelsdescribethe uncertaintyof a randomquantity by meansof two levels.
Many papersaredevotedto thetheoretical[4, 5,11, 14, 19] andpractical[7, 9,12]
aspectsof second-orderuncertaintymodels.A comprehensive review of hierar-
chicalmodelsis givenin [6] whereit is arguedthatthemostcommonhierarchical
modelis theBayesianone[3, 10, 21]. At thesametime,theBayesianhierarchical
modelis unrealisticin applicationswherethereis availableonly partial informa-
tion aboutthesystembehavior.

Mostproposedsecond-orderuncertaintymodelsassumethatthereis aprecise
second-orderprobability distribution (or possibility distribution). Unfortunately,
suchinformationis oftenabsentandmakingadditionalassumptionsmayleadto
wrongresults.A new hierarchicaluncertaintymodelfor combiningdifferenttypes
of evidencewasproposedby Utkin [15, 16], wherethesecond-orderprobabilities
canberegardedascon�denceweightsandthe�rst-order uncertaintyis modelled
by lowerandupperprevisionsof differentgambles.Wewill call thesehierarchical
modelssecond-orderprobabilitiesof type1.

It is worthnoticingthattherearecaseswhenthetypeof theprobabilitydistri-
butionof thestatesof natureisknown,for example,from theirphysicalnature,but
parametersor a partof theparametersof thedistribution arede�ned by experts.
In reality, thereis somedegreeof our belief to eachexpert's judgementwhose
valueis determinedby experienceandcompetenceof theexpert.Therefore,it is
necessaryto take into accountthe availableinformationaboutexpertsto obtain
morecredibledecisions.This modelcanbealsoconsideredin theframework of
hierarchicalmodelsandwill becalledsecond-orderprobabilitiesof type2.

Decisionmakingfor bothmodelsof type1 andtype2 arestudiedin thepa-
per. In particular, wegivegeneralandef�cient algorithmsfor calculatingoptimal
actionsandillustratethemin detailedexamples.

One shouldnoteexplicitly that throughoutthe paperwe assumethe utility
andthe descriptionof the uncertaintyon the stateof naturearegiven.Alterna-
tively, therearequitesophisticatedapproachesdirectly extendingtheNeumann-
Morgensternpoint of view. They constructseparatedutility andimpreciseprob-
ability from axiomson behaviour andpreferences(see,e.g.,thework of [8] and
thereferencestherein).
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2 Second-OrderProbabilities of Type1

Supposethat thereis a setof weightedexpert judgementsrelatedto somemea-
suresof thestatesof natureE fi (J j ), i = 1; :::; r, i.e.,therearevaluesbi , bi of lower
andupperprevisions.Supposethat thecredibility of eachof r expertsis charac-
terizedby asubjectiveprobabilitygi or interval of probabilities[g

i
;gi ], i = 1; :::; r.

It shouldbenotedthatthesecond-orderprobabilitiesg
i
andgi form animprecise

probability, describedby a setN of distributionson the setM of all distribu-
tions p on (Q;Po(Q)) . We assumethat the second-orderimpreciseprobability
is avoiding sureloss, i.e., N is not empty. Denotefor any gamble f the lower
(upper)second-orderexpectationsby LEN f (UEN f ), respectively. Generally, the
judgementscanbewrittenasfollows:

Pr
�

bi � Ep fi � bi
	

2 [g
i
;gi ]; i = 1; :::; r; (1)

or
LEN IBi (Ep fi ) = g

i
; UEN IBi (Ep fi ) = gi ; i = 1; :::; r:

Herethesetf bi , big containsthe�rst-order previsions,Bi = [bi ;bi ], thesetf g
i
;gig

containsthesecond-orderprobabilitiesandEp fi = å m
j= 1 fi (J j )p(J j ).

Theproblemhereis thattheresultingsetof distributionsmayberathercom-
plex becausethefunctionsfi aredifferent,especially, if thevalueof m is large.

2.1 DecisionMaking

SincethereexiststhesetN of distributionsonthesetM of all distributionsp, the
expectedutility Epu(l ) canbeconsideredasa randomvariabledescribedby dis-
tributionsfrom N , andthereexist lower LEN (Epu(l )) andupperUEN (Epu(l ))
expectationsof this randomvariable,whichdependontheactionl . Theseexpec-
tationscanberoughlycalledalsoby lowerandupper“average”expectedutilities.
With thisrespect,wecanassertthateveryactionis evaluatedby its minimal“aver-
age”expectedutility. By representingtheinterval [LEN (Epu(l )) ;U EN (Epu(l )) ]
by thelower interval limit alone,wecanwrite thecriterionof decisionmaking.

Throughoutthepaperwe evaluateinterval-valuedexpectationsby their lower
interval-limits only — morecomplex interval orderingsarea topic of further re-
search,seealsoSection4. Therefore,anactionl � is optimalif f for all l

LEN (Epu(l � )) � LEN (Epu(l )) : (2)

Thentheoptimalactionl � canbeobtainedby maximizingLEN (Epu(l )) subject
to å n

s= 1 l s = 1, l s � 0, s = 1; :::;n. In other words, the following optimization
problemhasto besolved:

LEN (Epu(l )) ! max
l s
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undertheconstraints

n

å
s= 1

l s = 1; l s � 0; s= 1; :::;n:

Dueto argumentssimilar to thoseusedin [17], this problemcanberewrittenas

LEN (Epu(l � )) = max
c2R;ck2R+ ;dk2R+ ;l s2R+

(

c+
r

å
k= 1

�
ckgk

� dkgk

�
)

(3)

subjectto

c+
r

å
k= 1

(ck � dk) IBk (Ep fk) � Epu(l ); (4)

n

å
s= 1

l s = 1: (5)

By substitutingtheexpressionsfor Ep fi andEpu(l � ) into theconstraints,we get

c+
r

å
k= 1

(ck � dk) IBk

 
m

å
j= 1

fk(J j )p(J j )

!

�
m

å
j= 1

(u(l ;J j ) � p(J j )) ; 8p 2 M : (6)

It is worth noticingthat themaximalnumberof differentexpressionsfor the left
sidesof the constraints(6) is 2r becausethey involve indicator functions.Let
us write a vector i = (i1; :::; ir ), i j 2 f 0;1g, whosevaluescorrespondto those
situations.In accordancewith possiblevaluesof the binary vector i, the setM
canbedividedinto 2r subsetsM1; :::;M2r suchthat the i-th subsetis formedby
thesetof constraints

Ep fk 2
�

Bk; ik = 1
Bc

k; ik = 0
; k = 1; :::; r: (7)

HereBc
k = [inf Ep fk;supEp fk]nBk is the(relative)complementof theinterval Bk.

Introducethe set K j � f 1; :::; rg correspondingto the set M j suchthat for
any p 2 M j and k 2 K j thereholds IBk (Ep fk) = 1, and for l =2 K j thereholds
IBl (Ep fl ) = 0.

Let p = (p(J 1); :::;p(J m)) be a probability distribution belongingto M j . It
shouldbenotedthatsomeelementsfrom thesetf M j ; j = 1; :::;2rg maybeempty,
i.e., thereareno suchdistributionsp that satisfyall constraints(7). This means
that the correspondingvectorof indicesi provides inconsistentjudgements(7)
andcorrespondingconstraints(4) mustberemovedfrom thelist of 2r constraints.
Therefore,asthe�rst step,it is necessaryto determinetheconsistency of judge-
ments.Theconsistency of thesetof constraints,correspondingto a realizationof
the vector i, canbe determinedby solving a linear programmingproblemwith
anarbitraryobjective functionandconstraints(7). If any solutionexists,thenthe



Utkin & Augustin:DecisionMakingwith Second-OrderProbabilities 551

feasibleregion is non-emptyandthereexistsat leastoneprobabilitydistribution
p satisfyingall constraints(7), i.e., M j 6= /0. Otherwise,M j = /0 and the corre-
spondingconstraint(4) mustberemoved.

Let L � f 1; :::;2rg bea setof indicesfor all consistentconstraintsor all non-
emptysets.Supposethatp1 2 M j andp2 2 M j aretwo distributionsfrom M j , j 2
L, suchthatEp1u(l ) � Ep2u(l ). Sincep1 2 M j andp2 2 M j , thentheconstraint

c+ å
k2K j

(ck � dk) � Ep1u(l );

follows from theconstraint

c+ å
k2K j

(ck � dk) � Ep2u(l );

becausetheleft sidesof constraintsarethesame.This impliesthat from all con-
straints,correspondingto thesetM j , we haveto keeponly oneconstraint

c+ å
k2K j

(ck � dk) � min
p2M j

Epu(l ):

So,problem(3)-(5)becomes

LEN (Epu(l � )) = max
c2R;ck2R+ ;dk2R+ ;l s2R+

(

c+
r

å
k= 1

�
ckgk

� dkgk

�
)

(8)

subjectto
c+ å

k2K j

(ck � dk) � min
p2M j

Epu(l ); 8 j 2 L; (9)

n

å
s= 1

l s = 1: (10)

Write G j = minp2M j
Epu(l ), j 2 L. Thenthereholds

LEN (Epu(l � )) = max
c2R;ck2R+ ;dk2R+ ;l s2R+ ;Gj

(

c+
r

å
k= 1

�
ckgk

� dkgk

�
)

(11)

subjectto
c+ å

k2K j

(ck � dk) � G j ; (12)

Epu(l ) � G j ; p 2 M j ; 8 j 2 L;
n

å
s= 1

l s = 1: (13)

OnecanseethatthevariablesGk arelinearfor all k 2 L. This impliesthatthe
optimizationproblem(11)-(13)is linear, but, in theway it is written, it contains
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in�nitely many constraints.In order to overcomethis dif�culty , note,however,
that thesetof distributionsM j for every j canbeviewedasa simplex in a �nite
dimensionalspace.Accordingto somegeneralresultsfrom linearprogramming
theory, anoptimalsolutionto theaboveproblemis achievedat extremepointsof
thesimplex, andthenumberof its extremepointsis �nite. This implies,similar
to the solution in the �rst-order decisionproblem[1, 2], that the in�nite setof
constraints(13) is reducedto some�nite number, andstandardroutinesfor linear
programmingcanbeusedto determineoptimalactions.If onewantsto concen-
trate on unrandomizedactions(pureactions),wherel s 2 f 0;1g, thenBoolean
optimizationcanbeused.

2.2 Numerical Example

Supposethat2 expertsevaluate3 statesf 1;2;3g of natureasfollows: theproba-
bility thateitherthe�rst stateor thesecondoneis trueis lessthan0:4; themean
valueof statesis between1 and2. Thebelief to the�rst expertis 0:5. Thismeans
that he (she)provides50% of true judgements.The belief to the secondexpert
is between0:3 and1. This meansthat he (she)providesmorethan30% of true
judgements.Valuesof theutility functionu(as;J j ) aregivenin Table1.

Table1: Valuesof theutility functionu(as;J j )
J 1 J 2 J 3

a1 6 3 1
a2 2 7 4

Table2: Consistency of constraints
i set consistent

(1;1) EpIf 1;2g(J ) 2 [0;0:4]; EpJ 2 [1;2] no
(1;0) EpIf 1;2g(J ) 2 [0;0:4]; EpJ 2 [2;3] yes
(0;1) EpIf 1;2g(J ) 2 [0:4;1]; EpJ 2 [1;2] yes
(0;0) EpIf 1;2g(J ) 2 [0:4;1]; EpJ 2 [2;3] yes

Theabove judgementscanbewritten in theformal form asfollows:

Pr
�

0 � EpIf 1;2g(J ) � 0:4
	

= 0:5; Prf 1 � EpJ � 2g 2 [0:3;1]:

Let us �nd thesetL � f 1;2;3;4g. It canbeseenfrom Table2 thatL = f 2;3;4g.
Let us �nd the optimal strategies l �

1, l �
2. For doing so, it is necessaryto �nd

extremepointsfor subsetsM2, M3, M4.
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Subset2:

f p1 = 0;p2 = 0;p3 = 1g

f p1 = 0;p2 = 0:4;p3 = 0:6g

f p1 = 0:4;p2 = 0;p3 = 0:6g

Subset3:

f p1 = 1;p2 = 0;p3 = 0g

f p1 = 0;p2 = 1;p3 = 0g

f p1 = 0:5;p2 = 0;p3 = 0:5g

Subset4:

f p1 = 0;p2 = 1;p3 = 0g

f p1 = 0:5;p2 = 0;p3 = 0:5g

f p1 = 0;p2 = 0:4;p3 = 0:6g

f p1 = 0:4;p2 = 0;p3 = 0:6g

So,thefollowing optimizationproblemhasto beconsidered:
LEN (Epu(l � )) = max

c;ck;dk;l s;Gj
f c+ 0:5c1 � 0:5d1+ 0:3c2 � 1d2g

subjectto ci � 0;di � 0; l i � 0, i = 1;2,

c+ 1� (c1 � d1) + 0� (c2 � d2) � G2;

c+ 0� (c1 � d1) + 1� (c2 � d2) � G3;

c+ 0� (c1 � d1) + 0� (c2 � d2) � G4;

(l 1 + 4l 2) � 1 � G2;

(3l 1 + 7l 2) � 0:4+ (l 1+ 4l 2) � 0:6 � G2;

(6l 1 + 2l 2) � 0:4+ (l 1+ 4l 2) � 0:6 � G2;

(6l 1 + 2l 2) � 1 � G3;

(3l 1 + 7l 2) � 1 � G3;

(6l 1 + 2l 2) � 0:5+ (l 1+ 4l 2) � 0:5 � G3;

(3l 1 + 7l 2) � 1 � G4;

(6l 1 + 2l 2) � 0:5+ (l 1+ 4l 2) � 0:5 � G4;

(3l 1 + 7l 2) � 0:4+ (l 1+ 4l 2) � 0:6 � G4;

(6l 1 + 2l 2) � 0:4+ (l 1+ 4l 2) � 0:6 � G4;

l 1 + l 2 = 1:

Solutionof theproblem:c = 3:143,G2 = G3 = G4 = 3:143,c1 = c2 = d1 =
d2 = 0, l 1 = 0:2857,l 2 = 0:7143.
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3 Second-OrderProbabilities of Type2

Supposethat thestatesof naturearedescribedby a discreteprobabilitydistribu-
tion of a certaintype, for example,binomial, hypergeometricor Poissondistri-
butions.The certaintype of the distribution is oftenknown from somephysical
propertiesof theconsideredobject.However, theparametersof thecorresponding
distribution maybeuncertain.Denoteby a = (a1; :::;ah) a vectorof parameters
for somediscretedistribution p(J ;a). Considera caseof continuousrealparam-
eters,i.e., a i 2 R. If we supposethat the expertsprovide someevidenceabout
parameters,then the vector a can be considered,just as in classicalBayesian
statistics,asarandomvariable.This is dueto thefollowing reasons:First,experts
mayprovidesomeinformationaboutstatisticalcharacteristicsof parameters,for
example,about intervals of meanvaluesor aboutsomeprobability that the i-
th parameteris in an interval. Second,even if expertsprovide only information
aboutintervalsof possiblevaluesof parameters,we cannot totally believe in the
expertsbecausethey maybeunreliable.This impliesthatevery expert is charac-
terizedby a probabilityor by aninterval-valuedprobabilityof producingcorrect
judgements.Generally, if we supposethat the vectorof parametersis governed
by someunknown joint densityr , then the expert judgementscanbe formally
writtenasfollows:

g
i j

� Er fi j (a i ) � gi j ; i = 1; :::;h; j = 1; :::; r i : (14)

Here r i is a numberof judgementsrelatedto i-th parameter;fi j is a function
correspondingto informationaboutthei-th parameterprovidedby the j-th expert.
For example,if an expert offers informationaboutthe probability that the i-th
parameteris in aninterval B, then fi j (a i ) is theindicatorfunctionof theeventB,
i.e., fi j (a i ) = IB(a i ). If theexpertprovidesthemeanvalueof thei-th parameter,
thenthereholds fi j (a i ) = a i . Thevaluesg

i j
andgi j aretheboundsfor theprovided

characteristicEr fi j (a i ) of thei-th parameter1.

3.1 DecisionMaking

Weassumethattherearesomeboundsfor all parameters[a i ;a i ], i = 1; :::;h. This
meansthat the i-th parameterbelongsto the interval [a i ;a i ] with probability 1.
Insidethis interval, theparameteris distributedaccordingto anunknown proba-
bility densityr i .

So, we have somein�nite set of discreteprobability distributions p(J j ;a)
de�ned by differentparameters.Thenthe expectedutility correspondingto one

1For simplicity, it is assumedthat eitherexpertswith weightsprovide intervals for unknown pa-
rametersor expertswithoutweightsprovidesomestatisticalcharacteristicsof randomparameters.Of
course,we couldconsidermorecomplex caseswhenexpertswith weightsprovide statisticalcharac-
teristicsof randomparameters,but thestudyof these,so-to-saythird-orderlevel, casesmayhidethe
mainresultsbehindcomplex notation.
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realizationof thevectora is

Epu(l ;a) =
m

å
j= 1

(u(l ;J j ) � p(J j ;a)) :

By averagingtheexpectedutilities Epu(l ;a) overall possiblevectorsa, weget

Er Epu(l ;a) =
Z

Wh

 
m

å
j= 1

(u(l ;J j ) � p(J j ;a))

!

r (a)da:

HereWh is a samplespaceandWh = [a1;a1] � ::: � [ah;ah].

Now we de�ne anoptimalaction.An actionl � is optimalif f
LEP (Epu(l � ;a)) � LEP (Epu(l ;a)) : (15)

HereP is a setof all possibledensityfunctionsr (a) satisfyingtheconstraints

g
i j

� Er fi j (a i ) � gi j ; i = 1; :::;h; j = 1; :::; r i ;

or

g
i j

�
Z a i

a i

fi j (a i )r i(a i )da i � gi j ; i = 1; :::;h; j = 1; :::; r i :

Thentheoptimalactionl � canbeobtainedby maximizingLEP (Epu(l ;a))
subjectto å n

s= 1 l s = 1, l s � 0, s= 1; :::;n. In otherwords,thefollowingoptimiza-
tion problemhasto besolved:

LEP (Epu(l � ;a)) ! max
l s

(16)

undertheconstraints
n

å
s= 1

l s = 1; l s � 0; s= 1; :::;n: (17)

If we assumethatthereis no informationaboutindependenceof parameters,i.e.,
thejoint densityr (a) cannot berepresentedasa productof marginalones,then
problem(16)-(17)canberewrittenas

LEP (Epu(l � ;a)) = max
c2R;ckj 2R+ ;dkj 2R+ ;l s

(

c+
h

å
k= 1

rk

å
j= 1

�
ckjgkj

� dkjgkj

�
)

(18)

subjectto

c+
h

å
k= 1

rk

å
j= 1

�
ckj � dkj

�
fkj (a i ) � Epu(l ;a); 8a 2 Wh; (19)

n

å
s= 1

l s = 1; l s � 0: (20)
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This is a linear programmingproblem having an in�nite numberof con-
straints.However, for many specialcasesproblem(18)-(20)canbesimpli�ed. Let
usconsiderthemostimportantandrealisticcasewhenexpertsprovideh intervals
B1; :::;Br for unknown parametersandeachexpertis characterizedby someprob-
ability gkj or interval-valuedprobability [g

i j
;gi j ]. Moreover, in order to give the

readertheessenceof thesubjectanalyzedandmake all theformulasmoreread-
able,wewill alsoassumethath = 1 anda = (a), i.e.,thereis only oneparameter
of the distribution p(J j ;a). We alsodenoter1 by r. In otherwords,constraints
(14)arerepresentedas

g
j
�

Z a

a
IB j (a)r (a)da � gj ; j = 1; :::; r: (21)

Thenproblem(18)-(20)canberewrittenas

LEP (Epu(l � ;a)) = max
c2R;ck2R+ ;dk2R+ ;l s

(

c+
r

å
k= 1

�
ckgk

� dkgk

�
)

(22)

subjectto

c+
r

å
k= 1

(ck � dk) IBk(a) � Epu(l ;a); 8a 2 [a;a]; (23)

n

å
s= 1

l s = 1; l s � 0: (24)

Denotei = (i1; :::; ir ), i j 2 f 0;1g. In accordancewith possiblevaluesof the
binaryvectori, theinterval B = [a;a] of all valuesa canbedividedinto 2r subin-
tervalsB(1); :::;B(2r ) suchthatthei-th subinterval is formedby

B(i) =
r\

k= 1

�
Bk; ik = 1
Bc

k; ik = 0
: (25)

Let L � f 1; :::;2rg bea setof indicesfor all non-emptysubintervalsB( j) 6= /0.
Thenfrom all constraintscorrespondingto thesubinterval B( j) , we have to keep
only oneconstraint

c+
r

å
k= 1

(ck � dk) ik � min
a2B( j)

Epu(l ;a):

So,problem(22)-(24)becomes

LEP (Epu(l � ;a)) = max
c2R;ck2R+ ;dk2R+ ;l s

(

c+
r

å
k= 1

�
ckgk

� dkgk

�
)

(26)
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subjectto

c+
r

å
k= 1

(ck � dk) ik � min
a2B( j)

Epu(l ;a); 8i; (27)

n

å
s= 1

l s = 1; l s � 0: (28)

Let us introducethe variableG j = mina2B( j) Epu(l ;a). Thenproblem(26)-
(28)canberewrittenas

LEP (Epu(l � ;a)) = max
c2R;ck2R+ ;dk2R+ ;l s;Gj

(

c+
r

å
k= 1

�
ckgk

� dkgk

�
)

(29)

subjectto

c+
r

å
k= 1

(ck � dk) ik � G j ; 8i; (30)

Epu(l ;a) � G j ; 8a 2 B( j); 8i; (31)
n

å
s= 1

l s = 1; l s � 0: (32)

In this case,we obtainthe linearprogrammingproblemwith in�nite number
of constraints.However, if it is known that the function Epu(l ;a) is monotone
with a, then it is suf�cient to consideronly boundarypoints of intervals B( j).
Constraints(31)canbewrittenas

m

å
j= 1

 
n

å
s= 1

(u(as;J j )l s) � p(J j )

!

� G j ;

or
n

å
s= 1

 
m

å
j= 1

(u(as;J j )p(J j ))

!

l s � G j :

Henceit is obviousthattheconstraintsarelinearwith l s.

3.2 Numerical Example

Supposethat3 statesf 1;2;3g of naturearegovernedby thebinomialdistribution

p(J j ;a) =
�

3� 1
j � 1

�
a j � 1(1� a)3� j � 1; j = 1;2;3:

Two expertsprovide their judgementsabouttheparametera 2 [0;1] asfollows:
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1. theparametera is in interval [0:8;1];

2. theparametera is in interval [0:7;1].

The belief in the correctnessof the �rst expert is 0:5. The belief in the sec-
ondexpert is between0:3 and1 (seeSection2.2).Theabove judgementscanbe
written in theformal form asfollows:

Z 1

0
I[0:8;1](a)r (a)da = 0:5;

Z 1

0
I[0:7;1](a)r (a)da 2 [0:3;1]:

Let us�nd thesetL � f 1;2;3;4g.

i intervals non-empty
(1;1) [0:8;1] \ [0:7;1] yes
(1;0) [0:8;1] \ [0;0:7] no
(0;1) [0;0:8] \ [0:7;1] yes
(0;0) [0;0:8] \ [0;0:7] yes

Table3: Intersectionsof intervals

It canbeseenfrom Table3 thatL = f 1;3;4g.
Let us�nd l 1, l 2. In this case,thereholds

LEP (Epu(l � ;a)) = max
c2R;ck2R+ ;dk2R+ ;l s;Gj

f c+ 0:5c1 � 0:5d1+ 0:3c2 � 1d2g

subjectto

c+ 1� (c1 � d1) + 1� (c2 � d2) � G1;

c+ 0� (c1 � d1) + 1� (c2 � d2) � G3;

c+ 0� (c1 � d1) + 0� (c2 � d2) � G4;
�
a2 � 6a + 6

�
l 1 +

�
10a � 8a2+ 2

�
l 2 � G1; a 2 [0:8;1];

�
a2 � 6a + 6

�
l 1 +

�
10a � 8a2+ 2

�
l 2 � G3; a 2 [0:7;0:8];

�
a2 � 6a + 6

�
l 1 +

�
10a � 8a2+ 2

�
l 2 � G3; a 2 [0;0:7];

l 1 + l 2 = 1; l 1 � 0; l 2 � 0:

By solving this problemapproximately(for a �nite numberof valuesof a), we
get c = 3:636, G1 = 2:773, G3 = G4 = 3:636, c1 = c2 = d2 = 0, d1 = 0:864,
l 1 = 0:409,l 2 = 0:591.

4 Concluding Remarks

Two modelsof decisionmakingbasedon different typesof initial hierarchical
informationaboutstatesof naturehavebeenstudiedin thepaper. Wehaveshown
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that both modelscan be brought into a form which allows us to give general
algorithmsto determineoptimalsolutions.

It shouldbe notedthat we have focusedin this paperon the basicdecision
problem.However, thefundamentalideasof this papershouldbealsoapplicable
to morecomplex decisionproblems,likemulti-criteriadecisionmakinganddata-
baseddecisionproblems.Anothertopicof furhterresearchis to extendtheresults
obtainedhereto otheroptimality criteria which aremoresophisticatedthanthe
criteriafrom (2) and(15),which take into accountonly thelower interval limits.
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