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Abstract

In this paperwe considerdecisionmakingunderhierarchicaimpreciseun-
certaintymodelsandderive generahlgorithmsto determineoptimalactions.
Numericalexamplesillustratethe proposednethods.
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1 Intr oduction

Considerthe basicmodelof decisiontheory:Onehasto chooseanactionfrom a

ery actiondependn thetrue,but unknown stateof natured 2 Q= fJq;:::;Img.
The correspondingutcomeis evaluatedby the utility function

u: (A Q! R
(3) 7" u(a;d)

and by the associatedandomvariable u(a) on (Q;Po(Q)) taking the values
u(a;J). Oftenit makessenseo studyrandomizedactions,which canbe under

areextendedo randomizedactionsby de ning u(l ;J) := 41, u(as; J)! s.

This model containsthe essentialof every (formalized) decisionsituation
underuncertaintyand is appliedin a hugevariety of disciplines.If the states
of natureare producedby a perfectrandommechanism(e.g. an ideal lottery),
and the correspondingprobability measurep( ) on ((Q; Po(Q))) is completely
known, the Bernoulli principle is nearlyunanimouslyfavored.One chooseghat
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actionl  whichmaximizesheexpectedutility Epu(l ) := érj“:l(u(l i) p3j)
amongall | .

In most practicalapplications however, the true stateof naturecan not be
understoodasarisingfrom anidealrandommechanismAnd evenif so,the cor
respondingprobability distribution will be not known exactly. An efcient ap-
proachfor solvingthis problemin the framework of impreciseprobabilitytheory
(Kuznetsw [13], Walley [18], Weichselbeger [20]) hasbeenproposedby Au-
gustinin [1, 2].

A related,quite commonlyused,way to dealwith comple< uncertaintyis to
apply second-oder uncertaintymodels(hierarchical uncertaintymodel3. These
modelsdescribethe uncertaintyof a randomquantity by meansof two levels.
Many papersaredevotedto thetheoretical4, 5,11, 14, 19] andpractical[7, 9, 12]
aspectf second-ordeuncertaintymodels.A comprehensie review of hierar
chicalmodelsis givenin [6] whereit is arguedthatthemostcommonhierarchical
modelis theBayesiarone[3, 10, 21]. At thesameime, theBayesiarhierarchical
modelis unrealisticin applicationsvherethereis availableonly partialinforma-
tion aboutthe systembehavior.

Mostproposedecond-ordenncertaintymodelsassumehatthereis aprecise
second-ordeprobability distribution (or possibility distribution). Unfortunately
suchinformationis oftenabsentandmakingadditionalassumptionsnay leadto
wrongresults A new hierarchicalincertaintymodelfor combiningdifferenttypes
of evidencewasproposedy Utkin [15, 16], wherethe second-ordeprobabilities
canberegardedascon denceweightsandthe rst-order uncertaintyis modelled
by lowerandupperprevisionsof differentgamblesWe will call thesehierarchical
modelssecond-ordeprobabilitiesof type 1.

It is worth noticingthattherearecasesvhenthetypeof the probability distri-
bution of thestateof natureis known, for example from theirphysicalnature put
parametersr a partof the parametersf the distribution arede ned by experts.
In reality, thereis somedegreeof our belief to eachexpert's judgementwhose
valueis determinedy experienceandcompetencef the expert. Thereforeijt is
necessaryo take into accountthe availableinformation aboutexpertsto obtain
morecredibledecisionsThis modelcanbe alsoconsideredn the framavork of
hierarchicaimodelsandwill becalledsecond-ordeprobabilitiesof type2.

Decisionmakingfor both modelsof type 1 andtype 2 arestudiedin the pa-
per. In particular we give generalandef cient algorithmsfor calculatingoptimal
actionsandillustratethemin detailedexamples.

One shouldnote explicitly that throughoutthe paperwe assumehe utility
andthe descriptionof the uncertaintyon the stateof natureare given. Alterna-
tively, therearequite sophisticatedpproacheslirectly extendingthe Neumann-
Morgensterrpoint of view. They constructseparateditility andimpreciseprob-
ability from axiomson behaiour andpreferenceg¢see e.g.,the work of [8] and
thereferencesherein).
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2 Second-OrderProbabilities of Type 1

Supposeéhatthereis a setof Weightedexpertjudgementselatedto somemea-
sureof thestateof natureEfi(Jj),i= 1;::; ;1. i.e.,therearevaluedy;, bi of lower
andupperprevisions.Supposéghatthe credlblllty of eachof r expertsis charac-
terizedby a subjectve probabilityg or interval of probab|I|t|es[q gli= L1 ar.
It shouldbe notedthatthe second- ordeprobabﬂmesq andg form ammpreuse
probability, describedby a setN of distributionson the setM of all distribu-
tions p on (Q; Po(Q)). We assumethat the second-ordeimpreciseprobability
is avoiding sureloss,i.e., N is not empty Denotefor any gamblef the lower
(upper)second-ordeexpectationsdy “Ey f (YEy f), respectiely. Generallythe
judgementsanbewritten asfollows:

Prb Epfi b 2[g;gli=1:5r (1)

or
LEN I, (Epf)=g; VEnIg (Epfi) =1;i= Lunr

Herethesetf by, bjg containghe rst-order pra/isions Bi = [b; bi], thesetfg;gg
containghe second-ordeprobabilitiesandEp f; = aJ 1 fi(@3pAj).

The problemhereis thatthe resultingsetof d|str|but|0nsmaybe rathercom-
plex becausehefunctionsf; aredifferent,especiallyif the valueof mis large.

2.1 DecisionMaking

SincethereexiststhesetN of distributionsonthesetM of all distributionsp, the
expectedutility Epu(l ) canbeconsideredisarandomvariabledescribedy dis-
tributionsfrom N, andthereexist lower “Ey (Epu(l )) andupperV Ey (Epu(l ))
expectation®f thisrandomvariable which dependntheactionl . Theseexpec-
tationscanberoughlycalledalsoby lowerandupper‘average’expectedutilities.
With thisrespectye canasserthateveryactionis evaluatedby its minimal“aver-
age”expectedutility. By representingheinterval [-Ey (Epu(l )) ;Y En (Epu(l))]
by thelowerinterval limit alone,we canwrite thecriterionof decisionmaking.
Throughouthe papemwe evaluateinterval-valuedexpectationdy their lower
interval-limits only — morecomplex interval orderingsareatopic of furtherre-
searchseealsoSectiond. Thereforeanactionl is optimaliff for all |

"En (Epu(l )  “En (Epu(l)): )

Thentheoptimalactionl canbeobtaineday maximizing“Ey (Epu(l )) subject
to&d2,ls=1,1s 0,s= 1;::;n. In otherwords, the following optimization
problemhasto besolved:

“En (Epu(l)) ! max
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underthe constraints

n
é_ ls=1;lg 0;s=1;::n:

s=1

Dueto argumentssimilar to thoseusedin [17], this problemcanberewritten as

( )
I
|_ _ o —
EN (EpU(l )) C2R;0k2R+r;r2|kasz+;| s2R+ c+ 21 Ckg( dkg( (3)
subjectto
;
c+ & (c d)lg (Epf)  Epu(l); 4)
k=1
3
als=1 (5)
s=1

By substitutingthe expressiongor Ep, fi andEpu(l ) into the constraintsyve get
!
m

c+ & (a ddls A fW@PPAI)) & (u(l;J3j) pE;j); 8p2M: (6)
k=1 =1 =1

It is worth noticing thatthe maximalnumberof differentexpressiongor theleft
sidesof the constraints(6) is 2" becausehey involve indicator functions. Let
us write a vectori = (i1;::5ir), ij 2 f0;1g, whosevaluescorrespondo those
situations.In accordancavith possiblevaluesof the binary vectori, the setM

the setof constraints

B k=1 . _ .. ...
Epfi 2 BS iy=0 k= 1;:5r (7
HereBy, = [inf E; fi; supEp fi]nBy is the (relative) complemenbf theinterval By.
Introducethe setK;  f1;:::;rg correspondingo the setM; suchthat for
ary p 2 Mj andk 2 K; thereholdslg, (E,fx) = 1, andfor | 2 K; thereholds
IBI (Epf|) =0.

i.e., thereareno suchdistributionsp that satisfy all constraint7). This means
that the correspondingrector of indicesi providesinconsistenjudgementq7)
andcorrespondingonstraintg4) mustberemovedfrom thelist of 2" constraints.
Thereforeasthe rst step,it is necessaryo determinehe consisteng of judge-
ments.The consisteng of the setof constraintscorrespondingdo a realizationof
the vectori, canbe determinedby solving a linear programmingproblemwith
anarbitraryobjective functionandconstraintg7). If ary solutionexists,thenthe
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feasibleregion is non-emptyandthereexists at leastone probability distribution
p satisfyingall constrainty7), i.e., M; & 0. Otherwise, M; = 0 andthe corre-
spondingconstraini(4) mustberemoved.

LetL f1;::;2'g beasetof indicesfor all consistentonstraintsor all non-
emptysets Supposehatp; 2 Mj andp, 2 M; aretwo distributionsfrom M, j 2
L, suchthatEp,u(l)  Ep,u(l ). Sincep; 2 Mj andp, 2 Mj, thentheconstraint

ct+ & ( d Epu(l);
kZKj

follows from the constraint

c+ & (& d) Epu(l);
kZKj

becausehe left sidesof constraintsarethe same.This impliesthatfrom all con-
straints,correspondingo thesetM;, we have to keeponly oneconstraint

c+ & (k do minEpu(l):
k2K; pZMj

So,problem(3)-(5) becomes

( )
r
L _ [o] —
En (Epu(l ) = + d 8
N (Epulh ) c2R;ck2R+r;r2|?2XR+;ISZR+ ¢ 21 Gl Ok ®
subjectto
c+ d (& dd minEpu(l); 8j2L; (9)
k2K p2Mj

o
als=1 (10)

=1

Write Gj = minpzMj Epu(l), j 2 L. Thenthereholds
« )
L _ o —
En (Epu(l ) = + d 11
N( pU( )) c2R;ck2R+;dIT<]2aF§(+;I52R+;Gj ¢ 2‘1 Ck%( kg( ( )
subjectto

ct a (& dd Gy (12)

k2K;

3
Epu(l) Gj;p2Mj;8j2L; gls=1: (13)
s1

OnecanseethatthevariablesGy arelinearfor all k 2 L. Thisimpliesthatthe
optimizationproblem(11)-(13)is linear, but, in the way it is written, it contains



552 ISIPTA '03

in nitely mary constraintslin orderto overcomethis dif culty , note, however,
thatthe setof distributionsM; for every j canbeviewedasasimplex in a nite
dimensionakpace Accordingto somegeneralresultsfrom linear programming
theory anoptimalsolutionto the above problemis achievedat extremepointsof
the simplex, andthe numberof its extremepointsis nite. Thisimplies, similar
to the solutionin the rst-order decisionproblem[1, 2], thatthe in nite setof
constraintg13)is reducedo some nite numberandstandardoutinesfor linear
programmingcanbe usedto determineoptimal actions.If onewantsto concen-
trate on unrandomizedactions(pure actions),wherel s 2 f0;1g, then Boolean
optimizationcanbeused.

2.2 Numerical Example

Supposéhat 2 expertsevaluate3 stated 1; 2; 3g of natureasfollows: the proba-
bility thateitherthe rst stateor the secondoneis trueis lessthan0:4; themean
valueof stateds betweerl and2. Thebeliefto the rst expertis 0:5. Thismeans
that he (she)provides50% of true judgementsThe belief to the secondexpert
is between0:3 and 1. This meansthat he (she)providesmorethan30% of true
judgementsValuesof the utility functionu(as;J j) aregivenin Tablel.

Tablel: Valuesof theutility functionu(as; J j)
J1 | J2|Jd3
ar 6 3 1
al 2|74

Table2: Consisteng of constraints
[ set consistent
(1,1) | Eplf109(J) 2 [0;0:4]; Epd 2 [1;2] no
(1,0) | Eplf1.09(Jd) 2 [0,0:4]; EpJ 2 [2,3] yes
(0;1) | Eplf109(d) 2 [0:4;1]; Epd 2 [1;2] yes
(0;0) | Epl109(Jd) 2 [0:4;1]; Epd 2 [2,3] yes

Theabove judgementsanbewritten in the formal form asfollows:
Pr 0 Eplf1pg(J) 0:4 =05 Prfl EpJ 292 [0:3;1]:

Letus nd thesetL f1;2;3;4g. It canbe seenfrom Table?2 thatL = f 2; 3;4g.
Let us nd the optimal strat@ies| ;, | ,. For doing so, it is necessaryo nd
extremepointsfor subsetdM,, M3, M4.



Utkin & Augustin: DecisionMakingwith Second-Gder Probabilities

553

Subse®:
fpi= 0;p2= 0;p3= 1g
fp1= 0;p2= 0:4,p3= 0:69
fp1= 0:4;p2 = 0;p3= 0:69
SubseB:
fpi1=1;p2= 0;p3= Og
fpi=0;p2= 1;p3= Og
fp1= 0:5p2= 0;p3= 0:59
Subset:

fp1= 0;p2= 1;p3= Og

fp1= 0:5;p2 = 0;p3= 0:5¢
fp1= 0;p2= 0:4,p3= 0:69
fp1= 0:4;p2 = 0;p3= 0:69

So,thefollowing optimizationproblemhasto be considered:
LEn (Epu(l )= max fc+ 0:5c; 0:5d;+ 0:3c;

Cick;dk;l s:G;

subjecttoc; 0;di O;l; 0,i=1;2,

ctl(ca d)+0 (c2 do) Gy
c+t0(cr di)+1(c2 do) Gsg;
c+0 (cr di)+0 (c2 d2) Gg;
(lit42) 1 Gy
(3| 1+ 7 2) 0:4+ (| 1+ 4l 2) 06 Gy
(6| 1+ 2l 2) 0:4+ (| 1+ 4l 2) 0.6 Go;
(6l1+212) 1 Gg
(Bl1+72) 1 Gg
(6| 1+ 2 2) 0:5+ (| 1+ 4l 2) 05 Gg;
Bl1+72) 1 Gy
(6| 1+ 2l 2) 0:5+ (| 1+ 4l 2) 05 Gg
(3| 1+ 7 2) 0:4+ (| 1+ 4l 2) 06 Gg;
(6| 1+ 2 2) 0:4+ (| 1+ 4l 2) 0:6 Gy
[1+1,=1:

Solutionof theproblem:c = 3:143,G2 = G3= G4 = 3:1143,c1=Cp=d1 =

d>= 0,1 1= 0:2857, o= 0:7143.
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3 Second-OrderProbabilities of Type 2

Supposehatthe statesof natureare describedy a discreteprobability distribu-
tion of a certaintype, for example,binomial, hypegeometricor Poissondistri-
butions. The certaintype of the distribution is often known from somephysical
propertieof theconsidereabject.However, the parametersf thecorresponding

for somediscretedistribution p(J;a). Considera caseof continuouseal param-
eters,i.e., a; 2 R. If we supposehat the expertsprovide someevidenceabout
parametersthenthe vectora canbe consideredjust asin classicalBayesian
statisticsasarandomvariable.Thisis dueto thefollowing reasonsFirst, experts
may provide someinformationaboutstatisticalcharacteristicef parametersfor

example,aboutintervals of meanvaluesor aboutsomeprobability that the i-

th parameteis in aninterval. Secondgevenif expertsprovide only information
aboutintervals of possiblevaluesof parametersye cannot totally believe in the
expertsbecauseéhey maybe unreliable.This impliesthatevery expertis charac-
terizedby a probability or by aninterval-valuedprobability of producingcorrect
judgementsGenerally if we supposehatthe vectorof parameterss governed
by someunknawn joint densityr, thenthe expertjudgementscan be formally

written asfollows:

g, Erfij(ai) G i=Lu5hy j= 1 (14)

Herer; is a numberof judgementselatedto i-th parameter;f;; is a function
correspondingp informationaboutthei-th parameteprovidedby the j-th expert.
For example,if an expert offers information aboutthe probability that the i-th
parameters in aninterval B, then fij(a;) is theindicatorfunctionof the eventB,
i.e., fij(ai) = Is(ai). If theexpertprovidesthe meanvalueof thei-th parametgr
thenthereholdsfij(a;) = ai.ThevaIuesgj andgj arethebounddor theprovided

characteristi&; fjj(a;) of thei-th paramete.

3.1 DecisionMaking

We assumehattherearesomeboundsfor all parameterfa;;a;l, i = 1;:::;h. This
meansthat the i-th parametebelongsto the interval [a;;@;] with probability 1.
Insidethis interval, the parameteis distributedaccordingto an unknovn proba-
bility densityr ;.

So, we have somein nite setof discreteprobability distributions p(J j;a)
de ned by differentparametersThenthe expectedutility correspondindo one

For simplicity, it is assumedhat eitherexpertswith weightsprovide intenals for unknawvn pa-
rameterr expertswithoutweightsprovide somestatisticalcharacteristicef randomparametersOf
coursewe could considemmorecomplex casesvhenexpertswith weightsprovide statisticalcharac-
teristicsof randomparametershut the studyof these so-to-saythird-orderlevel, casesnmay hide the
mainresultsbehindcomplex notation.
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realizationof thevectora is
m
Epu(l;a)= & (u(l:Jj) p(dj;a)):
=1
By averagingthe expectedutilities Epu(l ;a) overall possiblevectorsa, we get
|
7 !

ErEpu(l ;a) = a (u(1;3y) pAja) r(a)da:

w2y

HereW' is asamplespaceandW' = [a,;a1] @ [a,;@n).
Now we de ne anoptimalaction.An actionl is optimaliff
“Ep (Epu(l ;a)) “Ep(Epu(l;a)): (15)
HereP is asetof all possibledensityfunctionsr (a) satisfyingthe constraints
g; Erfij(a) gji=Lushj= L
Or Z §| — . .
g, fij(@iri(ai)dai G5 i= Lushy j= L

Thenthe optimalactionl canbe obtainedby maximizing'-Ep(Epu(I ;a))
subjectoag 41 s= 1,1 s 0,s= 1;::;n. In otherwords,thefollowing optimiza-
tion problemhasto be solved:

“Ep (Epu(l ;a))! max (16)
S
underthe constraints
n
Qls=11s Os=1u5n (17)
s=1

If we assumehatthereis noinformationaboutindependencef parameters,e.,
thejoint densityr (a) cannotberepresentedsa productof mamginal onesthen
problem(16)-(17)canberewritten as

)
h Tk
L . _ o o —
Ep (Epu(l ;a)) = ma c+ CkjQ,: OkjO 18
P( pu( )) CZR;Ck12R+;C)i|(<J‘2R+;|s Eljel ng‘J ng(J ( )
subjectto
Doy
ctaa %% dg fk(ai) Epu(l;a);8a2\/\)’; (29)
k=1j=1
o
als=Lls O (20)

s=1
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This is a linear programmingproblem having an in nite numberof con-
straints However, for mary specialcasegroblem(18)-(20)canbesimpli ed. Let
usconsidetthemostimportantandrealisticcasewhenexpertsprovide h intervals
By;::1; By for unknovn parameterandeachexpertis characterizethy someprob-
ability gq; or interval-valuedprobability [gj;gj]. Moreover, in orderto give the
readerthe essencef the subjectanalyzedand make all the formulasmoreread-
able,wewill alsoassuméhath= 1anda = (a), i.e.,thereis only oneparameter
of the distribution p(J j;a). We alsodenoter; by r. In otherwords, constraints
(14) arerepresenteds
Zz

. lg;(@)r(a)da g;; j=L:un (22)

9

Thenproblem(18)-(20)canberewrittenas

( )
r
L . _ o _
Ep (Epu(l ;a)) erozmBoria, 21 g, Ok (22)
subjectto
r
c+ @ ( dylg(a) Epu(l;a); 8a2 [a;al; (23)
k=1
3
Als=1Lls O (24)

s=1

binaryvectori, theinterval B = [a;a] of all valuesa canbedividedinto 2" subin-
tenalsB(®;:::; B() suchthatthei-th subintenal is formedby
" B¢ k=1

o
(i) =
B BS; k=0 "

k=1

(25)

LetL f1;::;2"g beasetof indicesfor all non-emptysubinteralsB() & 0.
Thenfrom all constraintsorrespondingo the subintenal B{), we have to keep
only oneconstraint

;
c+ d (e doik  min Epu(l ;a):
k=1 a2B0)
So,problem(22)-(24)becomes

( )

;

|_ . _ o —

Ep (Epu(l ;a)) = max c+ o d 26
P( P ( )) C2R;Ck2R+;0k2R+ ;| 5 Sl kQ‘ kg( ( )
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subjectto
i
c+ & (& doik  min Epu(l ;a); 8i; (27)
k=1 a2B()
3
als=11s O (28)
s=1

Let usintroducethe variableGj = min,, g Epu(l ;a). Thenproblem(26)-
(28) canberewrittenas

( )
r
L . _ o _
Ep (Epu(l ; = + d 29
P( pU( a)) cZR;CKZRTt?éRJ,;IS;Gj ¢ Sl Ckgx kO ( )
subjectto
;
c+ @ (o ddik  Gj; 8i; (30)
k=1
Epu(l;a) Gj; 8a2 BY); 8i; (31)
n
als=1ls O (32)

s=1

In this casewe obtainthe linear programmingproblemwith in nite number
of constraintsHowever, if it is known thatthe function Epu(l ;a) is monotone
with a, thenit is sufcient to consideronly boundarypoints of intervals B()).

Constraint§31) canbewritten as
!

m n
a a @Iy pdi) G
=1 s1

or !
g g
a a (asdjppj) Is Gj:
s=1 j=1

Henceit is obviousthatthe constraintarelinearwith | .

3.2 Numerical Example
Supposéghat3 stated 1;2; 3g of naturearegovernedby the binomialdistribution

p(Jj;a) = ? i al 1 a3l lj=123

Two expertsprovide theirjudgement@boutthe parameten 2 [0; 1] asfollows:
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1. theparameten isin interval [0:8; 1];

2. theparameten is in interval [0:7; 1].

The belief in the correctnes®f the rst expertis 0:5. The beliefin the sec-
ondexpertis betweerD:3 and1 (seeSection2.2). The above judgementsanbe

writtenin theformal form asfollows:

Z,

. lo:g:1y(@)r (@)da = 0:5;

Z,

. lo:7:y(a)r (a)da 2 [0:3;1]:

Letus nd thesetL f1;2;3;4g.
i intervals non-empty
(1;1) | [0:8;2]\ [0:7;1] yes
(1;0) | [0:8;1]\ [0;0:7] no
(0;1) | [0;0:8]\ [0:7;1] yes
(0;0) | [0;0:8]\ [0;0:7] yes

Table3: Intersection®f intervals

It canbeseenfrom Table3 thatL = f 1; 3;4g.
Letus nd | 1,1 2. In this casethereholds

"Ep (Epu(l :a)) =

subjectto

c+1 (¢
c+0 (¢
c+0 (¢
a? 6a+6 11+

a2 6a+6 |1+

max fc+ 0:5¢c; 0:5d;+ 0:3c,
C2R;Ck2R+ ;02 R+l s:Gj

d)+1 (cz dp) Gy

d)+1 (2 dp) Gg;

d)+0 (c2 d2) Ga;

10a 8a’+2 1, Gy aZ2[08;1];
10a 8a%+2 1, Gz a2[0:7,0:8];
10a 8a’+2 1, Gs; a2 [0,0:7;

2

ac 6a+6 11+

By solving this problemapproximately(for a nite numberof valuesof a), we
getc= 3:636,G1 = 2.773,G3 = G4 = 3:636,¢c1 = ¢ = d2 =0, dj_ = 0:864,

[ 1= 0:409,] = 0:591.

l1+12=1;14

4 Concluding Remarks

Two modelsof decisionmaking basedon differenttypesof initial hierarchical
informationaboutstatef naturehave beenstudiedin the paperWe have shovn

ol, O

1d»g
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that both modelscan be broughtinto a form which allows us to give general
algorithmsto determineoptimalsolutions.

It shouldbe notedthat we have focusedin this paperon the basicdecision
problem.However, the fundamentaldeasof this papershouldbe alsoapplicable
to morecomplex decisionproblemsJik e multi-criteriadecisionmakinganddata-
basedlecisionproblems Anothertopic of furhterresearchs to extendtheresults
obtainedhereto otheroptimality criteria which are more sophisticatedhanthe
criteriafrom (2) and(15), which take into accountonly the lower interval limits.
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