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Abstract

Independencenodelsinducedby someuncertaintymeasurege.g. condi-
tional probability possibility) do not obey the usual graphoidproperties,
sincethey do not satisfy the symmetryproperty They are ef ciently rep-
resentableéhroughdirectedagyclic I-graphsby usingL-separatiorcriterion.
In this paper we shawv thatin generalthereis not a I-graph which de-
scribescompletelyall theindependencstatementsf a givenmodel;hence
we introducein this contet the notion of minimal I-map andwe shav how
to build it, givenanorderingon the variablesIn addition,we prove that,for
ary ordering,thereexistsanl-mapfor ary asymmetriggraphoidstructure.
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1 Intr oduction

Theuseof graphgto describeconditionalindependencstructuregthe setof con-

ditional independencstatement$ X is independenbf Y givenZ”) inducedby

probability distributions hasa long andrich tradition; one candistinguishthree
mainclassicapproachebasedn undirectedgraphs[12], directedacyclicgraphs
[14], or chain graphs[15]. Thesegraphicalstructureobey graphoidproperties
(symmetry decompositionyeak union, contraction,intersection) On the other
hand,the independencenodelsbasedon the classicde nition of stochastidn-

dependence the usualprobabilisticsetting,have semi-graphoidtructure(they

satisfy all graphoidpropertiesexceptintersection).However, if the probability
distribution is strictly positive, theindependencenodelhasa graphoidstructure.
Hence,the lack of intersectionpropertyis dueto zero probability on someof

the possibleevents.Actually, it is well-known (see for example,[4, 6]) thatthe
classicde nition of stochastidndependencpresentsounterintuitive situations
whenzeroor one probability eventsareinvolved: for example,a possibleevent
with zeroor oneprobabilityis independenof itself.
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We stressthat zeroprobability valuesareinterestingnot only from a merely
theoreticalpoint of view, but they aremetin mary realproblemsfor examplein
medicaldiagnosig7] , statisticaimechanicsphysics.etc.[11].

Thecounterintuitive situationscannotbe avoidedwithin theusualframework
of conditional probability. In the more generalframework (de Finetti [8], Du-
bins[9]), ade nition of stochasticndependencécalledcs-independenceihich
avoidsthesecritical situationshasbeenintroducedn [4] andthemainproperties
have beenstudied.We recall that the aforementionedie nition agreeswith the
classioconewhenthe probabilitiesof therelevanteventsaredifferentfrom 0 and1.

Themainpropertiesconnectedvith graphoidstructuresvereprovedin [16]:
thesendependencemodelsgenerallyarenot closedwith respecto thesymmetry
property Hence,the classicseparatiorcriterion are not apt to represenfasym-
metricindependencstatementssoin [17] a new separatiorcriterion (calledL-
separationfor directedagyclic I-graphshasbeenintroduced.t hasbeenshovn
alsothatL-separatiorcriterion satisfyasymmetrigraphoidpropertiegraphoid
propertieexceptsymmetry).

In this paperwe deeperthe problemof representingsuchcs-independence
model,togetherwith the logical constraintsusing L-separationcriterion in di-
rectedagyclic I-graphsin particular Examplel shavsthatcs-independencsruc-
turesarericherthanthe graphicalones,i.e. for someindependencenodelthere
is no graphableto describeall theindependencstatementsdence,in Sections
we de ne in this context (analogousliyto [14, 10]) the notion of minimal I-map
for a givenindependencenodel M : a directedagyclic I-graph suchthat every
statementepresentedby it is in M, while the graphobtainedoy removing ary
arrow from it would represeninindependencstatemenhotin M .

Moreover, in Section5 we shav how to build suchminimal I-mapsunderling
the differencesarisingfrom the lack of symmetryproperty and,in addition,we
prove thatary orderingon the variablesgivesrise to anl-map for ary indepen-
dencemodelM obeying to asymmetriggraphoidproperties.

On the otherhand,the orderinghasa crucial role: in fact,if a perfectl-map
(ableto describeall theindependencstatementsgxists, it canbebuilt usingonly
somespeci c orderingonthevariables.

2 Independencen a coherent probability setting

It is well known that the classicde nition of stochasticindependencef two
events

P(A" B) = P(A)P(B) 1)
givesriseto counterintuitive situationswhenone of the eventshasprobability O
or 1. ForinstanceaneventA with P(A) = 0 is stochasticallyndependentf itself,
while it is natural(dueto theintuitive meaningof independenced requirefor any
eventto bedependenonitself. OtherclassicformulationsareP(AjB) = P(A) and
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P(AjB) = P(AjB°), thatareequialentto (1) for eventssuchthatthe probability
of B is differentfrom 0 and 1, but in that “extreme” cases(without positivity
assumptionjhey mayevenlack meaningn the Kolmogorovianapproach.

Anyway, somecritical situationsrelatedto logical dependenceontinueto
exist (seg[16]) alsoconsideringhelaststrongerformulationin the moregeneral
frameawork of deFinetti[8]:

De nition 1 Givena Booleanalgebra A, a conditional probability on A~ A°
(with A® = Anf0g) is a functionP( j ) into [0; 1], which satis esthe following
conditions:

(i) P(jH) isa nitely additiveprobabilityon A for anyH 2 A°

(i) P(HjH) = 1for everyH 2 A°

(i) P(E” AjH) = P(EjH)P(AJE” H); wheneerE;A2 A andH;E~* H 2 A°

Notethat(iii) reduceswhenH = W(whereWis the certainevent),to the classic
“chain rule” for probability P(E” A) = P(E)P(AJE): In thecasePy( ) = P(jW)
is strictly positive on A°, ary conditionalprobability can be derived as a ratio
(Kolmogoror'sde nition) by this unique“unconditional” probability Py.

As provedin [6], in all othercasego geta similar representatiome needto

- every P; is de ned on a propersetof events(takingAg = A)
Aa=fE2As 1:Pa 1(E)=0g
- for eacheventB 2 A thereexistsanuniquea suchthatP,(B) > 0 andfor every

conditionaleventEjH onehasP(EjH) = PTD(aE(;';) with P,(H) > 0.

tional probability P( j ).
Suchtheoryof conditionalprobability allows to handlealsopartial probabil-

throughthe concepbf coherenceanassessmerig coheentif it is therestriction
of aconditionalprobabilityde nedonA  A° whereA is thealgebragenerated

PonF thefollowing two statementare equivalent:

(i) P is a coheentconditionalprobabilityon F ;

(ii) there exists a classof unconditionalprobabilities f Py;::: Bg, with Py de-
ned on Ag andP, (a > 0) beingde nedonA; = fE2 Ay 1 : Py 1(E) = Og,
sudh thatfor anyEjjH; 2 F thereis a uniquePy, with Py(H;) > 0; and

a Pi(C)
P(EjH) = gt
a PRaG)

G H
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thereis a uniquea suchthatP,;(H) > 0 anda is saidzeo-layerof H according
to P, andit is denotedby thesymbol (H). In particulat for every probabilitywe
have (W) = 0, while wede ne (0) = ¥. Thezen-layerof a conditionalevent
EjH is de ned (se€[4]) as

(EjH)= (E"H) (H):
In the sequelto avoid cumbersomenotation,the conjunctionsymbol® among
eventsis omitted.

In this framework the following de nition of stochasticindependencdas
beenproposedn [4] andextendedo conditionalindependence [16]:

De nition 2 Givena coheentconditional probability P, de ned on a family F
containingD = f AjBC; AjB°C; A%jBC; A%B°C; BjAC; BJA°C; B%AC; BjA°Cg, A is
conditionallyindependentf B givenC with respecto P (in symbolA? BjC) if
boththefollowing conditionshold:

(i) P(AJBC) = P(AJBC) ;

(ii) there existsa classf P, g of probabilitiesagreeingwith therestrictionof P
to thefamily D, sudh that

(ABC)= (AJBC) and (A%BC)= (A%B7C):

Notethatif 0< P(AjBC) = P(AJB°C) < 1 (so0< P(A%BC) = P(A%B‘C) < 1),
thenbothequalitiesn condition(ii) aretrivially satis ed

(AjBC)= 0= (AjB°C) and (A%BC)= 0= (A%BC):
Hence,n this casecondition(i) completelycharacterizesonditionalcs-indepen-
dence,and, in addition, this de nition coincideswith the classicformulations
when also P(BjC) and P(C) arein (0;1). However, in the other cases(when
P(AJBC) is 0 or 1) condition(i) needdo be“reinforced” by the requirementhat
also their zero-layersmust be equal,otherwisewe can meetcritical situations
(seee.qg.[6]).

Observation 1 Evenif differentagreeingclassegenemtedby the restrictionof
P on D maygiverise to different zeo-layers, it hasbeenprovedin [5, 6] that
condition(ii) of De nition 2 eitherholdsfor all the agreeingclassesf P or for
noneof them.

Noticethatfor every eventA this notionof stochastidtndependences always

irre e xive (alsowhenthe probability of A is 0 or 1) because (AjA) = 0, while
(AJA°) = ¥ . Moreover, conditionalindependencef two possiblesventsA andB

imply thelogical independencef A andB, i.e. all theeventsof thekind A * B
is possiblewith A - analogoushB - is eitherA or A®. (se€e[4]).

In [4, 16] theoremsharacterizingtochasti@ndconditionalindependencef
two logically independengventsA andB in termsof probabilitiesP(BjC); P(BjAC)
andP(BjA°C) is given,giving up ary directreferenceo the zero-layers.
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Theorem2 LetA; B betwo eventdogically independentvith respecto theevent
C. If P is a coheentconditionalprobability suc that P(AjBC) = P(AjB°C), then
A? :BjCif andonlyif oneof thefollowing conditionsholds:
(@) 0< P(AIBC) < 1;
(b) P(AJBC) = 0 andthe extensionof P to BjC and BjAC satis esone of the
following conditions
1. P(BJC) = 0, P(BjAC) = 0,
2. P(BC) = 1, P(BJAC) = 1,
3. 0< P(BjC)< 1,0< P(BJAC) < 1;
(c) P(AjBC) = 1 andthe extensionof P to BjC and BjA°C satis esoneof the
following conditions
1. P(BJC) = 0, P(BJA°C) = 0,
2. P(B|C) = 1, P(BJAC) = 1,
3. 0< P(BjC) < 1,0< P(BJAC) < 1.

Indeed,n [16] thede nition of cs-independendeasbeenextendedo the caseof
nite setsof eventsandto nite randomvariables.

De nition 3 Let Ej; Ey; E3 bethreedifferent partitions of Wsud that E; is not
trivial. The partition E; is stodasticallyindependenbf E, given E3 with re-
spectto a coheent conditional probability P (in symbolsE;? EpjE3 [P]) iff
Ci,? Ci,jCi, [P] foreveryCi, 2 E1;Ci, 2 Ep; G, 2 Ez suhthatCi,~ Ci, 6 0:

Let X = (Xq1;:::;X%n) bearandomvectorwith valuesin Ry IR". ThepartitionE
of thesureeventWgeneratedby X is denotecby Ex = f X = x : x2 Rxg.

De nition 4 Let(X;Y;Z) bea nite discreterandomvectorwith valuesin R
Rx Ry RzandEy, Ey, Ez bethepartitionsgeneatedby X;Y andZ, respec-
tively. Let P bea coheentconditionalprobability on F containingf AiBC : A2
Ex; B2 Ey; C2 Ezg: thenX is stochasticallycs-independentf Y givenZ with
respecto P (in symboIX? Y| Z [P)]) iff Ex? sEvjEz [P]:

Notethatin De nition 4 it is not requiredthatthe domainof the randomvector
(X;Y;Z) mustbeR= Rx Ry Rz, sological constraintamongthe variables
canbeconsidered.

ThesetMp of cs-independencgtatementiducedby acoherentonditional
probability P of theform X, 2 ¢X3j Xk, wherel, J andK arethreedisjointsubsets,
is calledcs-independenamodel

Every cs-independenamodelinducedby P is closedwith respecto the fol-
lowing propertiegfor the proof see[16]):

Decompositiorproperty

X2 e Xo; X |iXw [P1=) X2 cXojXw [PI;
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Reversedecompositiorproperty

[Xi; X0]2 cXwjXk [P]) X2 cXwjXk [PI;

Weakunionproperty

X2 e Xa XcliXw [P]) - X2 coX0j [Xw; Xc][PI;

Contractionproperty

X2 cXwi[Xo; Xc][P1& X 2 cXoj Xk [P]) X2 e Xo; Xwli[Xk][P];
Reversecontractionproperty

X2 cXwi[Xo; Xc][P1& Xo? cXwiXk [P]) - [Xi3X0]? cXwi X [P];
Intersectiorproperty

X2 cXaj [Xw; Xc][P] & X1 2 cXwi[Xa; Xk [[P1) - X2 oo Xo; Xwli[Xk][P];
Reverseintersectiomproperty

X2 XWX Xk ] [P1& X372 coXwj[ X X1 [P1) - X5 X0] 2 eXwj Xk ] [P

Hence thesemodelssatisfyall graphoidpropertiegsee[14],[15]) exceptthe
symmetryproperty
X2 CSXJJXK [P] ) X2 cs><|ij [P]

andreverseweakunionproperty
[Xo: Xw]? XX [P1) - X2 esXij[Xw; Xi] [P]:

In [16] the modelsclosedwith respecto reverseweakunionproperty but not
necessarilywith respectto symmetry (called a-graphoid) were classi ed. The
possiblelack of symmetryis not counterintuitve (see[4, 6]). Obviously, when
theprobabilityP is strictly positive onpossiblesvents thecs-independenaaodel
inducedby P is closedwith respecto graphoidproperties.

3 Basicgraphical concepts

A |-graphGis atriplet (V;E; B), whereV is a nite setof vertices E is a setof
edees(i.e. asubsebf orderedpairsof distinctverticesof V.-V nf(v;v) :v2 Vg)
andB is afamily (possiblyempty)of subset®f vertices Theelement®of thefam-
ily B=fB; B Vg arerepresentedraphicallyby boxesenclosingthevertices
in B. If B is empty thenthel-graphis agraph.

The attentionin the sequelwill be focusedon directedacyclicl-graphs,and
to introducethis kind of I-graphswe needto recallsomebasicnotionfrom graph
theory A directed-graphis al-graphwhosesetof verticesE satis esthefollow-
ing property:(u;v) 2 E) (v;u) 6. A directededge(u;V) 2 E isrepresentety
anarron pointingfromutov,u! v. We saythatu is a parentof v andv a child
of u. The setof parentsof v is denotedby pa(v) andthe setof childrenof u by
ch(u).
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uto v is a sequencel = uy;:::;uy = v of distinctverticessuchthatu; ! ujs1
foralli= 1;:::;n 1.If thereis adirectedpathfrom u to v, we saythatu is an
ancestoof v or v a descendantf u andwe write u 7! v. The symbolsan(v) and
ds(u) denotethe setof ancestos of v andthe setof descendantsf u (vertices
thatu 2 an(v) andv 2 ds(u)), respectrely. Notethat,accordingto our de nition,
a sequenceonsistingof onevertex is a directedpathof length0, andtherefore
every vertex is its own descenderdndancestari.e. u 2 an(u); u2 ds(u).

Givenanagyclic directedgraphG, therelation7! de nesa partial ordering
c onthesetof vertices,in particularfor ary u;v 2 V we have thatif u2 an(v),
thenu v, whileif u2 ds(v), thenv ¢gu.

3.1 L-graphs and logical constraints

In Section2 the relationshipbetweenlogical independencend stochasticcs-
independenchasbeenshovn, sowe needto visualizewhich variablesarelinked
by alogical constraintandfor this purposewe referto thefamily B of subsetof

with eachrandomvariableX;, by meansf theboxesB 2 B, we visualizethe sets
of randomvariabledinkedby a logical constraintmoreprecisely a logical con-
straintinvolvesthe eventsof the partitionsgeneratedy the randomvariables).

Obviously, if n partitionsarelogically independentthenarbitrary subsetof
thesepartitionsarelogically independent.

everyn 1 partitionscanbelogically independentit follows thatthereis a log-
ical constaint suchthat an event of the kind C;* ::: ~ C, is impossible,with
Ci 2 E;j. Forexample,supposée; = fA;A°g, E, = f B;B°g andE3z = fC;Cg are
threedistinctpartitionsof Wwith A* BA C = 0. All thecouplesof thatpartitions
are logically independenthut they are not logically independentActually, the
partition E; is not logically independenof the partition generatedy f E;; Esg.
Thesameconclusionis reachedeplacingE; by E; or Es.

Given n partitionsand somelogical constraintsamongsuchpartitions,it is



Vantaggi: GraphicalRepesentatiorof AsymmetricGraphoidStructues 569

Then,in the sequelve call theboxesB 2 B logical components

4 Separationcriterion for dir ectedacyclicgraphs

To representonditionalcs-independenamodelswe needto recall L-separation
criterion. In fact,the classicseparatiorcriterion for directedagyclic graphs(see
[14]), known asd-separatiofwhered standsfor directional),is not suitablefor
our purposesbecauseét inducesa graphoidstructure,andsoit is not usefulto
describea modelwheresymmetrypropertymaynothold (seeExamplel).

De nition 5 LetG beanacyclicdirectedgraph.Apathus;:::;uy;; n 1inGis
blocked by a setof verticesS V, wheneerthere exists1 < i < n suc thatone
of thefollowing threeconditionholds:

1.u+1! u! u 1(i.e.ui 1;ui;Ui+1 is thereversedirectedpath)andu; 2 S
2.U 1 U! us+randu2S
3.U 1! U U+1andds(u) 625

Thethreeconditionsof De nition 5 areillustratedby Figurel (the grey vertices
belongto S).

Figurel: Blockedpaths

Note that the de nition of blocked path strictly dependson the direction of
the path, in fact the main differencebetweenour notion and that usedin d-
separatiorcriterion [14] consistsessentiallyin conditionl: of De nition 5. The
pathu; 1;u;;ui+1 drawn in the left-side of Figure 1 is blocked by u;, while its
reverseis notblockedby u; becaus®f thedirection.Hence thereversepathof a
blockedoneis notnecessarilyplockedaccordingo ourde nition, sotheblocking
pathnotiondoesnot satisfythe symmetryproperty

The secondandthird casef De nition 5 arelike in d-separatiorriterion.
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De nition 6 Let G be a directedacyclicl-graphandlet U, W and S be three
pairwise disjoint setsof verticesof V. We saythatU is L-sepaatedfromW by
Sin G and write symboI(U;WjS)'c;, wheneer every pathin G fromU to W is
blockedby Sand moreover, thefollowing “lo gical sepaation” conditionholds

8B2Bs.tB U[ W[ SonehaseitherB\ U=0orB\ W=0:. (2)

Figure?2 clari es whencondition(2) holds(the setof verticesV; andSarerepre-
sentedasovals).

M\/VBZ =

Vl S V2 Vl S V2

Figure2: Representatioof logical componentsin theleft-sideV, andV, arenot
connectedin theright-sidethey areconnectedy B

Sincethe notion of blocked pathis not necessarilysymmetric,it follows that
(U;WjS); 6) (W;Uj9)k. Actually, thelack of symmetrypropertydependonthe
notionof blockedpathandnot onthe conditionof logical separatior{2).

Theorem3 [17] LetG = (V;E;B) bea graph.Thefollowing propertieshold
1. (Decompositiorproperty)
(UiW[ Zi96=) (UiWjS)g
2. (Reversedecompositiomproperty)
UL ZWj9e=) UiWi9g
. (Weakunionproperty)
(UiW[ Z196=) (UiWiZ[ 9
4. (Reverseweakunionproperty)
UL ZWj9c=) (U:WjzZ[ g
. (Contractionproperty)
(UiWj95 & (U;ZIW[ 96 =) (UiW[ Zi9
6. (Reversecontractionproperty)
(UiWjS)g & (ZWU[ S5 =) (U ZWjS)g
. (Intersectionproperty)
(UiWiZ[ 96 & (U;ZIW[ 95=) (UiW[ Zi9
. (Reverseintersectionproperty)
(U:WiZ[ 9 & (ZWU 96=) (U ZWj9g

w

(€2}

~

(00}
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5 Minimal I-map

GivenanindependencenodelM over a setof variables(possibly)linked by a
setof logical constraintsyve look for a directedagyclic I-graphG describingall
the statementd in M andlocalizing the setof variablesinvolvedin somelogi-
cal constraintBut, generally it is not alwaysfeasibleto have suchgraphG (i.e.
describingall the independencstatementsjor a given M asshown by the fol-
lowing example.

Example 1. Let (Xy; X2; X3; X4) bearandomvectorsuchthattherangeof X; is
f0;1g, letusdenoteA; = (X = 1) (S0AF = (X = 0)), andsuppose¢hatA;  Ao.
Considerthe following coherentonditionalprobability
P(A1AD) = &; P(ASA2) = 5 P(ASAS) = 3;

P(AsA4jA1A2) = P(AsA4JATA?) = P(AsAGjA1A) = P(ASAGATA,) = O;
P(ASAGIALAR) = £ = P(ASAASAR);

P(ASASALA,) = 2= P(ASAGIASAY);

P(AdjA2AG) = 2; P(AGiASAS) = 55i P(AgiAg) = &;

P(AjAcAGAY) = 3 P(ArjAAGAS) = &:

SinceP(A1jA2) = 2, it follows from condition(b) 3. of Theorem2 the validity of
the statement#sAs? cA1jA2 and AsAS? csA1jA2; moreover from condition (a)
of the sametheoremit follows thatalsoA5A4? csA1jA> andASA; 2 csA1jA2 hold,
sowe have (by De nition 3 andDe nition 4) that(Xs; X4) ? ¢sX1jXo.

While, thestatemenkX; ? co(X3; X4)j X2 doesnothold underP, in factwe have
P(A1jArAgAq) = 3 6 P(AjAY).

Thevalidity of thetwo conditionalindependencstatementX3? ¢sX4j X2 and
Xa? ¢X3j X2 follows from theseequalitiesP(AzjA2A4) = 0 = P(A3jA2A]) and
P(A4jA2) = 0:4= P(A4jA2A3) = P(A4jARAT).

NotethatP(AgjAs) = 0= P(AgiAS) andP(As) = 0:2= P(AjAs) = P(A4jAS),
S0 X4 ? X3 andits symmetricstatemenhold underP.

Therefore,the independencenodel Mp (which has a-graphoidstructure)
contains the statements(Xs; Xa)? cX1jX2; X3? cXajX2; X372 cXaj(X1; X2) ;
Xa? osXajXa; Xa? coXa)(X1; X2) 3 X3P cXa; Xa? cXs:

NotethatMp is not completelyrepresentablby a directedagyclic |-graph.

Hence we needto introduce analogoushasin [14], the notionof I-map.

De nition 7 A directedacyclicl-graphG is an I-mapfor a givenindependence
modelM iff everyindependencstatementepresentedy meanf L-sepaation
criterionin Gis alsoin M .

Thusanl-mapG for M maynotrepresenévery statemenof M , but theones



572 ISIPTA '03

it representareactuallyin M, it meanghatthe setMg of statementslescribed
by G is containedn M .

An I-mapG for M is saidminimalif removing any arrow from thel-graphG
the obtained-graphwill nolongerbeanl|-mapfor M .

Given an independencanodel M over a random vector (Xy;:::;; %n), let

subsetof Uy, suchthat ij?chRpijDpj whereRp; = Up, nDy;; moreaver, let
Wy, = fv2Up :v2Dp\ Dp;i6 k;i  jik  jgandS,; themaximalsubset
of Up; suchthat)(gpj 2 cXp X, -

The subsetQp = X, ? chRpijDpj ; Xspj?cg(pjjxij :j=1;::ngis said
the basiclist of M relative to p. From the basiclist Q, andthe setof logical
componentd3, a directedagyclic I-graph G (relatedto p) is obtainedby draw-
ing theboxesB2 B anddesignatingdp,; asparentsof vertex p; (for ary vertex
V2 Dp;, anarrov goesfrom v to pj), moreover, for ary vertex p; 2 Up, nS,; such
thatp; 2 ds(w), with w2 W, but p; 62an(p;) draw anarrow from p; to pj.

This constructionof G from the basiclist differs from the classicconstruc-
tion givenfor directedacyclic graphswith d-separatiorj14] essentiallyfor the
secondpart, which is usefulto avoid the introductionof symmetricstatements
not in the given independencenodel. For example,considerthe independence
modelM = f X1? X3jX2g andconsideringheorderingp = (2;3;1), therelated
directedagyclic I-graphis obtainedollowing thesestepsdraw anarrov from 2 to
3, thenconsidetthevertex 1 anddraw anarron from 2 to 1; now since3 2 ds(2)
(i.e. D3 = f2g), but 362an(1) and,sincethe statemenXz? sX1jXz is notin M,
we mustdraw anarrown from 3to 1.

Now, we mustprovethatsuchdirectedagyclic I-graphobtainedrom thebasic
list Qp is anl-mapfor M .

Theorem4 Let M be an independencenodelover a setof randomvariables
linked by a setof logical constaints. Givenan ordering p on the randomvari-
ables,if M is ana-graphoid thenthedirectedacyclicl-graphG geneatedbythe
basiclist Qp is anl-mapfor M.

Proof: For an a-graphoidof onevariableit is obvious that the directedagyclic
I-graphis an I-map. Supposeor a-graphoidstructurewith lessthank variables
thatthe directedacgyclic |I-graphis anl-map.

Let M beanindependencenodelunderk variables Givenanorderingp on
thevariables)et X, bethelastvariableaccordingto p (n denoteghevertex in G
associatedo X,), M © the a-graphoidformed by removing all the independence
statementsnvolving X, from M andGP the directedacyclic I-graphformed by
removing n andall the arrowvs goingto n (they cannotdepartfrom n becausés
thelastvertex) in G.

SinceX, is thelastvariablein the orderingp, it cannotappeatin ary setof
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parentsDp,; (with j < k), andthe basiclist Q%= Qnf Xy? csXr,jXD, g generates
G SinceM ®hask 1 variablesGPis anl-mapof it.

Gisanl-mapof M iff thesetMg of theindependencstatementsepresented
in G by L-separatiorcriterionis alsoin M .

If X doesnotappeain T, then,beingT = (X ? ¢eX5jXk) 2 Mg , T mustbe
representedlsoin G, if it werenot, thentherewould be a pathin G°from | to
J thatis not blocked (accordingto L-separationby K. But thenit mustbe not
blocked alsoin G, sincethe additionof a vertex and somearrows going to the
new vertex cannotblock a path. SinceGCis an I-mapfor of M % T mustbe an
elemenofit, butM® M,soT2 M.

Otherwise(if X, appearsn T), T falls into oneof the following threesitua-
tions:

1. supposehatT = ((Xi;Xn)? csXijXk) 2 Mg, let Xy ? cXr,j XD, 2 M (by
construction)Obviously J andD, have no verticesin common,otherwise
we would have a pathfrom a vertex in j 2 J\ Dy pointingto n, so by
L-separatiom would notbe separatedrom J givenK in G.

Sincethereis anarrow from every vertex in Dy, to n andevery pathfrom n
to Jis blockedby K in G, thenevery pathfrom Dy, to J mustbe blockedby
K in G. Thereforegvery pathfrom bothD,, andl to J areblockedby K in
G. Now, if thereis alogical componenB 2 B suchthatB Dn[ I[ J[ K
andbothB\ (D,[ I) andB\ J arenotempty thenremove asuitablevertex
in B from Dy, w.l.g. Hence,the statemen(X; Xp,) ? ¢X3jXk belongsto
Mg. This statementloesnot containthe variableX,, hence being G® an
I-mapfor M% M, then(X;; Xp,)? csX3jXk 2 M .

SinceM s closedundera-graphoidproperties by weakunion property)
Xn? cXaj (X1; XD, Xk) 2 M andit follows (X;; Xp,,; Xn) ? cXijXk 2 M (us-
ing reversecontractionproperty),so (X; Xn) ? ¢X3jXx 2 M by decompo-
sition property

2. supposehatT = (X ? ¢o(X3;Xn)jXk) 2 Mg, it meanspy de nition of L-
separatiorandfrom theassumptiorthatn is the lastvertex in the ordering,
thatevery pathgoingfrom| to J[ nisL-separatedby K. Thereforejf there
is nopathasin conditionl. of De nition 5,thenin theremainingtwo cases,
alsothe statementy = ((X3;Xn)? cXijXk) 2 Mg, sotheproofgoesin the
samédline of thatin stepl.

Otherwise, (if thereis a path asin condition 1 of De nition 5), then
| 6 an(n). Thereforethereis asubseW, Up suchthateverypathbetween
nandl [ K is blockedby Wh. Notethat, W, = W[ W? (W' or W? canbe
empty)with W2 D, andW! an(D,). Moreover, let J = J1[ J2[ J8

(3% or J2 or 32 canbe empty)with J1  ds(W)\ an(K), while 2 W

andJ3 = In(JL[ J?), sofor ary j 2 J° onehasthat either j 2 an(W)

orj2 ds(W)\ an(n).

By constructionpne hasthat every pathbetweenn[ J3 andI[ K[ J'is
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blocked by Wh. Hence,one hasthat (X ; Xk; Xj1) ? cs(Xn; Xj3)jXw, andits
symmetricstatemenbelongto M .

ThereforepnehasX| 2 cs(Xn; X52)j (Xwh; Xk ; X;1) 2 M by weakunionprop-
erty. SincealsoTz = (X 2 cs(Xw; X51)jXk) 2 Mg andsincethatstatement
T, doesnotinvolven, T> 2 M, sothestatemenk| 2 cs(Xn; Xy X, ; X33)iXk)
belongto M (by contractiorproperty),andit followsthatX; 2 c(Xn; X3)j Xk
belongsto M (by reversedecompoasition).

3. supposehat T = (X ? X3i(Xk; %n)) 2 Mg. It mustbe the casethat| is
L-separatedby J givenK in G for if it werenot, thentherewould beapath
from somevertex in | to somevertex in J not passingroughK. But | is
separatedby J givenn andK, sothis pathwould passthroughn; but n is
thelastvertex in theordering,soall arravsgoonit. Hence it cannotblock
ary unbloclkedpath,andsoT; = (X ? ¢X3jXk) 2 Mg.

The statementsT; and T imply that either (Xi;Xn)? cX3jXk or
X2 co(X3; Xn)jXk holdsin G: in fact, if both| andJ are connectedo n,
sincen is the last vertex (from n an arrov cannotleave), thenthereis a
directedpathfrom | to n andanotherfrom J to n, sothat onewould get
X2 %) (Xk; Xn) 62MG. So,the conclusionfollows by stepl and2.

Example 1 (continued)- Thefollowing picturesshav the minimal I-mapob-
tainedby meansf the proposedrocedurdor two possibleorderingsi(1; 2; 3;4)
ontheleft-sideand(3;4; 1;2) ontheright-side

®\\

/® 0
—, P

Figure3: Two possiblel-Mapsfor theindependencenodelMp of Examplel

O———]

Actually, the picturein the left-side representshe independencstatements
(X35 X4) 2 ceX1jX2; X3P XajX2; X4 2 X3j X2 and thoseimplied by a-graphoid
propertieswhile thatoneon the right-sidedescribeghe statemenXsz? X4 and
its symmetricone.Notethatthesewo graphsactuallyareminimal I-maps;in fact
remaving ary arrow from them,we mayreadindependencstatementsotin Mp.
Theblock B = f1;2g localizesthelogical constraintd;  As.

If for agivenindependencenodelover n variableshereexistsa perfectmap
G, then(atleast)oneof n! orderingsamongthevariableswill generatehel-graph
G. More precisely such orderings,which give rise to G, are all the orderings
compatiblewith the partialorderinducedby G.
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6 Conclusions

The L-separatiorcriterionfor directedacgyclic graphshasbeenrecalledtogether
with its main propertiesThis is very usefulfor effective descriptionof indepen-
dencemodelsinducedby differentuncertaintymeasuregl, 2, 4, 5, 6, 13, 16,
18, 19]. In fact,thesemodelscannotberepresentedf ciently by thewell-known
graphicalmodels[12, 14], becausé¢herelatedseparatiorcriteriasatisfythe sym-
metryproperty

In thispaperwe have consideredheL-separatiorcriterionintroducedn [16],
which satis es asymmetricgraphoidproperties.We have shovn that for some
independencmodelsthereis notaperfectmapevenusinglL-separatiorcriterion.

Thereforethenotionof minimal I-maphasbeenrede nedin this context and
we have shovn how to build it givenanorderingon thevariablesln addition,we
have provedthatfor ary orderingon the variablesthereis a minimal I-mapfor a
givenindependenceodelobeying to asymmetrigyraphoidproperties.
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