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Abstract

Independencemodelsinducedby someuncertaintymeasures(e.g. condi-
tional probability, possibility) do not obey the usualgraphoidproperties,
sincethey do not satisfy the symmetryproperty. They are ef�ciently rep-
resentablethroughdirectedacyclic l-graphsby usingL-separationcriterion.

In this paper, we show that in generalthereis not a l-graphwhich de-
scribescompletelyall the independencestatementsof a givenmodel;hence
we introducein this context thenotionof minimal I-mapandwe show how
to build it, givenanorderingon thevariables.In addition,we prove that,for
any ordering,thereexistsanI-mapfor any asymmetricgraphoidstructure.
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1 Intr oduction

Theuseof graphsto describeconditionalindependencestructures(thesetof con-
ditional independencestatements“X is independentof Y given Z”) inducedby
probability distributionshasa long andrich tradition; onecandistinguishthree
mainclassicapproachesbasedonundirectedgraphs[12], directedacyclicgraphs
[14], or chain graphs[15]. Thesegraphicalstructureobey graphoidproperties
(symmetry, decomposition,weakunion,contraction,intersection).On the other
hand,the independencemodelsbasedon the classicde�nition of stochasticin-
dependencein theusualprobabilisticsetting,have semi-graphoidstructure(they
satisfy all graphoidpropertiesexcept intersection).However, if the probability
distribution is strictly positive, theindependencemodelhasa graphoidstructure.
Hence,the lack of intersectionpropertyis due to zero probability on someof
thepossibleevents.Actually, it is well-known (see,for example,[4, 6]) that the
classicde�nition of stochasticindependencepresentscounter-intuitivesituations
whenzeroor oneprobabilityeventsareinvolved: for example,a possibleevent
with zeroor oneprobabilityis independentof itself.
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We stressthatzeroprobability valuesareinterestingnot only from a merely
theoreticalpoint of view, but they aremet in many realproblems,for examplein
medicaldiagnosis[7] , statisticalmechanics,physics,etc.[11].

Thecounter-intuitivesituationscannotbeavoidedwithin theusualframework
of conditionalprobability. In the more generalframework (de Finetti [8], Du-
bins[9]), ade�nition of stochasticindependence(calledcs-independence),which
avoidsthesecritical situations,hasbeenintroducedin [4] andthemainproperties
have beenstudied.We recall that the aforementionedde�nition agreeswith the
classiconewhentheprobabilitiesof therelevanteventsaredifferentfrom 0 and1.

Themainpropertiesconnectedwith graphoidstructureswereprovedin [16]:
theseindependencemodelsgenerallyarenotclosedwith respectto thesymmetry
property. Hence,the classicseparationcriterion are not apt to representasym-
metric independencestatements,so in [17] a new separationcriterion (calledL-
separation)for directedacyclic l-graphshasbeenintroduced.It hasbeenshown
alsothatL-separationcriterionsatisfyasymmetricgraphoidproperties(graphoid
propertiesexceptsymmetry).

In this paperwe deepenthe problemof representingsuchcs-independence
model, togetherwith the logical constraints,usingL-separationcriterion in di-
rectedacyclic l-graphs.In particular,Example1showsthatcs-independencestruc-
turesarericher thanthegraphicalones,i.e. for someindependencemodelthere
is no graphableto describeall theindependencestatements.Hence,in Section5
we de�ne in this context (analogouslyto [14, 10]) thenotion of minimal I-map
for a given independencemodelM : a directedacyclic l-graphsuchthat every
statementrepresentedby it is in M , while the graphobtainedby removing any
arrow from it would representanindependencestatementnot in M .

Moreover, in Section5 weshow how to build suchminimal I-mapsunderling
thedifferencesarisingfrom the lack of symmetryproperty, and,in addition,we
prove thatany orderingon thevariablesgivesrise to an I-map for any indepen-
dencemodelM obeying to asymmetricgraphoidproperties.

On theotherhand,theorderinghasa crucial role: in fact, if a perfectI-map
(ableto describeall theindependencestatements)exists,it canbebuilt usingonly
somespeci�c orderingon thevariables.

2 Independencein a coherent probability setting

It is well known that the classicde�nition of stochasticindependenceof two
events

P(A^ B) = P(A)P(B) (1)

givesriseto counter-intuitivesituationswhenoneof theeventshasprobability0
or 1. For instanceaneventA with P(A) = 0 is stochasticallyindependentof itself,
while it isnatural(dueto theintuitivemeaningof independence)to requirefor any
eventto bedependentonitself.OtherclassicformulationsareP(AjB) = P(A) and
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P(AjB) = P(AjBc), thatareequivalentto (1) for eventssuchthat theprobability
of B is different from 0 and 1, but in that “extreme” cases(without positivity
assumption)they mayevenlackmeaningin theKolmogorovianapproach.

Anyway, somecritical situationsrelatedto logical dependencecontinueto
exist (see[16]) alsoconsideringthelaststrongerformulationin themoregeneral
framework of deFinetti [8]:

De�nition 1 Givena Booleanalgebra A, a conditionalprobability on A � A0

(with A0 = A nf /0g) is a functionP(�j� ) into [0;1], which satis�es the following
conditions:
(i) P(�jH) is a �nitely additiveprobabilityonA for anyH 2 A0

(ii) P(HjH) = 1 for everyH 2 A0

(iii) P(E ^ AjH) = P(EjH)P(AjE ^ H); wheneverE;A 2 A andH;E ^ H 2 A0

Notethat(iii ) reduces,whenH = W(whereWis thecertainevent),to theclassic
“chain rule” for probabilityP(E ^ A) = P(E)P(AjE): In thecaseP0(�) = P(�jW)
is strictly positive on A0, any conditionalprobability canbe derived asa ratio
(Kolmogorov'sde�nition) by this unique“unconditional”probabilityP0.

As provedin [6], in all othercasesto geta similar representationwe needto
resortto a �nite family P = f P0; : : : ;Pkg of unconditionalprobabilities:
- everyPa is de�ned ona propersetof events(takingA0 = A)

Aa = f E 2 Aa� 1 : Pa� 1(E) = 0g
- for eacheventB 2 A0 thereexistsanuniquea suchthatPa(B) > 0 andfor every
conditionaleventEjH onehasP(EjH) = Pa (E^ H)

Pa (H) with Pa(H) > 0.
The classof probabilitiesP = f P0; : : : ;Pkg is saidto agree with the condi-

tionalprobabilityP(�j� ).
Suchtheoryof conditionalprobabilityallows to handlealsopartial probabil-

ity assessmenton anarbitrarysetof conditionaleventsF = f E1jH1; : : : ;EnjHng
throughtheconceptof coherence:anassessmentis coherentif it is therestriction
of a conditionalprobabilityde�ned onA � A0, whereA is thealgebragenerated
by f E1;H1; : : : ;En;Hng. A characterizationof coherencewasprovenin [3]:

Theorem1 LetF beanarbitrary �nite familyofconditionaleventsandCdenote
thesetof atomsCr generatedby theeventsE1;H1; : : : ;En;Hn. For a real function
P onF thefollowing two statementsare equivalent:
(i) P is a coherentconditionalprobabilityonF ;
(ii) there exists a classof unconditionalprobabilities f P0; : : : Pkg, with P0 de-
�ned on A0 andPa (a > 0) beingde�nedon Aa = f E 2 Aa� 1 : Pa� 1(E) = 0g,
such that for anyEi jHi 2 F there is a uniquePa , with Pa(Hi) > 0; and

P(Ei jHi ) =

å
Cr � Ei^ Hi

Pa (Cr )

å
Cr � Hi

Pa(Cr )
:
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Theclassof probabilitiesP = f P0; : : : ;Pkg agreeing with thegivencoherentas-
sessmentP is notunique.But, givenoneclassP = f P0; : : : ;Pkg, for eacheventH
thereis a uniquea suchthatPa (H) > 0 anda is saidzero-layerof H according
to P, andit is denotedby thesymbol� (H). In particular, for everyprobabilitywe
have � (W) = 0, while we de�ne � ( /0) = ¥ . Thezero-layerof a conditionalevent
EjH is de�ned (see[4]) as

� (EjH) = � (E ^ H) � � (H):
In the sequel,to avoid cumbersomenotation,the conjunctionsymbol^ among
eventsis omitted.

In this framework the following de�nition of stochasticindependencehas
beenproposedin [4] andextendedto conditionalindependencein [16]:

De�nition 2 Givena coherentconditionalprobability P, de�ned on a family F
containingD = f AjBC;AjBcC;AcjBC;AcjBcC;BjAC;BjAcC;BcjAC;BcjAcCg, A is
conditionallyindependentof B givenC with respectto P (in symbolA?? csBjC) if
boththefollowing conditionshold:

(i) P(AjBC) = P(AjBcC) ;
(ii) thereexistsa classf Pag of probabilitiesagreeingwith therestrictionof P

to thefamilyD, such that
� (AjBC) = � (AjBcC) and � (AcjBC) = � (AcjBcC) :

Notethat if 0 < P(AjBC) = P(AjBcC) < 1 (so0 < P(AcjBC) = P(AcjBcC) < 1),
thenbothequalitiesin condition(ii) aretrivially satis�ed

� (AjBC) = 0 = � (AjBcC) and � (AcjBC) = 0 = � (AcjBcC):
Hence,in thiscasecondition(i) completelycharacterizesconditionalcs-indepen-
dence,and, in addition, this de�nition coincideswith the classicformulations
when also P(BjC) and P(C) are in (0;1). However, in the other cases(when
P(AjBC) is 0 or 1) condition(i) needsto be“reinforced” by therequirementthat
also their zero-layersmust be equal,otherwisewe can meetcritical situations
(see,e.g.[6]).

Observation 1 Evenif differentagreeingclassesgeneratedby therestrictionof
P on D maygive rise to different zero-layers, it hasbeenprovedin [5, 6] that
condition(ii ) of De�nition 2 eitherholdsfor all theagreeingclassesof P or for
noneof them.

Noticethatfor everyeventA thisnotionof stochasticindependenceis always
irre�exive (alsowhenthe probability of A is 0 or 1) because� (AjA) = 0, while
� (AjAc) = ¥ . Moreover, conditionalindependenceof two possibleeventsA andB
imply thelogical independenceof A andB, i.e. all theeventsof thekind A� ^ B�

is possible,with A� - analogouslyB� - is eitherA or Ac. (see[4]).
In [4, 16] theoremscharacterizingstochasticandconditionalindependenceof

two logically independenteventsAandB in termsof probabilitiesP(BjC);P(BjAC)
andP(BjAcC) is given,giving upany directreferenceto thezero-layers.
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Theorem2 LetA;B betwoeventslogically independentwith respectto theevent
C. If P is a coherentconditionalprobability such thatP(AjBC) = P(AjBcC), then
A?? csB j C if andonly if oneof thefollowing conditionsholds:

(a) 0 < P(AjBC) < 1;
(b) P(AjBC) = 0 and the extensionof P to BjC and BjAC satis�esoneof the

following conditions
1. P(BjC) = 0, P(BjAC) = 0,
2. P(BjC) = 1, P(BjAC) = 1,
3. 0 < P(BjC) < 1, 0 < P(BjAC) < 1;

(c) P(AjBC) = 1 andtheextensionof P to BjC andBjAcC satis�esoneof the
following conditions

1. P(BjC) = 0, P(BjAcC) = 0,
2. P(BjC) = 1, P(BjAcC) = 1,
3. 0 < P(BjC) < 1, 0 < P(BjAcC) < 1.

Indeed,in [16] thede�nition of cs-independencehasbeenextendedto thecaseof
�nite setsof eventsandto �nite randomvariables.

De�nition 3 Let E1;E2;E3 bethreedifferentpartitionsof Wsuch that E2 is not
trivial. The partition E1 is stochastically independentof E2 given E3 with re-
spectto a coherent conditional probability P (in symbolsE1?? csE2jE3 [P]) iff
Ci1?? csCi2jCi3 [P] for everyCi1 2 E1;Ci2 2 E2; Ci3 2 E3 such thatCi2 ^ Ci3 6= /0:

Let X = (X1; : : : ;Xn) bearandomvectorwith valuesin RX � IRn. ThepartitionE
of thesureeventWgeneratedby X is denotedby EX = f X = x : x 2 RXg.

De�nition 4 Let (X;Y;Z) be a �nite discreterandomvectorwith valuesin R �
RX � RY � RZ andEX , EY, EZ bethepartitionsgeneratedbyX;Y andZ, respec-
tively. Let P bea coherentconditionalprobability on F containingf AjBC : A 2
EX; B 2 EY; C 2 EZg: thenX is stochasticallycs-independentof Y givenZ with
respectto P (in symbolX?? csYjZ [P]) iff EX?? csEYjEZ [P]:

Note that in De�nition 4 it is not requiredthat thedomainof the randomvector
(X;Y;Z) mustbe R = RX � RY � RZ, so logical constraintsamongthe variables
canbeconsidered.

ThesetMP of cs-independencestatementsinducedby acoherentconditional
probabilityP of theform XI?? csXJjXK , whereI , J andK arethreedisjointsubsets,
is calledcs-independencemodel.

Every cs-independencemodelinducedby P is closedwith respectto thefol-
lowing properties(for theproof see[16]):

Decompositionproperty

XI?? cs[XJ;XK ]jXW [P] =) XI ?? csXJjXW [P];
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Reversedecompositionproperty

[XI ;XJ]?? csXWjXK [P] ) XI?? csXWjXK [P];

Weakunionproperty

XI?? cs[XJ;XK ]jXW [P] ) XI ?? csXJj[XW;XK ] [P];

Contractionproperty

XI?? csXWj[XJ;XK ] [P]& XI ?? csXJjXK [P] ) XI?? cs[XJ;XW]j[XK ] [P];

Reversecontractionproperty

XI?? csXWj[XJ;XK ] [P]& XJ?? csXWjXK [P] ) [XI ;XJ]?? csXWj[XK ] [P];

Intersectionproperty

XI?? csXJj[XW;XK ] [P] & XI?? csXWj[XJ;XK ] [P] ) XI?? cs[XJ;XW]j[XK ] [P];

Reverseintersectionproperty

XI?? csXWj[XJ;XK ] [P]& XJ?? csXWj[XI ;XK ] [P] ) [XI ;XJ]?? csXWj[XK ] [P].

Hence,thesemodelssatisfyall graphoidproperties(see[14],[15]) exceptthe
symmetryproperty

XI?? csXJjXK [P] ) XJ?? csXI jXK [P]
andreverseweakunionproperty

[XJ;XW]?? csXI j[XK ] [P] ) XJ?? csXI j[XW;XK ] [P]:

In [16] themodelsclosedwith respectto reverseweakunionproperty, but not
necessarilywith respectto symmetry, (called a-graphoid) were classi�ed. The
possiblelack of symmetryis not counterintuitive (see[4, 6]). Obviously, when
theprobabilityP isstrictly positiveonpossibleevents,thecs-independencemodel
inducedby P is closedwith respectto graphoidproperties.

3 Basicgraphical concepts

A l-graphG is a triplet (V;E;B), whereV is a �nite setof vertices, E is a setof
edges(i.e.asubsetof orderedpairsof distinctverticesof V � V nf (v;v) : v 2 Vg)
andB is afamily (possiblyempty)of subsetsof vertices.Theelementsof thefam-
ily B = f B ; B � Vg arerepresentedgraphicallyby boxesenclosingthevertices
in B. If B is empty, thenthel-graphis a graph.

The attentionin thesequelwill be focusedon directedacyclic l-graphs,and
to introducethiskind of l-graphsweneedto recallsomebasicnotionfrom graph
theory. A directedl-graphis a l-graphwhosesetof verticesE satis�esthefollow-
ing property:(u;v) 2 E ) (v;u) 62E. A directededge(u;v) 2 E is representedby
anarrow pointingfrom u to v, u ! v. We saythatu is a parentof v andv a child
of u. Thesetof parentsof v is denotedby pa(v) andthesetof childrenof u by
ch(u).
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A pathfrom u to v is a sequenceof distinctverticesu = u1; : : : ;un = v, n � 1
suchthateitherui ! ui+ 1 or ui+ 1 ! ui for i = 1; : : : ;n� 1. A directedpathfrom
u to v is a sequenceu = u1; : : : ;un = v of distinct verticessuchthat ui ! ui+ 1
for all i = 1; : : : ;n � 1. If thereis a directedpathfrom u to v, we saythatu is an
ancestorof v or v a descendantof u andwe write u 7! v. Thesymbolsan(v) and
ds(u) denotethe setof ancestors of v andthe setof descendantsof u (vertices
thatu 2 an(v) andv 2 ds(u)) , respectively. Notethat,accordingto ourde�nition,
a sequenceconsistingof onevertex is a directedpathof length0, andtherefore
everyvertex is its own descendentandancestor, i.e. u 2 an(u);u 2 ds(u).

A reversedirectedpathfrom u to v is asequenceu = u1; : : : ;un = v of distinct
verticessuchthatui  ui+ 1 for all i = 1; : : : ;n� 1.

A n-cycle is a sequenceof u1; : : : ;un, with n > 3, such that un ! u1 and
u1; : : : ;un is adirectedpath.A directedgraphis acyclicif it containsnocycles.

Givenanacyclic directedgraphG, therelation7! de�nes a partial ordering
� G on thesetof vertices,in particularfor any u;v 2 V we have thatif u 2 an(v),
thenu � G v, while if u 2 ds(v), thenv � G u.

3.1 L-graphs and logical constraints

In Section2 the relationshipbetweenlogical independenceand stochasticcs-
independencehasbeenshown, soweneedto visualizewhichvariablesarelinked
by a logicalconstraint,andfor thispurposewereferto thefamily B of subsetsof
vertices.Since,givena randomvectorX = (X1; : : : ;Xn), a vertex i is associated
with eachrandomvariableXi , by meansof theboxesB 2 B, wevisualizethesets
of randomvariableslinkedby a logical constraint(moreprecisely, a logical con-
straint involvesthe eventsof the partitionsgeneratedby the randomvariables).
Recallthat thepartitionsE1; : : : ;En arelogically independentif for every choice
Ci 2 Ei , with i = 1; :::;n, theconjunctionC1 ^ : : : ^ Cn 6= /0:

Obviously, if n partitionsarelogically independent,thenarbitrarysubsetsof
thesepartitionsarelogically independent.

However, n partitionsE1; : : : ;En neednot be logically independent,even if
every n� 1 partitionscanbelogically independent;it follows that thereis a log-
ical constraint suchthat an event of the kind C1 ^ : : : ^ Cn is impossible,with
Ci 2 Ei . For example,supposeE1 = f A;Acg, E2 = f B;Bcg andE3 = f C;Ccg are
threedistinctpartitionsof Wwith A^ B^ C = /0. All thecouplesof thatpartitions
are logically independent,but they are not logically independent.Actually, the
partitionE1 is not logically independentof thepartitiongeneratedby f E2;E3g.
Thesameconclusionis reachedreplacingE1 by E2 or E3.

Given n partitionsandsomelogical constraintsamongsuchpartitions,it is
possible,for eachconstraint,to �nd theminimalsubsetf E1; : : : ;Ekg of partitions
generatingit. Actually, E1; : : : ;Ek aresuchthatC1 ^ : : : ^ Ck = /0, with Ci 2 Ei ,
and,in addition,for all j = 1; : : : ;k, C1 ^ : : : ^ Cj � 1 ^ Cj+ 1 ^ : : : ^ Ck 6= /0. Suchset
of partitionsf E1; : : : ;Ekg is saidtheminimalsetgeneratingthegivenlogicalcon-
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straint,andit is singled-outgraphicallyby theboxB = f 1; : : : ;kg, which includes
exactly theverticesassociatedto thecorrespondingrandomvariablesX1; : : : ;Xk.
Then,in thesequelwe call theboxesB 2 B logical components.

4 Separationcriterion for dir ectedacyclicgraphs

To representconditionalcs-independencemodelswe needto recallL-separation
criterion. In fact,theclassicseparationcriterionfor directedacyclic graphs(see
[14]), known asd-separation(whered standsfor directional),is not suitablefor
our purposes,becauseit inducesa graphoidstructure,andso it is not useful to
describea modelwheresymmetrypropertymaynothold (seeExample1).

De�nition 5 Let G beanacyclicdirectedgraph.A pathu1; : : : ;un; n � 1 in G is
blockedby a setof verticesS� V, whenever there exists1 < i < n such that one
of thefollowing threeconditionholds:

1. ui+ 1 ! ui ! ui� 1 (i.e. ui� 1;ui ;ui+ 1 is thereversedirectedpath)andui 2 S

2. ui� 1  ui ! ui+ 1 andui 2 S

3. ui� 1 ! ui  ui+ 1 andds(ui) 62S

Thethreeconditionsof De�nition 5 areillustratedby Figure1 (thegrey vertices
belongto S).

i

iu

u

i+1

i-1
u

i+1 u u

uu
u

u
ds(u  )

i

ii-1

i-1

i+1

Figure1: Blockedpaths

Note that the de�nition of blocked pathstrictly dependson the directionof
the path, in fact the main differencebetweenour notion and that usedin d-
separationcriterion [14] consistsessentiallyin condition1: of De�nition 5. The
pathui� 1;ui ;ui+ 1 drawn in the left-sideof Figure1 is blocked by ui , while its
reverseis notblockedby ui becauseof thedirection.Hence,thereversepathof a
blockedoneis notnecessarilyblockedaccordingto ourde�nition, sotheblocking
pathnotiondoesnot satisfythesymmetryproperty.

Thesecondandthird casesof De�nition 5 arelike in d-separationcriterion.
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De�nition 6 Let G be a directedacyclic l-graph and let U, W and S be three
pairwisedisjoint setsof verticesof V. We saythat U is L-separatedfromW by
S in G and write symbol(U;WjS) l

G, whenever every path in G fromU to W is
blockedbySandmoreover, thefollowing “lo gical separation” conditionholds

8B 2 B s.t.B � U [ W [ S onehaseitherB\ U = /0 or B\ W = /0: (2)

Figure2 clari�es whencondition(2) holds(thesetof verticesVi andSarerepre-
sentedasovals).

V1
V2S

B1

B2

V1 S V2

B

Figure2: Representationof logical components:in theleft-sideV1 andV2 arenot
connected,in theright-sidethey areconnectedby B

Sincethenotionof blockedpathis not necessarilysymmetric,it follows that
(U;WjS) l

G 6) (W;UjS) l
G. Actually, thelackof symmetrypropertydependson the

notionof blockedpathandnoton theconditionof logical separation(2).

Theorem3 [17] LetG = (V;E;B) bea graph.Thefollowing propertieshold
1. (Decompositionproperty)

(U;W [ ZjS) l
G =) (U;WjS) l

G

2. (Reversedecompositionproperty)
(U [ Z;WjS) l

G =) (U;WjS) l
G

3. (Weakunionproperty)
(U;W [ ZjS) l

G =) (U;WjZ [ S) l
G

4. (Reverseweakunionproperty)
(U [ Z;WjS) l

G =) (U;WjZ [ S) l
G:

5. (Contractionproperty)
(U;WjS) l

G & (U;ZjW [ S) l
G =) (U;W [ ZjS) l

G

6. (Reversecontractionproperty)
(U;WjS) l

G & (Z;WjU [ S) l
G =) (U [ Z;WjS) l

G

7. (Intersectionproperty)
(U;WjZ [ S) l

G & (U;ZjW [ S) l
G =) (U;W [ ZjS) l

G

8. (Reverseintersectionproperty)
(U;WjZ [ S) l

G & (Z;WjU [ S) l
G =) (U [ Z;WjS) l

G
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5 Minimal I-map

Given an independencemodelM over a setof variables(possibly)linked by a
setof logical constraints,we look for a directedacyclic l-graphG describingall
thestatementsT in M andlocalizingthesetof variablesinvolvedin somelogi-
cal constraint.But, generally, it is not alwaysfeasibleto have suchgraphG (i.e.
describingall the independencestatements)for a givenM asshown by the fol-
lowing example.

Example1.Let (X1;X2;X3;X4) bearandomvectorsuchthattherangeof Xi is
f 0;1g, let usdenoteAi = (Xi = 1) (soAc

i = (Xi = 0)), andsupposethatA1 � A2.
Considerthefollowing coherentconditionalprobability

P(A1A2) = 1
5; P(Ac

1A2) = 3
10; P(Ac

1Ac
2) = 1

2;

P(A3A4jA1A2) = P(A3A4jAc
1A2) = P(A3Ac

4jA1A2) = P(A3Ac
4jAc

1A2) = 0;

P(Ac
3A4jA1A2) = 2

5 = P(Ac
3A4jAc

1A2);

P(Ac
3Ac

4jA1A2) = 3
5 = P(Ac

3Ac
4jAc

1A2);

P(A4jA2A3) = 2
5; P(A4jAc

2A3) = 3
20; P(A2jA3) = 1

5;

P(A1jA2A3A4) = 1
2; P(A1jA2A3Ac

4) = 2
5:

SinceP(A1jA2) = 2
5, it followsfrom condition(b) 3. of Theorem2 thevalidity of

the statementsA3A4?? csA1jA2 andA3Ac
4?? csA1jA2; moreover from condition(a)

of thesametheoremit follows thatalsoAc
3A4?? csA1jA2 andAc

3Ac
4?? csA1jA2 hold,

sowe have(by De�nition 3 andDe�nition 4) that(X3;X4)?? csX1jX2.
While, thestatementX1?? cs(X3;X4)jX2 doesnotholdunderP, in factwehave

P(A1jA2A3A4) = 1
2 6= P(A1jA2).

Thevalidity of thetwo conditionalindependencestatementsX3?? csX4jX2 and
X4?? csX3jX2 follows from theseequalitiesP(A3jA2A4) = 0 = P(A3jA2Ac

4) and
P(A4jA2) = 0:4 = P(A4jA2A3) = P(A4jA2Ac

3).
NotethatP(A3jA4) = 0= P(A3jAc

4) andP(A4) = 0:2= P(A4jA3) = P(A4jAc
3),

soX4?? csX3 andits symmetricstatementholdunderP.
Therefore,the independencemodel MP (which has a-graphoidstructure)

contains the statements(X3;X4)?? csX1jX2 ; X3?? csX4jX2 ; X3?? csX4j(X1;X2) ;
X4?? csX3jX2 ; X4?? csX3j(X1;X2) ; X3?? csX4 ; X4?? csX3:

NotethatMP is not completelyrepresentableby a directedacyclic l-graph.

Hence,weneedto introduce,analogouslyasin [14], thenotionof I-map.

De�nition 7 A directedacyclic l-graphG is an I-mapfor a givenindependence
modelM iff everyindependencestatementrepresentedbymeansof L-separation
criterion in G is alsoin M .

ThusanI-mapG for M maynot representeverystatementof M , but theones
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it representsareactuallyin M , it meansthat thesetMG of statementsdescribed
by G is containedin M .

An I-mapG for M is saidminimalif removing any arrow from thel-graphG
theobtainedl-graphwill no longerbeanI-mapfor M .

Given an independencemodel M over a random vector (X1; :::;Xn), let
p = (p1; :::;pn) be any orderingof the givenvariables,and,in addition,for any
j, let Up j = f p1; :::;p j � 1g be the setof indexesbeforep j , andDp j the minimal
subsetof Up j suchthat Xp j ?? csXRp j

jXDp j
whereRp j = Up j nDp j ; moreover, let

Wp j = f v 2 Up j : v 2 Dpk \ Dpi ; i 6= k; i � j ; k � jg andSp j themaximalsubset
of Up j suchthatXSp j

?? csXp j jXWp j
.

The subsetQp = f Xp j ?? csXRp j
jXDp j

; XSp j
?? csXp j jXWp j

: j = 1; :::ng is said

the basic list of M relative to p. From the basiclist Qp and the set of logical
componentsB, a directedacyclic l-graphG (relatedto p) is obtainedby draw-
ing theboxesB 2 B anddesignatingDp j asparentsof vertex p j (for any vertex
v 2 Dp j , anarrow goesfrom v to p j ), moreover, for any vertex pi 2 Up j nSp j such
thatpi 2 ds(w), with w 2 Wp j , but pi 62an(p j) draw anarrow from pi to p j .

This constructionof G from the basiclist differs from the classicconstruc-
tion given for directedacyclic graphswith d-separation[14] essentiallyfor the
secondpart, which is useful to avoid the introductionof symmetricstatements
not in the given independencemodel.For example,considerthe independence
modelM = f X1?? csX3jX2g andconsideringtheorderingp = (2;3;1), therelated
directedacyclic l-graphis obtainedfollowing thesesteps:draw anarrow from 2 to
3, thenconsiderthevertex 1 anddraw anarrow from 2 to 1; now since3 2 ds(2)
(i.e. D3 = f 2g), but 3 62an(1) and,sincethestatementX3?? csX1jX2 is not in M ,
wemustdraw anarrow from 3 to 1.

Now, wemustprovethatsuchdirectedacyclic l-graphobtainedfrom thebasic
list Qp is anI-mapfor M .

Theorem4 Let M be an independencemodelover a set of randomvariables
linked by a setof logical constraints.Givenan ordering p on the randomvari-
ables,if M is ana-graphoid,thenthedirectedacyclicl-graphG generatedbythe
basiclist Qp is an I-mapfor M .

Proof: For an a-graphoidof onevariableit is obvious that the directedacyclic
l-graphis an I-map.Supposefor a-graphoidstructurewith lessthank variables
thatthedirectedacyclic l-graphis anI-map.

Let M beanindependencemodelunderk variables.Givenanorderingp on
thevariables,let Xn bethelastvariableaccordingto p (n denotesthevertex in G
associatedto Xn), M 0 the a-graphoidformedby removing all the independence
statementsinvolving Xn from M andG0 the directedacyclic l-graphformedby
removing n andall thearrows going to n (they cannotdepartfrom n becauseis
thelastvertex) in G.

SinceXn is the last variablein theorderingp, it cannotappearin any setof
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parentsDp j (with j < k), andthebasiclist Q0= Qnf Xn?? csXRnjXDng generates
G0. SinceM 0hask� 1 variables,G0 is anI-mapof it.

G is anI-mapof M if f thesetMG of theindependencestatementsrepresented
in G by L-separationcriterionis alsoin M .

If Xn doesnot appearin T, then,beingT = (XI ?? csXJjXK) 2 MG , T mustbe
representedalsoin G0, if it werenot, thentherewould bea pathin G0 from I to
J that is not blocked (accordingto L-separation)by K. But thenit mustbe not
blocked alsoin G, sincethe additionof a vertex andsomearrows going to the
new vertex cannotblock a path.SinceG0 is an I-map for of M 0, T mustbe an
elementof it, but M 0� M , soT 2 M .

Otherwise(if Xn appearsin T), T falls into oneof the following threesitua-
tions:

1. supposethat T = ((XI ;Xn)?? csXJjXK) 2 MG, let Xn?? csXRnjXDn 2 M (by
construction).Obviously J andDn have no verticesin common,otherwise
we would have a path from a vertex in j 2 J \ Dn pointing to n, so by
L-separationn wouldnotbeseparatedfrom J givenK in G.

Sincethereis anarrow from everyvertex in Dn to n andeverypathfrom n
to J is blockedby K in G, theneverypathfrom Dn to J mustbeblockedby
K in G. Therefore,everypathfrom bothDn andI to J areblockedby K in
G. Now, if thereis a logical componentB 2 B suchthatB � Dn [ I [ J [ K
andbothB\ (Dn [ I ) andB\ J arenotempty, thenremoveasuitablevertex
in B from Dn, w.l.g. Hence,the statement(XI ;XDn)?? csXJjXK belongsto
MG. This statementdoesnot containthe variableXn, hence,beingG0 an
I-mapfor M 0� M , then(XI ;XDn)?? csXJjXK 2 M .

SinceM is closedundera-graphoidproperties,(by weakunionproperty)
Xn?? csXJj(XI ;XDn;XK) 2 M andit follows(XI ;XDn;Xn)?? csXJjXK 2 M (us-
ing reversecontractionproperty),so (XI ;Xn)?? csXJjXK 2 M by decompo-
sition property.

2. supposethatT = (XI ?? cs(XJ;Xn)jXK) 2 MG, it means,by de�nition of L-
separationandfrom theassumptionthatn is thelastvertex in theordering,
thateverypathgoingfrom I to J[ n is L-separatedby K. Therefore,if there
is nopathasin condition1.of De�nition 5, thenin theremainingtwo cases,
alsothestatementT1 = ((XJ;Xn)?? csXI jXK) 2 MG, sotheproofgoesin the
sameline of thatin step1.

Otherwise,(if there is a path as in condition 1 of De�nition 5), then
I 6� an(n). Therefore,thereis asubsetWn � Un suchthateverypathbetween
n andI [ K is blockedby Wn. Notethat,Wn = W1 [ W2 (W1 or W2 canbe
empty)with W2 � Dn andW1 � an(Dn). Moreover, let J = J1 [ J2 [ J3

(J1 or J2 or J3 can be empty) with J1 � ds(W) \ an(K), while J2 � W
and J3 = J n(J1 [ J2), so for any j 2 J3 one hasthat either j 2 an(W)
or j 2 ds(W) \ an(n).
By construction,onehasthat every pathbetweenn[ J3 andI [ K [ J1 is
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blocked by Wn. Hence,onehasthat (XI ;XK ;XJ1)?? cs(Xn;XJ3)jXWn andits
symmetricstatementbelongto M .

Therefore,onehasXI ?? cs(Xn;XJ3)j(XWn;XK ;XJ1) 2 M byweakunionprop-
erty. SincealsoT2 = (XI ?? cs(XWn;XJ1)jXK) 2 MG andsincethatstatement
T2 doesnotinvolven, T2 2 M , sothestatementXI?? cs(Xn;XWn;XJ1;XJ3)jXK)
belongtoM (bycontractionproperty),andit followsthatXI ?? cs(Xn;XJ)jXK
belongsto M (by reversedecomposition).

3. supposethat T = (XI ?? csXJj(XK ;Xn)) 2 MG. It mustbe the casethat I is
L-separatedby J givenK in G for if it werenot, thentherewouldbeapath
from somevertex in I to somevertex in J not passingtroughK. But I is
separatedby J givenn andK, so this pathwould passthroughn; but n is
thelastvertex in theordering,soall arrowsgoon it. Hence,it cannotblock
any unblockedpath,andsoT1 = (XI ?? csXJjXK) 2 MG.

The statementsT1 and T imply that either (XI ;Xn)?? csXJjXK or
XI ?? cs(XJ;Xn)jXK holds in G: in fact, if both I andJ areconnectedto n,
sincen is the last vertex (from n an arrow cannotleave), then thereis a
directedpathfrom I to n andanotherfrom J to n, so that onewould get
XI ?? csXJj(XK ;Xn) 62MG. So,theconclusionfollowsby step1 and2.

2

Example1 (continued)– Thefollowing picturesshow theminimal I-mapob-
tainedby meansof theproposedprocedurefor two possibleorderings:(1;2;3;4)
on theleft-sideand(3;4;1;2) on theright-side

2

4

1

4

3 3

12

Figure3: Two possibleI-Mapsfor theindependencemodelMP of Example1

Actually, the picture in the left-siderepresentsthe independencestatements
(X3;X4)?? csX1jX2 ; X3?? csX4jX2 ; X4?? csX3jX2 and those implied by a-graphoid
properties;while thatoneon theright-sidedescribesthestatementX3?? csX4 and
its symmetricone.Notethatthesetwo graphsactuallyareminimal I-maps;in fact
removingany arrow from them,wemayreadindependencestatementsnotin MP.
TheblockB = f 1;2g localizesthelogical constraintA1 � A2.

If for a givenindependencemodelovern variablesthereexistsa perfectmap
G, then(at least)oneof n! orderingsamongthevariableswill generatethel-graph
G. More precisely, suchorderings,which give rise to G, are all the orderings
compatiblewith thepartialorderinducedby G.
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6 Conclusions

TheL-separationcriterionfor directedacyclic graphshasbeenrecalledtogether
with its mainproperties.This is very usefulfor effective descriptionof indepen-
dencemodelsinducedby differentuncertaintymeasures[1, 2, 4, 5, 6, 13, 16,
18, 19]. In fact,thesemodelscannotberepresentedef�ciently by thewell-known
graphicalmodels[12, 14], becausetherelatedseparationcriteriasatisfythesym-
metryproperty.

In thispaper, wehaveconsideredtheL-separationcriterionintroducedin [16],
which satis�es asymmetricgraphoidproperties.We have shown that for some
independencemodelsthereis notaperfectmapevenusingL-separationcriterion.

Therefore,thenotionof minimal I-maphasbeenrede�nedin thiscontext and
wehaveshown how to build it givenanorderingon thevariables.In addition,we
have provedthatfor any orderingon thevariablesthereis a minimal I-mapfor a
givenindependencemodelobeying to asymmetricgraphoidproperties.
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