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Abstract

We extend Buja's conceptof “pseudo-capacities”which comprisesthe
neighbourhoodnodelsfor classicalprobabilitiescommonlyusedin robust
statistics Althoughsystematicallydevelopingvariousdirectionsfor general-
izing thatmodel,we especiallyshav thatrobuststatisticscanbe freedfrom

the severerestrictionto 2-monotonecapacitiedy emplg/ing the morenatu-
ral frameawork of coherentor F-probabilities.Our main new tool for doing

thisis to usebi-elasticinsteadof corvex functions.
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1 Intr oduction

The major conceptin robust statisticsfor “robustifying” statementgoncerning
classicaldistributions is to constructneighbourhoodof preciseprobabilities,
which arecalledcentral distributionsin this context. Thereis a famousmethod,
dueto Buja, accommodatingyp to now, mary of the correspondingneighbour
hoodmodels:Let p besome x edclassicalprobability, let f: [0; 1]! [0; 1] bea
functionwith f(0) = 0andf(1) = 1,andde ne

L=f p: (1)

By Dennebeg (see[4], p. 17), a setfunction L constructedike this, is calleda
distortedprobability, if f isincreasingln casef(x) X, 8x2 [0; 1], L canbeseen
asthe lower boundof aninterval probability, which createsa neighbourhooaf
pinthesensahatL(A) p(A) U(A):=1 L(: A) forall eventsA.

Now in robuststatisticghe standardequirementoncerningf is to beindeed
convex. We suspecthatnobodyknows areasonablghilosophicargumentwhy
this strongassumptions made.Insteadit seemdo have meremathematicabri-
gins: “Only if f is corvex, thenL becomesan algebraicpushaer” We wantto
convincethereadethatnoteventhistechnicalarguments true. Strictly speaking,
theword “Only” shouldbereplaceddy “Not only”.
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If fiscornvex,thenbyBuja(cf.[3]) asetfunctionL constructedn accordance
with (1) is calledapseudo-capacity Now every pseudo-capacitig a2-maotone
setfunction (seeTheoreml, model5, andalso[4], p. 17), and this fact seems
to be the technicaladvantage But from a philosophicalpoint of view thereare
no visible reasongo restrict the framaworks of interval probability as well as
of robust statisticsto 2-manotonicity. Insteadit is more naturalto considerthe
wider classof Walley's coheentprobabilities(cf. [8]), which arecloselyrelated
to F-probabilitiesin the senseof Weichselbeger (see[10] or [11]).

We will shav that the formulation (1) is also useablefor constructingthe
lower boundL of anF-probability which is not necessarily2-monotoneFor this
we have to wealenthe conditionof corvexity for f andreplaceit by a new as-
sumption:bi-elasticity.

Justasthereexist 2-monotoneset functionsL, which cannotbe described
by (1) usingcorvex functionsf, we, of course arenot ableto producethewhole
classof F-prolabilitiesby only employing thede nition (1), letting p varyoverall
classicaprobabilitiesand f vary overall bi-elasticfunctions.But we will explain
that bi-elasticityis exactly the appropriate requirementvhende ning F-proka-
bilities via (1) (seeSection6). Moreover, from an algebraicalpoint of view the
generategubclasof F-probabilitiess aseasymanageablasthe corresponding
subclas®f 2-monotonesetfunctions,i.e. the classof pseudo-capacities.

In Section2 we introducethe notion of bi-elasticity In Section3 a language
for interval probabilityis x ed: As far as neededwe outline Weichselbeger's
formal and methodologicaframework. But this shouldbe no restriction.Since,
in particular s-additivity (insteadof additivity) of classicaprobabilitiesdoesnot
play ary role, the conceptdevelopedcould alsobe appliedto othertheoriesof
impreciseprobabilities,especiallyto Walley's theory In Section4 we go into
the detailsof the corvex andbi-elasticneighbourhoodnodelsdescribedabore,
resultingin Theoreml. Therewe, in fact, will not usethe phrasingof equation
(2): Sincesometimest is necessaryo apply methodsof robustnesdo interval
probabilityitsel? and,anyway, it is anaturalmathematicaaskto look for closure
propertieswe considerthe moregeneralizedorm

L=f Lo 7))

wherelg is the lower boundof somegiveninterval-valuedcentral distribution.
Learningfrom Theoreml, we alsodealwith a modi ed versionof it, which is
statedn Theoren®. Its formulationsenes,in essenceasamotivationfor Section
5, i.e. for Theorems3 and 4, which signi cantly generalizethe neighbourhood
modelsdevelopedbefore.Section6 is reseredfor concludingremarks.

To give reasondor the successie steps the structureof this technicalpaper
is ratherheuristic.Hencethe proofs are postponedepeatedly— until the proof
of thelasttheorem.

1see[2] for moredetailedinformation.
2See[1], pp. 229f, for adiscussiorof this topic.
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2 Convexand Bi-elastic Functions

What is bi-elasticity? Supposewe concentrateon a function f: [0;1] ! [0;1]
with f(0) = 0 and f(1) = 1 andimaginethatthreepointsof f's graph,namely
(% f(X); (y; f(y), and(z f(2) with0 x<y<z 1,arestandingin corvex
position Obviously, by this terminologywe meanthat the following local com-
parisonof quotientsof differencess valid:

) _f0 @ ). @)
y X zy
If thisinequalityis globally true,i.e. for all suchx; y; z, we usuallysaythat f is
corvex. Now x x= 0,andletjusty andzvary. Thenit is easilyseenthatwe get
equivalently
ORI

y 2 8y, zwitho<y z 1; (4)
i.e. thattheaverage of f is increasing In economicscienceghis behaiour of f
is calledelastic(e.g.se€[5]).

So,what's bi-elasticity?For this new concept(introducedin [9], Chapter6),
let rst f beelastic,andsecondlysetz= 1in (3) andlet x andy vary. After simple
transformationsve get

1 fx 1 f(y).

1 X 1y’
asanequialentform, which, in turn,is equivalentto
1 f§/1 o1 fg(l X); 8x;ywithO<x y 1L (6)

Thus,additionally the conjugatefunctionof f,i.e.x7!' 1 f(1 x), hasto have
deceasingaverage. We summarize:

De nition 1 Let f:[0;1]! [O; 1] with f(0) = Oandf(l) = 1.Thenf is called
1. corvex, if (3) holdsfor all x; y; zwith0  x<y<z 1,
2. bi-elastig if (4) and(6) arevalid. 2
Corollary 1 Letf:[0;1]! [0;1]with f(0)= 0andf(1) = 1.
1. fiscorvexiff f((1 1)x+1y) (1 1)f(X)+11f(y),8xy | 2]0;1].
2. fishi-elasticiff f(Ix) | f(xandl (1 f(1 x) 1 f(1 1x),8xl 2

8x;ywith0 x y<1; (5)

[0; 1].
3. If f iscorvex,thenf is bi-elastic.
4. If f is bi-elastic,thenf(x) x,8x2 [0;1].2 2
Proof. 1.)and2.) canbeshawn straightforvardly. For 3.) seeabore, for 4.) puty = x and
z= 1in (4). 2

SMoreover, every bi-elasticfunctionis monotonen [0; 1] andcontinuousn [0; 1.
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Figurel: An exampleof abi-elasticfunction f. Bi-elasticityof f canbedescribedquiva-

lently asfollows: For eachpointA= (xa; f(xa)) onthegraphof f, thegraphof f between
0 andxa nowhereis lying above the line between(0; 0) and A, andbetweenx, and1 it

nowhereis lying above theline betweenA and(1; 1).

3 Basic De nitions of Interval Probability accord-
ing to Weichselbepger

Herewe reportthe main conceptof Weichselbeger's theory of interval proba-
bility (se€[10] or[11]), addingsomeslightmodi cations.For thefollowing let W
bea x edsamplespaceandA a x eds-algebra over W. Hence(W, A) is x ed
measuablespace

De nition 2 A setfunctionp: A! [0;1] is calledaK-function(classicalproba-
bility) on (W, A), if it satis esthe axiomsof Kolmogorov. The setof all K-func-
tionson (W A) is denotedoy K (W, A). 2

De nition 3
1. AtripleO= (W A; L) is calledanadjustedO- eld, if L: A! [0; 1] isaset
function, which is normed i.e. L(0) = 0 andL(W) = 1. ThesetM (O) =
fp2 K(WA)jL(A) p(A); 8A2 Agis calledthestructue of O.

2. An adjustedO-eld R is called an adjusted R-(probability) eld, if
M(R) 6 0.
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7.
8.

. An adjustedR-eld F = (W A; L) is calledan F-(probability) eld, if it

satis estheaxiomL(A) = inf ;,p r) P(A), BA2 A

. An adjustedR- eld F = (W A; L) is calledan Fo-(probability) eld, if it

satis estheaxiomL(A) = ming, gy P(A), BA2 A.

. An adjustedO- eld (W, A; L) is calleda CA- eld, if L is 2-monotonei.e.

L(A)+ L(B) L(A[ B)+ L(A\ B),8A;B2 A.

. A CA- eld is calleda C-(probability) eld, if it isanF- eld.

A CA- eld is calleda Cp-(probability) eld, if it is anFp- eld.

A triple (W, A; p) is calledaK-(probability) eld, if pisaK-function. 2

Since(W: A) is x ed,every adjustedO- eld O= (W A; L) is determinecby
the“lower bound”L. Subsequentlyve always“associate'the “upperbound”’U
of Ovia conjugationof L,i.e.U(:)=1 L(: 2).

Somecommentson De nition 3 areuseful:

Weichselbeger's original de nition of an R- eld is that of a quadruple
R = (W A; L; U) having anon-emptystructureéM (R) = fp2 K (W A) j
L(A) p(A) U(A); 8A2 Ag. In this settingneitherL is normedneces-
sarily, nor L andU have to be conjugatewhat both is not appropriatefor
our purposes.

In [1], Corollary 2.13, it is shavn that every continuousF- eld is an

Fo- eld. (Hence,in particular every F- eld on a nite measurablepace
hasthe Fp-property) Since,on the one hand,we don't want to discuss
topologicalfeatureshere,but, on the otherhand,intendto dealwith clo-

surepropertiessoncerning-- elds aswell asFg- elds, we distinguishboth

casedyy introducingthesetwo terms.

It is known thatevery CA- eld isaCp- eld, andhenceaC- eld, in casehe
samplespaceWis nite. For the generalcase usuallyadditionaltopolog-
ical assumptiongre madeto enforcethe F-(or Fo-)property in particular
for de ning 2-maotonecapacities(cf. [7]). But, asmentionedabove, we
wantto abstainfrom topologicalaspectdiere.Sothe CA-propertyi.e., es-
sentially the 2-manotonicity of the lower bound,shouldbe consideredas
theextractedpurealgebraigartof thede nition of C-(or Cop-) elds. There
aresomeclosurepropertieswe wantto emphasizdater, only concerning
this algebraicpart. Thereforethe de nitions of CA-, C-, andCy- elds are
organizedasstated.

4The de nitions of adjustedR- elds andof F- elds arecloselyrelatedto Walley's avoidingsure
lossandcoheencerespectiely (cf. [8]).
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For laterusewe recordthefollowing corollary, which canbe provenstraight-
forwardly.

Corollary 2
1. If O= (W A; L) isanadjustedD- eld andU(:)= 1 L(: :),thenM (O) =
fp2 KW A)j p(A) U(A); 8A2 Ag.

2. If (W A;L) isanF- or a CA- eld, thenL andits conjugatel are mono-
tongi.e,forY 2fL;Ugwehave8A;B2 A:A B=) Y(A) Y(B).

3. fO = (WA; L) andG, = (W A; L) areadjustedO- elds, then
Li() L) =) M(G) M(O: 2

As amnemoniadevice concerninghede nitions above, we getthefollowing
clearpicture:

CA-f.~ Fo-f. ) Fo- eld

m +
K-eld ) Cp-eld F-eld ) adj.R-eld ) adj.O-eld.
+ *

C-eld , CA-f."NF-.

4 Convexand Bi-elastic Neighbourhood Models

For constructingneighbourhoodf classicalprobabilities,in robust statistics
mainly metricsareusedto de ne appropriateéopologiesoverthe spaceK (W, A)
(e.g.seg]6]). Herewe do notrely ontheterm“neighbourhood’'in sometopolog-
ical senseandthatis why we give thetrivial

De nition 4 ForadjustedD- elds Qy= (W A; Lo), O= (W, A; L) andaK-func-
tion p, we saythat

Ois aneighbourhoodf Oy, if L(:)  Lo(2),
Ois aneighbourhooaf p, if Ois aneighbourhooaf (W, A; p). 2

Therefore Ois aneighbourhoof theK-function piff simply pis anelement
of the structureof O, andhenceO is an adjustedR- eld. In general,we have
M(Qy) M (O),if Oisaneighbourhooaf O (cf. Corollary?2, 3.)).

Now we cometo a rst cateyory of neighbourhoodanodelsmotivatedin Sec-
tion 1. Inspiredby the notionsof pseudo-capacitiefhe startingpoint of our de-
velopments)i-elastic functions(generalizingcorvex functions),and interval-
valuedcentral distributions (including precisecentraldistributionsasa speci c
case)we get
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Theorem1 (First classof neighbourhoodmodels)Let Lg: A! [0; 1] be a set
function, f: [0;1] ! [O; 1] a functionwith f(0) = Oand f(1) = 1,L=f Lo,
Q= (W A; Lp),andO= (W A;L). Thenwehave?®

If Oy is anadjustedO- eld, thensois O.

If f(x) x,8x2 [0;1],andQy is anadjustedr- eld, thensois O.

If f is bi-elastic,andQ, is an F- eld, thensois O.

If f is bi-elastic,andQy is an Fo- eld, thensois O.

If fiscorvex,andQ, is a CA- eld, thensois O.

If fiscorvex,andQ, is a C- eld, thensois O.

No o s~ wDdhPRE

. If f iscorvex,andQ is a Cp- eld, thensois O.

Moreover, in thecase.)-7.)Ois a neighbourhoodf Q. 2
Proof. 1.) and2.) are obvious. For 3.)-7.) seeTheorem2 belan.® The “Moreover-
statemenfollows from Corollary 1, 3.) and4.). 2

From now on we concentraten the mostinterestingcasesnamelyF-, Fo-,
CA-, C-,andCp- elds. Ourgoalis to generalizenodels3—7of Theoreml in two
stepswhichleadsto Theorems, 3, and4.

The r st stepis just a smalloneandis basedon an elementaryobsenation.
Let usfor the momentconsidemmodel5 of Theoreml: In orderto maintainthe
2-monotonicity we, in essencemadetwo assumptionsthe de nition of L, i.e.
L= f Lo, andthecorvexity of f. By De nition 1, 1.), thisimplies

L(B) L(A) L(IC) L(B) . 7
Lo(B) Lo(A)  Lo(C) Lo(B)’
for all A, B, C 2 A with Lo(A) < Lo(B) < Lo(C). Now it is naturalto suspect
thatit doesnt matter how f is de ned on [0; 1] nfLo(A) j A2 Ag. It should
be sufcient for our CA-modelto presupposéhe inequalities(7). Similarly, we
expectthat models3 and 4 of Theoreml could be modi ed analogouslyThe
correspondingnequalitiesgivenby bi-elasticityare(cf. (4) and(5))
L(A) _ f(Lo(A)  f(Lo(B) _ L(B).
Lo(A) Lo(A) Lo(B) Lo(B)’
for all A, B2 A with 0< Lo(A) Lo(B), and,additionally usingUp(:) = 1
Lo(: DandU(:)=1 L(::),
UuB) 1 L(:B) _ 1 f(Lo(:B)) 1 f(Lo(:A) 1 LA _ UMA)
Uo(B) 1 Lo(: B) 1 Lo(: B) 1 Lo(: A) 1 Lo(: A  Uo(A)’
forall A, B2 Awith Lo(: B) Lo(: A) < 1,i.e.,equivalently0< Ug(A) Up(B).
Theseconsiderationaresummediup in

5Models5-7re ect the concepbf pseudo-capacitied) caseof a precisecentraldistribution Oq.
8For the momentwe cansaythat®.) is a consequencef 3.) and5.), and7.) is a consequencef
4.)and5.), sincecorvexity impliesbi-elasticity(cf. Corollary1, 3.)).
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Theorem 2 (Secondclassof neighbourhoodmodels)Let Oy = (W, A; Lg) and
O= (W A; L) beadjustedO- elds,Up(:) = 1 Lo(: ),andU(x)=1 L(: ).

1. Supposghat O, is anF- eld andthatthefollowing two conditionshold:
(@) L(A) Lo(B) Lo(A) L(B); 8A;B2A with Lo(A) Lo(B); (8)
(b) Ug(A) U(B) U(A) Ug(B); 8A; B2 A with Ug(A) Uo(B): (9)
ThenOis anF- eld, too.

2. Supposehat Qy is anFo- eld andthatconditions(8) and(9) hold. ThenO
is an Fo- eld, too.

3. Supposehat O, is a CA- eld andthatthe following conditionholds:’
(L(B) L(A) (Lo(C) Lo(B)) (Lo(B) Lo(A) (L(C) L(B));
8A;B;C2 A with Lo(A) Lo(B) Lo(C):

ThenOis a CA- eld, too.

(10)

4. Supposehat Oy is a C- eld and that condition (10) holds. ThenQO is a
C- eld, too.

5. Supposeahat O is a Cp- eld and that condition (10) holds.ThenO'is a
Co- €eld, too.

Moreover, in all ve caseswe have: O is a neighbourhoodf Oy, and the
“functional connection”

8AB2A: Lo(A) = Lo(B)=) L(A) = L(B) (11)

betweerlLg andL is valid. 2

Proof. It is straightforvardthatfrom condition(10) we canderive conditions(8) and(9)
(for (8) putA= 0in (10),for (9) setC = Win (10)8). Hence pntheonehand 4.)is adirect
consequencef 1.) and3.), and5.) is aconsequencef 2.) and3.). On the otherhand,the
“Moreover”-statementanbededucedrom (8): By puttingB = W, we get

L(A) Lo(A); 8A2A; (12)

whichis the statementhat O is a neighbourhooaf Qy. To prove (11),let Lo(A) = Lo(B).
By (12),we canassumeé.g(B) > 0. Butthen,two applicationsf (8) leadto L(A) Lo(B) =
Lo(A) L(B) = Lo(B) L(B), thusL(A) = L(B).

Summarizingwe have shavn all partsof Theoren? — with theexceptionof its heart:
statementd..), 2.), and 3.). For this we referto Theorem3 below, sincein the situations
of 1.), 2.), and3.) the setfunctionsLy andUgy are monotone(cf. Corollary 2, 2.)). To be
complete we have to prove the additionalpremise(15) in Theorem3. But this is aneasy
resultof (11) (justsetB = W), whichis provedalready 2

“In (10)it's notsufcient to usequotientsasabove, excludingthe possibility thatthe denominator
is0.

8We canarguein amannersimilar to the proof sketch,given at the beginning of Section2, where
we deducedi-elasticityfrom convexity.
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Clearly, the mostimportantcaseof Theorem2 is thatthe centraldistribution
QyissomeK- eld (W A; po). For thiswe give anexample which— historically
— ledto all generalizedheighbourhoodnodelspresentedhere.

Examplel Let (W, A) = (W; P(W)) be a nite measurablespace,where
W = k2 IN andP (W) is thepower setof W,. We considetthe consequencesf
Theoreme for thecaseQ = (Wk; P(Wk); pf), in which pf is theclassicaluniform
probability on (W; P(W)), i.e. p§(A) = %, 8A Wk LetO= (W; P(W); L)
besomeadjustedO- eld. From(11)we conclude

8A;B Wc: JA=]Bj =) L(A)=L(B); (13)

which meanshatthe only possibilityin generatingO asa neighbourhooaf pg
with the methodof Theorem2, we have to restrictourselesto uniforminterval
probability. Henceweassumgl3)andwrite fori= 0; :::; k: L0 = L(A), if i = jA]
for someA W, andconsistenty ) = 1 L& ) Additionally, we concentrate
on consideringnodelsl and2 of Theoren2, the F- andthe Fo-model,which are
thesamesinceW is nite. Conditions(8) and(9) areequivalentto the chain

L@ L3 Lk 1 yk?y u@ y®

12 k 1 k k1 2 1
Therefore,model 1 of Theorem2 says:Every adjusteduniform O-eld O =
(W; P(WK); L) isanF- eld — an“uniformF- eld” —, if it obeysthechain(14).
In [11], Lemma4.3.5,it is shawvn over andabove that,that(14) is alsonecessary
for Oto beanuniformF- eld on (Wk; P(W)). 2

(14)

Theorem?2 is only avery slight generalizatiorof the models3—7in Theorem
1. For example,if condition(10) holds,it alwaysis possibleto constructacorvex
function f: [0;1] ! [O; 1] with f(0) = 0 and f(1) = 1 suchthatL = f L.
Similarly for (8) and(9) ontheonehandandbi-elasticfunctionsde ned on|[0; 1]
ontheotherhand.

Theorem2 shouldratherbe seenasa motivationfor Theorem3 givenin the
next section.

5 Generalized Convex and Bi-elastic Neighbour-
hood Models

Theinequalitiesworking aspremisesn conditions(8), (9), and(10)donotseem
to beverynatural.For example,in (8) it wouldbenicetoreplace'Lo(A) Lo(B)”
by “A B, sincethen,e.g.,we would have a connectiornto conditionalinterval
probability (seeSection6).

Let usformulatethis big secondstepof generalizinghe neighbourhoodnod-
els,fundamentallyrst presentedn [9], Chapter6:
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Theorem 3 (Third classof neighbourhoodmodelspart 1) LetQy = (W A; Lo)
andO= (W, A; L) beadjustedD- elds,Up(:)= 1 Lo(: :),andU(:)=1 L(: :).
Assumeadditionallythat we have’

8A2A: LA =1=) LA)=L (15)
1. Supposehat Oy is anF- eld andthatthefollowingtwo conditionshold:
(@) L(A) Lo(B) Lo(A) L(B); 8A;B2 A with A B; (16)
(b) Up(A) U(B) U(A) Ug(B); 8A;B2 A with A B: (17)
ThenOis anF- eld, too.

2. Supposehat Qy is an Fo- eld andthatconditions(16) and(17) hold. Then
OisanFp- eld, too.

3. Supposéghat Q) is a CA- eld andthatthefollowing conditionholds:

(L(B) L(A) (Lo(C) Lo(B) (Lo(B) Lo(A)) (L(C) L(B):;

. (18)
8A;B;C2 A withA B C:

ThenOis a CA- eld, too.

4. Supposehat Oy is a C- eld and that condition (18) holds. ThenQO is a
C- eld, too.

5. Supposéahat O is a Cp- eld and that condition (18) holds.ThenO'is a
Co- eld, too.

Moreover, in all ve caseswe have: O is a neighbourhoodof Oy, and the
“functional connection”

8A/B2A: A B” Lo(A) = Lo(B) =) L(A) = L(B) (19)

betweerlLg andL is valid. 2

Proof. Let Qy andO beadjustedO- elds asdenotedFirstwe prove:
1. (16)=) L(A) Lo(A); 8A2 A.
2. (16)=) 8AB2A: A B~LgA) Lo(B) =) L(A) L(B).
3. (15)" (16)" (17)=) (19).

%It can easily be seenthat the modelsdon't work, if we drop this additionalcondition. (15) is
equialentwith 8A2 A :Up(A) = 0) U(A) = 0, andhencewith

8A2A: (8pp2 M(Qy): po(A) = 0) =) (8p2 M(O): p(A) = 0);

whichmeanghatQis absolutelycontinuouswith respecto Q.
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For a), justlet B= Win (16). For b) assumeA B andLg(A) Lo(B), whereby
a) w.l.o.g. Lo(A) > 0. Togetherwith (16) we getL(A) Lo(A) L(A) Lo(B) Lo(A)
L(B), hencelL(A) L(B). Forc)suppos€15),(16),(17),A B, andLg(A) = Lo(B), thus
also: B : AandUg(: A) = Ug(: B). By (15),w.l.0.g.we canassumeé.o(B) < 1, hence
Uo(: B) > 0. Now (17)givesUp(: B) U(: A) U(: B) Up(: A) = U(: B) Ug(: B), thus
U(: A) U(: B),i.e.L(B) L(A). Togethewith b) weinferL(A) = L(B).

Now we give the proof of Theorem3. First it can easily be seenthat (18) implies
(16) and(17) (let A= 0 or C = Win (18)). Therefore,on the onehand,the “Moreaver’-
statements atrivial conclusionof a) andc), and,on the otherhand,4.) is a consequence
of 1.)and3.),and5.) is aconsequencef 2.) and3.).

For 1.) and2.) we referto Theorem4 (seebelaw).

So herewe just have to prove 3.), i.e., we have to shav that condition (18) transfers
2-monotonicityfrom Lg to L. For this, let (18) be valid and Ly be 2-manotone.Then,
accordingto Corollary 2, 2.), Lo is monotone2, andby b) we alsoinfer the monotonicity
of L. Now let A; B2 A begiven.We have to shav that

L(A)+ L(B) L(A[ B)+ L(A\ B): (20)

If Lo(A\ B) = Lg(A), thenby (19) L(A\ B) = L(A), hence(20) follows from the mono-
tonicity of L. Thuswe assumé_g(A\ B) < Lo(A) and,symmetricallyLo(A\ B) < Lo(B).
Butthen,by the 2-monotonicityof Ly we have Lo(A) < Lo(A[ B) andLg(B) < Lo(A[ B).
Togethemvith (18),weinfer for X 2 f A; Bg:

L(X) L(A\ B) L(A[ B) L(X) = y(X):

0 XV= LX) LA B)  Lo(A[B) Lo(X)

Now, by symmetricreasonswe supposehaty(A) y(B), hencex(A) y(B). Finally,
the 2-manotonicity of Lg leadsto L(A) L(A\ B) = x(A) (Lo(A) Lo(A\ B)) x(A)
(Lo(A[ B) Lo(B)) ¥(B) (Lo(A[ B) Lo(B)) = L(A[ B) L(B),thus(20)holds. 2

The proof of Theorem3 is not complete becausenodelsl and?2 arewaiting
for veri cation. Thereasorfor thisis thatwe wantto emphasiz¢éhatthesemodels
are,in fact, local modelswith respectto the F- and Fo-propertyrespectiely.'?
This is the contentof the following Theorem4, the last onein the sequencef
theorems.

De nition 5 LetA2 A be x ed.An adjustecR- eld R = (W, A; L) is called

1. anF(A)- eld, if it satis estheaxiomL(A) = inf o\ Ry P(A),

2. anFo(A)- eld, if it satis estheaxiomL(A) = ming Ry P(A). 2

Thetrivial connectiorwith De nition 3, 3.) and4.), is givenby

Corollary 3 LetR = (W A; L) beanadjustedR- eld. Thenwehave:
1. RisanF-eld iffforall A2 A, R isanF(A)- eld.
2. RisanFq-eld iffforall A2 A, R isanFg(A)- eld. 2

10This alsois truefor the F- andFg-modelsin Theoremsl and?2.
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Theorem4 (Third classof neighbourhoodmodels,part 2) Let A2 A be xed.
LetQy= (W A; Lg) andO= (W A; L) beadjustedO- elds,Up(:) = 1 Lo(: 3),
andU(:)=1 L(::). Assumehat(15),(16),and(17)hold. Thenwehave:

1. If QyisanF(A)- eld, thensois O.

2. If QyisanFg(A)- eld, thensois O.

Moreover, in both casesO is a neighbourhoodof Qy, and the “functional
connection”(19) betweerlp andL is valid. 2
Proof. The“Moreover’-statementanbeshavn like a) andc) in the proof of Theoren3.
Sowe only have to prove statementd..) and2.), wherewe restrictoursehesto model1.11
For this let all the correspondingremisese given, especiallylet A2 A be x edandQy
beanF(A)- eld. SinceOis aneighbourhooaf Gy, we have

L(:) Lo(})andUp(:) U(); andthus M(Q) M(O): (21)

(Hencethe R-propertymovesfrom Qy to O.) Now we concentraten proving the F(A)-pro-
pertyof O, whereby (21) w.l.0.g.we assume.(A) < Lo(A). Togethemwith (15) we infer

U(: A)>Ug(: A > 0: (22)
Lete> 0,w.l.o.g.
e<U(:A) Up(: A: (23)
We have to shaw thatthereexists p2 M (O) with p(A) L(A) + e. De ne
d= Ldo((; AA)) e (24)
Then,by (22),d> 0. SinceQy is anF(A)- eld, thereis
po2 M(Q) with po(A) Lo(A)+d: (25)
Togethemvith (22), (23),and(24) we getby easycalculations
0< Ug(:A) d po(:A U:A<UCA e L (26)

Therefore
UGCA e U(CA e _ UCA.

P A Uo(:A) d Ug(: A’
where(24) is usedfor the equality In addition,(26) impliesthat po(A) and po(: A) have
positive values,andhenceit is possibleto de ne theclassicakonditionalprobabilities

@7)

oy - Po(A\ ) ooy = Pt AL D)
Poi A) = S 7 and po(iiA) = S
Now we let
p) = (L(A)+ € po:i A+ UCEA € polj:A); (28)

which (using (26)) is a corvex combinationof pg(:j A) and po(:j : A). Hencep is a
well-de ned K-function on (W, A). Moreover, we have p(A) = L(A) + e.

To verify that p is an elementof the structureof O, let B 2 A. We have to prove
thatp(B) L(B), wherew.l.o.g.L(B) > 0. But then,by (21) we alsohave Lo(B) > 0. In

addition,Lo(A[ B) > 0:12 From(16) we derive LLO((AA[[BQ) LLO((BB)),thuswith (25),

11Modifying thefollowing amgumentsby settinge= d = 0, we alsogeta proof of model2.
12Note thatwe arenot ableto infer this inequalityfrom Lo(B) > 0 by monotonicityof Lo, since
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L(A[ B)

Lale (29)

Po(B)
Furthermoreusingthe abbreiation
D= Uo(: A\ : B) po(: A\ : B) = po(A[ B) Lo(A[ B); (30)

we getthefollowing inequalities where(31) follows from (27) and(17), (32) is a conse-
quenceof (25),and(33)is implied by (27) and(21):

A ey YCA e AL - R
Uo(: A\ : B) ool A) UG Al : B); (31)
D 0; (32)
UGCA e L(A[ B) .
boC: A) Lo(AL B) 33)
If ",(J/;\();)e > L"O(&[[BB)) 13 we calculate
(28) L(A)+e . UG:A e
PB) =" Po(A\ B) = = Pol A\ B) =
(33) L(A[ B) ) L(A[ B)
A E Loare AP e
_ L(A[ B) (29 )
= po(B) Lo(A[ B) L(B):
Thereforewe canassume
L(A)+e  L(ALB) . (34)
Po(A) Lo(A[ B)’
Now we receve
p(B) = 1 p(:B)
(28) po(A\ : B) ) po(: A\ : B)
=1 AWre T UCA) 9 S
(30) . ) UG A e UG:A e ) L(A)+e
= 1 Ug(: A\ : B) e + e Po(A\ : B) oo (A)
(31)-(34) o L(A[ B) , L(A[ B)
1 UGCA\:B)+D 7|—0(A[ B) po(A\ : B) 7'—0(/“\[ B)
(30) L(A[B) @9 .
= po(B) m L(B):
HenceTheoremd is proven. 2

we did not presuppos¢his monotonicity But we canargueasfollows: AssumeLg(A[ B) = 0. Then
Uo(: A\ : B) = 1,thusby (21),U(: A\ : B) = 1.Using(17),wegetU(: A)= Ug(: A\ : B) U(: A)
U(: A\ : B) Ug(: A) = Up(: A), contradicting(22).

13Concerninghe modi ed proof of model2 mentionedabore, notethatdueto (16) this casedoes
notoccur if e= 0.
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6 Concluding Remarks

To start with a topic raisedin Sectionl, consideragain equation(2), that is
L= f Lo, with thestandardassumptiorthat f: [0;1]! [O; 1] is a functionwith
f(0) = 0and f(1) = 1. Alreadyin [2], Proposition5.2, it is shavn that via (2)
every corvex f transfersary givenF-eld Q) = (W A; Lg) to a neighbourhood
O= (W A; L), whichis anF- eld too. But in a strict sensethis neighbourhood
modelis not “appropriate”,sinceby Theoreml, model3, thereis a wealer con-
dition on f doingthe same— namelythe conditionof bi-elasticity The question
ariseswhetherthis requiremenis “appropriate”’instead.Indeed bi-elasticityis
even the wealestassumptioron f ensuringthatvia (1), i.e.L= f p, every
K-function p2 K (W, A) is transferedo an F-neighbourhood = (W A; L), if
we areallowedto vary theunderlyingmeasurablepacg W, A). For this, thereis
aquickargumentjf additionallyit is assumedhatourfunctionsf arecontinuous
on]0; 1[. In this caseit is evensufcient to considerall nite measurablspaces
and,for eachof them,only onecentraldistribution p “testing” equation(1):

Let f be x ed, beingcontinuouson ]0; 1] and having the above-mentioned
propertyof generatind--neighbourhoodgia (1). We restrictoursehesin deriving
condition(4), where,by continuity, it is possibleto assumehatin therey andz
arerationalnumbersy = ¢ andz= lk forO<i j k. Now,forthisk2 IN, we
walk upto the nite measurablepaceW; P(W)) andemploy thecorresponding
classicaluniform probability p = pg ascentraldistribution, generatingria (1) an
F-neighbourhoodD = (W; P(W); L) (cf. Examplel). HenceO is an uniform
F- eld on (W; P(W)), which— accordingto thelastsentencén Examplel —
obeysthechain(14), especiallyits left part. Finally, aneasytransformatiorieads
to thedesirednequalityin (4).

Apartfrom this— last— positive resultgivenhere,mary questionsoncern-
ing therole of bi-elasticitywithin thetheoryof interval probability remainopen.
For example,the conceptof conditionalinterval probability is still debatedsee
[10] or [12] andthereferencesherein).In particular Weichselberges notion of
thecanonicalconcephasthe disadwantageghatsomeconstructiongrenotclosed

w.r.t. the F-praperty. Usingthe correspondingnotationY (Aj B) = % for every

A B2 AwithA BsuchthatY(B) 6 0, whereY canbeaK-functionaswell as
thelower or the upperboundof a probability eld, it is possibleto rephrasesen-
sitively Theorem3, modelsl and2, andTheoremé. Consideringhe outcomejt
perhapsds feasibleto modify thesetheoremsn a way, which is pro table for a
betterunderstandingf the phenomenownf conditionalinterval probability.

Summarizingtheresultspresentedh thisarticlecanbeseernastheformalba-
sisfor joining togetherobuststatisticsandinterval probabilityin its mostexpres-
siveform,i.e.,theconcepbf coherenbr F-probabilitiesThesystematiaevelop-
mentof distortedprobabilitiesshouldbe ableto initiate a variety of applications
in robuststatisticsandbeyond.
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