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Abstract

We extend Buja's conceptof “pseudo-capacities”,which comprisesthe
neighbourhoodmodelsfor classicalprobabilitiescommonlyusedin robust
statistics.Althoughsystematicallydevelopingvariousdirectionsfor general-
izing thatmodel,we especiallyshow thatrobuststatisticscanbefreedfrom
thesevererestrictionto 2-monotonecapacitiesby employing themorenatu-
ral framework of coherentor F-probabilities.Our main new tool for doing
this is to usebi-elasticinsteadof convex functions.
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1 Intr oduction

The major conceptin robust statisticsfor “robustifying” statementsconcerning
classicaldistributions is to constructneighbourhoodsof preciseprobabilities,
which arecalledcentral distributionsin this context. Thereis a famousmethod,
dueto Buja, accommodating,up to now, many of thecorrespondingneighbour-
hoodmodels:Let p besome�x edclassicalprobability, let f : [0; 1] ! [0; 1] bea
functionwith f (0) = 0 and f (1) = 1, andde�ne

L = f � p: (1)

By Denneberg (see[4], p. 17), a setfunction L constructedlike this, is calleda
distortedprobability, if f is increasing.In casef (x) � x, 8x2 [0; 1], L canbeseen
asthe lower boundof an interval probability, which createsa neighbourhoodof
p in thesensethatL(A) � p(A) � U(A) := 1� L(: A) for all eventsA.

Now in robuststatisticsthestandardrequirementconcerningf is to beindeed
convex. Wesuspectthatnobodyknowsareasonablephilosophicalargument,why
this strongassumptionis made.Insteadit seemsto have meremathematicalori-
gins: “Only if f is convex, thenL becomesan algebraicpushover.” We want to
convincethereaderthatnoteventhistechnicalargumentis true.Strictly speaking,
theword “Only” shouldbereplacedby “Not only”.

593



594 ISIPTA ' 03

If f is convex, thenby Buja(cf. [3]) asetfunctionL constructedin accordance
with (1) is calledapseudo-capacity.1 Now everypseudo-capacityis a2-monotone
set function (seeTheorem1, model5, andalso[4], p. 17), and this fact seems
to be the technicaladvantage.But from a philosophicalpoint of view thereare
no visible reasonsto restrict the frameworks of interval probability as well as
of robust statisticsto 2-monotonicity. Insteadit is morenaturalto considerthe
wider classof Walley's coherentprobabilities(cf. [8]), which arecloselyrelated
to F-probabilities in thesenseof Weichselberger(see[10] or [11]).

We will show that the formulation (1) is also useablefor constructingthe
lowerboundL of anF-probability, which is not necessarily2-monotone.For this
we have to weaken theconditionof convexity for f andreplaceit by a new as-
sumption:bi-elasticity.

Justas thereexist 2-monotoneset functionsL, which cannotbe described
by (1) usingconvex functionsf , we,of course,arenotableto producethewhole
classof F-probabilitiesbyonlyemploying thede�nition (1), letting p varyoverall
classicalprobabilitiesand f varyoverall bi-elasticfunctions.But wewill explain
that bi-elasticity is exactly the appropriate requirementwhende�ning F-proba-
bilities via (1) (seeSection6). Moreover, from an algebraicalpoint of view the
generatedsubclassof F-probabilitiesis aseasymanageableasthecorresponding
subclassof 2-monotonesetfunctions,i.e. theclassof pseudo-capacities.

In Section2 we introducethenotionof bi-elasticity. In Section3 a language
for interval probability is �x ed: As far asneeded,we outline Weichselberger's
formal andmethodologicalframework. But this shouldbe no restriction.Since,
in particular, s-additivity (insteadof additivity) of classicalprobabilitiesdoesnot
play any role, theconceptsdevelopedcould alsobe appliedto othertheoriesof
impreciseprobabilities,especiallyto Walley's theory. In Section4 we go into
the detailsof the convex andbi-elasticneighbourhoodmodelsdescribedabove,
resultingin Theorem1. Therewe, in fact,will not usethe phrasingof equation
(1): Sincesometimesit is necessaryto apply methodsof robustnessto interval
probabilityitself2 and,anyway, it isanaturalmathematicaltaskto look for closure
properties,we considerthemoregeneralizedform

L = f � L0; (2)

whereL0 is the lower boundof somegiven interval-valuedcentral distribution.
Learningfrom Theorem1, we alsodealwith a modi�ed versionof it, which is
statedin Theorem2. Its formulationserves,in essence,asamotivationfor Section
5, i.e. for Theorems3 and4, which signi�cantly generalizethe neighbourhood
modelsdevelopedbefore.Section6 is reservedfor concludingremarks.

To give reasonsfor thesuccessive steps,thestructureof this technicalpaper
is ratherheuristic.Hencetheproofsarepostponedrepeatedly— until theproof
of thelasttheorem.

1See[2] for moredetailedinformation.
2See[1], pp.229ff, for adiscussionof this topic.
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2 Convexand Bi-elasticFunctions

What is bi-elasticity? Supposewe concentrateon a function f : [0; 1] ! [0; 1]
with f (0) = 0 and f (1) = 1 andimaginethat threepointsof f 's graph,namely
(x; f (x)) ; (y; f (y)) , and(z; f (z)) with 0 � x < y < z � 1, arestandingin convex
position. Obviously, by this terminologywe meanthat the following local com-
parisonof quotientsof differencesis valid:

f (y) � f (x)
y� x

�
f (z) � f (y)

z� y
: (3)

If this inequalityis globally true, i.e. for all suchx; y; z, we usuallysaythat f is
convex. Now �x x = 0, andlet just y andz vary. Thenit is easilyseenthatwe get
equivalently

f (y)
y

�
f (z)
z

; 8y; zwith 0 < y � z � 1; (4)

i.e. that theaverage of f is increasing. In economicsciencesthis behaviour of f
is calledelastic(e.g.see[5]).

So,what's bi-elasticity?For this new concept(introducedin [9], Chapter6),
let �rst f beelastic,andsecondlysetz= 1 in (3) andlet x andy vary. After simple
transformationsweget

1� f (x)
1� x

�
1� f (y)

1� y
; 8x; y with 0 � x � y < 1; (5)

asanequivalentform, which, in turn, is equivalentto

1� f (1� y)
y

�
1� f (1� x)

x
; 8x; y with 0 < x � y � 1: (6)

Thus,additionally, theconjugatefunctionof f , i.e. x 7! 1� f (1� x), hasto have
decreasingaverage. We summarize:

De�nition 1 Let f : [0; 1] ! [0; 1] with f (0) = 0 and f (1) = 1. Then f is called
1. convex, if (3) holdsfor all x; y; zwith 0 � x < y < z� 1,

2. bi-elastic, if (4) and(6) arevalid. 2

Corollary 1 Let f : [0; 1] ! [0; 1] with f (0) = 0 and f (1) = 1.
1. f is convex iff f ((1� l )x+ l y) � (1� l ) f (x) + l f (y), 8x; y; l 2 [0; 1].

2. f is bi-elasticiff f (l x) � l f (x) andl (1� f (1� x)) � 1� f (1� l x), 8x; l 2
[0; 1].

3. If f is convex, then f is bi-elastic.

4. If f is bi-elastic,then f (x) � x, 8x 2 [0; 1].3 2
Proof. 1.) and2.) canbeshown straightforwardly. For 3.) seeabove, for 4.) puty = x and
z= 1 in (4). 2

3Moreover, every bi-elasticfunctionis monotonein [0; 1] andcontinuousin [0; 1[.
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Figure1: An exampleof abi-elasticfunction f . Bi-elasticityof f canbedescribedequiva-
lently asfollows:For eachpointA= (xA; f (xA)) on thegraphof f , thegraphof f between
0 andxA nowhereis lying above the line between(0; 0) andA, andbetweenxA and1 it
nowhereis lying above theline betweenA and(1; 1).

3 Basic De�nitions of Inter val Probability accord-
ing to Weichselberger

Herewe reportthe main conceptsof Weichselberger's theoryof interval proba-
bility (see[10] or [11]), addingsomeslightmodi�cations.For thefollowing let W
bea �x edsamplespaceandA a �x eds-algebra over W. Hence(W; A) is �x ed
measurablespace.

De�nition 2 A setfunction p: A ! [0; 1] is calleda K-function(classicalproba-
bility) on (W; A), if it satis�estheaxiomsof Kolmogorov. Thesetof all K-func-
tionson (W; A) is denotedby K (W; A). 2

De�nition 3

1. A triple O= (W; A; L) is calledanadjustedO-�eld, if L: A ! [0; 1] is aset
function,which is normed, i.e. L( /0) = 0 andL(W) = 1. The setM (O) =
f p 2 K (W; A) j L(A) � p(A); 8A 2 Ag is calledthestructure of O.

2. An adjustedO-�eld R is called an adjusted R-(probability) �eld , if
M (R ) 6= /0.
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3. An adjustedR-�eld F = (W; A; L) is calledan F-(probability) �eld , if it
satis�estheaxiomL(A) = inf p2M (F ) p(A), 8A 2 A.4

4. An adjustedR-�eld F = (W; A; L) is calledanF0-(probability) �eld , if it
satis�estheaxiomL(A) = minp2M (F ) p(A), 8A 2 A.

5. An adjustedO-�eld (W; A; L) is calleda CA-�eld, if L is 2-monotone, i.e.
L(A) + L(B) � L(A[ B) + L(A\ B), 8A; B 2 A.

6. A CA-�eld is calleda C-(probability) �eld , if it is anF-�eld.

7. A CA-�eld is calleda C0-(probability) �eld , if it is anF0-�eld.

8. A triple (W; A; p) is calledaK-(probability) �eld , if p is a K-function. 2

Since(W; A) is �x ed,everyadjustedO-�eld O= (W; A; L) is determinedby
the“lower bound”L. Subsequentlywe always“associate”the “upperbound”U
of Ovia conjugationof L, i.e.U(:) = 1� L(: :).

SomecommentsonDe�nition 3 areuseful:

� Weichselberger's original de�nition of an R-�eld is that of a quadruple
R = (W; A; L; U) having anon-emptystructureM (R ) = f p 2 K (W; A) j
L(A) � p(A) � U(A); 8A 2 Ag. In this settingneitherL is normedneces-
sarily, nor L andU have to be conjugate,whatboth is not appropriatefor
our purposes.

� In [1], Corollary 2.13, it is shown that every continuousF-�eld is an
F0-�eld. (Hence,in particular, every F-�eld on a �nite measurablespace
has the F0-property.) Since,on the one hand,we don't want to discuss
topologicalfeatureshere,but, on the otherhand,intendto dealwith clo-
surepropertiesconcerningF-�elds aswell asF0-�elds, wedistinguishboth
casesby introducingthesetwo terms.

� It is known thateveryCA-�eld is aC0-�eld, andhenceaC-�eld, in casethe
samplespaceWis �nite. For thegeneralcase,usuallyadditionaltopolog-
ical assumptionsaremadeto enforcetheF-(or F0-)property, in particular,
for de�ning 2-monotonecapacities(cf. [7]). But, asmentionedabove,we
wantto abstainfrom topologicalaspectshere.SotheCA-property, i.e.,es-
sentially, the2-monotonicity of the lower bound,shouldbe consideredas
theextractedpurealgebraicpartof thede�nition of C-(orC0-)�elds. There
aresomeclosureproperties,we want to emphasizelater, only concerning
this algebraicpart.Thereforethede�nitions of CA-, C-, andC0-�elds are
organizedasstated.

4Thede�nitions of adjustedR-�elds andof F-�elds arecloselyrelatedto Walley's avoidingsure
lossandcoherencerespectively (cf. [8]).
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For laterusewerecordthefollowing corollary, whichcanbeprovenstraight-
forwardly.

Corollary 2

1. If O= (W; A; L) is anadjustedO-�eld andU(:) = 1� L(: :), thenM (O) =
f p 2 K (W; A) j p(A) � U(A); 8A 2 Ag.

2. If (W; A; L) is an F- or a CA-�eld, thenL and its conjugateU are mono-
tone, i.e., for Y 2 f L; Ug wehave8A; B 2 A: A � B =) Y(A) � Y (B).

3. If O1 = (W; A; L1) andO2 = (W; A; L2) are adjustedO-�elds, then

L1(:) � L2(:) =) M (O2) � M (O1): 2

As amnemonicdeviceconcerningthede�nitions above,wegetthefollowing
clearpicture:

CA-f. ^ F0-f. ) F0-�eld
m +

K-�eld ) C0-�eld F-�eld ) adj.R-�eld ) adj.O-�eld.
+ *

C-�eld , CA-f. ^ F-f.

4 Convexand Bi-elasticNeighbourhoodModels

For constructingneighbourhoodsof classicalprobabilities,in robust statistics
mainly metricsareusedto de�ne appropriatetopologiesover thespaceK (W;A)
(e.g.see[6]). Herewedonot rely on theterm“neighbourhood”in sometopolog-
ical sense,andthatis why we give thetrivial

De�nition 4 For adjustedO-�elds O0 = (W; A; L0), O= (W; A; L) andaK-func-
tion p, we saythat

� O is aneighbourhoodof O0, if L(:) � L0(:),

� O is aneighbourhoodof p, if O is a neighbourhoodof (W; A; p). 2

Therefore,Ois aneighbourhoodof theK-function p iff simply p is anelement
of the structureof O, andhenceO is an adjustedR-�eld. In general,we have
M (O0) � M (O), if O is a neighbourhoodof O0 (cf. Corollary2, 3.)).

Now we cometo a �rst category of neighbourhoodmodelsmotivatedin Sec-
tion 1. Inspiredby thenotionsof pseudo-capacities(thestartingpoint of our de-
velopments),bi-elastic functions(generalizingconvex functions),and interval-
valuedcentral distributions(including precisecentraldistributionsasa speci�c
case),weget
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Theorem1 (First classof neighbourhoodmodels)Let L0: A ! [0; 1] be a set
function, f : [0; 1] ! [0; 1] a functionwith f (0) = 0 and f (1) = 1, L = f � L0,
O0 = (W; A; L0), andO= (W; A; L). Thenwehave:5

1. If O0 is anadjustedO-�eld, thensois O.

2. If f (x) � x, 8x 2 [0; 1], andO0 is anadjustedR-�eld, thensois O.

3. If f is bi-elastic,andO0 is anF-�eld, thensois O.

4. If f is bi-elastic,andO0 is anF0-�eld, thensois O.

5. If f is convex, andO0 is a CA-�eld, thensois O.

6. If f is convex, andO0 is a C-�eld, thensois O.

7. If f is convex, andO0 is a C0-�eld, thensois O.
Moreover, in thecases2.)–7.)O is a neighbourhoodof O0. 2

Proof. 1.) and 2.) are obvious. For 3.)–7.) seeTheorem2 below.6 The “Moreover”-
statementfollows from Corollary1, 3.) and4.). 2

From now on we concentrateon the most interestingcases,namelyF-, F0-,
CA-, C-, andC0-�elds. Ourgoalis to generalizemodels3–7of Theorem1 in two
steps,which leadsto Theorems2, 3, and4.

The �r st stepis just a small oneandis basedon an elementaryobservation.
Let us for themomentconsidermodel5 of Theorem1: In orderto maintainthe
2-monotonicity, we, in essence,madetwo assumptions:the de�nition of L, i.e.
L = f � L0, andtheconvexity of f . By De�nition 1, 1.), this implies

L(B) � L(A)
L0(B) � L0(A)

�
L(C) � L(B)

L0(C) � L0(B)
; (7)

for all A, B, C 2 A with L0(A) < L0(B) < L0(C). Now it is naturalto suspect
that it doesn't matter, how f is de�ned on [0; 1] n f L0(A) j A 2 Ag. It should
be suf�cient for our CA-modelto presupposethe inequalities(7). Similarly, we
expect that models3 and4 of Theorem1 could be modi�ed analogously:The
correspondinginequalitiesgivenby bi-elasticityare(cf. (4) and(5))

L(A)
L0(A)

=
f (L0(A))
L0(A)

�
f (L0(B))
L0(B)

=
L(B)
L0(B)

;

for all A, B 2 A with 0 < L0(A) � L0(B), and,additionally, usingU0(:) = 1 �
L0(: :) andU(:) = 1� L(: :),

U(B)
U0(B)

=
1� L(: B)
1� L0(: B)

=
1� f (L0(: B))

1� L0(: B)
�

1� f (L0(: A))
1� L0(: A)

=
1� L(: A)
1� L0(: A)

=
U(A)
U0(A)

;

for all A, B 2 A with L0(: B) � L0(: A) < 1, i.e.,equivalently,0< U0(A) � U0(B).
Theseconsiderationsaresummedup in

5Models5–7re�ect theconceptof pseudo-capacities,in caseof aprecisecentraldistribution O0.
6For themoment,we cansaythat6.) is a consequenceof 3.) and5.), and7.) is a consequenceof

4.) and5.), sinceconvexity impliesbi-elasticity(cf. Corollary1, 3.)).
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Theorem2 (Secondclassof neighbourhoodmodels)Let O0 = (W; A; L0) and
O= (W; A; L) beadjustedO-�elds, U0(:) = 1� L0(: :), andU(:) = 1� L(: :).

1. SupposethatO0 is anF-�eld andthat thefollowing two conditionshold:

(a) L(A) � L0(B) � L0(A) � L(B); 8A; B 2 A with L0(A) � L0(B); (8)

(b) U0(A) �U(B) � U(A) �U0(B); 8A; B 2 A with U0(A) � U0(B): (9)

ThenO is anF-�eld, too.

2. SupposethatO0 is anF0-�eld andthatconditions(8) and(9) hold.ThenO
is anF0-�eld, too.

3. SupposethatO0 is a CA-�eld andthat thefollowingconditionholds:7

(L(B) � L(A)) � (L0(C) � L0(B)) � (L0(B) � L0(A)) � (L(C) � L(B)) ;

8A; B; C 2 A with L0(A) � L0(B) � L0(C):
(10)

ThenO is a CA-�eld, too.

4. Supposethat O0 is a C-�eld and that condition (10) holds.ThenO is a
C-�eld, too.

5. Supposethat O0 is a C0-�eld and that condition(10) holds.ThenO is a
C0-�eld, too.

Moreover, in all �ve caseswe have: O is a neighbourhoodof O0, and the
“functional connection”

8A; B 2 A : L0(A) = L0(B) =) L(A) = L(B) (11)

betweenL0 andL is valid. 2
Proof. It is straightforwardthatfrom condition(10)we canderive conditions(8) and(9)
(for (8) putA = /0 in (10),for (9) setC = Win (10)8). Hence,ontheonehand,4.) is adirect
consequenceof 1.) and3.), and5.) is a consequenceof 2.) and3.). On theotherhand,the
“Moreover”-statementcanbededucedfrom (8): By puttingB = W, we get

L(A) � L0(A); 8A 2 A; (12)

which is thestatementthatO is a neighbourhoodof O0. To prove (11), let L0(A) = L0(B).
By (12),wecanassumeL0(B) > 0. But then,two applicationsof (8) leadto L(A) � L0(B) =
L0(A) � L(B) = L0(B) � L(B), thusL(A) = L(B).

Summarizing,wehaveshown all partsof Theorem2 — with theexceptionof its heart:
statements1.), 2.), and3.). For this we refer to Theorem3 below, sincein the situations
of 1.), 2.), and3.) thesetfunctionsL0 andU0 aremonotone(cf. Corollary2, 2.)). To be
complete,we have to prove theadditionalpremise(15) in Theorem3. But this is aneasy
resultof (11) (just setB = W), which is provedalready. 2

7In (10) it' s notsuf�cient to usequotientsasabove,excludingthepossibilitythatthedenominator
is 0.

8We canarguein a mannersimilar to theproof sketch,givenat thebeginningof Section2, where
wededucedbi-elasticityfrom convexity.
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Clearly, themostimportantcaseof Theorem2 is that thecentraldistribution
O0 is someK-�eld (W; A; p0). For thiswegiveanexample,which— historically
— led to all generalizedneighbourhoodmodelspresentedhere.

Example1 Let (W; A) = (Wk; P(Wk)) be a �nite measurablespace,where
jWkj = k 2 IN andP(Wk) is thepowersetof Wk. Weconsidertheconsequencesof
Theorem2for thecaseO0 = (Wk; P(Wk); pk

0), in which pk
0 is theclassicaluniform

probability on (Wk; P(Wk)) , i.e. pk
0(A) = jAj

k , 8A � Wk. Let O= (Wk; P(Wk); L)
besomeadjustedO-�eld. From(11)weconclude

8A; B � Wk : jAj = jBj =) L(A) = L(B); (13)

which meansthat theonly possibility in generatingO asa neighbourhoodof pk
0

with themethodsof Theorem2, we have to restrictourselvesto uniforminterval
probability. Henceweassume(13)andwrite for i = 0; : : : ; k: L(i) = L(A), if i = jAj
for someA � Wk, andconsistentlyU (i) = 1� L(k� i). Additionally, weconcentrate
onconsideringmodels1 and2 of Theorem2, theF- andtheF0-model,whichare
thesame,sinceWk is �nite. Conditions(8) and(9) areequivalentto thechain

L(1)

1
�

L(2)

2
� � � � �

L(k� 1)

k� 1
�

1
k

�
U (k� 1)

k� 1
� � � � �

U (2)

2
�

U (1)

1
: (14)

Therefore,model 1 of Theorem2 says:Every adjusteduniform O-�eld O =
(Wk; P(Wk); L) is anF-�eld — an“uniformF-�eld ” —, if it obeysthechain(14).
In [11], Lemma4.3.5,it is shown overandabove that,that(14) is alsonecessary
for O to beanuniformF-�eld on(Wk; P(Wk)) . 2

Theorem2 is only a veryslight generalizationof themodels3–7in Theorem
1. For example,if condition(10)holds,it alwaysis possibleto constructaconvex
function f : [0; 1] ! [0; 1] with f (0) = 0 and f (1) = 1 suchthat L = f � L0.
Similarly for (8) and(9) ontheonehandandbi-elasticfunctionsde�ned on[0; 1]
on theotherhand.

Theorem2 shouldratherbeseenasa motivationfor Theorem3 given in the
next section.

5 Generalized Convex and Bi-elastic Neighbour-
hoodModels

Theinequalities,workingaspremisesin conditions(8), (9), and(10)donotseem
to beverynatural.For example,in (8) it wouldbeniceto replace“L0(A) � L0(B)”
by “A � B”, sincethen,e.g.,we would have a connectionto conditionalinterval
probability(seeSection6).

Let usformulatethisbig secondstepof generalizingtheneighbourhoodmod-
els,fundamentally�rst presentedin [9], Chapter6:
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Theorem3 (Third classof neighbourhoodmodels,part 1) LetO0 = (W; A; L0)
andO= (W; A; L) beadjustedO-�elds,U0(:) = 1� L0(: :), andU(:) = 1� L(: :).
Assumeadditionallythatwehave9

8A 2 A : L0(A) = 1 =) L(A) = 1: (15)

1. SupposethatO0 is anF-�eld andthat thefollowing two conditionshold:

(a) L(A) � L0(B) � L0(A) � L(B); 8A; B 2 A with A � B; (16)

(b) U0(A) �U(B) � U(A) �U0(B); 8A; B 2 A with A � B: (17)

ThenO is anF-�eld, too.

2. SupposethatO0 is anF0-�eld andthatconditions(16)and(17)hold.Then
O is anF0-�eld, too.

3. SupposethatO0 is a CA-�eld andthat thefollowingconditionholds:

(L(B) � L(A)) � (L0(C) � L0(B)) � (L0(B) � L0(A)) � (L(C) � L(B)) ;

8A; B; C 2 A with A � B � C:
(18)

ThenO is a CA-�eld, too.

4. Supposethat O0 is a C-�eld and that condition (18) holds.ThenO is a
C-�eld, too.

5. Supposethat O0 is a C0-�eld and that condition(18) holds.ThenO is a
C0-�eld, too.

Moreover, in all �ve caseswe have: O is a neighbourhoodof O0, and the
“functional connection”

8A; B 2 A : A � B ^ L0(A) = L0(B) =) L(A) = L(B) (19)

betweenL0 andL is valid. 2

Proof. Let O0 andObeadjustedO-�elds asdenoted.First weprove:

1. (16)=) L(A) � L0(A); 8A 2 A.

2. (16)=)
�
8A; B 2 A : A � B ^ L0(A) � L0(B) =) L(A) � L(B)

�
.

3. (15) ^ (16) ^ (17)=) (19).

9It can easilybe seenthat the modelsdon't work, if we drop this additionalcondition. (15) is
equivalentwith 8A 2 A : U0(A) = 0 ) U(A) = 0, andhencewith

8A 2 A : (8p0 2 M (O0): p0(A) = 0) =) (8p 2 M (O): p(A) = 0);

whichmeansthatO is absolutelycontinuouswith respectto O0.
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For a), just let B = W in (16). For b) assumeA � B andL0(A) � L0(B), whereby
a) w.l.o.g. L0(A) > 0. Togetherwith (16) we get L(A) � L0(A) � L(A) � L0(B) � L0(A) �
L(B), henceL(A) � L(B). For c) suppose(15), (16),(17),A � B, andL0(A) = L0(B), thus
also: B � : A andU0(: A) = U0(: B). By (15),w.l.o.g.we canassumeL0(B) < 1, hence
U0(: B) > 0. Now (17) givesU0(: B) �U(: A) � U(: B) �U0(: A) = U(: B) �U0(: B), thus
U(: A) � U(: B), i.e. L(B) � L(A). Togetherwith b) we infer L(A) = L(B).

Now we give the proof of Theorem3. First it can easily be seenthat (18) implies
(16) and(17) (let A = /0 or C = Win (18)). Therefore,on theonehand,the “Moreover”-
statementis a trivial conclusionof a) andc), and,on theotherhand,4.) is a consequence
of 1.) and3.), and5.) is a consequenceof 2.) and3.).

For 1.) and2.) we referto Theorem4 (seebelow).
So herewe just have to prove 3.), i.e., we have to show that condition(18) transfers

2-monotonicityfrom L0 to L. For this, let (18) be valid and L0 be 2-monotone.Then,
accordingto Corollary2, 2.), L0 is monotone2, andby b) we alsoinfer themonotonicity
of L. Now let A; B 2 A begiven.Wehave to show that

L(A) + L(B) � L(A[ B) + L(A\ B): (20)

If L0(A\ B) = L0(A), thenby (19) L(A\ B) = L(A), hence(20) follows from themono-
tonicity of L. Thuswe assumeL0(A\ B) < L0(A) and,symmetrically, L0(A\ B) < L0(B).
But then,by the2-monotonicityof L0 wehaveL0(A) < L0(A[ B) andL0(B) < L0(A[ B).
Togetherwith (18),we infer for X 2 f A; Bg:

0 � x(X) :=
L(X) � L(A\ B)

L0(X) � L0(A\ B)
�

L(A[ B) � L(X)
L0(A[ B) � L0(X)

= : y(X):

Now, by symmetricreasons,we supposethat y(A) � y(B), hencex(A) � y(B). Finally,
the2-monotonicityof L0 leadsto L(A) � L(A\ B) = x(A) � (L0(A) � L0(A\ B)) � x(A) �
(L0(A[ B) � L0(B)) � y(B) � (L0(A[ B) � L0(B)) = L(A[ B) � L(B), thus(20) holds. 2

Theproof of Theorem3 is not complete,becausemodels1 and2 arewaiting
for veri�cation. Thereasonfor thisis thatwewantto emphasizethatthesemodels
are,in fact, local modelswith respectto the F- andF0-propertyrespectively.10

This is the contentof the following Theorem4, the last onein the sequenceof
theorems.

De�nition 5 Let A 2 A be�x ed.An adjustedR-�eld R = (W; A; L) is called

1. anF(A)-�eld , if it satis�estheaxiomL(A) = inf p2M (R) p(A),

2. anF0(A)-�eld , if it satis�estheaxiomL(A) = minp2M (R) p(A). 2

Thetrivial connectionwith De�nition 3, 3.) and4.), is givenby

Corollary 3 LetR = (W; A; L) beanadjustedR-�eld. Thenwehave:

1. R is anF-�eld iff for all A 2 A, R is anF(A)-�eld.

2. R is anF0-�eld iff for all A 2 A, R is anF0(A)-�eld. 2

10This alsois truefor theF- andF0-modelsin Theorems1 and2.
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Theorem4 (Third classof neighbourhoodmodels,part 2) Let A 2 A be�xed.
LetO0 = (W; A; L0) andO= (W; A; L) beadjustedO-�elds,U0(:) = 1� L0(: :),
andU(:) = 1� L(: :). Assumethat (15), (16),and(17)hold.Thenwehave:

1. If O0 is anF(A)-�eld, thensois O.

2. If O0 is anF0(A)-�eld, thensois O.
Moreover, in both casesO is a neighbourhoodof O0, and the “functional

connection”(19)betweenL0 andL is valid. 2
Proof. The“Moreover”-statementcanbeshown likea)andc) in theproofof Theorem3.
Sowe only have to prove statements1.) and2.),wherewe restrictourselvesto model1.11

For this let all thecorrespondingpremisesbegiven,especiallylet A 2 A be�x edandO0
beanF(A)-�eld. SinceO is aneighbourhoodof O0, we have

L(:) � L0(:) andU0(:) � U(:); andthus M (O0) � M (O): (21)

(HencetheR-propertymovesfrom O0 toO.) Now weconcentrateonproving theF(A)-pro-
pertyof O, whereby (21)w.l.o.g.we assumeL(A) < L0(A). Togetherwith (15)we infer

U(: A) > U0(: A) > 0: (22)

Let e> 0, w.l.o.g.
e< U(: A) � U0(: A): (23)

Wehave to show thatthereexists p 2 M (O) with p(A) � L(A) + e. De�ne

d =
U0(: A)
U(: A)

� e: (24)

Then,by (22),d > 0. SinceO0 is anF(A)-�eld, thereis

p0 2 M (O0) with p0(A) � L0(A) + d: (25)

Togetherwith (22), (23),and(24)we getby easycalculations

0 < U0(: A) � d � p0(: A) � U0(: A) < U(: A) � e � 1: (26)

Therefore

1 �
U(: A) � e

p0(: A)
�

U(: A) � e
U0(: A) � d

=
U(: A)
U0(: A)

; (27)

where(24) is usedfor theequality. In addition,(26) implies that p0(A) and p0(: A) have
positive values,andhenceit is possibleto de�ne theclassicalconditionalprobabilities

p0(: j A) =
p0(A\ :)

p0(A)
and p0(: j : A) =

p0(: A\ :)
p0(: A)

:

Now we let
p(:) = (L(A) + e) � p0(: j A) + (U(: A) � e) � p0(: j : A); (28)

which (using (26)) is a convex combinationof p0(: j A) and p0(: j : A). Hencep is a
well-de�ned K-functionon (W; A). Moreover, we have p(A) = L(A) + e.

To verify that p is an elementof the structureof O, let B 2 A. We have to prove
that p(B) � L(B), wherew.l.o.g.L(B) > 0. But then,by (21) we alsohave L0(B) > 0. In

addition,L0(A[ B) > 0:12 From(16) wederive L(A[ B)
L0(A[ B) � L(B)

L0(B) , thuswith (25),

11Modifying thefollowing argumentsby settinge= d = 0, wealsogetaproof of model2.
12Note that we arenot ableto infer this inequalityfrom L0(B) > 0 by monotonicityof L0, since
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p0(B) �
L(A[ B)
L0(A[ B)

� L(B): (29)

Furthermore,usingtheabbreviation

D = U0(: A\ : B) � p0(: A\ : B) = p0(A[ B) � L0(A[ B); (30)

we get the following inequalities,where(31) follows from (27) and(17), (32) is a conse-
quenceof (25),and(33) is impliedby (27) and(21):

U0(: A\ : B) �
U(: A) � e

p0(: A)
� U(: A\ : B) ; (31)

D � 0; (32)

U(: A) � e
p0(: A)

�
L(A[ B)
L0(A[ B)

: (33)

If L(A)+ e
p0(A) > L(A[ B)

L0(A[ B) ,13 we calculate

p(B)
(28)
= p0(A\ B) �

L(A) + e
p0(A)

+ p0(: A\ B) �
U(: A) � e

p0(: A)

(33)
� p0(A\ B) �

L(A[ B)
L0(A[ B)

+ p0(: A\ B) �
L(A[ B)
L0(A[ B)

= p0(B) �
L(A[ B)
L0(A[ B)

(29)
� L(B):

Therefore,wecanassume
L(A) + e

p0(A)
�

L(A[ B)
L0(A[ B)

: (34)

Now we receive

p(B) = 1 � p(: B)

(28)
= 1 � (L(A) + e) �

p0(A\ : B)
p0(A)

� (U(: A) � e) �
p0(: A\ : B)

p0(: A)

(30)
= 1 � U0(: A\ : B) �

U(: A) � e
p0(: A)

+ D�
U(: A) � e

p0(: A)
� p0(A\ : B) �

L(A) + e
p0(A)

(31)–(34)
� 1 � U(: A\ : B) + D�

L(A[ B)
L0(A[ B)

� p0(A\ : B) �
L(A[ B)
L0(A[ B)

(30)
= p0(B) �

L(A[ B)
L0(A[ B)

(29)
� L(B):

HenceTheorem4 is proven. 2

we did not presupposethis monotonicity. But we canargueasfollows: AssumeL0(A[ B) = 0. Then
U0(: A\ : B) = 1, thusby (21),U(: A\ : B) = 1.Using(17),wegetU(: A) = U0(: A\ : B) �U(: A) �
U(: A\ : B) �U0(: A) = U0(: A), contradicting(22).

13Concerningthemodi�ed proof of model2 mentionedabove, notethatdueto (16) this casedoes
notoccur, if e= 0.
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6 Concluding Remarks

To start with a topic raisedin Section1, consideragain equation(2), that is
L = f � L0, with thestandardassumptionthat f : [0; 1] ! [0; 1] is a functionwith
f (0) = 0 and f (1) = 1. Already in [2], Proposition5.2, it is shown that via (2)
every convex f transfersany given F-�eld O0 = (W; A; L0) to a neighbourhood
O= (W; A; L), which is anF-�eld too. But in a strict sense,this neighbourhood
modelis not “appropriate”,sinceby Theorem1, model3, thereis a weaker con-
dition on f doingthesame— namelytheconditionof bi-elasticity. Thequestion
arises,whetherthis requirementis “appropriate”instead.Indeed,bi-elasticityis
even the weakest assumptionon f ensuringthat via (1), i.e. L = f � p, every
K-function p 2 K (W; A) is transferedto an F-neighbourhoodO= (W; A; L), if
weareallowedto vary theunderlyingmeasurablespace(W; A). For this, thereis
aquickargument,if additionallyit is assumedthatour functionsf arecontinuous
on ]0; 1[. In this caseit is evensuf�cient to considerall �nite measurablespaces
and,for eachof them,only onecentraldistribution p “testing” equation(1):

Let f be �x ed,beingcontinuouson ]0; 1[ andhaving the above-mentioned
propertyof generatingF-neighbourhoodsvia (1).Werestrictourselvesin deriving
condition(4), where,by continuity, it is possibleto assumethat in therey andz
arerationalnumbers:y = i

k andz= j
k for 0 < i � j � k. Now, for this k 2 IN, we

walk upto the�nite measurablespace(Wk; P(Wk)) andemploy thecorresponding
classicaluniform probability p = pk

0 ascentraldistribution,generatingvia (1) an
F-neighbourhoodO= (Wk; P(Wk); L) (cf. Example1). HenceO is an uniform
F-�eld on (Wk; P(Wk)) , which— accordingto thelastsentencein Example1 —
obeysthechain(14),especiallyits left part.Finally, aneasytransformationleads
to thedesiredinequalityin (4).

Apart from this— last— positiveresultgivenhere,many questionsconcern-
ing therole of bi-elasticitywithin thetheoryof interval probabilityremainopen.
For example,theconceptof conditionalinterval probability is still debated(see
[10] or [12] andthereferencestherein).In particular, Weichselberger'snotionof
thecanonicalconcepthasthedisadvantagethatsomeconstructionsarenotclosed
w.r.t. theF-property. UsingthecorrespondingnotationY(A j B) = Y(A)

Y(B) for every
A, B 2 A with A � B suchthatY(B) 6= 0, whereY canbeaK-functionaswell as
thelower or theupperboundof a probability�eld, it is possibleto rephrasesen-
sitively Theorem3, models1 and2, andTheorem4. Consideringtheoutcome,it
perhapsis feasibleto modify thesetheoremsin a way, which is pro�table for a
betterunderstandingof thephenomenonof conditionalinterval probability.

Summarizing,theresultspresentedin thisarticlecanbeseenastheformalba-
sisfor joining togetherrobuststatisticsandinterval probabilityin its mostexpres-
siveform, i.e.,theconceptof coherentor F-probabilities.Thesystematicdevelop-
mentof distortedprobabilitiesshouldbeableto initiate a varietyof applications
in robuststatisticsandbeyond.
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