On the Symbiosisof Two Conceptsof
Conditional Inter val Probability

KURT WEICHSELBERGER
Ludwig-Maximilians-Univesity Munich, Germany

THOMAS AUGUSTIN
Ludwig-Maximilians-Univesity Munich, Germany

Abstract

This paperarguesin favor of the thesisthattwo differentconceptsf con-
ditional interval probability areneededin orderto sene the hugevariety of

tasksconditionalprobability hasin the classicakettingof preciseprobabili-
ties.We comparehecommonlyusedntuitive concepof conditionalinterval

probabilitywith the canonicakonceptandsee,n particular thatthecanon-
ical concepis theappropriateneto generalizeheideaof transitionkernels
to interval probability: only the canonicalconceptallows reconstructiorof

theoriginal interval probabilityfrom the maiginalsandconditionals aswell

asthepowerful formulationof BayesTheorem.
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1 Intr oduction

In the last yearsa comprehensie theory of interval probability hasbeendevel-
opedwhich systematicallygeneralize&olmogoro/'saxiomaticapproacho clas-
sical probability. Justasin Kolmogoro/'s approachthe basicaxiomshave to be
supplementedby appropriateconceptsof independencand by a de nition of
conditionalprobability.

Thegoalof thetheoryof interval probabilityis notonly the creationof meth-
odsfor dealingwith impreciseprobabilitybut alsoa systematione:theestablish-
mentof abodyof de nitions andresultscomparabléo theanalogouglementof
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the classicaltheorywith respecto rigidity andef ciency but with amuchwider
eld of appropriateapplication.

While the systemof axiomsdescribingthe propertiesof probability assign-
mentsis thoroughlydiscussedn [27] (seealso[25] and[26]), thenecessargup-
plementsoncerningndependencandconditionalprobabilityarenotincludedin
thatvolume.A reportsummarizingoasicaspectsesultsin thestatementhatthere
is needfor two differentde nitions of conditionalprobabilityassociateavith dif-
ferentrolesin emplgying interval probability:the intuitive concepif conditional
probabilityandthe canonicalconceptof conditionalprobability ([26]).

Theintuitiveconcepbf conditionalprobabilityis widely usedastheonly gen-
eralizationof classicalkconditionalprobabilityto impreciseprobabilityin general
(for arecentstudyin the context of numericalpossibility theory see[8], section
6). This way of generalizingconditionalprobability wasrigorouslyjusti ed by
Walley [22], who derivedit from coherenceonsiderationbetweergamblesand
contingentgambleslt is almostexclusively usedin statisticalinferencewith im-
preciseprobabilitiesin particularit underliesValley'simpreciseDirichlet model
(cf. [23], seealso,e.g.,[3] and[31]), andit is oftenunderstoodsself-evidentin
robustBayesiannference(e.g.[24], [19]).

Mainly in the areaof arti cial intelligence oftenanotherde nition of condi-
tional interval probability is applied.It datesbackto Dempste10] andhis pro-
posedmethodof statisticalinference.SinceShafer[19] it is often usedisolated
fromits originalmotivationasDempstersrule of conditioning It hasexperienced
mary modi cations,see[30] for acomparisorof differentproposals.

Only very few authorshave arguedin favor of a symbiosisof differentcon-
ceptsof conditionalprobabilities DuboisandPrade11] usetheintuitive concept
for whatthey call “focusing’,andDempstersrulefor “conditioning'.Halpernand
Fagin[12] stressthatthereare differentwaysto understandelief functions,a
factwhich naturallyleadsto differentconceptof conditionalprobability.

Weichselbeger arguesthat the intuitive concepthasto be supplementedby
the canonicalconcept,which in rare situationsproduceghe sameresultasthe
conceptproposedoy DempsterAlthoughin mary situationsthe canonicalcon-
ceptdoesnotqualify for beinginterpretedcasanassignmenof interval probability
itself, it senesastheinevitable bearerof informationfor solvingimportantprob-
lems.Thisis not surprising sinceevenin classicatheoryconditionalprobability
hastwo differentroles:sometimessaninformationof its own value,but in other
casesasatool allowing thederivationof otherquantitiesIn thetheoryof interval
probability canonicalconditionalprobability and canonicalconditionalexpecta-
tion canbe usedfor suchpurposesirrespectve of their quali cation asinterval
probability or asinterval expectation.The relationbetweenthe two conceptsof
conditionalinterval probabilitywith respecto differentsituationss the subjectof
the presentarticle. After introducingbasicrequirementén Section2, in Sections
3 to 6 we comparehe consequences the employmentof eachconceptwith re-
spectto somerelevantaspecf conditioning.Section7 containshe conclusions
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which canbedrawn.

2 BasicConcepts

Every probability measuren the usualsensei.e. every setfunction p(:) satisfy-
ing Kolmogoro/' saxioms,is calleda classicalprobability. The setof all classical
probabilitieson a measurablespace(W. A) will be denotedby K (W, A). Ac-
cordingto [27] axiomsfor interval probability P(;) = [L(:);U(;)] canbeobtained
by describingthe relation betweenthe non-additve setfunctionsL(:) andU(:)
andthe setof classicalprobabilitiesbeingin accordancevith them.Setfunctions
P(G): Al Zo:=1f[L;U]j0O L U 19, A7! P(A) = [L(A);U(A)],withM :=
fp() 2 KMWA)j L(A) p(A) U(A);8A2 Ag6 0 are called R-probability
with structue M . If additionallyinf, .y, p(A) = L(A), and SURy)2m P(A) =
U(A), 8A2 A, hold, thenP(:) is F-probability. (With allowanceto the different
attitudesof Kolmogoror andde Finetti towardss -additivity R-probability mate-
rially correspondso a probability assignmentavoiding sureloss' describedoy
interval limits and F-probability to a “coherent'assignmenby interval limits.)
Thetriple F = (W A;L(:)) is calledanF-probability eld.

A non-emptysubsetV of M is called a prestructue of F = (W A; L(:))
if the following equationshold: inf .y, P(A) = L(A), SURy)2v P(A) = U(A),
8A 2 A. Theconcepbf independenckis introducedoy

De nition 1 LetF = (W A; L(:)) be an F-probability eld with structue M
andlet G, i = 1; 2, bepartitionsof W. ThenG, and G are mutuallyindependent
if thesetM, = fp(:) 2 M j p(A1\ A2) = p(A1) p(A2),8Ai 2 G;i= 1;2gserves
asa prestructue ofthe eld F. 2

In [26] this de nition is illustratedin the caseof a fourfold-table.As also
mentionedthere,apartfrom casedor which at leastone of the maginal prob-
abilities is a classicalprobability, the structureM will alwayscontainclassical
probabilitieswith somedependencef C;, andG,; in theclassicakense.

Theclassicaktoncepibf conditionalprobability canbe generalizedo interval
probabilityin two differentways,generatingpntheonehandtheintuitive concept,
on the otherhandthe canonicalconceptof conditionalprobability, two concepts
with differentpropertiesn mary respects.

1The questionhow to generalizethe notion of independencéasreceied considerablettention
(see,e.g.,[4] for a surney and[13] for a comprehense treatmentin the contet of randomsets).
Recentlyin particularthe conceptof epistemidrrelevanceandindependencentroducedby Walley
[22], have beeninvestigatedn detail (see,amongothers[7], [14], [16], [17], [21], [20]).

In the context studiedherethe mostnaturalde nition is to call two partitionsindependentif the
structureof theunderlyingF-probability eld is generatedby thesetof independentlassicaprobabil-
ities (cf. [25], [26]). Thisway of de ning independenceorrespondso thenotion of strongextension

([41, [6))-
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De nition 2 Let F = (W A; L(:)) be an F-probability eld with structue M,
and C be a partition of Wwhere U(C) > 0, 8C 2 C. With M¢ := fp(:) 2 M j
p(C) > 0Og the intuitive conceptof conditionalprobability is given by de ning
iPc(Aj C) = [iLc(Aj C);iUc(A]j C)], whee

:8A2 A;8C2C:
2

It canbe demonstratethatthis de nition generates conditionalF- eld for
every C with U(C) > 0. The motivation of emplogying the intuitive conceptis
straightforvard: As long asL(C) > 0 it maybeunderstoodisthetransitionfrom
thestructureM to thestructureiMc(:j C) = fp(:j C)j p(:) 2 M g, whichcon-
sistsexactly of all classicalconditionalprobabilitiescorrespondindo elements
of the original structureM . The conditionalinterval expectationof ary gain
function G(:) — de ned for all elementsE of W — thereforeis calculatedas
IE(G(:) j €) = [IL(G(:) j C); iU(G() j O)] = FEH(G()) | p() 2 iMc(:j C)g.

Weichselbeger([25], [26]) arguesthattheintuitive conceptasto be supple-
mentedby a conceptwhichis derived from a canonof desirablepropertiesand
thereforels calledthe canonicalconcepif conditionalinterval probability.

. . . p(A\ C) . . p(A\ C)
iLc(AjC)= inf ;iUc(AjC)= su
O e po A O S o)

De nition 3 LetF = (W, A; L(:)) beanF-probability eld andC bea partition
of Wwhee L(C) > 0, 8C 2 C. Thecanonicalconcepiof conditionalprobability
is givenby Lc(Aj C) := L(L’?‘C)C) andUc(Aj C) := % 8A2 A,8C2 C.
Thecanonicalconcepbf conditionalexpectatiorof thegain functionG(:) for
eadhC2 Cwith L(C) > Oisde nedasE[G(:) j C]:= [L(G(:) j C); U(G(:) j C)]
with L(G(:)j C):= L(‘ﬁ((g; 9 UG(H)jC) = U(ﬁ((g‘)c) and L(G()\ C) =

infom e AG(E) P(E), U(G()\ C) = supom ae AG(E) P(E). 2

Threesimple examplesdemonstratehe differenttypesof conditionalproba-
bility accordingto the canonicalconcept.Eachis constructedrom an F-prob
ability eld on W= E;[ Ex[ E3 with A = P(W), and the same partition
C = (C1;C) with C; = E1[ Ep, C; = Egsis consideredExamplel describes
a constellation(F ; C) with conditionalF-probabilityaccordingto the canonical
concept.

Example 1 AnF-probability eld F () is givenby

P(E1) = [0:10;0:30] P(E1[ E2) = [0:40;0:60]
P(E) = [0:20;0:45] P(E1[ E3) = [0:55;0:80]
P(E3) = [0:40;0:60] P(E2[ E3) = [0:70;0:90]

Becaus@fL(C;) = 0:40,U(C;) = 0:60theconditionalprobability accodingto
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thecanonicalconceptis givenby

Pc(E1j C1) = [0:25;0:50] Pc(E1j C2) = [0]
Pc(Ez2j C1) = [0:50;0:79] Pc(Ezj C2) = [0]
Pc(Ezj C1) = [0] Pc(Esj Co) = [1]

It is easilyseenthat in this caseboth conditional probability elds are F-prob-
ability. In addition the resultsmay be compaed with thosefrom applying the
intuitive concept:

iPc(E1j C1) = [0:182;0:600] iPc(E1j C2) = [0]
iPc(E2 j C1) = [0:400;0:818 iPc(E2j C2) = [0]
iPc(Ezj C1) = [O] iPc(E3j C2) = [1] 2

It canbe shavn thatinterval limits resultingfrom theintuitive conceptcannot
be narronver thanthosearisingfrom the canonicalone(cf., e.g.,[22], p. 301).In
generalffor all C 2 C, iPc(Ei j C) % Pc(E; j C) holds.Both conceptscoincideif
themamginalsconsistof classicaprobabilities? Example2 shovs a constellation
(F ; ©) for which the conditionalprobability accordingto the canonicalconcept
possesseR-qualitybut not F-quality.

Example2 TheF- eld F @ is givenby

P(E1) = [0:10;0:25] P(E1[ E2) = [0:40;0:60]
P(E2) = [0:20;0:40] P(E1[ E3) = [0:60;0:80]
P(E3) = [0:40;0:60] P(E2[ E3) = [0:75;0:90]

Theconditionalprobability accoding to the canonicalconceptowreadsasfol-
lows:

Pc(E1 j C1) = [0:250;0:417] Pc(E1j C2) = [0]
Pc(Ez j C1) = [0:500;0:667] Pc(Ezj Co) = [0]
Pc(Ezj C1) = [0] Pc(Ezj C2) = [1]

Thefact,thatLc(E1j C1) + Uc(E2j C1) 6 1andLc(Ezj C1)+ Uc(E1jC) 6 1
malesit clear, that Pc(: j Cy1) is not F-probability. On the otherhandthe assign-
mentpc(E1j C1) = 0:4, pc(E2j C1) = 0:6, pc(Esj C1) = 0:0 is an elemenbf
thestructue of this eld: Thecanonicalconcepthere producesanR- eld, but not
anF- eld. Againtheintuitive conceptproducesan F-probability- eld with wider
interval limits: iPc(Ez j C1) = [0:200;0:556 andiPc(E2 j C1) = [0:444;0:800Q
completedy the sametrivial intervallimits asin Examplel. 2

Example3 describes constellatiorfor which canonicakonditionalprobabil-
ity hasnotevenR-quality; sinceit containgntervalsfor whichL > U holds.

2For an attractve examplefor this specialsituationseethe nonparametrigredictive inference
discussedh [2].
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Example3 TheF- eld F @ is giventhrough

P(Ey) = [0:16;0:18] P(E1[ E) = [0:40;0:60]
P(E2) = [0:22;0:42] P(E;[ Es) = [0:58;0:78]
P(E3) = [0:40;0:60] P(E2[ Es) = [0:82;0:84]

The canonicalconceptproduces:Pc(E; j C1) = [0:40;0:30] andPc(E2 j C1) =
[0:55;0:70] and the sametrivial interval limits astheforegoing examplesSince
Lc(E1j C1) > Uc(Ezj Ci), it is impossibleto nd K-functionsin accodance
with the interval limits: A structue doesnot exist. Concerningthe intuitive con-
cept,there are no problems:iPc(E1 j C1) = [0:276;0:45(] and iPc(E2 j C1) =
[0:550;0:724]. 2

It is obvious thatin a caselike this the outcomeof the canonicalconcept
cannotbeinterpretedasintenal probabilityin the usualsenseln orderto allow
the employmentof the word probability, the usageof this expressionhasto be
extended.

De nition 4 Givena samplespaceW anda s-eld A of randomeventsin W,
P(A) = [L(A); U(A)], 8A2 A, is namedO-probability, if 0 L(A);U(A) 1,
8A2 A. 2

P(A),A2 A, neednotbeintervals,L(A) maybelargerthanU (A). It will beshovn

in the following sectionsthat the canonicalconceptproducesesultswhich are
bearersof importantinformation,eventhey do not qualify for beinginterpreted
asR-probabilityor asinterval expectation.

3 Independenceand Conditional Probability

In the classicaltheory mutualindependencef two partitionsC, and G, canbe
characterizetyy

P(AL] A2) = p(A1); 8A1L2 G5 8A22 Gt p(A2) 6 O (1)

If the intuitive conceptof conditionalinterval probability and the de nition of
independencalongthelinesof De nition 1 areapplied,this appealingoroperty
doesnot hold in general.This factled to theintroductionof the notionsof epis-
temicirrelevanceandepistemicindependencéseethe referencesn footnotel),
which usevariantsof (1) to de ne independence.

In contrast,(1) extendsto interval probability if the canonicalconceptof
conditionalprobability is employed (andL(A2) 6 0). Accordingto De nition 1
L(A1\ A2) = L(A1) L(A2) andU(A1\ Az) = U(A1) U(A2) hold. Thisleadsto

Theorem1 If F = (W A; L(?)) is an F-probability eld andC, G A are
partitionsof W, the statements) andb) are equivalent:
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1. PCZ(Alj A))=P(A); 8A12C;A2G : L(A2) 8 0.
2. G and G, are mutuallyindependent. 2

It is, therefore,in this caseguaranteedhat the canonicalconceptproduces
conditionalF-probability elds. Ontheotherhand:Sincetheinterval limits of the
intuitive conceptare generallywider thanthat of the canonicalone,in the case
of mutualindependencéPg,(A1jA2) % P(A1) mustbe expected Employing the
modelof double-dichotomyhis phenomenoiis demonstrateth Exampled.

Example4 LetF = (W, A; L(:)) bean F-probability eld withW, = E1[ Ez|
E3[ Eq, A= P(W4) and

P(Ey) = [0:08;0:21] P(E1[ E) = [0:20;0:30]
P(E») = [0:06;0:18] P(E1[ Es) = [0:40;0:70]
P(E3) = [0:28;0:49] P(E1[ E4) = [0:33;0:66]

P(E4) = [0:21;0:48]

(Theremainingcomponentsf this F- eld follow fromL(A)+ U(: A) = 1;8A2

A.) Let two partitions be givenby G, = (A1;: A1), whee A; = (E1[ Ez), and
G = (A2, A2), whee A, = (Ey[ E3). By meansof a four-fold table indepen-
denceof G andG, is directlycontwolled:

P(E1)=[0:08;0:21] P(E1)=[ 0:06;0:18] | P(E1[ E2)=[0:20;0:30]
P(E3)=[0:28;0:49] P(E4)=[ 0:21;0:48] | P(E3[ E4)=[ 0:70;0:80]
P(E1[ E3)=[0:40;0:70] P(E2[ E4)=[ O:30;0:60]| P(Ws)=[ 1]

L(E1[ Es)= maxL(E1) + L(E4);1 U(E2) U(E3)=0:33
U(E1[ Ed)=min(U(Ey) + U(Es):1 L(E2) L(Eg3)) =0:66:

Thecanonicalconcepiof conditionalprobability produces:
Le,(A1j A)= Lo, (Erl E2j Eal Es)= 2 ps= §98=0:20= L(E1[ E»)
Uc,(A1 A2)=Ug,(Ex[ Ez] Exl Es)= gz, = 620= 030=U (Ex[ E2):

Theintuitive concepteadsto

iLg,(A1j Az)=infy P(E1j Ex[ Es) = gpa 5= 0:140< 0:20
iUg, (A1 j A2)=supy P(E1j Erl Es)= gaang=0:429> 0:30; >
The conclusionfrom theseresultsis evident: If it is of importancethatin the

caseof mutualindependenceonditionalandmaminal probabilityareequal then
thecanonicakoncepibf conditionalprobabilitymustbe employed.
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4 Updating with Conditional Probability

TheessentiahspectEoncerningipdatingby meansof conditionalinterval prob-
ability alreadybecomeclearin the simplecaseof two statesA; andAp, andtwo
(or later, three)possiblediagnosesB; andB; (andlater, B3). If the overall prob-
ability is givenby anF- eld F = (W, P(W); L(?)) with jW = 4, onehas

P(A1\ B1)=[L11;U11] P(A1\ Bp)=[L12; U1z P(A1)= [L1:; U]
P(A2\ B1)=[L21;Uz1] P(A2\ Bp)=[ L22; U P(A2)=[L2:;; Uz]
P(B1)=[L:1; U] P(B2)=[L2;Uz2] | P(Wa)=[1]

While the prior probabilityof stateA; is givenby P(A1), updatingin caseof diag-
nosisB; produceghe conditionalprobabilityof (A1\ B;1) givenB;. If morethan
two diagnosesrepossible,t is importantto ensurethatthe procesof updating
is associatie: Doesstepwiselearninglead to the sameresult as instantaneous
learning?n the caseof classicabrobabilitytheansweris af rmati ve.

An F-probability eld F = (W, P(W); L(:)) with jW = 6is givenby:

P = P(A\ B;
Piu P2 | Ps | Pz | Pu FI,IJ = PEAi)' iJ=)1' 2
Par P2 | Pos | P | P2 where Pj:=P(Bj); j=123
Ps:= P(A\ (B1[ Bp)
P, P, | Ps | P 1 s
SR ) ‘ 's ‘ '3 ‘ (1] Pe-= P(By[ By)

andin ananalogousvay for L andU.

Letinstantaneoukearningimmediatelytransfertheinformationfrom Wto B,
while stepwisdearningleadsfrom Wto B1[ B, andfrom thereto B;. A method
of updatingcanonly beacceptedif the nal resultis equalin bothcases.

For theintuitive conceptit is sufcient to remembethatfor classicalproba-
bility theequationp(Aj By) = % is valid. Thisis notonly thereason,
why associatiity holdsfor updatingwith the classicalconditionalprobability; it
alsomeansthatiM (:j B1) = p(:j B1)j p(:) 2iM (:j By[ B2) mustbetrue
and updatingwith the intuitive conceptof conditionalprobability produceshe
sameresultsfor instantaneouandfor stepwisdearning.

With respecto thecanonicakoncepthe rst stepof information(“B1[ B2")

produceghe conditionalprobability eld with thefollowing interval limits:

L, Un o L1z Unp Lis. Uis
L:S' U:S L:S, U:S L:S, U:S
I—:S’ U:S I-:S, U:S I—:S, U:S

I—:1_ l-J:l I-:2_ U:2

==; == ==; == 1
L:S U:S L:S U:S []
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The secondstepof information(“By”) leadsto theinterval limits ¢ : g2 = i,
Ld—?sl : % = Ld—lll which arethe sameasif theinformation“B;” hadbeengivenat
once. Thereforethe canonicalconceptsatis esthe necessargonditionfor rea-
sonableupdatingaswell.

It may be concludedthat in principle eachof the two conceptscanbe em-
ployedfor updating.Sincethe intuitive conceptguaranteethe F-propertyof the

outcomeit shouldbe preferredunderusualcircumstances.

5 Transfer of Information

The idea of conditional probability often is employed in designingnew mod-
els,combiningmaiginal probabilityderivedfrom onesourceof information,with
conditional probability gainedfrom anothersource.ln particularthe theory of
Markov chainsrelieson this principle: The dynamicevolution is completelyde-
scribedby specifyinganinitial distributionanda matrix of transitionprobabilities,
consistingof the conditionalprobabilitiesto reacha statei givenstatej.

A necessargonditionfor thequali cation of any concepbf conditionalprob-
ability with respecto suchtransferobviously is the possibility to reconstructain
F-probability eld by meansof maminal probability and conditional probabil-
ity. It wasdemonstratedh [26], that this reconstructiomeednot be possibleif
theintuitive concepts employed: differentF- elds may be equalwith respecto
mauginal probabilityandto intuitive conditionalprobabilityfor a certainpartition.
This phenomenoris quite commonfor the intuitive conceptTherearevery rare
borderlinecasesvhereit is possibleto determineanF- eld uniguelyby meansof
mauginal probabilityandthe respectie intuitive conditionalprobability.

Ontheotherhand,reconstructiorof anF-probability eld usingthemaiginal
probability of a partition togetherwith the canonicalconditional probability is
practicablejf asocalledlaminar constellationn thefollowing senses given.

De nition 5 i) (A_; Ay) is nameda supportof the F-eld F = (W A;L())
with structue M, if the setof equations:L(A) p(A);8A 2 AL; and p(A)
U(A);8A 2 Ay; is sufcient to determindVl .

ii) A constellation(F ; C), consistingof an F-eld F = (W A;L(:)) and
a partition C of W, is nameda laminar constellation if there exists a support
(AL; Ay) of F, sothatfor each A2 A_[ Ay oneof thetwo following conditions
is satis ed:

2.9C2C:A C. 2

Thisde nition characterizesonstellationswhereall informationaboutthestruc-
tureM — andthereforeaboutF itself — is containecbnly in themaginal prob-
ability on C or in eventswhich aresubset®f singleelementsf the partition.
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If laminarityof theconstellationis given,reconstructiomf theoriginal F- eld
by meansf mamginal probabilityof C andthecanonicakonditionalprobabilities
for all C 2 C s possiblejrrespectve of the quality of the canonicalconditional
probabilities,sincefor eachA satisfyingconditiona) the interval limits are de-
terminedby the marginal probability andfor eachA satisfyingconditionb) the

interval limits areto be reconstructedby L(A) = Lc(Aj C) L(C) = % L(C)

andU(A) = Uc(Aj C) U(C) = g u(©).
The reconstructiorof an F- eld using conditional O-probability is demon-
stratedn Example5 for a samplespaceof size3.

Example5 LetanF-eld F = (Ws; P(Ws); L(:)) begivenby:
P(Ep) = [0:16;0:21] P(Ep) = [0:22;0:42] P(E3) = [0:40;0:6Q]:

The partition C= (Cy; Cp) with C; = E3[ Ez and C; = Eg leadsto P(Cy) =
[0:40;0:60Q], P(Cy) = [0:40;0:60Q]. It is obvious,that this is a laminar constella-
tion: E; andE obey conditionb), Es satis esconditiona). Theinterval limits of
conditionalprobability accoding to the canonicalconceptare:

Lc(Elj C1)= 0:40 Uc(Elj C1)= 0:35
Lc(Ezj C1)= 0:55 Uc(Ezj C1)= 0:70
Le(BEzjCo)=1 Uc(Esj C2)=1:

Therefore Pc(E; j C1) = [0:40;0:35], Pc(E2 j C1) = [0:55;0:70] is anassignment
which cannotbe interpretedas a generlization of classicalprobability, but it is
usefulfor reconstructing-:

L(E1)= Lc(Elj Cl) L(Cj_) =0:40 0:40=0:16
U (E1)= Uc(Elj Cj_) U (C1)= 0:35 0:60=0:21
L(E2)= Lc(Ezj Cl) L(Cj_) =0:55 0:40=0:22
U (E2)= Uc(Ezj Cj_) U (C1)= 0:70 0:60=0:42
L(E3)= Lc(Egj Cz) L(Cz) = 1 0:40=0:40
U (E3)= Uc(Eg j C2) U (C1)= 1 0:60=0:60:

Becauseof the laminarity of the constellation(F ; C) theseinterval limits are
sufcient to reconstruct . 2

The Theoremof Total Probabilitycanbe formulatedas

Corollary 1 If (F; C) is a laminar constellationthe F- eld F is uniquelyde-
terminedby the mamginal probability eld for C andby the canonicalconditional
probability elds resultingfor eahC 2 C, irr espectiveftheF- or R-or O-quality
of theconditional elds. 2
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Thisresultallows interpretations:

1. If the conditionalprobabilitiesdo not posses$--(R-)quality therecannot
be any setof conditional F-(R-)probabilitieswhich allows to reconstruct
thegivenF- eld throughthe givenmaminal F-probability

2. If theproces®f matchinga givenmaiginal F-probabilitywith givencanon-
ical conditionalsresultsin a eld notpossessing-(R-)quality it is impos-
sibleto nd anF-(R-) eld with this marginal andwith theseconditionals.

Therefore,the resultsof transferof information from one modelto anotherto
someextentcanbeforeseen:

1. If Pc(:j :) describesan F- eld, matchingwith mamginal F-probability al-
waysproducesanF- eld.

2. If Pc(:j :) describesaanR- eld, matchingwith mamginal F-probabilitypro-
duceseitheranF- eld or anR- eld which doesnot possesshe F-quality.

3. If Pc(:j :) doesnot t to anR- eld, nothingcanbe predictedaboutquality
of theoutcome|f it is matchedwith maminal F-probability

6 The Theorem of Bayes

TheTheorenof Bayeds animportantresultof classicaprobabilitytheory While
it is of highestsigni cance for ary subjectvistic school,even the objectiistic
view sometimesnds conditions,underwhichit is legitimateto accepta certain
prior informationwhich is describedy classicalprobability. On the otherhand
eventhesubjectvist cannotdery thatin mostpracticallyrelevantcaseghechoice
of aparticularclassicabrior is atleasthighly debatable.

Thereforethis is a situationinviting to proposethe employmentof interval
probability. If a successfutransferof the Theoremof Bayesinto the theory of
interval probability canbe achiesed, a strongargumentfavouring the ef ciency
of this theoryis presented. Ambiguity, however, — distinguishinginterval and
classicalprobability — doesnot obey to thoselaws which are the basisof the
Theoremof Bayesin the classicaktheory It shouldthereforenot be expectedthat
the roles of this theoremin classicalprobability andin generalizedprobability
arethesameReferenceo the obviouslimitationsfor theef ciency of particular
typesof thistheoremhave beengivenonly recently([29], [1]).

In classicalprobability the Theoremof Bayesresultsfrom the propertiesof
the conceptof conditionalprobability Thereforeit hasto be expectedthatin the

3The Theoremof Bayesandthe problemof computingposteriorprobabilitiesor posteriorexpec-
tationsis afrequentsubjectin literaturedealingwith generalizegbrobability:In his fundamentabook
[22], Walley dervedthe GeneralizeBayesRule', which alsois usedin therobustBayesiarapproach
(seef.i., [5], [24], [15], [18)).
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theoryof interval probabilitytherole of conditionalprobability— andespecially
of theconcepemployed— provesto bedecisve. Thetransitionfrom prior prob-
ability to posteriomprobability necessarilgonsistof two steps:

1. Derivationof anF-probability eld for which the prior is mamginal proba-
bility andthe conditionalprobabilityis given.

2. Derivationof conditionalprobabilityrelative to the actualobsenation.

For the rst stepthe methodto be appliedin caseof intenval probability is
obvious: Marginal probability and conditionalprobability (dueto the canonical
concepthaveto becombinedoy meansf theCartesiarproductof two structures.
ThisgeneratetheproductrulesL(A\ Z) = L(A) L(AjZ) andU(A\ Z) = U(A)
U(Aj Z). In Example6 this procedurds demonstratechtroducinga specialcase
of double-dichotomyvhichwill beemployedin all of the examplesto come.

Example 6 LettheF- eld describingthe probability for a dichotomyof statesof
nature be givenby P(Z;) = [0:2; 0:3], P(Z2) = [0:7;0:8], and the probability of
the outcomeof a certain trial in caseof stateZ; be givenby the F- eld P(A1 j
Z3) = [0:6;0:7], P(A2 ] Z1) = [0:3;0:4] in caseof stateZ, by the F- eld P(Aq j
Zy) = [0:1;0:2], P(A2 ] Z2) = [0:8;0:9]. Interpreting the r st of the three elds
as maginal probability and the two othels as conditional probability accoding
to the canonicalconceptone arrives at the following component®f an F- eld
describingthe combinedprobability of the statesand outcomes:

P(Ar\ Z1)=[0:12;0:21] P(Ax\ Z1)=[ 0:06;0:12]| P(Z1)=[0:2;0:3]

P(A1\ Z)=[ 0:07;0:16] P(A2\ Z2)=[0:56;0:72]| P(Z2)=[0:7;0:8]
P(A1) P(A2) | P(Wa)=[ 1]

Thisis partial determinate~-probability and the processof normal completion
hasto be employedn order to calculatethe component$?(A;) and P(A2). In
the presentsituationtheresultsare gainedeasily: Let p(Z;1) = a bea K-function
belongingto the structue of the prior probability, p(A1j Z1) = b and p(A1 j
Z,) = c beK-functionsbelongingto the structuresof two marginal probabilities.
Theefore: 022 a 03;06 b 07, 01 c¢ 0:2 Thepossiblevaluesof
a b produceP(A;\ Z;), thoseof (1 a) c produceP(A1\ Z») andthe values
ofa b+ (1 a) cproduceP(A;). It is easilycontrolled, thata= 0:2, b= 0:6,
¢ = 0:1 renderthe minimumofa b+ (1 a) c, sothatL(A;) = 0:20 results,
anda= 0:3, b= 0:7, c= 0:2 renderU(A;) = 0:35. Sincean F- eld possesses
conjugateinterval limits, onearrives for A; = : Ay at L(Ap) = 0:65, U(Ap) =
0:80. Thelastline of thetableabovereads:

P(A1) = [0:20;0:35] P(A2) = [0:65;0:80] P(Wy) = [1]:

Theresultsof the procedue describedare thosecomponentsf the combined--
eld which arerelevantwith respecto posteriorprobability. Thecomponentstill
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lacking would be calculatedin an analogousmanneyfor instanceP[(A1\ Z3) [
(A2\ Z3)] = [0:76;0:86). 2

While the canonicalconceptis inevitable for stepl, thereis a possibility to
choosebetweerthe conceptsasfar asstep2 is concernedthe calculationof the
posteriorprobability for eachobsenation. The decisionin favour of theintuitive
concepis quitecommonandpromisessomeremarkableadvantages:

1. TheF-quality of the posteriomprobabilityis guaranteed.

2. The structureof this F- eld canbeinterpretedasthe Cartesiarproductof
the structuresf themaiginal probabilityandof the conditionalF-prokabi-
lity belongingto theactualobsenation.

On the other hand, use of the canonicalconceptincludesthe risk that the
outcomecannotbeinterpretedasa generalizatiorof a classicalprobability, since
theresultingintervalsdo notde ne astructure.

It is thereforeadvisableto calculateposteriorprobability by meansof thein-
tuitive conceptjf this posteriorconstitutegheonly and nal goalof theanalysis.
However, in thefollowing it will bedemonstratedhattherearegoodreasongor
the oppositedecision,if the posteriorprobabilityis to be employedasa basisfor
furtheranalysis.Two situationswill be considered:

1. Theposteriomprobabilityof onetrial is usedasprior probabilityfor another
trial whichis independentrom the rst one.

2. The posteriorprobability is the basisof a decisionbetweendifferentac-
tions.

As to the r st of the two aspectsin classicaltheoryit is seenasone of the
mostimportantmerits attributed to the employmentof Bayes'theoremthat the
transitionfrom the prior probability to the posterioris a de niti ve one: After the
trial theposteriortakesovertherole of theprior. If anext trial isindependenfrom
the rst onethe posteriorof the formertrial, therefore,is the prior of the next.
Obviously the following mustbe seenas a substantiakriterion for a successful
transferof Bayes'theorento interval probability: Theresultshaveto bethesame,
whethetwo mutuallyindependenirials arecombinedo onetrial, or the posterior
of the rst oneis usedas prior for the secondone. It canbe shovn thatthese
requirementsaremet, providedthatthe Theoremof Bayesis executedby means
of the canonicalconceptof conditionalprobability. For brevity the proofwill be
limited to the caseof two statesof natureandtwo possibleobsenations.

Proposition1 Let(Z;1; Z2) bea dichotomyof the statesof nature with the prior
F-probability givenby P(Z1) = [L; U].

A r sttrial with possibleoutcomeA; or A; is characterizedy F-probabilities
givenby P(A1 j Z1) = [l11; u1a], P(A1 j Z2) = [l21; up1]. A secondtrial which



Weichselbeger & Augustin: Conceptof Conditionallnterval Probability 621

is independenfrom the r st one has the outcomesB; and B,. Theruling F-
probabilitiesare givenby P(B1 j Z1) = [l12; u12], P(B1j Z2) = [l22; ugp]. If in the
Theoemof Bayesthe canonicalconceptof conditional probability is employed,
atrial which originatesfroma combinationof theobservation#\. andB. rendes
thesameposteriorprobability astheprocedue, in which theposteriorprobability
ofthe r sttrial is takenasprior probability for thesecondne 2

For the proof of this propositionit is sufcient to shav thatboth procedureproducethe
sameprobabilitycomponent®(Aj\ Bj\ Z:) andP(A;\ Bj), sincethe nal probabilityis
derived from theinterval limits of thesecomponentsThe demonstratiomwill be givenfor
P(Al\ B]_\ Zr), r=1, 2,andP(A1\ Bl).

1. In caseof acombinedrial, becausef mutualindependencef thetrials onearrives
atP(A1\ B1jZy) = [l11 ligiunn Un2], P(A1\ B1j Zp) = [la1 l22; U1 Upo] and
togetherwith the maiginal probability of the statesof nature:P(A1\ B1\ Z3) =
11 li2 Ljuia ugp U], P(AL\ Bi\ Zp) = [lgg l22 (1 U)jupr uze (1 L))
Thesetwo componentaresufcient to calculateP(A;\ By).

2. If the rst trial is executedseparatelyconditionalprobabilityandmaiginal probabil-
ity produceP(A\ Z3) = [l11 L;u1n U], P(Ar\ Zp) = [lza (1 U)juza (1 L)].
Thecomponenbf theunionof theseavents is designatedby P(A;) = [L1; U1]. The
posteriomprobabilityof the rst trial in caseof obserationA; — whichwill beused
asprior for thgsecondrigl — is de ned by thecanonicakonglitionalprobabilityas
P(ZyjA) = b Y p(z;)A) = w; %11") . Hence conditional
to A; the probability-componentgr the obseration By, of the secondrial readas
P(B1\ Z1j A1) = I]‘ZIEAL, Uz uuU P(B1\ ZpjAg) = I22 |21(1 U) U2z UztlJ(l DI
In orderto arrive at the componentsof theeventsA;\ By \ Zl andAl\ B\ 2o,
canonicakonditionalandmaiginal probabilitymustbe combined:

L(AL\ B1\ Z1) = L(B1\ Z1j A1) L(A) = 2t 1y =15 I, L,

U(A1\ B1\ Z1) = U(B1\ Z1j A1) U(A) = 9§28 Up= g upp U

and correspondingroceduredor Z,. Both componentsare equalto thoseresult-
ing from the combinedtrial andconsequenthaswell P(A;\ B;) asthe canonical
conditionalprobability arealike: Both methodgproducethe sameposterior 2

In Example? this equivalences demonstrateth the caseof the F-probability

eld introducedn Example6.

Example7 For the prior probability and the conditional probability of
Example6 the posteriorprobability — de ned by the canonicalconceptresults
as

P(ZijA) = 325 92 = [0:60;0:60]
P(ZpjA) = 395 818 = [0:35;0:46]:

These two components can be interpreted as R-pmobability, since
p(Z1jA1) = 0:60, p(Z2 ] A1) = 0:40, is a K-function in accodance with all

4Theappropriatenethodof calculationis demonstrateih Example6.
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interval limits. It will be seenthat despitethe lack of F-quality this assignment
canbeusedasa prior for a next trial. Let

P(B1j Z1) = [0:7;0:9] P(B2j Z1) = [0:1; 0:3]
P(B1j Z2) = [0:2;0:4] P(B2j Z2) = [0:6; 0:8]:
Combinedwith the new prior producedby observationA:

P(By\ Z1j A))=[0:42;0:54 P(B,\ Z1j Ay)=[ 0:06;0:18]| P(Z1 j A1)=[ 0:60;0:60]
P(B1\ Zj A)=[0:07;0:184 P(B,\ Z»j A1)=[ 0:21;0:37]| P(Z» j A1)=[ 0:35;0:46]

In order to calculate componentsf the absoluteprobability, the component
P(A1) = [0:20;0:35] accoding to Example6 hasto be multiplied — which is
executedbnly for theeventsproducedby observatiorB; :

L(A7\ By\ Z4) = 0:42 0:20= 0:084 U(A1\ B1\ Z3) = 0:54 0:35= 0:189
L(A7\ By\ Zp) = 0:07 0:20= 0:014 U(A1\ B1\ Zp) = 0:184 0:35= 0:064

If, on the other hand,the mutuallyindependenctials wete combinedthe com-
ponentof A;\ By wouldbe:

P(A1\ B1]Z1)
P(A1\ B1j Z»)

[0:6 0:7;0:7 0:9]
[0:1 0:2;0:2 0:4]

[0:42;0:63]
[0:02;0:08]:

With respecto the mamginal probability P(Z1) = [0:2; 0:3], P(Z2) = [0:7; 0:8] the
outcomeof thecombinedrial is partially describechy the components

P(A1\ B1\ Z3)
P(A1\ B1\ Zo)

[0:42 0:2;0:63 0:3]
[0:02 0:7;0:08 0:8]

[0:084;0:189
[0:014;0:064]

demonstating the conformityof the two procedueswith regard to probability of
the observations. 2

It shouldbe notedthatthe proceduredescribedn Propositionl anddemon-
stratedin Example7 is not a meretransferof the proceduregustomaryin clas-
sicaltheory The posteriorprobability resultingfrom the rst trial is conditional
probabilityrelative to theactualobsenation.Prior probabilityis alwaysmamginal
probability, hencetotal probability, not a conditionalone. Thereforetotal proba-
bility hasto be reconstructedy meansof the maiginal componenof the actual
obsenationin the rst trial. This stepdoesnot in uence the resultin classical
theory— andis left outtherefore— but it is inevitablefor interval probability!

Concerninghe decision-thecetic approach it hasbeenshavn recently([1])
that with regardto the optimizationof decisionsin the generalcaseof interval
probabilitythe Theorenof Bayes— atleastasfarasit employstheintuitive con-
cept— doesnotrendemwhatits counterparfor classicabprobabilityrendersthat
theBernoulli-optimalactionwith respecto theposterioiprobabilitygeneratedby
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theactualobsenationproduceghe correspondindpranchof the optimaldecision
function. Hencethe so called "Main Theoremof BayesianDecisionAnalysis'
doesnot hold for interval probability.

It canbedemonstratethatin thegenerakaseof interval probability this phe-
nomenonis inevitable— beyondall questionsaboutthe methodologyof Bayes'
theoremln classicaltheorythe branchof a decisionfunction attributedto a cer
tain obsenation producesan expectedgain not dependingon the circumstances
relatedto the otherpossibleobsenations.Thereforethis expectationcanbe com-
pareddirectly with thoseof respectie branchedelongingto other— competing
— decisionfunctions,atask,whichis achievzedeasilyvia the Theoremof Bayes.

In presencef ambiguity the situationis different: If the expectedgain of a
decisionfunctionis calculatedgachof the partialsumsgeneratedby anobsena-
tion canbein uenced by circumstancewhich originally referto ary of the other
possibleobsenations.Thids arule of thumbfor decisionfunctions:

Classicaprobability— only theactualobsenationcounts.

Interval probability— all possibleobsenationscount.

Example8, relatedto Examplest and7, shaws: If two gainfunctionsdiffer
only for obsenation Ay, neverthelesghe contritution of obsenation A; to the
interval expectatiorof thetotal gainmaybein uenced by this difference.

Example 8 Z;, Z, are two statesof nature and A1, A, are two possibleobser
vations,wheie the mamginal probability P(Z1), P(Z2) and the canonicalcondi-
tional probabilitiesP(A1 j Z1), P(A2j Z1), P(A1] Z2), P(A2j Z2) are givenin
Examplel. Remembethatfor K-functionsof therespectivestructuies
P(Z1) =& p(AjZi)=b; p(AjZ)=c

theintervallimits are givenby

02 a 03 06 b 07, 01 c¢ 02
Thestructue of theresultingF- eld thenconsistsof K-functionswith the compo-
nentsgivenby

p(A1\ Z1)=a b p(A2\ Zy)=a (1 h) ‘ p(Z1) = a
P(A1\ Zo)=(1 @) c  p(A\Z)=(1 a) (1 ¢ p(Z)=1 a
p(Ar)=ab+(1 ac p(A)=a(l b+(1 a (1 ¢ | p(Ws)=[1]

producingtheintervalllimits of thesecomponentsas
P(A1\ Z;)=[0:12;0:21] P(A2\ Z1)=[0:06;0:12] ‘ P(Z1)=[0:2;0:3]

P(A1\ Zo)=[0:07;0:16) P(Ax\ Z5)=[0:56;0:72 | P(Zp)=[0:7;0:8]
P(A1) = [0:20;0:35] P(A2) = [0:65;0:80] | P(Wj) = [1]

A r stdecisionfunctionD1(:) is characterizedby thefollowing gains

D1(A1\ Zj_) =4 Dj_(Az\ Zl) =6
D1(A1\ Zz) =8 Dl(Az\ Zz) =2
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Theexpectedgaine(D1(:)) for a K-functiondescribedoy a, b andc is givenas
e(D1(})) = 4ab+8(1 a)c+6a(l b)+2(1 a)(l c=2+2a2 b 3c)+6c:

Sinceg(D1(:)) isminimalfor a= 0:2,b= 0:7,c= 0:1andE(D1(:)) = [3:0; 3:68].
For everyK-function,e(D1(:)) canbedividedinto thetwo branches:e(D1(})) =
e(D1(:)\ A1) + Da(:)\ Az) whee

e(D1(:)\ A) = dab+ 8(1 a)c; e(D1()\ Ap) = 6a(l b)+2(1 a)(l o):

With respecto the rolesof the two branchesin determininge(D1(:)) they have
to be evaluatedin the sameway as e(D1(:)) itself, i.e., usinga= 0:2, b= 0.7,
¢ = 0:1 to producethe two parts of L(D1(:)) = 3:0: L (D1(:)\ A1) = 1:20,
L (D1(:)\ Ap) = 1:80, anda= 0:3, b= 0:6, c = 0:2 to producethe respective
partsof U(D1(:)) = 3:68: U (D1(:)\ A1) = 1:84,U (D1(:)\ Ap) = 1:84. Asfar
ascomparisonsvith otherdecisionfunctionsare concernedthe branch of D4(:)
determinedytheobservatiorA; thereforeis representedby [1:20; 1:84]. Nowlet
a secondiecisionfunctionDy(:) begivenby

D2(A1\ Zj_) =4 D2(A2\ Zl) =3
D2(A1\ Zz) =8 D2(A2\ Zz) =2

Thisleadsto
e(D2(})) = 4ab+ 8(1 a)c+3a(l b)+2(1 a)(l c)=2+a(l+b 6¢)+ 6C

andthisis minimalfor a= 0:2,b= 0:6, c= 0:1 andmaximalfora= 0:3, b= 0:7,
c = 0:2, producingE(D2(:)) = [2:8;3:35]. If this interval expectationis divided
into thetwo branchesgenertedby the observatiorof A; and A, onearrivesat

e(D2(:)\ A = dab+ 8(1 a)c; e(Da()\ A))=3a(l b)+2(1 a)(l o

togetherwith the resultsfor a= 0:2, b= 0:6, c= 0:1: L (D2(:)\ A7) = 1:12,
L (D2(:)\ A2) = 1:68, andfora= 0:3,b= 0:7,c= 0:2: U (D2(:)\ A1) = 1:96,
U (Dz(:)\ A2) = 1:39.

There are two striking ndings:

1. U (D2() \ A)) < L (D2(:) \ Ap). Obviously L (D2(:)\ A2) and
U (D2(:)\ A2) may not be confoundedwith the lower and upper in-
terval limits for the expectationof Do(:)\ Ay, which can be calculated
as L(D2(:)\ Ap) = 1:39 (producedby a= 0:3, b= 0:7, c = 0:2) and
U(D2(:)\ Az) = 1:68 (producedbya= 0:2, b= 0:6, c= 0:1). In thecase
of decisionfunctionD(:) therefore that constellatiorof K-functionswhich
leadsto the maximale(D2(:)), resultsin the smallestpossiblevalue of
e(D2(:)\ Ap), andthat constellationwhich minimizese(D(:)), happens
to maximizethevalueof e(D2(:)\ Ap).
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2. L (D2(:)\ A1) 8 L (D1(:)\ A1) and U (D2(:)\ A1) 6 U (D1(:)\ Ag).
Bothintervallimits describingthecontributionof branch A; to theexpected
gain are differentfor decisionfunctionD1(:) and decisionfunctionDx(:)
— althoughall of the data describingbranch A; are equalfor both deci-
sionfunctions.Thedifferencesbetweerthe contributionsof branch A; are
causedy differencesconcerninghe gainsin caseof observatiomA,. 2

This phenomenomemonstratethe impossibility of qualifying the contribu-
tion of the branchattributedto theactualobsenationonly by thecircumstancesf
this obsenation without consideratiorof datarelatedto other possibleobsena-
tions.In interval probability a decisionfunction canonly bejudgedor compared
with othersas a whole — not piecavise for eachbranchseparatelyAny kind
of Theoremof Bayes,however, basests calculationof the posteriorprobabil-
ity only uponthe circumstancesf the actualobsenation— irrespectve of the
circumstanceselatingto otherobsenations.Thereforeno posterior probability
containsenoughinformationto qualify a branchof a decisionfunctionin com-
parisonwith the correspondindpranche®f competingdecisionfunctions.

Thesituationis different,if theproblemconsidereds characterizethy avery
specialtype of gain function: Gainsdifferentfrom zeroare supposedo be pos-
sible only if the actualobsenationis A;. ThereforedecisionfunctionsD(:\ :)
areadmissiblefor competitiononly if satisfyingthe requirement©(A;\ Z;) =
0; 8i & 1,8j. In this casethe expectedtotal gain andthe expectedgain for the
branchA; are identical for every K-function: e(D(:)) = &D(:)\ Az). Conse-
guentlythefollowing relationshold: L (D(:)\ Az) = L(D(;)) andU(D(:))\ Ap) =
U(D(:)). While at rst thisassumptiorseemso bevery unrealisticjts systematic
applicationto every actualobsenation A; — insteadof A; — generates strat-
egy which obviously is suboptimalin the generakcase but maybe understoods
a kind of approximationto the optimal stratgy: For eachactualobsenation A;
thatactionD(:)\ A; is chosenwhich is bestw.r.t. [L(D(:)\ A); U(DG)\ A)],
irrespectve of all obsenationswhich could have beenmadeandthe gainswhich
would have beenpossiblejf this obsenationshadoccured.

This strateyy is much simpler than that foundedon the completedecision
function.lt is animitation of the proceedingn classicalprobability. In Example
9it is demonstratedsingthe dataof Example8.

Example 9 In the caseof observationA; for thebranch D1(A1\ Z1) = Da(Ax\
Z3) = 4,D1(A1\ Z1) = D2(A1\ Z») = 8thedecisiveinterval-expectations given
by
L(D1(:)\ Ap) = L(D2(:)\ Ap) = 1212 (a= 0:2;b= 0:6;c= 0:1)
U(D1(:)\ A1) = U(D2(:)\ Ap) = 1196 (a= 0:3;b= 0:7;c= 0:2):
In caseof observationAy: For D1(A2\ Z1) = 6, D1(A2\ Z») = 2 onearrivesat
L(D1(:))\ Ap) = 1:64 (a= 0:2;b= 0:7;c= 0:2)
U(D1(:)\ A2) = 1.98 (a= 0:3;b= 0:6;c= 0:1);
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for D2(Az\ Z1) = 3,Da(A2\ Zp) = 2

L(D2(:))\ A2) = 1:39 (a= 0:3;b= 0:7;c= 0:2)
U(D2(:)\ Ap) = 1:68 (a= 0:2;b= 0:6;c= 0:1): 2

Two remarksareuseful:

Expectationsbelongingto differentobsenationsare basedon contradictory
assumptionsThereforethey arenot suitablefor beingcombined.

Comparisorof actionswhich are characterizedy meansof interval expec-
tation dependson the attitude of the decision-makr towardsambiguity It may
be describedoy the choiceof hL(G) + (1 h)U(G),0 h 1, asthedecisve
guantity Sinceit canbe understoodthat the larger value of gain G alwaysis
preferredh is interpretedasa measuref caution.

Becausef the goal of this sectionit is askedwhethera posteriorprobability
generatedy the Theoremof Bayescanbe employedin calculatingthe expecta-
tion[L(D(:)\ A1); U(D(:)\ A1)] produceddy theactualobsenationA;.

Using againthe dataof Example9 it will be demonstratedn Example10
thatwith respecto thattype of Theoremof Bayes,which employs the intuitive
concepif conditionalprobability, the answetto this questiormustbe negative.

Example 10 Theintuitive conditionalprobability iP(Z1 j A1), iP(Z2 j A1) obvi-
ouslyis determineddyil (Z1 j A1) = n’\1/in iU(Z1j A1) = n'1v|ax

with

ab a
ab+(1 a)c’ ab+(1 a)c

M =fpapc(:);02 a 03;06 b 07,01 ¢ 02g

It is easilyseenthattheminimumis producedoya= 0:2, b= 0:6,c= 0:2andthe
maximunby a= 0:3, b= 0:7, c= 0:1. Theresultingi-conditional F-probability
eld is givenby iP(Z1j A1) = [0:429;0:750, iP(Z2 j A1) = [0:250;0:571]. The
i-conditional expectationof the gain function producedby the decisionfunction
D(:) = D1(:) = D2(:) with D(A1\ Z1) = 4, D(A1\ Zp) = 8is determinedy

iL(D(:) j A1) = 0:750 4+ 0:250 8= 5
iU(D() j A1) = 0:429 4+ 0:571 8= 7:429

To achievetheinterval-expectationof D(:)\ Az, conditionalexpectationrmustbe
combinedwith the correspondingcomponenbf marginal probability: P(A;7) =
[0:20;0:35]. TheeforeiL (D(:)\ A1) =5 0:20,iU(D(:)\ A1) = 7:429 0:35and
iIE(D(:)\ A1) = [1:00; 2:60] insteadof thetrue interval expectationascalculated
in Example9: E(D(:)\ A1) = [1:12;1:96]. Like in other situations,employment
of theintuitive conceptgeneatesa lossin sharpnessftheresult. 2

If, however, the canonicalconceptis applied,the conditionalexpectationof

thegainproducedy thedecisionfunctionD(:) for theohsenationAs, dueto the

de nition describedn Section2, readsasE(D(:) j A1) = L(?((Z\l)Al); U(B((}lz;*l)
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Combinedwith the componenfL(A1); U(A1)] of the mamginal probability this
conditional expectationproducese(D(:)\ A1) = [L(D()\ A1); U(D()\ A1),
dueto the simpli ed optimalstrateyy, asit wasdescribedabore (Examplell).

It is, therefore justi ed to usethe designation Interval Bayes-Stratgy' for
the methodof selectingin caseof obsenationA; thatactionwhich produceghe
largestexpectedyain— judgedby meansf theindividual caution— with respect
to the posteriomprobabilitygeneratedby the Theorenmof Bayeswith thecanonical
concepif conditionalprobability.

Example 11 Becauseof E(D(:)\ A1) = [1:12;1:96] (Example9) and P(Az) =
[0:20;0:35] (Example8), the conditional expectationresultsas L(D(:) j A1) =
2 U(D() j A) = 532 or E(D(2) j A1) = [5:60;5:60]. Thequality of theresult
is not affectedby thefact, that this interval possessdengthzeo. 2

Hence,useof the canonicalconceptallows the Interval Bayes-Stratgy, dis-
tinguishedfrom the stratgy baseduponthe optimal decisionfunction only by
neglectingary information concerningobsenationswhich did not occur If the
omissionof such’counterfctualinformation' is acceptedn principle, the Inter-
val Bayes-Stratgy mustberegardedasoptimal.

7 Conclusions

This papercontributesto the questionof de ning conditionalinterval probability
appropriately A symbiosisof the intuitive andthe canonicalconceptof condi-
tional probability is proposedresultingin recommendationghich of the con-
ceptsshouldbe usedfor whatpropose.

The resultsof Sections3-6 canfor shortbe interpretedto favour the em-
ploymentof the intuitive conceptin ary situationwhereconditionalprobability
is seenasagoalin itself, thereforein updatingwhetherit is achieveddirectly or
by meansof the Theoremof Bayes:the nal resultshouldbe describedby the
intuitive concepibf conditionalprobability.

The canonicalconceptprovesto be superioralwayswhenconditionalprob-
ability is usedasatool for furtheranalysis.This appliesto the transferof infor-
mationfrom onemodelto anotherandto the derivationof a posteriomprobability
by meansof the Theoremof Bayes,if this posterioris employedasprior for an
independentrial, or asbasisfor decisionsetweerpossibleactions Additionally
this conceptproducesa Theoremof Total Probability and the consisteng with
maminal probabilityin the caseof independencasde ned by strongextension.

While the intuitive conceptguaranteeshat its outcomedescribingthe nal
resultof ananalysisalwayscanbeinterpretedasinterval probabilityor asinterval
expectation,it is possiblethat the outcomeof the canonicalconcept,which is
employed as a tool for further calculations,doesnot possesshe F- or even R-
quality, resp.,the quality of interval expectation,without loss of usefulnessan
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obviousanalogyto therole of comple« numbersn algebra.
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