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Abstract

This paperarguesin favor of the thesisthat two differentconceptsof con-
ditional interval probabilityareneeded,in orderto serve thehugevarietyof
tasksconditionalprobabilityhasin theclassicalsettingof preciseprobabili-
ties.Wecomparethecommonlyusedintuitiveconceptof conditionalinterval
probabilitywith thecanonicalconcept,andsee,in particular, thatthecanon-
ical conceptis theappropriateoneto generalizetheideaof transitionkernels
to interval probability: only the canonicalconceptallows reconstructionof
theoriginal interval probabilityfrom themarginalsandconditionals,aswell
asthepowerful formulationof BayesTheorem.
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1 Intr oduction

In the last yearsa comprehensive theoryof interval probability hasbeendevel-
opedwhichsystematicallygeneralizesKolmogorov'saxiomaticapproachto clas-
sicalprobability. Justasin Kolmogorov'sapproach,thebasicaxiomshave to be
supplementedby appropriateconceptsof independenceand by a de�nition of
conditionalprobability.

Thegoalof thetheoryof interval probabilityis notonly thecreationof meth-
odsfor dealingwith impreciseprobabilitybut alsoasystematicone:theestablish-
mentof abodyof de�nitions andresultscomparableto theanalogouselementsof
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theclassicaltheorywith respectto rigidity andef�ciency but with a muchwider
�eld of appropriateapplication.

While the systemof axiomsdescribingthe propertiesof probability assign-
mentsis thoroughlydiscussedin [27] (seealso[25] and[26]), thenecessarysup-
plementsconcerningindependenceandconditionalprobabilityarenotincludedin
thatvolume.A reportsummarizingbasicaspectsresultsin thestatementthatthere
is needfor two differentde�nitions of conditionalprobabilityassociatedwith dif-
ferentrolesin employing interval probability:theintuitiveconceptof conditional
probabilityandthecanonicalconceptof conditionalprobability([26]).

Theintuitiveconceptof conditionalprobabilityis widely usedastheonlygen-
eralizationof classicalconditionalprobabilityto impreciseprobabilityin general
(for a recentstudyin thecontext of numericalpossibility theory, see[8], section
6). This way of generalizingconditionalprobability wasrigorously justi�ed by
Walley [22], who derivedit from coherenceconsiderationsbetweengamblesand
contingentgambles.It is almostexclusively usedin statisticalinferencewith im-
preciseprobabilities:In particular, it underliesWalley'simpreciseDirichlet model
(cf. [23], seealso,e.g.,[3] and[31]), andit is oftenunderstoodasself-evidentin
robustBayesianinference(e.g.[24], [18]).

Mainly in theareaof arti�cial intelligence,oftenanotherde�nition of condi-
tional interval probability is applied.It datesbackto Dempster[10] andhis pro-
posedmethodof statisticalinference.SinceShafer[19] it is often usedisolated
from its originalmotivationasDempster'srule of conditioning. It hasexperienced
many modi�cations,see[30] for acomparisonof differentproposals.

Only very few authorshave arguedin favor of a symbiosisof differentcon-
ceptsof conditionalprobabilities.DuboisandPrade[11] usetheintuitiveconcept
for whatthey call `focusing',andDempster'srulefor `conditioning'.Halpernand
Fagin [12] stressthat therearedifferentways to understandbelief functions,a
factwhichnaturallyleadsto differentconceptsof conditionalprobability.

Weichselberger arguesthat the intuitive concepthasto be supplementedby
the canonicalconcept,which in raresituationsproducesthe sameresultas the
conceptproposedby Dempster. Although in many situationsthecanonicalcon-
ceptdoesnotqualify for beinginterpretedasanassignmentof intervalprobability
itself, it servesastheinevitablebearerof informationfor solvingimportantprob-
lems.This is not surprising,sinceevenin classicaltheoryconditionalprobability
hastwo differentroles:sometimesasaninformationof its own value,but in other
casesasatool allowing thederivationof otherquantities.In thetheoryof interval
probability canonicalconditionalprobabilityandcanonicalconditionalexpecta-
tion canbe usedfor suchpurposes,irrespective of their quali�cation asinterval
probabilityor asinterval expectation.The relationbetweenthe two conceptsof
conditionalintervalprobabilitywith respectto differentsituationsis thesubjectof
thepresentarticle.After introducingbasicrequirementsin Section2, in Sections
3 to 6 we comparetheconsequencesof theemploymentof eachconceptwith re-
spectto somerelevantaspectof conditioning.Section7 containstheconclusions
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whichcanbedrawn.

2 BasicConcepts

Every probabilitymeasurein theusualsense,i.e. every setfunction p(:) satisfy-
ing Kolmogorov'saxioms,is calledaclassicalprobability. Thesetof all classical
probabilitieson a measurablespace(W;A) will be denotedby K (W;A). Ac-
cordingto [27] axiomsfor interval probabilityP(:) = [L(:);U(:)] canbeobtained
by describingthe relationbetweenthe non-additive set functionsL(:) andU(:)
andthesetof classicalprobabilitiesbeingin accordancewith them.Setfunctions
P(:): A ! Z0 := f [L;U] j 0 � L � U � 1g, A 7! P(A) = [L(A);U(A)], with M :=
f p(:) 2 K (W;A) j L(A) � p(A) � U(A); 8A 2 Ag 6= /0 are called R-probability
with structure M . If additionally inf p(:)2M p(A) = L(A), andsupp(:)2M p(A) =
U(A), 8A 2 A, hold, thenP(:) is F-probability. (With allowanceto thedifferent
attitudesof Kolmogorov anddeFinetti towardss-additivity R-probabilitymate-
rially correspondsto a probabilityassignment̀avoiding sureloss' describedby
interval limits andF-probability to a `coherent'assignmentby interval limits.)
Thetriple F = (W;A;L(:)) is calledanF-probability �eld.

A non-emptysubsetV of M is called a prestructure of F = (W; A; L(:))
if the following equationshold: inf p(:)2V p(A) = L(A), supp(:)2V p(A) = U(A),
8A 2 A. Theconceptof independence1 is introducedby

De�nition 1 Let F = (W; A; L(:)) be an F-probability �eld with structure M
andlet Ci , i = 1; 2, bepartitionsof W. ThenC1 andC2 aremutuallyindependent,
if thesetMI = f p(:) 2 M j p(A1 \ A2) = p(A1) � p(A2), 8Ai 2 Ci ; i = 1; 2g serves
asa prestructureof the�eld F . 2

In [26] this de�nition is illustratedin the caseof a fourfold-table.As also
mentionedthere,apartfrom casesfor which at leastoneof the marginal prob-
abilities is a classicalprobability, the structureM will alwayscontainclassical
probabilitieswith somedependenceof C1 andC2 in theclassicalsense.

Theclassicalconceptof conditionalprobabilitycanbegeneralizedto interval
probabilityin two differentways,generatingontheonehandtheintuitiveconcept,
on theotherhandthecanonicalconceptof conditionalprobability, two concepts
with differentpropertiesin many respects.

1The questionhow to generalizethe notion of independencehasreceived considerableattention
(see,e.g., [4] for a survey and [13] for a comprehensive treatmentin the context of randomsets).
Recently, in particulartheconceptsof epistemicirrelevanceandindependence,introducedby Walley
[22], havebeeninvestigatedin detail(see,amongothers,[7], [14], [16], [17], [21], [20]).

In the context studiedherethe mostnaturalde�nition is to call two partitionsindependentif the
structureof theunderlyingF-probability�eld is generatedby thesetof independentclassicalprobabil-
ities (cf. [25], [26]). This way of de�ning independencecorrespondsto thenotionof strongextension
([4], [6]).
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De�nition 2 Let F = (W; A; L(:)) be an F-probability �eld with structure M ,
and C be a partition of W where U(C) > 0, 8C 2 C. With MC := f p(:) 2 M j
p(C) > 0g the intuitive conceptof conditionalprobability is given by de�ning
iPC(A j C) = [iLC(A j C); iUC(A j C)], where

iLC(A j C) = inf
p(:)2MC

p(A\ C)
p(C)

; iUC(A j C) = sup
p(:)2MC

p(A\ C)
p(C)

;8A 2 A; 8C 2 C:

2

It canbedemonstratedthat this de�nition generatesa conditionalF-�eld for
every C with U(C) > 0. The motivation of employing the intuitive conceptis
straightforward:As long asL(C) > 0 it maybeunderstoodasthetransitionfrom
thestructureM to thestructureiMC(: j C) = f p(: j C) j p(:) 2 M g, whichcon-
sistsexactly of all classicalconditionalprobabilitiescorrespondingto elements
of the original structureM . The conditional interval expectationof any gain
function G(:) — de�ned for all elementsE of W — thereforeis calculatedas
iE(G(:) j C) = [iL(G(:) j C); iU(G(:) j C)] = f Ep(G(:)) j p(:) 2 iMC(: j C)g.

Weichselberger([25], [26]) arguesthattheintuitiveconcepthasto besupple-
mentedby a concept,which is derivedfrom a canonof desirableproperties,and
thereforeis calledthecanonicalconceptof conditionalintervalprobability.

De�nition 3 LetF = (W; A; L(:)) beanF-probability �eld andC bea partition
of Wwhere L(C) > 0, 8C 2 C. Thecanonicalconceptof conditionalprobability
is givenby LC(A j C) := L(A\ C)

L(C) andUC(A j C) := U(A\ C)
U(C) , 8A 2 A, 8C 2 C.

Thecanonicalconceptof conditionalexpectationof thegainfunctionG(:) for
eachC 2 C with L(C) > 0 is de�nedasE[G(:) j C] := [L(G(:) j C); U(G(:) j C)]
with L(G(:) j C) := L (G(:)\ C)

L(C) , U(G(:) j C) := U(G(:)\ C)
U(C) and L(G(:) \ C) =

infp2M å E� A G(E) � p(E), U(G(:) \ C) = supp2M å E� A G(E) � p(E). 2

Threesimpleexamplesdemonstratethedifferenttypesof conditionalproba-
bility accordingto the canonicalconcept.Eachis constructedfrom an F-prob-
ability �eld on W = E1 [ E2 [ E3 with A = P(W), and the samepartition
C = (C1; C2) with C1 = E1 [ E2, C2 = E3 is considered.Example1 describes
a constellation(F ; C) with conditionalF-probabilityaccordingto thecanonical
concept.

Example1 AnF-probability �eld F (1) is givenby

P(E1) = [0:10;0:30]
P(E2) = [0:20;0:45]
P(E3) = [0:40;0:60]

P(E1 [ E2) = [0:40;0:60]
P(E1 [ E3) = [0:55;0:80]
P(E2 [ E3) = [0:70;0:90]

Becauseof L(C1) = 0:40,U(C1) = 0:60theconditionalprobabilityaccordingto
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thecanonicalconceptis givenby

PC(E1 j C1) = [0:25;0:50]
PC(E2 j C1) = [0:50;0:75]
PC(E3 j C1) = [0]

PC(E1 j C2) = [0]
PC(E2 j C2) = [0]
PC(E3 j C2) = [1]

It is easilyseenthat in this caseboth conditionalprobability �elds are F-prob-
ability. In addition the resultsmay be compared with thosefrom applying the
intuitiveconcept:

iPC(E1 j C1) = [0:182;0:600]
iPC(E2 j C1) = [0:400;0:818]
iPC(E3 j C1) = [0]

iPC(E1 j C2) = [0]
iPC(E2 j C2) = [0]
iPC(E3 j C2) = [1] 2

It canbeshown thatinterval limits resultingfrom theintuitiveconceptcannot
benarrower thanthosearisingfrom thecanonicalone(cf., e.g.,[22], p. 301).In
generalfor all C 2 C, iPC(Ei j C) %PC(Ei j C) holds.Both conceptscoincideif
themarginalsconsistof classicalprobabilities.2 Example2 showsaconstellation
(F ; C) for which theconditionalprobabilityaccordingto thecanonicalconcept
possessesR-qualitybut notF-quality.

Example2 TheF-�eld F (2) is givenby

P(E1) = [0:10;0:25]
P(E2) = [0:20;0:40]
P(E3) = [0:40;0:60]

P(E1 [ E2) = [0:40;0:60]
P(E1 [ E3) = [0:60;0:80]
P(E2 [ E3) = [0:75;0:90]

Theconditionalprobabilityaccording to thecanonicalconceptnowreadsasfol-
lows:

PC(E1 j C1) = [0:250;0:417]
PC(E2 j C1) = [0:500;0:667]
PC(E3 j C1) = [0]

PC(E1 j C2) = [0]
PC(E2 j C2) = [0]
PC(E3 j C2) = [1]

Thefact, thatLC(E1 j C1) + UC(E2 j C1) 6= 1 andLC(E2 j C1) + UC(E1 j C1) 6= 1
makesit clear, that PC(: j C1) is not F-probability. On theotherhandtheassign-
mentpC(E1 j C1) = 0:4, pC(E2 j C1) = 0:6, pC(E3 j C1) = 0:0 is an elementof
thestructureof this �eld: ThecanonicalconcepthereproducesanR-�eld, but not
anF-�eld. AgaintheintuitiveconceptproducesanF-probability-�eld with wider
interval limits: iPC(E1 j C1) = [0:200;0:556] and iPC(E2 j C1) = [0:444;0:800]
completedby thesametrivial interval limits asin Example1. 2

Example3 describesaconstellationfor whichcanonicalconditionalprobabil-
ity hasnotevenR-quality, sinceit containsintervalsfor whichL > U holds.

2For an attractive examplefor this specialsituationseethe nonparametricpredictive inference
discussedin [2].
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Example3 TheF-�eld F (3) is giventhrough

P(E1) = [0:16;0:18]
P(E2) = [0:22;0:42]
P(E3) = [0:40;0:60]

P(E1 [ E2) = [0:40;0:60]
P(E1 [ E3) = [0:58;0:78]
P(E2 [ E3) = [0:82;0:84]

Thecanonicalconceptproduces:PC(E1 j C1) = [0:40;0:30] andPC(E2 j C1) =
[0:55;0:70] and thesametrivial interval limits as theforegoingexamples.Since
LC(E1 j C1) > UC(E1 j C1), it is impossibleto �nd K-functionsin accordance
with the interval limits: A structure doesnot exist. Concerningthe intuitive con-
cept, there are no problems:iPC(E1 j C1) = [0:276;0:450] and iPC(E2 j C1) =
[0:550;0:724]. 2

It is obvious that in a caselike this the outcomeof the canonicalconcept
cannotbe interpretedasinterval probability in theusualsense.In orderto allow
the employmentof the word probability, the usageof this expressionhasto be
extended.

De�nition 4 Givena samplespaceW and a s-�eld A of randomeventsin W,
P(A) = [L(A); U(A)], 8A 2 A, is namedO-probability, if 0 � L(A); U(A) � 1,
8A 2 A. 2

P(A), A2 A, neednotbeintervals,L(A) maybelargerthanU(A). It will beshown
in the following sectionsthat the canonicalconceptproducesresultswhich are
bearersof importantinformation,even they do not qualify for beinginterpreted
asR-probabilityor asinterval expectation.

3 Independenceand Conditional Probability

In the classicaltheorymutual independenceof two partitionsC1 andC2 canbe
characterizedby

p(A1 j A2) = p(A1); 8A1 2 C1; 8A2 2 C2 : p(A2) 6= 0: (1)

If the intuitive conceptof conditionalinterval probability and the de�nition of
independencealongthelinesof De�nition 1 areapplied,this appealingproperty
doesnot hold in general.This fact led to the introductionof thenotionsof epis-
temic irrelevanceandepistemicindependence(seethereferencesin footnote1),
whichusevariantsof (1) to de�ne independence.

In contrast,(1) extendsto interval probability if the canonicalconceptof
conditionalprobability is employed(andL(A2) 6= 0). Accordingto De�nition 1
L(A1 \ A2) = L(A1) � L(A2) andU(A1 \ A2) = U(A1) �U(A2) hold.This leadsto

Theorem1 If F = (W; A; L(:)) is an F-probability �eld and C1, C2 � A are
partitionsof W, thestatementsa) andb) areequivalent:
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1. PC2(A1 j A2) = P(A1); 8A1 2 C1; A2 2 C2 : L(A2) 6= 0.

2. C1 andC2 aremutuallyindependent. 2

It is, therefore,in this caseguaranteedthat the canonicalconceptproduces
conditionalF-probability�elds. Ontheotherhand:Sincetheinterval limits of the
intuitive conceptaregenerallywider thanthat of the canonicalone,in the case
of mutual independenceiPC2(A1jA2) % P(A1) mustbe expected.Employing the
modelof double-dichotomythisphenomenonis demonstratedin Example4.

Example4 Let F = (W; A; L(:)) bean F-probability �eld with W4 = E1 [ E2 [
E3 [ E4, A = P(W4) and

P(E1) = [0:08;0:21]
P(E2) = [0:06;0:18]
P(E3) = [0:28;0:49]
P(E4) = [0:21;0:48]

P(E1 [ E2) = [0:20;0:30]
P(E1 [ E3) = [0:40;0:70]
P(E1 [ E4) = [0:33;0:66]

(Theremainingcomponentsof this F-�eld follow from L(A) + U(: A) = 1;8A 2
A.) Let two partitions be givenby C1 = (A1; : A1), where A1 = (E1 [ E2), and
C2 = (A2; : A2), where A2 = (E1 [ E3). By meansof a four-fold table indepen-
denceof C1 andC2 is directlycontrolled:

P(E1)= [0:08;0:21] P(E1)=[ 0:06;0:18] P(E1 [ E2)=[ 0:20;0:30]
P(E3)= [0:28;0:49] P(E4)=[ 0:21;0:48] P(E3 [ E4)=[ 0:70;0:80]

P(E1 [ E3)= [0:40;0:70] P(E2 [ E4)=[ 0:30;0:60] P(W4)=[ 1]

L(E1 [ E4)= max(L(E1) + L(E4); 1� U(E2) � U(E3))= 0:33
U(E1 [ E4)= min(U(E1) + U(E4); 1� L(E2) � L(E3)) = 0:66:

Thecanonicalconceptof conditionalprobabilityproduces:

LC2(A1 j A2)= LC2(E1 [ E2 j E1 [ E3) = L(E1)
L(E1[ E3) = 0:08

0:40= 0:20= L(E1 [ E2)

UC2(A1 j A2)= UC2(E1 [ E2 j E1 [ E3)= U(E1)
U(E1[ E3) = 0:21

0:70= 0:30=U(E1 [ E2):

Theintuitiveconceptleadsto

iLC2(A1 j A2)= infM p(E1 j E1 [ E3) = 0:08
0:08+ 0:49= 0:140< 0:20

iUC2(A1 j A2)= supM p(E1 j E1 [ E3)= 0:21
0:21+ 0:28= 0:429> 0:30: 2

Theconclusionfrom theseresultsis evident:If it is of importance,thatin the
caseof mutualindependenceconditionalandmarginalprobabilityareequal,then
thecanonicalconceptof conditionalprobabilitymustbeemployed.
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4 Updating with Conditional Probability

Theessentialaspectsconcerningupdatingby meansof conditionalinterval prob-
ability alreadybecomeclearin thesimplecaseof two states,A1 andA2, andtwo
(or later, three)possiblediagnoses,B1 andB2 (andlater, B3). If theoverall prob-
ability is givenby anF-�eld F = (W; P(W); L(:)) with jWj = 4, onehas

P(A1 \ B1)= [L11; U11] P(A1 \ B2)=[ L12; U12] P(A1)= [L1:; U1:]
P(A2 \ B1)= [L21; U21] P(A2 \ B2)=[ L22; U22] P(A2)= [L2:; U2:]

P(B1)= [L:1; U:1] P(B2)=[ L:2; U:2] P(W4)= [1]

While theprior probabilityof stateA1 is givenby P(A1), updatingin caseof diag-
nosisB1 producestheconditionalprobabilityof (A1 \ B1) givenB1. If morethan
two diagnosesarepossible,it is importantto ensurethat theprocessof updating
is associative: Doesstepwiselearninglead to the sameresult as instantaneous
learning?In thecaseof classicalprobabilitytheansweris af�rmati ve.

An F-probability�eld F = (W; P(W); L(:)) with jWj = 6 is givenby:

P11 P12 P1S P13 P1:

P21 P22 P2S P23 P2:

P:1 P:2 P:S P:3 [1]

where

Pi j := P(Ai \ B j )
Pi: := P(Ai); i = 1; 2
P: j := P(B j ); j = 1; 2; 3
PiS := P(Ai \ (B1 [ B2))
P:S := P(B1 [ B2)

andin ananalogousway for L andU.
Let instantaneouslearningimmediatelytransfertheinformationfrom Wto B1,

while stepwiselearningleadsfrom Wto B1 [ B2 andfrom thereto B1. A method
of updatingcanonly beaccepted,if the�nal resultis equalin bothcases.

For the intuitive conceptit is suf�cient to rememberthat for classicalproba-
bility theequationp(A j B1) = p(A\ B1j B1[ B2)

p(B1j B1[ B2) is valid. This is not only thereason,
why associativity holdsfor updatingwith theclassicalconditionalprobability; it
alsomeansthat iM (: j B1) =

�
p(: j B1) j p(:) 2 iM (: j B1 [ B2)

	
mustbe true

andupdatingwith the intuitive conceptof conditionalprobability producesthe
sameresultsfor instantaneousandfor stepwiselearning.

With respectto thecanonicalconceptthe�rst stepof information(“B1 [ B2”)
producestheconditionalprobability�eld with thefollowing interval limits:

�
L11

L:S
;

U11

U:S

� �
L12

L:S
;

U12

U:S

� �
L1S

L:S
;

U1S

U:S

�

�
L21

L:S
;

U21

U:S

� �
L22

L:S
;

U22

U:S

� �
L2S

L:S
;

U2S

U:S

�

�
L:1

L:S
;

U:1

U:S

� �
L:2

L:S
;

U:2

U:S

�
[1]
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Thesecondstepof information(“B1”) leadsto theinterval limits L11
L:S

: L:1
L:S

= L11
L:1

,
U11
U:S

: U:1
U:S

= U11
U:1

, which arethesameasif the information“B1” hadbeengivenat
once.Thereforethe canonicalconceptsatis�es the necessaryconditionfor rea-
sonableupdatingaswell.

It may be concludedthat in principle eachof the two conceptscanbe em-
ployedfor updating.Sincethe intuitive conceptguaranteestheF-propertyof the
outcomeit shouldbepreferredunderusualcircumstances.

5 Transfer of Inf ormation

The idea of conditionalprobability often is employed in designingnew mod-
els,combiningmarginalprobabilityderivedfrom onesourceof information,with
conditionalprobability gainedfrom anothersource.In particularthe theory of
Markov chainsrelieson this principle:Thedynamicevolution is completelyde-
scribedbyspecifyinganinitial distributionandamatrixof transitionprobabilities,
consistingof theconditionalprobabilitiesto reacha statei givenstatej.

A necessaryconditionfor thequali�cation of any conceptof conditionalprob-
ability with respectto suchtransferobviously is thepossibility to reconstructan
F-probability �eld by meansof marginal probability and conditionalprobabil-
ity. It wasdemonstratedin [26], that this reconstructionneednot be possibleif
theintuitive conceptis employed:differentF-�elds maybeequalwith respectto
marginalprobabilityandto intuitiveconditionalprobabilityfor acertainpartition.
This phenomenonis quitecommonfor the intuitive concept:Therearevery rare
borderlinecaseswhereit is possibleto determineanF-�eld uniquelyby meansof
marginalprobabilityandtherespective intuitiveconditionalprobability.

On theotherhand,reconstructionof anF-probability�eld usingthemarginal
probability of a partition togetherwith the canonicalconditionalprobability is
practicable,if a socalledlaminarconstellationin thefollowing senseis given.

De�nition 5 i) (AL; AU ) is nameda supportof the F-�eld F = (W; A; L(:))
with structure M , if the set of equations:L(A) � p(A);8A 2 AL; and p(A) �
U(A);8A 2 AU ; is suf�cient to determineM .

ii) A constellation(F ; C), consistingof an F-�eld F = (W; A; L(:)) and
a partition C of W, is nameda laminar constellation, if there exists a support
(AL; AU ) of F , sothat for each A 2 AL [ AU oneof thetwo following conditions
is satis�ed:

1. 9C(1) ; : : : ;C(q) 2 C : A =
S q

i= 1C(i) .

2. 9C 2 C : A � C. 2

Thisde�nition characterizesconstellations,whereall informationaboutthestruc-
tureM — andthereforeaboutF itself — is containedonly in themarginalprob-
ability onC or in eventswhicharesubsetsof singleelementsof thepartition.
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If laminarityof theconstellationis given,reconstructionof theoriginalF-�eld
by meansof marginalprobabilityof Candthecanonicalconditionalprobabilities
for all C 2 C is possible,irrespective of thequality of thecanonicalconditional
probabilities,sincefor eachA satisfyingconditiona) the interval limits arede-
terminedby the marginal probability andfor eachA satisfyingconditionb) the
interval limits areto be reconstructedby L(A) = LC(A j C) � L(C) = L(A)

L(C) � L(C)

andU(A) = UC(A j C) �U(C) = U(A)
U(C) �U(C).

The reconstructionof an F-�eld usingconditionalO-probability is demon-
stratedin Example5 for a samplespaceof size3.

Example5 LetanF-�eld F = (W3; P(W3); L(:)) begivenby:

P(E1) = [0:16;0:21] P(E2) = [0:22;0:42] P(E3) = [0:40;0:60]:

The partition C = (C1; C2) with C1 = E1 [ E2 and C2 = E3 leadsto P(C1) =
[0:40;0:60], P(C2) = [0:40;0:60]. It is obvious,that this is a laminar constella-
tion: E1 andE2 obey conditionb), E3 satis�esconditiona). Theinterval limits of
conditionalprobabilityaccording to thecanonicalconceptare:

LC(E1 j C1)= 0:40 UC(E1 j C1)= 0:35
LC(E2 j C1)= 0:55 UC(E2 j C1)= 0:70
LC(E3 j C2)= 1 UC(E3 j C2)= 1:

ThereforePC(E1 j C1) = [0:40;0:35], PC(E2 j C1) = [0:55;0:70] is anassignment
which cannot beinterpretedasa generalizationof classicalprobability, but it is
usefulfor reconstructingF :

L(E1)= LC(E1 j C1) � L(C1) = 0:40� 0:40= 0:16
U(E1)=UC(E1 j C1) �U(C1)= 0:35� 0:60= 0:21
L(E2)= LC(E2 j C1) � L(C1) = 0:55� 0:40= 0:22
U(E2)=UC(E2 j C1) �U(C1)= 0:70� 0:60= 0:42
L(E3)= LC(E3 j C2) � L(C2) = 1� 0:40= 0:40
U(E3)=UC(E3 j C2) �U(C1)= 1� 0:60= 0:60:

Becauseof the laminarity of the constellation(F ; C) theseinterval limits are
suf�cient to reconstructF . 2

TheTheoremof TotalProbabilitycanbeformulatedas

Corollary 1 If (F ; C) is a laminar constellation,the F-�eld F is uniquelyde-
terminedby themarginal probability �eld for Candby thecanonicalconditional
probability�elds resultingfor eachC2 C, irrespectiveof theF- or R-or O-quality
of theconditional�elds. 2
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This resultallows interpretations:

1. If the conditionalprobabilitiesdo not possessF-(R-)quality, therecannot
be any setof conditionalF-(R-)probabilitieswhich allows to reconstruct
thegivenF-�eld throughthegivenmarginalF-probability.

2. If theprocessof matchingagivenmarginalF-probabilitywith givencanon-
ical conditionalsresultsin a �eld not possessingF-(R-)quality, it is impos-
sibleto �nd anF-(R-)�eld with thismarginalandwith theseconditionals.

Therefore,the resultsof transferof information from one model to anotherto
someextentcanbeforeseen:

1. If PC(: j :) describesan F-�eld, matchingwith marginal F-probabilityal-
waysproducesanF-�eld.

2. If PC(: j :) describesanR-�eld, matchingwith marginalF-probabilitypro-
duceseitheranF-�eld or anR-�eld whichdoesnotpossesstheF-quality.

3. If PC(: j :) doesnot �t to anR-�eld, nothingcanbepredictedaboutquality
of theoutcome,if it is matchedwith marginalF-probability.

6 The Theorem of Bayes

TheTheoremof Bayesis animportantresultof classicalprobabilitytheory. While
it is of highestsigni�cance for any subjectivistic school,even the objectivistic
view sometimes�nds conditions,underwhich it is legitimateto accepta certain
prior informationwhich is describedby classicalprobability. On theotherhand
eventhesubjectivist cannotdeny thatin mostpracticallyrelevantcasesthechoice
of aparticularclassicalprior is at leasthighly debatable.

Thereforethis is a situationinviting to proposethe employmentof interval
probability. If a successfultransferof the Theoremof Bayesinto the theoryof
interval probability canbe achieved,a strongargumentfavouring the ef�ciency
of this theoryis presented.3 Ambiguity, however, — distinguishinginterval and
classicalprobability — doesnot obey to thoselaws which are the basisof the
Theoremof Bayesin theclassicaltheory. It shouldthereforenotbeexpectedthat
the rolesof this theoremin classicalprobability and in generalizedprobability
arethesame.Referencesto theobviouslimitationsfor theef�ciency of particular
typesof this theoremhavebeengivenonly recently([29], [1]).

In classicalprobability the Theoremof Bayesresultsfrom the propertiesof
theconceptof conditionalprobability. Thereforeit hasto beexpectedthat in the

3TheTheoremof Bayesandtheproblemof computingposteriorprobabilitiesor posteriorexpec-
tationsis a frequentsubjectin literaturedealingwith generalizedprobability:In his fundamentalbook
[22], Walley derivedthe`GeneralizedBayesRule', whichalsois usedin therobustBayesianapproach
(see,f.i., [5], [24], [15], [18]).
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theoryof interval probabilitytheroleof conditionalprobability— andespecially
of theconceptemployed— provesto bedecisive.Thetransitionfrom prior prob-
ability to posteriorprobabilitynecessarilyconsistsof two steps:

1. Derivationof anF-probability�eld for which theprior is marginal proba-
bility andtheconditionalprobabilityis given.

2. Derivationof conditionalprobabilityrelative to theactualobservation.

For the �rst stepthe methodto be appliedin caseof interval probability is
obvious: Marginal probability andconditionalprobability (dueto the canonical
concept)haveto becombinedbymeansof theCartesianproductof two structures.
ThisgeneratestheproductrulesL(A\ Z) = L(A) � L(A j Z) andU(A\ Z) = U(A) �
U(A j Z). In Example6 thisprocedureis demonstratedintroducinga specialcase
of double-dichotomywhichwill beemployedin all of theexamplesto come.

Example6 Let theF-�eld describingtheprobability for a dichotomyof statesof
nature be givenby P(Z1) = [0:2; 0:3], P(Z2) = [0:7; 0:8], and the probability of
the outcomeof a certain trial in caseof stateZ1 be givenby the F-�eld P(A1 j
Z1) = [0:6; 0:7], P(A2 j Z1) = [0:3; 0:4] in caseof stateZ2 by theF-�eld P(A1 j
Z2) = [0:1; 0:2], P(A2 j Z2) = [0:8; 0:9]. Interpreting the �r st of the three�elds
asmarginal probability and the two others asconditionalprobability according
to the canonicalconceptonearrives at the following componentsof an F-�eld
describingthecombinedprobabilityof thestatesandoutcomes:

P(A1 \ Z1)=[ 0:12;0:21] P(A2 \ Z1)=[ 0:06;0:12] P(Z1)=[ 0:2; 0:3]
P(A1 \ Z2)=[ 0:07;0:16] P(A2 \ Z2)=[ 0:56;0:72] P(Z2)=[ 0:7; 0:8]

P(A1) P(A2) P(W4)=[ 1]

This is partial determinateF-probability and the processof normal completion
has to be employedin order to calculatethe componentsP(A1) and P(A2). In
thepresentsituationtheresultsare gainedeasily:Let p(Z1) = a bea K-function
belongingto the structure of the prior probability, p(A1 j Z1) = b and p(A1 j
Z2) = c beK-functionsbelongingto thestructuresof two marginal probabilities.
Therefore: 0:2 � a � 0:3; 0:6 � b � 0:7; 0:1 � c � 0:2. Thepossiblevaluesof
a � b produceP(A1 \ Z1), thoseof (1 � a) � c produceP(A1 \ Z2) and the values
of a� b+ (1� a) � c produceP(A1). It is easilycontrolled, that a = 0:2, b = 0:6,
c = 0:1 renderthe minimumof a � b+ (1 � a) � c, so that L(A1) = 0:20 results,
and a = 0:3, b = 0:7, c = 0:2 renderU(A1) = 0:35. Sincean F-�eld possesses
conjugateinterval limits, onearrives for A1 = : A2 at L(A2) = 0:65, U(A2) =
0:80. Thelast line of thetableabovereads:

P(A1) = [0:20;0:35] P(A2) = [0:65;0:80] P(W4) = [1]:

Theresultsof theprocedure describedare thosecomponentsof thecombinedF-
�eld which arerelevantwith respectto posteriorprobability. Thecomponentsstill
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lacking wouldbecalculatedin an analogousmanner, for instanceP[(A1 \ Z1) [
(A2 \ Z2)] = [0:76;0:86]. 2

While thecanonicalconceptis inevitable for step1, thereis a possibility to
choosebetweentheconceptsasfar asstep2 is concerned:thecalculationof the
posteriorprobabilityfor eachobservation.Thedecisionin favour of theintuitive
conceptis quitecommonandpromisessomeremarkableadvantages:

1. TheF-qualityof theposteriorprobabilityis guaranteed.

2. Thestructureof this F-�eld canbeinterpretedastheCartesianproductof
thestructuresof themarginalprobabilityandof theconditionalF-probabi-
lity belongingto theactualobservation.

On the other hand,useof the canonicalconceptincludesthe risk that the
outcomecannotbeinterpretedasa generalizationof a classicalprobability, since
theresultingintervalsdonotde�ne a structure.

It is thereforeadvisableto calculateposteriorprobabilityby meansof thein-
tuitiveconcept,if thisposteriorconstitutestheonly and�nal goalof theanalysis.
However, in thefollowing it will bedemonstrated,thattherearegoodreasonsfor
theoppositedecision,if theposteriorprobabilityis to beemployedasa basisfor
furtheranalysis.Two situationswill beconsidered:

1. Theposteriorprobabilityof onetrial is usedasprior probabilityfor another
trial which is independentfrom the�rst one.

2. The posteriorprobability is the basisof a decisionbetweendifferentac-
tions.

As to the �r st of the two aspects: In classicaltheoryit is seenasoneof the
most importantmeritsattributedto the employmentof Bayes' theoremthat the
transitionfrom theprior probability to theposterioris a de�niti ve one:After the
trial theposteriortakesovertheroleof theprior. If anext trial is independentfrom
the �rst onethe posteriorof the former trial, therefore,is the prior of the next.
Obviously the following mustbe seenasa substantialcriterion for a successful
transferof Bayes'theoremto intervalprobability:Theresultshaveto bethesame,
whethertwo mutuallyindependenttrialsarecombinedto onetrial, or theposterior
of the �rst one is usedas prior for the secondone. It canbe shown that these
requirementsaremet,providedthat theTheoremof Bayesis executedby means
of thecanonicalconceptof conditionalprobability. For brevity theproof will be
limited to thecaseof two statesof natureandtwo possibleobservations.

Proposition1 Let (Z1; Z2) bea dichotomyof thestatesof nature with theprior
F-probabilitygivenbyP(Z1) = [L; U].

A �r st trial with possibleoutcomeA1 or A2 is characterizedbyF-probabilities
given by P(A1 j Z1) = [l11; u11], P(A1 j Z2) = [l21; u21]. A secondtrial which
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is independentfrom the �r st one, has the outcomesB1 and B2. The ruling F-
probabilitiesare givenby P(B1 j Z1) = [l12; u12], P(B1 j Z2) = [l22; u22]. If in the
Theoremof Bayesthecanonicalconceptof conditionalprobability is employed,
a trial which originatesfroma combinationof theobservationsA. andB. renders
thesameposteriorprobabilityastheprocedure, in which theposteriorprobability
of the�r st trial is takenasprior probability for thesecondone. 2

For theproof of this propositionit is suf�cient to show thatboth proceduresproducethe
sameprobabilitycomponentsP(Ai \ B j \ Zr ) andP(Ai \ B j ), sincethe�nal probabilityis
derivedfrom theinterval limits of thesecomponents.Thedemonstrationwill begivenfor
P(A1 \ B1 \ Zr ), r = 1; 2, andP(A1 \ B1).

1. In caseof acombinedtrial, becauseof mutualindependenceof thetrialsonearrives
at P(A1 \ B1 j Z1) = [l11 � l12; u11 � u12], P(A1 \ B1 j Z2) = [l21 � l22; u21 � u22] and
togetherwith the marginal probability of the statesof nature:P(A1 \ B1 \ Z1) =
[l11 � l12 � L; u11 � u12 � U], P(A1 \ B1 \ Z2) = [l21 � l22 � (1 � U); u21 � u22 � (1 � L)].
Thesetwo componentsaresuf�cient to calculateP(A1 \ B1).

2. If the�rst trial is executedseparately, conditionalprobabilityandmarginalprobabil-
ity produceP(A1 \ Z1) = [l11 � L; u11 �U], P(A1 \ Z2) = [l21 � (1� U); u21 � (1� L)].
Thecomponentof theunionof theseevents4 is designatedby P(A1) = [L1; U1]. The
posteriorprobabilityof the�rst trial in caseof observationA1 — whichwill beused
asprior for thesecondtrial — is de�ned by thecanonicalconditionalprobabilityas

P(Z1 j A1) =
h

l11�L
L1

; u11�U
U1

i
, P(Z2 j A1) =

h
l21�(1� U)

L1
; u21�(1� L)

U1

i
. Hence,conditional

to A1 theprobability-componentsfor theobservationB1 of thesecondtrial readas

P(B1 \ Z1 j A1) =
h

l12�l11�L
L1

; u12�u11�U
U1

i
, P(B1 \ Z2 j A1) =

h
l22�l21�(1� U)

L1
; u22�u21�(1� L)

U1

i
.

In orderto arrive at the componentsof the eventsA1 \ B1 \ Z1 andA1 \ B1 \ Z2,
canonicalconditionalandmarginalprobabilitymustbecombined:
L(A1 \ B1 \ Z1) = L(B1 \ Z1 j A1) � L(A1) = l11�l12�L

L1
� L1 = l11 � l12 � L,

U(A1 \ B1 \ Z1) = U(B1 \ Z1 j A1) �U(A1) = u11�u12�U
U1

�U1 = u11 � u12 �U
andcorrespondingproceduresfor Z2. Both componentsareequalto thoseresult-
ing from thecombinedtrial andconsequentlyaswell P(A1 \ B1) asthecanonical
conditionalprobabilityarealike: Bothmethodsproducethesameposterior. 2

In Example7 thisequivalenceis demonstratedin thecaseof theF-probability
�eld introducedin Example6.

Example7 For the prior probability and the conditional probability of
Example6 the posteriorprobability — de�ned by the canonicalconceptresults
as

P(Z1 j A1) =
� 0:12

0:20; 0:21
0:35

�
= [0:60;0:60]

P(Z2 j A1) =
� 0:07

0:20; 0:16
0:35

�
= [0:35;0:46]:

These two components can be interpreted as R-probability, since
p(Z1jA1) = 0:60, p(Z2 j A1) = 0:40, is a K-function in accordancewith all

4Theappropriatemethodof calculationis demonstratedin Example6.
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interval limits. It will be seenthat despitethe lack of F-quality this assignment
canbeusedasa prior for a next trial. Let

P(B1 j Z1) = [0:7; 0:9]
P(B1 j Z2) = [0:2; 0:4]

P(B2 j Z1) = [0:1; 0:3]
P(B2 j Z2) = [0:6; 0:8]:

Combinedwith thenew prior producedbyobservationA1:

P(B1 \ Z1 j A1)= [0:42;0:54] P(B2 \ Z1 j A1)=[ 0:06;0:18] P(Z1 j A1)=[ 0:60;0:60]
P(B1 \ Z2 j A1)= [0:07;0:184] P(B2 \ Z2 j A1)=[ 0:21;0:37] P(Z2 j A1)=[ 0:35;0:46]

In order to calculate componentsof the absoluteprobability, the component
P(A1) = [0:20;0:35] according to Example6 has to be multiplied — which is
executedonly for theeventsproducedby observationB1:

L(A1 \ B1 \ Z1) = 0:42� 0:20= 0:084
L(A1 \ B1 \ Z2) = 0:07� 0:20= 0:014

U(A1 \ B1 \ Z1) = 0:54� 0:35= 0:189
U(A1 \ B1 \ Z2) = 0:184� 0:35= 0:064:

If, on theotherhand,themutuallyindependencetrials were combined,thecom-
ponentsof A1 \ B1 wouldbe:

P(A1 \ B1 j Z1) = [0:6� 0:7;0:7� 0:9] = [0:42;0:63]
P(A1 \ B1 j Z2) = [0:1� 0:2;0:2� 0:4] = [0:02;0:08]:

With respectto themarginal probabilityP(Z1) = [0:2; 0:3], P(Z2) = [0:7; 0:8] the
outcomeof thecombinedtrial is partially describedby thecomponents

P(A1 \ B1 \ Z1) = [0:42� 0:2;0:63� 0:3] = [0:084;0:189]
P(A1 \ B1 \ Z2) = [0:02� 0:7;0:08� 0:8] = [0:014;0:064]

demonstrating theconformityof thetwo procedureswith regard to probability of
theobservations. 2

It shouldbenotedthat theproceduredescribedin Proposition1 anddemon-
stratedin Example7 is not a meretransferof theprocedurescustomaryin clas-
sical theory. Theposteriorprobability resultingfrom the �rst trial is conditional
probabilityrelative to theactualobservation.Priorprobabilityis alwaysmarginal
probability, hencetotal probability, not a conditionalone.Thereforetotal proba-
bility hasto bereconstructedby meansof themarginal componentof theactual
observation in the �rst trial. This stepdoesnot in�uence the result in classical
theory— andis left out therefore— but it is inevitablefor interval probability!

Concerningthedecision-theoretic approach it hasbeenshown recently([1])
that with regardto the optimizationof decisionsin the generalcaseof interval
probabilitytheTheoremof Bayes— at leastasfarasit employstheintuitivecon-
cept— doesnot renderwhatits counterpartfor classicalprobabilityrenders:that
theBernoulli-optimalactionwith respectto theposteriorprobabilitygeneratedby
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theactualobservationproducesthecorrespondingbranchof theoptimaldecision
function. Hencethe so called `Main Theoremof BayesianDecisionAnalysis'
doesnothold for interval probability.

It canbedemonstratedthatin thegeneralcaseof interval probabilitythisphe-
nomenonis inevitable— beyondall questionsaboutthemethodologyof Bayes'
theorem.In classicaltheorythebranchof a decisionfunctionattributedto a cer-
tain observationproducesan expectedgainnot dependingon thecircumstances
relatedto theotherpossibleobservations.Thereforethisexpectationcanbecom-
pareddirectly with thoseof respectivebranchesbelongingto other— competing
— decisionfunctions,a task,which is achievedeasilyvia theTheoremof Bayes.

In presenceof ambiguitythe situationis different:If the expectedgain of a
decisionfunctionis calculated,eachof thepartialsumsgeneratedby anobserva-
tion canbein�uencedby circumstanceswhichoriginally referto any of theother
possibleobservations.Thisis a ruleof thumbfor decisionfunctions:

Classicalprobability— only theactualobservationcounts.
Interval probability— all possibleobservationscount.
Example8, relatedto Examples6 and7, shows: If two gain functionsdiffer

only for observation A2, neverthelessthe contribution of observation A1 to the
interval expectationof thetotal gainmaybein�uencedby this difference.

Example8 Z1, Z2 are two statesof nature and A1, A2 are two possibleobser-
vations,where the marginal probability P(Z1), P(Z2) and the canonicalcondi-
tional probabilitiesP(A1 j Z1), P(A2 j Z1), P(A1 j Z2), P(A2 j Z2) are given in
Example1. Remember, that for K-functionsof therespectivestructures

p(Z1) = a; p(A1 j Z1) = b; p(A1 j Z2) = c

theinterval limits are givenby

0:2 � a � 0:3; 0:6 � b � 0:7; 0:1 � c � 0:2:

Thestructureof theresultingF-�eld thenconsistsof K-functionswith thecompo-
nentsgivenby

p(A1 \ Z1) = a� b p(A2 \ Z1) = a� (1� b) p(Z1) = a
p(A1 \ Z2) = (1� a) � c p(A2 \ Z2) = (1� a) � (1� c) p(Z2) = 1� a
p(A1) = a� b+ (1� a) � c p(A2) = a� (1� b) + (1� a) � (1� c) p(W4) = [1]

producingtheinterval limits of thesecomponentsas

P(A1 \ Z1) = [0:12;0:21] P(A2 \ Z1) = [0:06;0:12] P(Z1) = [0:2; 0:3]
P(A1 \ Z2) = [0:07;0:16] P(A2 \ Z2) = [0:56;0:72] P(Z2) = [0:7; 0:8]

P(A1) = [0:20;0:35] P(A2) = [0:65;0:80] P(W4) = [1]

A �r stdecisionfunctionD1(:) is characterizedby thefollowinggains

D1(A1 \ Z1) = 4
D1(A1 \ Z2) = 8

D1(A2 \ Z1) = 6
D1(A2 \ Z2) = 2:
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Theexpectedgaine(D1(:)) for a K-functiondescribedbya, b andc is givenas

e(D1(:)) = 4ab+ 8(1� a)c+ 6a(1� b)+ 2(1� a)(1� c) = 2+ 2a(2� b� 3c)+ 6c:

Sincee(D1(:)) is minimalfor a= 0:2, b= 0:7, c= 0:1 andE(D1(:)) = [3:0; 3:68].
For everyK-function,e(D1(:)) canbedividedinto thetwo branches:e(D1(:)) =
e(D1(:) \ A1) + e(D1(:) \ A2) where

e(D1(:) \ A1) = 4ab+ 8(1� a)c; e(D1(:) \ A2) = 6a(1� b) + 2(1� a)(1� c):

With respectto the rolesof the two branchesin determininge(D1(:)) they have
to be evaluatedin the sameway as e(D1(:)) itself, i.e., usinga = 0:2, b = 0:7,
c = 0:1 to producethe two parts of L(D1(:)) = 3:0: L � (D1(:) \ A1) = 1:20,
L � (D1(:) \ A2) = 1:80, and a = 0:3, b = 0:6, c = 0:2 to producethe respective
partsof U(D1(:)) = 3:68: U� (D1(:) \ A1) = 1:84, U� (D1(:) \ A2) = 1:84. Asfar
ascomparisonswith otherdecisionfunctionsare concerned,thebranch of D1(:)
determinedbytheobservationA1 thereforeis representedby[1:20;1:84]. Nowlet
a seconddecisionfunctionD2(:) begivenby

D2(A1 \ Z1) = 4
D2(A1 \ Z2) = 8

D2(A2 \ Z1) = 3
D2(A2 \ Z2) = 2:

Thisleadsto

e(D2(:)) = 4ab+ 8(1� a)c+ 3a(1� b) + 2(1� a)(1� c) = 2+ a(1+ b� 6c) + 6c

andthis is minimalfor a= 0:2, b = 0:6, c= 0:1 andmaximalfor a = 0:3, b= 0:7,
c = 0:2, producingE(D2(:)) = [2:8; 3:35]. If this interval expectationis divided
into thetwo branchesgeneratedby theobservationof A1 andA2, onearrivesat

e(D2(:) \ A1) = 4ab+ 8(1� a)c; e(D2(:) \ A2) = 3a(1� b) + 2(1� a)(1� c)

togetherwith the resultsfor a = 0:2, b = 0:6, c = 0:1: L � (D2(:) \ A1) = 1:12,
L � (D2(:) \ A2) = 1:68, andfor a = 0:3, b = 0:7, c = 0:2: U� (D2(:) \ A1) = 1:96,
U� (D2(:) \ A2) = 1:39.

There are two striking �ndings:

1. U� (D2(:) \ A2) < L � (D2(:) \ A2). Obviously L � (D2(:) \ A2) and
U� (D2(:) \ A2) may not be confoundedwith the lower and upper in-
terval limits for the expectationof D2(:) \ A2, which can be calculated
as L(D2(:) \ A2) = 1:39 (producedby a = 0:3, b = 0:7, c = 0:2) and
U(D2(:) \ A2) = 1:68 (producedby a = 0:2, b = 0:6, c = 0:1). In thecase
of decisionfunctionD2(:) thereforethatconstellationof K-functions,which
leads to the maximale(D2(:)) , resultsin the smallestpossiblevalue of
e(D2(:) \ A2), and that constellation,which minimizese(D2(:)) , happens
to maximizethevalueof e(D2(:) \ A2).
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2. L � (D2(:) \ A1) 6= L � (D1(:) \ A1) and U� (D2(:) \ A1) 6= U� (D1(:) \ A1).
Bothintervallimits describingthecontributionof branchA1 to theexpected
gain are different for decisionfunctionD1(:) and decisionfunctionD2(:)
— althoughall of the data describingbranch A1 are equalfor both deci-
sionfunctions.Thedifferencesbetweenthecontributionsof branch A1 are
causedbydifferencesconcerningthegainsin caseof observationA2. 2

This phenomenondemonstratesthe impossibilityof qualifying thecontribu-
tion of thebranchattributedto theactualobservationonly by thecircumstancesof
this observationwithout considerationof datarelatedto otherpossibleobserva-
tions.In interval probabilitya decisionfunctioncanonly bejudgedor compared
with othersas a whole — not piecewise for eachbranchseparately. Any kind
of Theoremof Bayes,however, basesits calculationof the posteriorprobabil-
ity only uponthe circumstancesof the actualobservation — irrespective of the
circumstancesrelatingto otherobservations.Thereforeno posteriorprobability
containsenoughinformationto qualify a branchof a decisionfunction in com-
parisonwith thecorrespondingbranchesof competingdecisionfunctions.

Thesituationis different,if theproblemconsideredis characterizedby avery
specialtype of gain function:Gainsdifferentfrom zeroaresupposedto be pos-
sible only if the actualobservation is A1. ThereforedecisionfunctionsD(: \ :)
areadmissiblefor competitiononly if satisfyingthe requirementsD(Ai \ Z j ) =
0; 8i 6= 1;8 j. In this casethe expectedtotal gain andthe expectedgain for the
branchA1 are identical for every K-function: e(D(:)) = e(D(:) \ A1). Conse-
quentlythefollowing relationshold:L(D(:) \ A1) = L(D(:)) andU(D(:) \ A1) =
U(D(:)) . While at �rst thisassumptionseemsto beveryunrealistic,its systematic
applicationto every actualobservationAi — insteadof A1 — generatesa strat-
egy whichobviously is suboptimalin thegeneralcase,but maybeunderstoodas
a kind of approximationto the optimal strategy: For eachactualobservation Ai
that actionD(:) \ Ai is chosen,which is bestw.r.t. [L(D(:) \ Ai ); U(D(:) \ Ai )],
irrespectiveof all observationswhichcouldhavebeenmadeandthegainswhich
wouldhavebeenpossible,if this observationshadoccured.

This strategy is much simpler than that foundedon the completedecision
function.It is an imitation of theproceedingin classicalprobability. In Example
9 it is demonstratedusingthedataof Example8.

Example9 In thecaseof observationA1 for thebranch D1(A1 \ Z1) = D2(A1 \
Z1) = 4, D1(A1 \ Z1) = D2(A1 \ Z2) = 8 thedecisiveinterval-expectationis given
by

L(D1(:) \ A1) = L(D2(:) \ A1) = 1:12 (a = 0:2; b = 0:6; c = 0:1)
U(D1(:) \ A1) = U(D2(:) \ A1) = 1:96 (a = 0:3; b = 0:7; c = 0:2):

In caseof observationA2: For D1(A2 \ Z1) = 6, D1(A2 \ Z2) = 2 onearrivesat

L(D1(:) \ A2) = 1:64 (a = 0:2;b = 0:7;c = 0:2)
U(D1(:) \ A2) = 1:98 (a = 0:3;b = 0:6;c = 0:1);
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for D2(A2 \ Z1) = 3, D2(A2 \ Z2) = 2:

L(D2(:) \ A2) = 1:39 (a = 0:3;b = 0:7;c = 0:2)
U(D2(:) \ A2) = 1:68 (a = 0:2;b = 0:6;c = 0:1): 2

Two remarksareuseful:
Expectationsbelongingto differentobservationsarebasedon contradictory

assumptions.Thereforethey arenot suitablefor beingcombined.
Comparisonof actionswhich arecharacterizedby meansof interval expec-

tation dependson the attitudeof the decision-maker towardsambiguity. It may
bedescribedby thechoiceof hL(G) + (1� h)U(G), 0 � h � 1, asthedecisive
quantity. Sinceit can be understood,that the larger value of gain G always is
preferred,h is interpretedasameasureof caution.

Becauseof thegoalof this sectionit is askedwhethera posteriorprobability
generatedby theTheoremof Bayescanbeemployedin calculatingtheexpecta-
tion [L(D(:) \ A1); U(D(:) \ A1)] producedby theactualobservationA1.

Using againthe dataof Example9 it will be demonstratedin Example10
thatwith respectto that type of Theoremof Bayes,which employs the intuitive
conceptof conditionalprobability, theanswerto this questionmustbenegative.

Example10 Theintuitive conditionalprobability iP(Z1 j A1), iP(Z2 j A1) obvi-
ouslyis determinedby iL(Z1 j A1) = min

M
ab

ab+( 1� a)c, iU(Z1 j A1) = max
M

ab
ab+( 1� a)c

with
M = f pa;b;c(:); 0:2 � a � 0:3; 0:6 � b � 0:7; 0:1 � c � 0:2g:

It is easilyseen,that theminimumis producedbya= 0:2, b= 0:6, c= 0:2 andthe
maximumby a = 0:3, b = 0:7, c = 0:1. Theresultingi-conditionalF-probability
�eld is givenby iP(Z1 j A1) = [0:429;0:750], iP(Z2 j A1) = [0:250;0:571]. The
i-conditionalexpectationof thegain functionproducedby thedecisionfunction
D(:) = D1(:) = D2(:) with D(A1 \ Z1) = 4, D(A1 \ Z2) = 8 is determinedby

iL(D(:) j A1) = 0:750� 4+ 0:250� 8= 5
iU(D(:) j A1) = 0:429� 4+ 0:571� 8= 7:429:

To achievetheinterval-expectationof D(:) \ A1, conditionalexpectationmustbe
combinedwith the correspondingcomponentof marginal probability: P(A1) =
[0:20;0:35]. Therefore iL(D(:) \ A1) = 5� 0:20, iU(D(:) \ A1) = 7:429� 0:35and
iE(D(:) \ A1) = [1:00;2:60] insteadof thetrueintervalexpectation,ascalculated
in Example9: E(D(:) \ A1) = [1:12;1:96]. Like in othersituations,employment
of theintuitiveconceptgeneratesa lossin sharpnessof theresult. 2

If, however, the canonicalconceptis applied,the conditionalexpectationof
thegainproducedby thedecisionfunctionD(:) for theobservationA1, dueto the

de�nition describedin Section2, readsasE(D(:) j A1) =
h

L (D(:)\ A1)
L(A1) ; U(D(:)\ A1)

U(A1)

i
.
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Combinedwith the component[L(A1); U(A1)] of the marginal probability this
conditionalexpectationproducesE(D(:) \ A1) = [L(D(:) \ A1); U(D(:) \ A1)],
dueto thesimpli�ed optimalstrategy, asit wasdescribedabove(Example11).

It is, therefore,justi�ed to usethe designatioǹ Interval Bayes-Strategy' for
themethodof selectingin caseof observationA1 thatactionwhich producesthe
largestexpectedgain— judgedby meansof theindividualcaution— with respect
to theposteriorprobabilitygeneratedby theTheoremof Bayeswith thecanonical
conceptof conditionalprobability.

Example11 Becauseof E(D(:) \ A1) = [1:12;1:96] (Example9) and P(A1) =
[0:20;0:35] (Example8), the conditionalexpectationresultsas L(D(:) j A1) =
1:12
0:20, U(D(:) j A1) = 1:96

0:35 or E(D(:) j A1) = [5:60;5:60]. Thequality of theresult
is notaffectedby thefact, that this intervalpossesseslengthzero. 2

Hence,useof thecanonicalconceptallows the Interval Bayes-Strategy, dis-
tinguishedfrom the strategy basedupon the optimal decisionfunction only by
neglectingany informationconcerningobservationswhich did not occur. If the
omissionof such`counterfactualinformation' is acceptedon principle,theInter-
val Bayes-Strategy mustberegardedasoptimal.

7 Conclusions

This papercontributesto thequestionof de�ning conditionalinterval probability
appropriately. A symbiosisof the intuitive andthe canonicalconceptof condi-
tional probability is proposed,resultingin recommendationswhich of the con-
ceptsshouldbeusedfor whatpropose.

The resultsof Sections3–6 can for short be interpretedto favour the em-
ploymentof the intuitive conceptin any situationwhereconditionalprobability
is seenasa goal in itself, thereforein updating,whetherit is achieveddirectly or
by meansof the Theoremof Bayes:the �nal resultshouldbe describedby the
intuitiveconceptof conditionalprobability.

The canonicalconceptprovesto be superioralwayswhenconditionalprob-
ability is usedasa tool for furtheranalysis.This appliesto the transferof infor-
mationfrom onemodelto anotherandto thederivationof a posteriorprobability
by meansof theTheoremof Bayes,if this posterioris employedasprior for an
independenttrial, or asbasisfor decisionsbetweenpossibleactions.Additionally
this conceptproducesa Theoremof Total Probabilityandthe consistency with
marginalprobabilityin thecaseof independenceasde�ned by strongextension.

While the intuitive conceptguaranteesthat its outcomedescribingthe �nal
resultof ananalysisalwayscanbeinterpretedasinterval probabilityor asinterval
expectation,it is possiblethat the outcomeof the canonicalconcept,which is
employed asa tool for further calculations,doesnot possessthe F- or even R-
quality, resp.,the quality of interval expectation,without lossof usefulness:an
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obviousanalogyto theroleof complex numbersin algebra.
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