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Abstract

This paperreviews recentresultsobtainedin themedicaldiagnosis�eld by
addingto a coherentinferenceprocessqualitative constraints.Suchfurther
considerationsturn out to besigni�cant whenever a basiclower-uppercon-
ditional probabilityassessmentinducesextensionboundstoo vagueto take
any decision.Threegeneraltypesof qualitativejudgementsareproposedand
fully described.They donotconstitutea “panacea”to solve any problematic
situation,but their applicationcanconsiderablyimprove inferencesresults
in speci�c �elds, astwo practicalapplicationsshow.
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1 Intr oduction

In many practicalapplications,andin particularin themedical�eld, thereis the
problemthat the informationat handis not so fully detailedandsoundto adopt
sophisticatedstatisticaltools. This happensespeciallywhenever information is
basedon datacollectedfrom differentsourcesor by heterogenoussamples.In
thesecasesa genuinelyprobabilisticreasoningcan anyway help to reachcon-
siderableresultsaboutrelevant statements.Of course,with suchapproach,an-
swersdiffer from usualuniquelydeterminedstatisticalresults,having, in general,
interval-basedconclusions.Unluckily, thereis thewidespreadbadhabitof avoid-
ing not uniqueanswersby forcing in the modelarti�cial assumptions,suchas
independence,andthis canbring to misleadinginferences.On theotherhand,it
is true that, especiallyif informationis very limited , resultscould be so vague
that it is impossibleto make any reasonabledecision.Hence,it is reasonableto
searchfor further propertiesthat canhelp us to reachsharperconclusions.This
canbe obtainedby a deeperanalysisof the problemandalsoby further quali-
tative judgements.Of particularimportanceareconditionalexchangeabilityas-
sumptions,which aremoregeneralandreasonablethanthoseof independence,
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comparisonsbetweenconditionalprobabilities,which areapt to captureexpert
convictionsnot numericallyexpressible,andrestrictionson theadmissibleclass
of agreeingconditionalmeasures,which areinducedby indirect considerations
onsomestatementnotconsideredat thebeginning.

In this paperwe will explicitly show how suchfurtherconsiderationscanbe
formalizedandoperationallyadoptedin generalinferenceprocesses.Moreover
we will have an ideaof their relevanceby applyingthemon two medicaldiag-
nosticprocedures:a mediandecisionprocessfor the asbestosisdiagnosisbased
on X-ray �lm' s readingsanda reliability judgementof a GIST(gastrointestinal
stromaltumor)diagnosisbasedon istochemicalresults.

2 Coherent Infer enceswith Limited Inf ormation

As alreadysketchedout in the Introduction,whenever a problemdoesnot al-
low a descriptionby usualstatisticalmodels,a simpleprobabilisticapproachcan
anyway beadoptedto extrapolatewhich aretheboundsinducedby theavailable
information.This is possibleby embeddingthe problemat handin a coherent
setting,i.e. representingtherelevantentitiesthroughconditionaleventsendowed
with numericalvaluesor boundsandlooking for someclassof conditionalmea-
suresagreeingwith them.Oncea classhasbeendetected,it canbeusedto make
inferenceon relevantquantities(usuallycalled“indexes”).

With suchapproach,we have, on oneside,the peculiarityof a direct intro-
duction of conditional probability assessments,hencethey are not derived as
sub-productsof joints andmarginal evaluations,on theotherhandwe areaware
of working with imprecisetools (interval assessments,classesof distributions,
boundsfor conclusions,etc.).Thewide rangeof subjectscoveredin theprevious
ISIPTAs symposia([8, 9]) testi�es of the meaningfulnessandsoundnessof the
last aspect,while appropriatenessandusefulness,both from a theoreticalanda
practicalpoint of view, of the �rst arecontainedin the work startedin [6] and
recentlyfully describedin Coletti& Scozzafava'sbook[7].

2.1 Preliminaries

Let us now introducea properformalizationto operatewith the framework de-
pictedbefore.For thesakeof simplicity wewill useconditionalandunconditional
events,but everythingcanbeeasilygeneralizedto (�nite) randomvariables,con-
ditional or not (seefor examplewhat it hasbeendoneaboutconditionalprevi-
sionsin [4]). The initial information,usually a knowledgeand/orrule base,is
representedtrougha conditionallower-upperprobability assessment.Hencewe
will haveagenericlist of n conditionaleventsF = (S1jC1; : : : ;SnjCn), whereeach
Si jCi representssomemacro-situationSi (i.e.somecombinationof events)consid-
eredin someparticularhypotheticalcircumstancesCi (usuallytheCis represent
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differentscenarios).
Incompletenessof the informationcanhave two origins: the Sis do not de-

scribeall possiblecombinationsandthedifferentcircumstancesCis canoverlap
or do not cover all possibilities.For this, it is crucial to know which arethe re-
lationshipsof incompatibility, implication, coincidenceor whatever, amongthe
eventsUF = f C1; : : : ;Cn;S1; : : : ;Sng becausethey representconstraintsthatany
modelmustful�ll. Moreover they limit which arethepossibleatoms. Theatoms
areelementaryeventsobtainedby full combinationsof af�rmed or negatedevents
in UF

1.
Wewill generallydenoteby LC thesetof suchlogicalconstraintsandwewill

referonly to atomsAr , with r = 1; : : : ;a, spannedby UF andinsidethedisjunc-
tion

Wn
i= 1Ci . In thesequelwewill alsoneedto usethecharacteristicvectorsof the

events,i.e. vectorswhosecomponentsare1 or 0 dependingif thecorresponding
atomimplies or not the event,andwe will denotethemwith the sameletter of
theeventbut in boldfacelower-cases.Hence,for example,si andci will denote
thecharacteristicvectorsof Si andCi , respectively, while their juxtapositionsici
will representthe characteristicvectorof the conjunctionSiCi (for the sake of
simplicity wewill omit theusualconjunctionoperator̂ ). To completethis nota-
tional parenthesis,in the following we will usethe logical operator: to denote
negations.

The last componentof an assessmentis representedby numericalbounds
p = ([lb1;ub1]; : : : ; [lbn;ubn]), eachclosedinterval [lbi ;ubi] associatedto thecor-
respondingconditionaleventSi jCi , andusuallyestimatedby expertbelieves,lit-
eraturereportsor by collecteddata.

Note that someSi jCi could be actuallyunconditional(i.e. the situationSi is
consideredindependentlyfrom any speci�c circumstance)and in suchcaseCi
will coincidewith the sureevent W. Moreover someof the numericalbounds
[lbi ;ubi] coulddegeneratein asinglevaluepi , representingapreciseassessment.

2.2 Coherence

If we don't want,or we cannot,adoptfor thedomain(F ;LC;p) a uniqueproba-
bilistic model,it is justpossibleto searchfor aclassPF of conditionalprobability
distributions,suchthatp coincideswith therestrictionto F of theclosedenvelop
of PF . This canbe operationallychecked by the satis�ability of a classof se-
quencesof linear systems.Sequencesof linear systemsare necessaryto allow
thepossibilitythatconditioningeventsCis have inducedprobabilitynot bounded
away from 0. Hencetherecouldbetheneedof classifyingtheconditionalevents
in differentzero layers. On the otherhand,a classof linear systemsis required
because,to besurep agreeswith a closedenvelope, eachboundlb j or ubj must
becyclically forcedto bestrictly ful�lled asanequality(for a deeperexposition

1In somedisciplineatomsarecalledpossibleworlds.



Capotorti: Relevanceof Qualit. Constraintsin DiagnosticProcesses 109

of bothaspectsreferagainto [7], in particularto chapt.12and15).
Suchlinearsystemswill anywayhavea commonstructurelike

8
>><

>>:

E � x = 0
L � x � 0
U � x � 0

x � 0 ; x 6= 0

(1)

where� representsthe row-columnmatrix product,x is a columnvectorof un-
knowns,with eachcomponentxr associatedto anatomAr , r = 1; : : : ;a, while E,
L andU arematricesthat re�ect thenumericalconstraintsinducedby p. Hence
in E a genericrow is of theform

(sici � pici)

for eachSi jCi with a preciseassessmentpi andcyclically for oneSkjCk with an
impreciseassessmentand forcing pk to be equalto lbk or to ubk. On the other
hand,in L andU thereare,respectively, rows like

(sj cj � lb jcj )

and
(sj cj � ubjcj )

for eachSj jCj with probabilityboundslb j andubj differentfrom thechosenpk.
Throughthe setof solutionsx, it is possibleto representthe searchedclass

PF .

2.3 Extension

Oncecoherenceof theassessment(F ;LC;p) hasbeenassured,andin practical
applicationthis turnsout to be a compulsorystepwhenever informationcomes
from differentsources,it is possibleto performinferenceonany conditionalevent
HjE judgedimportantto reachconclusionsontheproblem.UsuallyH represents
somehypothesisto teston thebasisof somefactE.

In this context, inferencereducesto computethe coherentextensionof p to
HjE, obtainableasthe closedenvelop [lbHjE;ubHjE] of the valuesP(HjE) with
P2 PF . Operationallyweneedto performsequencesof optimizationsof theform

minimize/maximizehe� x
s.t.

E � x = 0
L � x � 0
U � x � 0
e� x = 1

x � 0

(2)



110 ISIPTA ' 03

wherethenormalizationconstrainte� x = 1 permitstheoptimizationproblemto
belinearinsteadof fractional.

Themaindif�culty of suchprocedureis theusuallyhugenumbera of atoms
but, thanksto a smartuseof null probabilities,in [2, 5] this complexity problem
hasbeentackledandmainlysolvedfor practicalapplications.

3 ResultsImpr ovementby Qualitati veConstraints

Extensionbounds[lbHjE;ubHjE] arewhat,from apureprobabilisticpointof view,
our information implies on HjE but, sometimes,they could result too wide to
take any decision.Anyway, it is possible,maintaininga modelfreeapproach,to
shrink the referenceconditionalprobability classPF addingqualitative (i.e. not
numericallyexpressed)considerationsto thenumericalconstraintsp. Of course
thereareseveralpossibledifferentkindsof constraintsto introduce,but we will
focusonfew of them,eitherbecausethey arequitenaturalor becauseby themwe
havereachedquitesatisfactoryresults.

3.1 Conditional Exchangeabilityvs Independence

As alreadymentioned,awidespreadtool for restrictingthevariability of thecon-
clusionsis to adoptsomeassumptionof independence.And it is actuallya pow-
erful restriction,but usually it is a too strongassumption,not supportedby the
problem.It is in fact usually confusedwith the information that someevalua-
tionsaremadeindependently(i.e.onegivenwithoutknowing theothers),while it
shouldbeusedto modelsituationswhosemeasureof uncertaintycannotbemod-
i�ed by simply takinginto accountsomeotheraspect.Moreoverits formalization
andusein a context of partial information shouldbe donewith the awareness
of all its implications,thataredeeperthenthesimplefactorizationof somejoint
probabilities(for moredetailsseeoncemore[7], chapt.17).

In thepresenceof strongsymmetries,likefor exampleassessmentonthesame
statementmadeindependentlyby differentexpertswith similar skills (seefor ex-
ampleLadetal. [11]), it is moresuitableto introducesomekind of exchangeabil-
ity. This is opportunewhenever it is relevanthow manyinsteadof which events
realize,or, in otherwords,whenever it possibleto identify a sumasa suf�cient
statistic(for adetailedexplanationreferto [10], sect.3.9).In particular, whenever
theassessmentis mainlyconditional,thejudgementof conditionalexchangeabil-
ity couldbethemoresuitableandit is formulatedasfollows:
if thereis a groupof k eventsE1; : : : ;Ek regardedexchangeableundera speci�c
scenarioCj , thenany conjunctionof theEiswith thesamenumberof af�rmed and
negatedeventsmustbe equallyevaluated.In otherwords,for any �x ed number
s2 f 0; : : : ;kg theremustbea constantcs suchthat

P(Ei1 : : :Eis: Eis+ 1 : : : : Eik jCj ) = cs (3)
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for any permutationof theindexesi1; : : : ; ik.
Conditionslike(3) actuallyreducethe“degreeof freedom”for theunknowns

x respecttheconstraints(1) of theoriginal assessment,restricting“de facto” the
admissibleclassof conditionalmeasuresPF and,possibly, shrinkingsomeexten-
sionbounds.

Since(3) refersto a�x edconditioningeventCj , restrictionof thistypeareeas-
ily reportedaslinearconstraints.In fact,denotingwith ps andp0

s thecharacteristic
vectorsof two differentpermutationsof thecombinationEi1 : : :Eis: Eis+ 1 : : : : Eik,
extensionswith the further conditionalexchangeabilityrequirementobtain by
addingto (2) pairwiseequalitiesof theform

(pscj � p0
scj ) � x = 0 (4)

for eachpairof permutationsps andp0
s andeachs= 1; : : : ;k� 1 (notethatextreme

casess= 0 ands= k donotactuallyconstituteany constraint).

3.2 Conditional Probabilities Comparison

Sometimesthereareconditionaleventswhichanexpertbelievesmorethansome
other, but he/shecannotexpressneitherprecisenor impreciseprobabilityassess-
mentson them,beingonly capableto comparethem.

This is immediatelyinterpretableas

P(Si jCi) � k+ P(Sj jCj ) (5)

for someconstantvaluek+ .
Anyway, if noneof the conditionalprobabilitiespresentin (5) is uniquely

constrained,its directrepresentationby vectorswould be

xT � [(sici)T � cj � (k+ sj cj )T � ci ] � x � 0 (6)

that hasthe drawbackof beingquadratic.This increasesthe dif�culties for the
computationof the extensionbounds.In fact, to deal with quadraticallycon-
strainedoptimizationproblemsthereare speci�c OperationalResearch's tech-
niques,like interior-pointalgorithms[13] or dualityboundmethods[14], but they
arenot sosafeandcon�rmed like thosefor linearprogrammingproblems.

That is why we proposean approximationof (5) that, even beinga weaker
constraint,hasthe advantageof leaving the extensionproblemin a linear form.
The idea is of expressing(5) in a parametricway and introducingfurther un-
knownsthatcancapturethebasicstructureof theparameterization.

If we focusourattentionononeof thetwo conditionalprobabilitiesin (5), let
ussayP(Sj jCj ), we cantake it asan inferencetarget andcomputeits extension
bounds[lbSj jCj ;ubSj jCj ] asit hasbeenillustratedin Subsection2.3.We cannow
introducenew variablesyi , i = 1; : : : ;a, representingthequantitiesP(Sj jCj )xi , so
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thattheinequality(5) canberepresentedby

sici � x � k+ ci � y � 0; (7)

thelink by new andold variablesby

sj cj � x � cj � y = 0; (8)

while thevariability boundsfor P(Sj jCj ) imply theconstraints

lbSj jCj xi � yi � ubSj jCj xi for i = 1; : : : ;a: (9)

Theseconstraintsare all implied by (5), while the vice versadoesnot hold in
general.Hence,if theminimization/maximizationof he� x is performedwith con-
straints(2), (7), (8) and(9) we arenot guaranteedto have obtainedthecoherent
extensionfor P(HjE) of p plus (5), but just an interval containingit. However,
oncesuchoptimalsolutionsx areobtained,they canbesubstitutedin (6) to check
if theinterval [lbHjE;ubHjE] is coherent.If not,theleft-hand-sideof (6) will result
anegativevaluethatcanbeadoptedasameasureof violationof (5).

Of courseit is not neededto add sequencesof optimizationsto cyclically
imposeequalitiesin (7) and(9) becausethey mustbeful�lled asthey areby each
P 2 PF .

Anyway, (7), (8) and (9) increasesigni�cantly the spacecomplexity of the
optimizationprocedure.Hence,beforeto adoptthemit would bebetterto check
if the optimal solutionsof the original linear program(2) alreadysatisfy(6). If
it is thecase,it meansthatthequalitativecomparison(5) is redundantbecauseit
actuallydoesnot restricttheclassPF .

3.3 SelectorsRestriction

Weintroducenow aconsiderationthatwill resultmoretechnicalthantheprevious
ones.It will be lessintuitive andalsomoredebatable,henceit shouldbe used
more carefully and it will anyway needan interpretationprocessbeforebeing
presentedto a �eld' sexpertfor its acceptance.

Analyzing the inferenceprocedurefor someconditionaleventHjE, it could
happento noticethat resultsaremainly in�uenced by thepossiblevariability of
someotherKjF. As usualKjF canbeconditionedto aproperF or unconditional,
i.e. with F = W. If KjF doesnot belongto the initial list of conditionalevents
F , the inducedbounds[lbKjF ;ubKjF ] for its conditionalprobabilitycouldbeex-
tremelyvague,andusuallythis is not notedat thebeginningbecauseKjF could
beof nodirectinterest.

However, it couldbe impossibleto assessboundsfor P(KjF) eitherbecause
thedataon which p wasbuilt arenot availableanymoreor becausethereis not
directinformationonKjF. Anyway, anindirectconsiderationis possible.
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Variability range[lbKjF ;ubKjF ] resultsfrom theunionof all theextensions,say

[lb j
KjF ;ubj

KjF ], with 1 � j � n, of theextremeconditionaldistributionsPj � PF .
With extremedistributionwemeanthoseP 2 PF thatreachat leastonethelower
or upperbounds(lb j or ubj ) of theassessmentp. It couldhappenthatsomeof the
[lb j

KjF ;ubj
KjF ] is narrow enoughto drasticallyin�uence P(HjE), showing thatnot

all theadmissibledistributionsplay thesamerole for theinference.
Hence,adoptingamorerestrictiveattitudeandthanksalsoto someextracon-

sideration,it is possibleto selectonly someof theadmissiblePj � PF by choos-
ing moreinformative lower-upperboundsfor P(KjF) (possiblycoincidingwith
thenarrower interval [lb j

KjF ;ubj
KjF ]) sothat theinitial assessmentcanbeupdated

anda new inferenceonHjE performed.

4 Two Medical Applications

We will show now how theproceduresdescribedbeforecanbeappliedon prac-
tical problems.In particularwe will illustratetheresultswe recentlyattainedfor
two differentmedicaldiagnosticprocesses.The �rst problemwill show how to
applyandtherelevanceof theconditionalexchangeabilityassumptionsandof the
conditionalprobabilitiescomparisonsasdepictedin subsections3.1and3.2.On
thecontrary, with thesecondonewe will show the importanceof a preliminary
checkof coherencewhenever informationcomesfrom differentsourcesandthe
in�uence in the resultsof selectorrestrictions,in line with subsections2.2 and
3.3,respectively.

4.1 Accuracy Ratesfor an AsbestosisMedian DecisionProce-
dure

In [3] were-examinedtheprocedureof mediandecisionmakingin thecontext of
radiologicaldeterminationof asbestosis.Mediandecisionapplieswhenever there
is a pool of experts,usuallyequivalentin skill, examiningthesamepatientsand
eachsinglecaseis �nally diagnosedonthebasisof theagreementof themajority
of judgments.

In particular, in a recentpaper[12], TweedieandMergersenanalyzea pre-
viouscase-reportaboutincidenceof asbestosisamonga groupof peoplewith a
similar historyof asbestosexposure.Opinionsof threeradiologistsarebasedon
X-ray �lms readings,andthe authorshave ratherlimited informationaboutthe
mediandecisionprocedure.Anyway, they areableto proposea tricky method-
ology to retrieve someconclusionaboutthe probability of the diagnosisbeing
correct.

However, theauthors'analysisdeeplyreliesonaassumptionof independence
for the experts' assessmentsand they adoptit becauseX-ray �lms arereadin-
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dependentlyby theradiologists.But this considerationshouldpertainto experts'
assessmentprocedure, not to our belief aboutinformation's in�uence oneexpert
opinioncouldhaveonanother. Actually, sincetheexpertshavesimilar skills, the
responseof oneof themis alreadyasigni�cant indicatorof whatwecouldexpect
from another.

TweedieandMergersenareawareof theinadequacy of theindependencepre-
sumption,but they wonderhow it couldbereplaced.Thefactis thatthey ”need”to
introduceindependenceto maintainuniquenessof theagreeingconditionalprob-
ability distribution. On theotherhand,the informationthat the threeexpertsare
judgedequivalentlybecauseof their similar skill cannotbe ignored.As we have
underlinedin Subsection3.1,assumptionsof conditionalexchangeabilitiescould
beanappropriateanswerto this need.

To make a synthesis(a full descriptioncanbe obviously found in the cited
papers),wecanformalizetheproblemasit follows.

Firstof all weintroduceeventsthatreferto agenericpatientwith aX-ray �lm
available:

label description

F asbestosis(�br osis) presence
Di ; i = 1;2;3 i-th expertpositiveasbestosisjudgment
D� positivemediandecisiondiagnosis
S� positivemediandecisionwith a splittingvote

Sincethesimilarity amongradiologists,their sensitivitiesfor the�lms' read-
ing processP(Di jF), i = 1;2;3, arethoughtto beequal.

On thebasisof recordeddataon 642patientsandof speci�c literaturerefer-
ences, the following conditional probability assessment p on
F = (D1jF;D2jF;D3jF;D� ;S� jD� ) is considered2:

P(Di jF) = :82 i = 1;2;3
P(D� ) = :12
P(S� jD� ) = :42

The�rst probabilityP(Di jF) comesfrom literatureresultsonsensitivity anal-
ysesperformedby comparingradiologicalandhistopathologicalevaluations.The
other two P(D� ) andP(S� jD� ) derives from the only datareportedin [12]. In
particular, P(D� ) is directly estimatedby theratio 77=642of positive mediandi-
agnoses,while P(S� jD� ) is attainedindirectly by the threeindividual 82%,86%
and90%positiveassessmentsthroughtheformula

P(S� jD� ) = (100� 82)%+ (100� 86)%+ (100� 90)%= 42%:

To completethe assessmentwe mustexplicitly give which are the possible
logicalrelationsLC amongtheunconditionaleventsUF = f F;D1;D2;D3;D� ;S� g.

2In [12] and[3] severalassessmentswith differentsensitivity valuesareexamined,herewereport
only the�rst oneasprototype
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By theproblemdescriptionwe canpick out logical dependenciesamongtheme-
diandecisions,with or without splittingvote,andindividualexperts'diagnosis

S� = (D1D2: D3) _ (D1 : D2D3) _ (: D1D2D3)

D� = S� _ (D1D2D3)

It is easyto checkthat the numericassessmentp is coherentandthat,even
beingapreciseconditionalprobabilityassessment,theadmissibleclassPF is not
asingleconditionaldistribution,asit will appearin thesequel.

Wecanconsidertheassessment(F ;LC;p) asapartialknowledgebasewhose
main“lack” is theabsenceof anestimatefor theexpert's speci�city P(: Di j: F).
Anyhow, thanksto theconditionalindependenceassumptions

P(Di jD jF) = P(Di jF) and P(Di jD j : F) = P(Di j: F) (10)

andthanksto somealgebraicmanipulationinvolving Bayes'Theorem,Tweedie
andMergersenuniquelydetermineprobability valuesfor theusualaccuracy in-
dexesspeci�city, positivepredictivevalue, negativepredictivevalueandestimate
thetruepositiveproportion. We cancomparetheir resultswith whatwe obtained
�rstly without any assumption,secondlyadoptingthemethodof Subsection3.1
to incorporatethefollowing conditionsof conditionalexchangeability3

P(D1D2: D3jF) = P(D1: D2D3jF) = P(: D1D2D3jF)

P(D1: D2: D3jF) = P(: D1: D2D3jF) = P(: D1D2: D3jF)

(11)

P(D1D2: D3j: F) = P(D1: D2D3j: F) = P(: D1D2D3j: F)

P(D1: D2: D3j: F) = P(: D1: D2D3j: F) = P(: D1D2: D3j: F)

and�nally usingconsiderationsof Subsection3.2to considerthefollowingcondi-
tionalprobabilities'comparisonsthatarisefrom theformalizationof aninterview
with a furtherphysician4:

3With respectto thenotationof Subs.3.1wehavek = 3,Ei = Di andCj equalat �rst to F andafter
to : F

4Thesecomparisonsarethe resultof the formalizationof a long anddetailedanalysisof the in-
�uence of the knowledgeof the answersof someexpert on the behaviors of the others.It hasbeen
performedwith aphysicianextraneousto therestof thework
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P(D3jD1D2F)
P(: D3jD1D2F) � 3=2 P(D1jF)

P(: D1jF)
P(D3j: D1: D2F)

P(: D3j: D1: D2F) � 2=3 P(D3jF)
P(: D3jF)

(linear) (linear)

P(D3j: D1: D2: F)
P(: D3j: D1: D2: F) � 2=3 P(D3j: F)

P(: D3j: F) P(D3jD1: D2F) 2 [:5; :5+ (P(D3jF) � :5)]

(quadratic) (linear)

P(D3jD1: D2: F) 2 [:5� (P(D3jF) � :5); :5] P(D2jD1F) � P(D2jF)
(linear) (linear)

P(D3jD2D1F) � P(D3jD1F) P(D2j: D1: F) � P(D2j: F)
(quadratic) (quadratic)

P(D3j: D2: D1: F) � P(D3j: D1: F)
(quadratic)

Note that suchrelations,evenbeingsimilar in structure(the �rst threeactu-
ally re�ect oddsratioscomparisons),aredistinguished,by labels,betweenthose
of themthatareactuallylinearconstraintssincesomequantityis uniquelydeter-
minedandthosethatareproperlyquadraticandneedtheproposedlinearapprox-
imation.

We cannotgo into technicaldetails,but it is importantto mentionjust one
computationalfeature:the numberof atomsin this problemis 16, but condi-
tional independenceassumptions(10) reduceat two the degreesof freedomfor
their probabilities,i.e. everythingis fully determinedoncetheexperts' sensitiv-
ity P(Di jF) andspeci�city P(: Di j: F) couldbeselected,while with conditional
exchangeabilities(11)wehaveonly a reductionat 8 degreesof freedom.

Here we report the different inferencesperformedon several accuracy in-
dexes,specifyingtheparticularassumptionsadopted

extensionboundsunder
index description ———————–

cond.idep. noass. cond.exch. qual.comp.

P(: Di j: F) experts'speci�city .957 [0 , 1] [.603, 1] [.820, .970]
P(FjD� ) positive predict.val. .961 [0 , 1] [0 , 1] [0 , .779]

P(: Fj: D� ) negative predict.val. .988 [.970, 1] [.971, 1] [.979, 1]
P(F) asbestosisincidence .126 [0 , .130] [0 , .130] [0 , .106]

P(D� jF) med.dec.sensitivity .994 [.730, 1] [.730, 1] [.820, .878]
P(: D� j: F) med.dec.speci�city .995 [.880, 1] [.880, 1] [.954, .970]

Whenever conditionalexchangeabilitycannothelp on limiting vagueinfer-
encebounds,thefurtherqualitativeprobabilisticcomparisonsaredeterminant.In
fact,apartfrom thepositive predictive value,all the intervals in the last column
aretight enoughto judgetheprocedure.About theonly ”vague”interval [0; :779],
evenit doesnotboundfrom below thepositivepredictivevalue,it givesaninter-
estingupperlimitation for suchindex.
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Moreover, notethat someinterval of the last columndo not containthecor-
respondingvaluesobtainedby TweedieandMergersen.This becausethefurther
constraintsgo in theoppositedirectionof independence,bringingsomekind of
correlationbut leaving ”untouched”theconditionalexchangeabilityframework.

Our computationsneededto solve several liner programmingproblems,but
whatwe obtainedis really basedon reasonableprobabilisticstatementsandnot
ontricky manipulationthathavetheonly justi�cation of bringingto singlevalues
insteadof intervals.

4.2 Reliability of GIST DiagnosisBasedon Partial Inf orma-
tion

Otherprototypesof applicationsof inferencewith a not fully detailedmodelare
themedicaldiagnosticprocedureswherethereis not a goldenstandard protocol
to follow. This happenswhennew advancesin theunderstandingof thebiology
aredoneor new techniquesarediscovered.In suchsituations,differentopinions
appearin scienti�c literatureandthey arebasedon disparatecasestudies,each
onewith its peculiarityandheterogeneityof data.

In particular, in [1] weanalysedadiagnosticprocessfor gastrointestinalstro-
mal tumors (GISTs)whereonly recentlya new andreliablephenotypicmarker
(theKIT proteinCD117)for theseneoplasmhasbeenintroduced.

Thediagnosispathconsistmainlyof two stages:at �rst ahistologicalanalysis
isdoneandlateranimmunohistochemicalschemais adoptedto con�rm casespre-
viously suspectedto beGISTs.Whatwe have donewasto numericallyevaluate
thequalityof the�rst discriminationandit waspossibleby matchinginformation
from a personalcasestudy5 andimmunohistochemicalbehaviors reportedin the
relevantliterature.

Theproblemcanbesynthesizedasit follows:wehaveselectedasrelevantfor
a lesiontheevents

label description

DIAGNOSIS lesionis histologicallysuspectedto beaGIST
GIST lesionis reallyaGIST
CD117 KIT proteinexpression
CD34 Hematopoieticprogenitorcell antigenexpression
SMA Muscleactinexpression
DESM Desminexpression
S100 S-100proteinexpression

wherethe�rst two distinguishthesuspectedtumorsby thoseactuallybelonging
to the GIST's family, while the othersrepresentthe positivity for speci�c im-
munohistochemicalmarkers.

5Datawascollectedat Istitutodi Anatomiae Istologia Patologica - Divisionedi ricercasulcancro
- Universit degli Studidi Perugia- Italy duringtheperiodJan.1998–Sept.2002
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We hadonly thefollowing logical restrictiondueto theextremespeci�city of
theKIT marker

CD117� GIST:

By the personalcasestudywe estimated(by observed frequencies)the fol-
lowing “knowledgebase”

statement cond.prob.

DIAGNOSIS .510
CD117CD34: DESM: S100j DIAGNOSIS .308

: SMA : CD117CD34DESM: S100j DIAGNOSIS .077
: SMA CD117CD34: DESM S100j DIAGNOSIS .077

SMA : CD117CD34: DESM: S100j DIAGNOSIS .077
SMA CD117: CD34: S100j DIAGNOSIS .231

SMA CD117: CD34: DESM S100j DIAGNOSIS .077
: SMA CD117: CD34: DESM S100j DIAGNOSIS .077

but it turnedout to be incoherentwith the “rule base”we derivedby collecting
differentliteraturesources

statement expectedfrequenciesbounds
CD34j CD117 [.60 , .70]
SMA j CD117 [.30 , .40]
S100j CD117 [.096, .105]

DESM j CD117 [.01 , .02]

A deeperanalysisof theobservedresultshasshown thatthereweretwo cases
with dubiousS100positivity andthey have judgedasthecauseof the inconsis-
tency. In fact, performingan inferencebasedonly on the knowledgebase,we
obtainthatthepercentagefor S100j CD117resultsbetween13%and70%,while
it shouldbearound10%asindicatedin therulebase.

Revising thesetwo judgements,we haveobtaineda differentknowledgebase
consistentwith theliteraturerulebase

statement cond.prob.
DIAGNOSIS .510

CD117CD34: DESM: S100j DIAGNOSIS .380
: SMA : CD117CD34DESM: S100j DIAGNOSIS .077
SMA : CD117CD34: DESM: S100j DIAGNOSIS .077

SMA CD117: CD34: S100j DIAGNOSIS .077
SMA CD117: CD34: DESM S100j DIAGNOSIS .077

: SMA CD117: CD34: DESM : S100j DIAGNOSIS .077

Further considerationshas induced us to add the further constraint
P(CD117jGIST) 2 [0:95;0:99] for thesensitivity of theKIT marker.

Puttingtogetherall theseassessments,they force theusualaccuracy indexes
to bein thefollowing bounds
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index description extensionbounds

P(DIAGNOSISj GIST) sensitivity [.47 , .76]
P(: DIAGNOSISj : GIST) speci�city [0 , .88]

P(GISTj DIAGNOSIS) positivepredictivevalue [.85 , .94]
P(: GIST j : DIAGNOSIS) negativepredictivevalue [0 , 69]

that, apartfrom the positive predictive value,re�ect a weak ”in�uence” of the
constraintconsidered.

Adding to the assessment the probabilistic comparison
P(DIAGNOSISj GIST) � P(DIAGNOSISj : GIST) we have not obtainedap-
preciableimprovements.

On the contrary, reasoningasdescribedin Subsection3.3, we have focused
the attentionon the ”a priori” valuesof GIST's incidence.In fact, its coherent
boundsresultP(GIST) 2 [:59; :97] while oneextremesub-classof the admissi-
bleconditionalprobabilitiesinducethemorerestrictivelowerboundof :81.Since
thepathologistjudgedasreasonableavariabilityaround81%of theGISTS'sinci-
dence, we have added to the whole assessment the restriction
P(GIST) 2 [:806; :815] obtainingthemorerelevantresults

index description extensionbounds

P(DIAGNOSISj GIST) sensitivity [.53 , .59]
P(: DIAGNOSISj : GIST) speci�city [.58 , .80]

P(GISTj DIAGNOSIS) positivepredictivevalue [.85 , .93]
P(: GIST j : DIAGNOSIS) negativepredictivevalue [.22 , .32]

thatcon�rm a goodpositive predictive performanceof thediagnosticprocedure,
while they expressareallybadreliability in thecaseof anegativediagnosis.This,
in away, reversestherole thattheKIT markershouldhave.Insteadof beingused
asa con�rmatory tool in alreadysuspectedcases,it shouldhavea crucialrole for
theright diagnosisof lesionat �rst notsuspectedto beGISTs.

References

[1] A. Capotorti,S. FagundesLeite. Reliability of GIST diagnosisbasedon
partial information. acceptedfor the pubblicationon StatisticalInference
in HumanBiology, (M. Di Bacco,G. D'Amore, F. Scalfari editors),Kluwer
AcademicPublishers,Norwell, MA (USA), 2003.

[2] A. Capotorti,L. Galli andB. Vantaggi.How to uselocally strongcoherence
in aninferentialprocessbasedonupper-lowerprobabilities.SoftComputing,
7(5),280-87,2003.

[3] A. Capotorti,F. Lad. Reassessingaccuracy ratesfrom mediandecisionpro-
cedures.submittedto TheAmericanStatistician, 2003.



120 ISIPTA ' 03

[4] A. Capotorti,T. Paneni.An operationalview of coherentconditionalprevi-
sions. Symbolicand QuantitativeApproachesto Reasoningwith Uncer-
tainty, Benferhat,S., Besnard,P. (eds): ECSQUARU 2001, LNAI 2143,
132–143,2001.

[5] A. Capotorti,B. Vantaggi.Locally strongcoherencein aninferenceprocess.
Annalsof MathematicsandArti�cial Intelligence, 35(1-4),125-149,2002.

[6] G. Coletti,R. Scozzafava. Characterizationof CoherentConditionalProba-
bilities asa Tool for their AssessmentandExtension.Int. Journ.of Uncer-
tainty, FuzzinessandKnowledge-BasedSystems, 4(2):103-127,1996.

[7] G. Coletti, R. Scozzafava. Probabilistic Logic in a CoherentSetting, Dor-
drecht:Kluwer, Series“Trendsin Logic”, 2002.

[8] ISIPTA'99. Proocedingsof theFirst InternationalSymposiumonImprecise
ProbabilitiesandTheirApplications.deCooman,G.,Cozman,F.G.,Moral,
S.,Walley, P. (eds.),ImpreciseProbabilitiesProject,UniversiteitGent,Bel-
gium,1999.

[9] ISIPTA'01. Proocedingsof theSecondInternationalSymposiumon Impre-
ciseProbabilitiesandTheir Applications.heldat theRobertPurcellCom-
munityCenterof CornellUniversityIthaca,NY, USA, 26-29June2001,de
Cooman,G., Fine,T. L., Seinfeld,T. (eds.),The Nederlands:Shaker Pub-
lishing.

[10] F. Lad. Operational SubjectiveStatisticalMethods:a mathematical,philo-
sophical,andhistorical introduction, New York: JohnWiley, 1996.

[11] F. Lad,M. Di Bacco.Assessingthevalueof a secondopinion:therole and
structureof exchangeability. Annalsof Mathematicsand Arti�cial Intelli-
gence, 35:227–252,2002.

[12] R. Tweedie,K. Mengersen.Calculatingaccuracy ratesfrom multiple as-
sessorswith limited information. TheAmericanStatistician, 53,233–238,
1999.

[13] R.J. Vanderbei,D.F. Shanno. An interior-point algorithm for nonconvex
nonlinearprogramming.TecnicalreportSOR-97-21,StatisticsandOpera-
tionsResearch, PrincetonUniversity, 1997.

[14] N.V. Thoai. Duality boundmethodfor thegeneralquadraticprogramming
problemwith quadraticconstraints.Jour. of OptimizationTheoryand Ap-
plications, 107(2):331–354,2000.

Andr ea Capotorti is with the Dipartimento di Matematicae Informatica at Uni-
versit�a degli Studi di Perugia, via Vanvitelli 1, 06123 Perugia, Italy. E-mail:
capot@dipmat.unipg.it


