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Abstract

This paperreviews recentresultsobtainedin the medicaldiagnosiseld by
addingto a coherentnferenceprocesgjualitative constraintsSuchfurther
considerationsurn out to be signi cant when&er a basiclower-uppercon-
ditional probability assessmerihducesextensionboundstoo vagueto take
ary decisionThreegeneratypesof qualitatve judgementsareproposednd
fully describedThey donot constitutea “panacea’to solve ary problematic
situation, but their applicationcan considerablyimprove inferencesesults
in speci ¢ elds, astwo practicalapplicationsshow.
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1 Intr oduction

In mary practicalapplicationsandin particularin the medical eld, thereis the
problemthatthe informationat handis not sofully detailedandsoundto adopt
sophisticatedstatisticaltools. This happensspeciallywheneer informationis
basedon datacollectedfrom differentsourcesor by heterogenousamplesin
thesecasesa genuinelyprobabilisticreasoningcan anyway help to reachcon-
siderableresultsaboutrelevant statementsOf course,with suchapproachan-
swersdiffer from usualuniquelydeterminedstatisticalresults having, in general,
interval-basedonclusionsUnluckily, thereis thewidespreadadhabitof avoid-
ing not uniqueanswersby forcing in the model arti cial assumptionssuchas
independencandthis canbring to misleadinginferencesOn the otherhand,it
is true that, especiallyif informationis very limited , resultscould be so vague
thatit is impossibleto make ary reasonablalecision.Hence,it is reasonabld¢o
searchfor further propertiesthat canhelp usto reachsharperconclusionsThis
canbe obtainedby a deeperanalysisof the problemandalso by further quali-
tative judgementsOf particularimportanceare conditionalexchangeabilityas-
sumptionswhich are more generalandreasonabléhanthoseof independence,
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comparisondetweenconditionalprobabilities,which are apt to captureexpert

corvictions not numericallyexpressible andrestrictionson the admissibleclass

of agreeingconditionalmeasuresywhich are inducedby indirect considerations
on somestatemenhot consideredt the beginning.

In this paperwe will explicitly shav how suchfurtherconsiderationganbe
formalizedand operationallyadoptedin generalinferenceprocessesMoreover
we will have anideaof their relevanceby applyingthemon two medicaldiag-
nostic proceduresa mediandecisionprocesdor the asbestosisliagnosisbased
on X-ray Im' sreadingsanda reliability judgemenif a GIST (gastiointestinal
stromaltumor) diagnosishasedn istochemicalesults.

2 Coherent Inferenceswith Limited Information

As alreadysketchedout in the Introduction,wheneer a problemdoesnot al-
low a descriptionby usualstatisticalmodels,a simpleprobabilisticapproactcan
aryway be adoptedo extrapolatewhich arethe boundsinducedby the available
information. This is possibleby embeddinghe problemat handin a coherent
setting,i.e. representinghe relevantentitiesthroughconditionaleventsendaved
with numericalvaluesor boundsandlooking for someclassof conditionalmea-
suresagreeingwith them.Oncea classhasbeendetectedit canbe usedto make
inferenceon relevantquantities(usuallycalled“indexes”).

With suchapproachwe have, on oneside, the peculiarity of a direct intro-
duction of conditional probability assessment$iencethey are not derived as
sub-product®f joints andmaiginal evaluationson the otherhandwe are aware
of working with imprecisetools (interval assessmentgjassesof distributions,
boundsfor conclusionsetc.). Thewide rangeof subjectscoveredin the previous
ISIPTAs symposia([8, 9]) testi es of the meaningfulnesandsoundnessf the
last aspectwhile appropriatenesand usefulnessbhoth from a theoreticaland a
practicalpoint of view, of the rst are containedin the work startedin [6] and
recentlyfully describedn Coletti & Scozzafva's book[7].

2.1 Preliminaries

Let us now introducea properformalizationto operatewith the framework de-
pictedbefore For thesale of simplicity we will useconditionalandunconditional
events,but everythingcanbeeasilygeneralizedo ( nite) randomvariablescon-
ditional or not (seefor examplewhat it hasbeendoneaboutconditionalprevi-
sionsin [4]). The initial information, usually a knowledgeand/orrule base,is
representedrough a conditionallower-upperprobability assessmentlencewe

SjCi representsomemacro-situatior§ (i.e. somecombinatiorof events)consid-
eredin someparticularhypotheticalcircumstance€; (usuallythe Cs represent
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differentscenarios).

Incompletenessf the information can have two origins: the Ss do not de-
scribeall possiblecombinationsandthe differentcircumstance€;s canoverlap
or do not cover all possibilities.For this, it is crucialto know which arethe re-
lationshipsof incompatibility, implication, coincidenceor whatever, amongthe

modelmustful Il. Moreoverthey limit which arethe possibleatoms Theatoms
areelementaneventsobtainedby full combination®f af rmed or negatedevents
inUg 1.

We will generallydenoteby L ¢ thesetof suchlogical constraintandwe will
refewnly to atomsA,, with r = 1;:::;a, spannedy Ug andinsidethedisjunc-
tion L, Gi. Inthesequelvewill alsoneedto usethecharacteristiwectorsof the
events,i.e. vectorswhosecomponentarel or 0 dependingf the corresponding
atomimplies or not the event,andwe will denotethemwith the sameletter of
the eventbut in boldfacelower-casesHence,for example,s; andc; will denote
the characteristiavectorsof S andC;, respectiely, while their juxtapositions;c;
will representhe characteristiorector of the conjunctionSC; (for the sale of
simplicity we will omit the usualconjunctionoperator* ). To completethis nota-
tional parenthesisin the following we will usethe logical operator. to denote
negations.

The last componentof an assessmeris representedy numericalbounds

respondingconditionalevent SjCi, andusually estimatedoy expertbelieves,lit-
eraturereportsor by collecteddata.

Note that someSjC; could be actuallyunconditional(i.e. the situation§ is
consideredndependentlyfrom ary speci ¢ circumstancepndin suchcaseC;
will coincidewith the sureevent W. Moreover someof the numericalbounds
[Ibj; ub] coulddegeneratén asinglevalue p;, representing preciseassessment.

2.2 Coherence

If we don't want,or we cannot,adoptfor thedomain(F ; Lc;p) auniqueproba-
bilistic model,it is justpossibleo searctfor aclassPg of conditionalprobability
distributions,suchthatp coincideswith therestrictionto F of theclosedervelop
of Pg. This canbe operationallychecled by the satis ability of a classof se-
guencef linear systems Sequencesf linear systemsare necessaryo allow

the possibility that conditioningeventsCis have inducedprobability not bounded
away from 0. Hencetherecould be the needof classifyingthe conditionalevents
in differentzeio layers. On the otherhand,a classof linear systemss required
becauseto be surep agreeswith a closedervelopg eachboundlbj or ub; must
be cyclically forcedto be strictly ful lled asanequality(for a deeperxposition

1In somedisciplineatomsarecalledpossibleworlds
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of bothaspectseferagainto [7], in particularto chapt.12 and15).
Suchlinearsystemswill anyway have acommonstructurelike

8 E 0
X =
E L X 0 (1)
2 Ux 0
" x 0 ; x60

where representshe row-columnmatrix product,x is a columnvectorof un-

L andU arematricesthatre ect the numericalconstraintdinducedby p. Hence
in E agenericrow is of theform

(s¢ pic)

for eachSjC; with a preciseassessmerng; andcyclically for one SjCx with an
impreciseassessmerandforcing px to be equalto Ibk or to ubg. On the other
hand,in L andU thereare,respectiely, rowslike

(56 Ibjg)
and
(¢ ubg)
for eachS;jC;j with probabilityboundd bj andub; differentfrom the chosenpy.

Throughthe setof solutionsx, it is possibleto representhe searchedlass
PE.

2.3 Extension

Oncecoherencef the assessmer(i ; Lc; p) hasbeenassuredandin practical
applicationthis turnsout to be a compulsorystepwheneer informationcomes
from differentsourcesit is possibleto performinferenceonary conditionalevent
HjE judgedimportantto reachconclusion®nthe problem.UsuallyH represents
somehypothesigo teston the basisof somefactE.

In this context, inferencereducego computethe coherentextensionof p to
HJE, obtainableasthe closedenvelop [l by;e; ubyje] of the valuesP(HJE) with
P 2 Pg . Operationallywe needto performsequencesf optimizationsof theform

minimize/maximizene x
s.t.

)

o Cm

O X X X X
= O OO
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wherethe normalizationconstrainte x = 1 permitsthe optimizationproblemto
belinearinsteadof fractional.

The maindif culty of suchprocedurds the usuallyhugenumbera of atoms
but, thanksto a smartuseof null probabilities,in [2, 5] this compleity problem
hasbeentackledandmainly solvedfor practicalapplications.

3 Resultsimpr ovementby Qualitati ve Constraints

Extensiorbounddl by;e; uby;e] arewhat,from a pureprobabilisticpointof view,
our informationimplies on HjE but, sometimesthey could resulttoo wide to
take ary decision.Anyway, it is possible maintaininga modelfreeapproachto
shrink the referenceconditionalprobability classPg addingqualitative (i.e. not
numericallyexpressedyonsiderationgo the numericalconstraintg. Of course
thereare several possibledifferentkinds of constraintgo introduce,but we will
focusonfew of them,eitherbecausé¢hey arequitenaturalor becauséy themwe
have reachedjuite satisactoryresults.

3.1 Conditional Exchangeability vs Independence

As alreadymentionedawidespreadool for restrictingthe variability of the con-
clusionsis to adoptsomeassumptiorof independenceAnd it is actuallya pow-
erful restriction,but usuallyit is a too strongassumptionnot supportedby the
problem.lt is in fact usually confusedwith the information that someevalua-
tionsaremadeindependentlyi.e. onegivenwithout knowing the others) while it
shouldbe usedto modelsituationsvhosemeasuref uncertaintycannotbe mod-
i ed by simplytakinginto accountsomeotheraspectMoreoverits formalization
andusein a contet of partial information shouldbe donewith the awvareness
of all its implications,thataredeepetthenthe simplefactorizationof somejoint
probabilities(for moredetailsseeoncemore[7], chapt.17).

In thepresencef strongsymmetrieslik e for exampleassessmein thesame
statemenimadeindependentlypy differentexpertswith similar skills (seefor ex-
ampleLadetal.[11]), it is moresuitableto introducesomekind of exchangeabil-
ity. This is opportunewhenever it is relevanthow manyinsteadof which events
realize,or, in otherwords,wheneer it possibleto identify a sumasa sufcient
statistic(for adetailedexplanationreferto [10], sect.3.9).In particulay when&er
theassessmeis mainly conditional thejudgemenbf conditionalexchangeabil-
ity couldbethe moresuitableandit is formulatedasfollows:

scenaricCj, thenary conjunctionof the Ejswith thesamenumberof af rmed and
negatedeventsmustbe equally evaluated.In otherwords,for ary x ed number

P(Ei,:::Eig: B, .0 EjCj) = ¢s 3)
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for ary permutatiorof theindexesiz;:::;ik.

Conditionslik e (3) actuallyreducethe “degreeof freedom”for theunknowns
x respecthe constraintg1) of the original assessmentestricting“de facto” the
admissibleclassof conditionalmeasure®g and,possibly shrinkingsomeexten-
sionbounds.

Since(3) referstoa x edconditioningeventC;, restrictionof thistypeareeas-
ily reportedaslinearconstraintsin fact,denotingwith ps andpthecharacteristic
vectorsof two differentpermutation®f thecombinatiorg;, :::E: E,,:::: E,
extensionswith the further conditional exchangeabilityrequirementobtain by
addingto (2) pairwiseequalitiesof theform

(s Pj) x=0 4)
cases= 0ands= kdonotactuallyconstituteary constraint).

3.2 Conditional Probabilities Comparison

Sometimeghereareconditionaleventswhich anexpertbelievesmorethansome
other, but he/shecannotexpressneitherprecisenorimpreciseprobability assess-
mentson them,beingonly capableo comparehem.

Thisis immediatelyinterpretableas

P(SiG) K" P(SiC)) (®)

for someconstanvaluek™ .
Anyway, if noneof the conditional probabilitiespresentin (5) is uniquely
constrainedits directrepresentatioby vectorswould be

x" [(se)' ¢ (K'sg)T ¢l x 0 (6)

that hasthe dravbackof being quadratic.This increaseghe dif culties for the
computationof the extensionbounds.In fact, to deal with quadraticallycon-
strainedoptimization problemsthere are speci ¢ OperationalResearcts tech-
nigueslJik einterior-pointalgorithmg[13] or duality boundmethodg14], but they
arenotsosafeandcon rmed like thosefor linear programmingproblems.

Thatis why we proposean approximationof (5) that, even beinga wealer
constrainthasthe advantageof leaving the extensionproblemin a linear form.
The ideais of expressing(5) in a parametricway and introducingfurther un-
knownsthatcancapturethe basicstructureof the parameterization.

If we focusour attentionon oneof thetwo conditionalprobabilitiesin (5), let
ussayP(SjjC;), we cantake it asaninferencetarget andcomputeits extension
boundd]l bs,-jcjiU jjc,-] asit hasbeenillustratedin Subsectior?.3. We cannow
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thattheinequality(5) canberepresentetly
sG x Kay O (7)
thelink by new andold variablesby
§G x G y=0; (8)
while thevariability boundsfor P(S;jC;) imply the constraints
Ibsjc; i Yi  Ubgjjc;Xi fori=1;::; & 9

Theseconstraintsare all implied by (5), while the vice versadoesnot hold in
generalHence jf theminimization/maximizatiorof he x is performedwith con-
straints(2), (7), (8) and(9) we arenot guaranteedo have obtainedthe coherent
extensionfor P(HJE) of p plus (5), but just an interval containingit. However,
oncesuchoptimalsolutionsx areobtainedthey canbesubstitutedn (6) to check
if theinterval [Iby;je; uby;e] is coherentlf not, theleft-hand-sideof (6) will result
anegative valuethatcanbe adoptedasa measue of violation of (5).

Of courseit is not neededto add sequencesf optimizationsto cyclically
imposeequalitiesn (7) and(9) becausehey mustbeful lled asthey areby each
P2 PEg.

Anyway, (7), (8) and (9) increasesigni cantly the spacecompleity of the
optimizationprocedureHence beforeto adoptthemit would be betterto check
if the optimal solutionsof the original linear program(2) alreadysatisfy (6). If
it is thecasejt meanghatthe qualitatve comparisor(5) is redundanbecauset
actuallydoesnotrestrictthe classPg .

3.3 SelectorsRestriction

We introducenow aconsideratiorthatwill resultmoretechnicathantheprevious
ones.It will be lessintuitive and also more debatablehenceit shouldbe used
more carefully andit will aryway needan interpretation processbefore being
presentedo a eld' sexpertfor its acceptance.

Analyzing the inferenceprocedurefor someconditionaleventHjE, it could
happerto noticethatresultsaremainly in uenced by the possiblevariability of
someotherKjF. As usualKjF canbeconditionedo aproperF or unconditional,
i.e.with F = W. If KjF doesnot belongto the initial list of conditionalevents
F , theinducedbounds{lbe ; ubk;e] for its conditionalprobability could be ex-
tremelyvague,andusuallythis is not notedat the beginning becauséjF could
beof nodirectinterest.

However, it could be impossibleto asses®oundsfor P(KjF) eitherbecause
the dataon which p washuilt arenot availableanymoreor becausehereis not
directinformationon KjF. Anyway, anindirectconsideratioris possible.
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Variability rang€]l bk ; ubk;e ] resultsfrom theunionof all theextensionssay
[l blj<jF;Ublj<jF]’ with1 j n, of theextremeconditionaldistributionsP;  Pg.
With extremedistribution we meanthoseP 2 Pg thatreachatleastonethelower
or upperbounds(Ib;j or ub;) of theassessmemt It couldhapperthatsomeof the
[l b,jq,: ; ub,jq,:] is narrav enoughto drasticallyin uence P(HjE), shaving thatnot
all theadmissibledistributionsplay the samerole for theinference.

Hence adoptinga morerestrictiveattitudeandthanksalsoto someextra con-
siderationijt is possibleto selectonly someof theadmissibleP;  Pg by choos-
ing moreinformatve lower-upperboundsfor P(KjF) (possiblycoincidingwith
the narroverinterval [| blqu ; ub,JqF]) sothattheinitial assessmemanbe updated
andanew inferenceon HjE performed.

4 Two Medical Applications

We will shav now how the procedureslescribecheforecanbe appliedon prac-
tical problems.n particularwe will illustratethe resultswe recentlyattainedfor
two differentmedicaldiagnosticprocessesThe rst problemwill shav how to
applyandtherelevanceof theconditionalexchangeabilityassumptionandof the
conditionalprobabilitiescomparisonasdepictedin subsection8.1and3.2.0n
the contrary with the secondonewe will showv the importanceof a preliminary
checkof coherencevheneer informationcomesfrom differentsourcesandthe
in uence in the resultsof selectorrestrictions,in line with subsection®.2 and
3.3,respectrely.

4.1 Accuracy Ratesfor an AsbestosisMedian DecisionProce-
dure

In [3] we re-examinedthe procedureof mediandecisionmakingin the context of
radiologicaldeterminatiorof asbestosidMediandecisionapplieswheneerthere
is a pool of experts,usuallyequialentin skill, examiningthe samepatientsand
eachsinglecases nally diagnosednthebasisof theagreementf themajority
of judgments.

In particular in a recentpaper[12], Tweedieand Mergersenanalyzea pre-
vious case-reporaboutincidenceof asbestosiamonga groupof peoplewith a
similar history of asbestogxposure Opinionsof threeradiologistsarebasedon
X-ray Ims readingsandthe authorshave ratherlimited informationaboutthe
mediandecisionprocedure Anyway, they are ableto proposea tricky method-
ology to retrieve someconclusionaboutthe probability of the diagnosisbeing
correct.

However, theauthors'analysisdeeplyrelieson aassumptiorof independence
for the experts' assessmenisndthey adoptit becauseX-ray Ims arereadin-
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dependentlyy theradiologists But this consideratiorshouldpertainto experts'
assessmemtrocedue, notto our belief aboutinformation'sin uence oneexpert
opinioncouldhave onanother Actually, sincethe expertshave similar skills, the
respons@f oneof themis alreadya signi cant indicatorof whatwe couldexpect
from another

TweedieandMergerserareawareof theinadequag of theindependencpre-
sumptionputthey wonderhow it couldbereplacedThefactis thatthey "need”to
introduceindependenc® maintainuniquenessf theagreeingconditionalprob-
ability distribution. On the otherhand,the informationthatthe threeexpertsare
judgedequialently becausef their similar skill cannotbeignored.As we have
underlinedn Subsectior8.1,assumptionsf conditionalexchangeabilitiegould
beanappropriateanswelto this need.

To make a synthesiqa full descriptioncanbe obviously found in the cited
papers)we canformalizethe problemasit follows.

Firstof all weintroduceeventsthatreferto agenericpatientwith a X-ray Im
available:

| label | description |
F asbestosi§ br osig presence
D; ;i=1;2;3 | i-th expertpositive asbestosifidgment
D positive mediandecisiondiagnosis
S positive mediandecisionwith a splitting vote

Sincethe similarity amongradiologiststheir sensitivitiedor the Ims' read-
ing procesP(DijF), i = 1;2;3, arethoughtto be equal.

On the basisof recordeddataon 642 patientsand of speci c literaturerefer
ences, the following conditional probability assessment p on
F = (D4jF;D,jF;D3jF;D ;S jD ) is considereé&

P(DijF) = :82 i=1;23
P(D ) = :12
P(SjD )= 42

The rst probabilityP(D;jF) comedrom literatureresultson sensitvity anal-
ysesperformedby comparingadiologicalandhistopathologicaévaluationsThe
othertwo P(D ) andP(S jD ) derivesfrom the only datareportedin [12]. In
particular P(D ) is directly estimateddy theratio 77=642 of positive mediandi-
agnoseswhile P(S jD ) is attainedindirectly by the threeindividual 82%, 86%
and90% positive assessmenthroughtheformula

P(SjD )= (100 82)%+ (100 86)%+ (100 90)%= 42%

To completethe assessmeme mustexplicitly give which are the possible
logicalrelationd_c amongheunconditionakventsUg = f F;Dy;D»; D3;D ;S g.

2|n [12] and[3] severalassessmentgith differentsensitvity valuesareexamined herewe report
only the rst oneasprototype
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By the problemdescriptiorwe canpick outlogical dependencieamongthe me-
diandecisionswith or without splitting vote,andindividual experts' diagnosis

S
D

(D1D2: D3) _ (D1: D2D3) _ (: D1D2D3)
S _ (D1D2D3)

It is easyto checkthatthe numericassessmerg is coherentandthat, even
beinga preciseconditionalprobabilityassessmenthe admissibleclassPg is not
asingleconditionaldistribution, asit will appeain thesequel.

We canconsidettheassessmertf ;Lc;p) asapartialknowledgebasewvhose
main“lack” is theabsenc®f anestimatefor the expert's speci city P(: Djj: F).
Anyhow, thanksto the conditionalindependencassumptions

P(DijDjF) = P(DijF) and P(DjjDj: F) = P(Dij: F) (20)

andthanksto somealgebraicmanipulationinvolving Bayes' Theorem,Tweedie
andMergersenuniquely determineprobability valuesfor the usualaccurag in-

dexesspeci city, positivepredictivevalue negativepredictivevalueandestimate
thetrue positiveproportion. We cancomparetheir resultswith whatwe obtained
rstly without any assumptionsecondlyadoptingthe methodof SubsectiorB8.1

to incorporatethe following conditionsof conditionalexchangeability

P(D1D2: D3jF) =  P(D1i: D2D3jF) = P(: D1D2D3jF)

P(Dll D2: ngF) = P(Z D12 D2D3j|:) = P(Z D1D22 D3jF)
(11)

P(D_‘LDZ: D3j2 F) = P(D1: D2D3jZ F)
P(Dll Da: D3j2 F) = P(Z Diq: D2D3jl F)

P(Z D1D2D3jZ F)
P(Z D1Dy: D3jl F)

and nally usingconsiderationsf Subsectior3.2to considetthefollowing condi-
tional probabilities'comparisonshatarisefrom theformalizationof anintervien
with afurtherphysiciarf:

Swith respecto thenotationof Subs.3.Wwehaek= 3,E; = D; andC; equalat rst to F andafter
to: F

4Thesecomparisonsarethe resultof the formalizationof a long and detailedanalysisof the in-
uence of the knawledgeof the answersof someexperton the behaiors of the others.It hasbeen
performedwith a physicianextraneougo therestof thework
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P(DsiD1DzF) 4, P(DaF) P(Dsj: Di: DoF)  ,_s P(D3iF)
P(: D3jD1D2F) p(: D1jF) P(: D3j: D1: DoF) P(: D3jF)
(linear) (linear)

P(D3jl D]_I D2: F) _a P(D3j: F) . ) — . )
P(: D3j: D1: Do: F) < °P(: Daj: F) P(D3jD1: D2F) 2 [:5;:5+ (P(DsjF) :5)]

(quadratic) (linear)

P(D3jD;y: D2: F) 2[5 (P(DsjF) :5);:5] P(D2jD1F) P(D2jF)
(linear) (linear)

P(D3jD2D1F) P(D3jD1F) P(Dgj: D1: F) P(Dgj: F)
(quadratic) (quadratic)

P(Dsj: D2: D1: F)  P(D3j: D1: F)
(quadratic)

Note that suchrelations,even beingsimilar in structure(the rst threeactu-
ally re ect oddsratioscomparisons)aredistinguishedby labels,betweernthose
of themthatareactuallylinearconstraintssincesomequantityis uniquelydeter
minedandthosethatareproperlyquadraticandneedthe proposedinearapprox-
imation.

We cannotgo into technicaldetails,but it is importantto mentionjust one
computationaffeature:the numberof atomsin this problemis 16, but condi-
tional independencassumption$10) reduceat two the degreesof freedomfor
their probabilities,i.e. everythingis fully determinedncethe experts' sensitv-
ity P(DjjF) andspeci city P(: Dij: F) couldbe selectedyhile with conditional
exchangeabilitie§11) we have only areductionat 8 degreesof freedom.

Here we reportthe differentinferencesperformedon several accurag in-
dexes,specifyingthe particularassumptiongdopted

extensionboundsunder
index description B

cond.idep. noass. cond.exch. qual.comp.
P(: Dijj: F)  experts'speci city .957 [0,1] [.603, 1] [.820,.970]

P(FjD ) positive predict.val. .961 [0,1] [0,1] [0,.779]

P(: Fj: D) negatie predict.val. .988 [.970, 1] [.971,1] [.979, 1]

P(F) asbestosiscidence 126 [0,.130] [0,.130] [0,.106]
P(D jF) med.dec.sensitvity .994 [.730, 1] [.730,1] [.820, .878]
P(: D j: F) med.dec.speci city .995 [.880, 1] [.880, 1] [.954,.970]

Whenever conditionalexchangeabilitycannothelp on limiting vagueinfer-
enceboundsthefurtherqualitatve probabilisticcomparisonsredeterminantin
fact, apartfrom the positive predictive value,all theintervalsin the lastcolumn
aretight enoughto judgetheprocedureAbouttheonly "vague”interval [0;: 779,
evenit doesnotboundfrom below the positive predictive value, it givesaninter
estingupperlimitation for suchindex.
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Moreover, notethat someinterval of the last columndo not containthe cor-
respondingraluesobtainedby TweedieandMergersenThis becausehe further
constraintgyo in the oppositedirectionof independenceyringing somekind of
correlationbut leaving "untouched”the conditionalexchangeabilityframenork.

Our computationsieededo solve several liner programmingproblems but
whatwe obtainedis really basedon reasonablgrobabilisticstatementand not
ontricky manipulatiorthathave the only justi cation of bringingto singlevalues
insteadof intervals.

4.2 Reliability of GIST DiagnosisBasedon Partial Informa-
tion

Otherprototypesof applicationsof inferencewith a not fully detailedmodelare
the medicaldiagnosticproceduresvherethereis not a goldenstandad protocol
to follow. This happensvhennew advancesn the understandingf the biology
aredoneor new techniquesarediscovered.In suchsituations differentopinions
appeatin scienti c literatureandthey are basedon disparatecasestudies,each
onewith its peculiarityandheterogeneityf data.

In particular in [1] we analysedh diagnostigprocesgor gastointestinalstro-
mal tumors (GISTs)whereonly recentlya newv andreliable phenotypicmarker
(theKIT proteinCD117)for theseneoplasmhasheenintroduced.

Thediagnosigathconsistmainly of two stagesat rst ahistologicalanalysis
is doneandlateranimmunohistochemicachemas adoptedo con rm casegpre-
viously suspectedo be GISTs.Whatwe have donewasto numericallyevaluate
thequality of the rst discriminationandit waspossibleby matchinginformation
from a personakasestudy’? andimmunohistochemicabehaiors reportedin the
relevantliterature.

Theproblemcanbesynthesizeasit follows: we have selectedasrelevantfor
alesiontheevents

| label | description |
DIAGNOSIS | lesionis histologicallysuspectedo bea GIST
GIST lesionis reallyaGIST
CD117 KIT proteinexpression
CD34 Hematopoietigprogenitorcell antigenexpression
SMA Muscleactinexpression
DESM Desminexpression
S100 S-100proteinexpression

wherethe rst two distinguishthe suspectedumorsby thoseactuallybelonging
to the GIST's family, while the othersrepresenthe positiity for speci c im-
munohistochemicaharkers.

5Datawascollectedat Istituto di Anatomiae Istolagia Patolagica - Divisionedi ricercasul canco
- Universit degli Studidi Perugia- Italy duringthe periodJan.1998-Sept.2002
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We hadonly thefollowing logical restrictiondueto the extremespeci city of
theKIT marker
CD117 GIST:

By the personalcasestudy we estimated by obsenred frequencies}he fol-
lowing “knowledgebase”

| statement | cond.prob. |
DIAGNOSIS 510
CD117CD34: DESM: S100j DIAGNOSIS .308
: SMA: CD117CD34DESM: S100j DIAGNOSIS .077
: SMA CD117CD34: DESM S100j DIAGNOSIS .077
SMA : CD117CD34: DESM: S100j DIAGNOSIS .077
SMA CD117: CD34: S100j DIAGNOSIS 231
SMA CD117: CD34: DESM S100j DIAGNOSIS .077
: SMA CD117: CD34: DESM S100j DIAGNOSIS .077

but it turnedout to be incoherentwith the “rule base”we derived by collecting
differentliteraturesources

| statement | expectedrequencie®ounds|
CD34j CD117 [60,.70]
SMA | CD117 [.30, .40]
S100j CD117 [.096, .105]
DESMj CD117 [.01,.02]

A deepenalysisof theobsenedresultshasshavn thatthereweretwo cases
with dubiousS100positvity andthey have judgedasthe causeof theinconsis-
teng. In fact, performingan inferencebasedonly on the knowledgebase,we
obtainthatthe percentagéor S100; CD117resultsbetweerl3%and70%,while
it shouldbearoundl0%asindicatedin therule base.

Revising thesetwo judgementswe have obtaineda differentknowledgebase
consistentvith theliteraturerule base

| statement | cond.prob. |
DIAGNOSIS .510
CD117CD34: DESM: S100j DIAGNOSIS .380
: SMA: CD117CD34DESM: S100j DIAGNOSIS .077
SMA: CD117CD34: DESM: S100j DIAGNOSIS 077
SMA CD117: CD34: S100j DIAGNOSIS .077
SMA CD117: CD34: DESM S100j DIAGNOSIS .077
: SMA CD117: CD34: DESM: S100j DIAGNOSIS .077

Further considerationshas induced us to add the further constraint
P(CD117GIST) 2 [0:95;0:99] for thesensitvity of theKIT marker.

Puttingtogetherall theseassessmentthey force the usualaccuray indexes
to bein thefollowing bounds
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| index | description | extensiorbounds|
P(DIAGNOSIS] GIST) | sensitvity [.47,.76]
P( DIAGNOSISj : GIST) | speci city [0, .88]
P(GISTj DIAGNOSIS) | positive predictive value [.85,.94]
P( GISTj: DIAGNOSIS) | negative predictive value [0,69]

that, apartfrom the positive predictive value, re ect a weak”in uence” of the
constrainttonsidered.

Adding to the assessment the probabilistic comparison
P(DIAGNOSIS] GIST) P(DIAGNOSISj : GIST) we have not obtainedap-
preciablemprovements.

On the contrary reasoningas describedn Subsectior8.3, we have focused
the attentionon the "a priori” valuesof GIST's incidence.In fact, its coherent
boundsresultP(GIST) 2 [:59;:97] while one extremesub-clasf the admissi-
ble conditionalprobabilitiesnducethe morerestrictive lowerboundof :81. Since
thepathologisjudgedasreasonablavariability around31%of the GISTSsinci-
dence, we have added to the whole assessmentthe restriction
P(GIST) 2 [:806;:815 obtainingthe morerelevantresults

| index | description | extensiorbounds|
P(DIAGNOSIS] GIST) | sensitvity [.53,.59]
P( DIAGNOSIS] : GIST) | speci city [.58,.80]

P(GISTj DIAGNOSIS) | positive predictive value [.85,.93]
P( GISTj: DIAGNOSIS) | negative predictive value [.22,.32]

thatcon rm a goodpositive predictive performanceof the diagnosticprocedure,
while they expressareally badreliability in thecaseof anegativediagnosisThis,
in away, reversegherole thattheKIT markershouldhave. Insteadof beingused
asacon rmatory tool in alreadysuspectedasesit shouldhave a crucialrole for
theright diagnosisof lesionat rst notsuspectedo be GISTs.
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