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whereeachF is a corvex subsef F. This representatiohasa simpleinterpre-
tation:facinga “non-homogeneousSetof alternatvesF, a decisionmaker splits

it into “homogeneoussubset$y and,on eachof them,shebehaesasa standard
expectedutility maximizer For example,the ij canbe commoditiestradedin a

local market| andF be the global market, or the F; canbe setsof lotterieson

whichthedecisionmalker feelsshehasthe sameinformation.

The ideaunderlyingtheseresultsis closeto the one of CastagnolandMac-
cheroni(2000),but the differenceof setupsheavily re ects onthetechniquesve
usein theproofs.

In particular if F is a corvex setof objectie lotteries,the modelfallsin the
classof lottery dependentitility (see,e.g.,Maccheroni2002,andthereferences
therein).

While, whenF is a setof simple(resp.continuous)ycts,eachu; corresponds
to a subjective expectedutility with respecto a nitely additive (resp.countably
additive) probability B. This time we arein the spirit of multiple priors mod-
els: for example,ChoquetExpectedUtility of Schmeidler(1989) and Maxmin
ExpectedUtility of GilboaandSchmeidle(1989)areparticularcaseof the pro-
posedmodelwhenthefamily f Fg,,, consistof setsof comonotonendaf nely
relatedacts respectiely. In fact,mary recentpaperdocusonspeci c case®f the
modelobtainedhere,andprovide interestingnterpretation®n thederivedfamily
of probabilities See g£.9.Nehring(2001),GhirardatoMaccheroniandMarinacci
(2002),Kopylov (2002), Siniscalchi(2003).In particular the latter work builds
on a similar ideaand looks for conditionsensuringthe uniquenes®f the sub-
jective probability usedto evaluatethe expectedutility of eachact; furthermore,
differentlyfrom us,the setsk areelicited from the preference.

2 A generalrepresentationresult

Let F bea corvex subsebf a vectorspaceX a nonergptycorvex subsleinf F,
f R, afamily of corvex subsetof F suchthatF = |, R andX 2L R,
and% a binaryrelationon F. As usual,we denoteby and theasymmetric
andthe symmetricpartsof %. In the sequelwe will make useof the following
assumptionsn %.

Weak Order (WO): For all f; and fy in F: f1 % f; or fo % f1. For all fq; o,
and f3 in F:if fl % f2 and f2 % f3, then fj_ % f3.

Local IndependencéLl): Forall | 2 L, all f;fp, and f3 in |, andall a in
(0;1): fy % foimpliesafi+ (1 a)fz%af,+ (1 a) f3. WhenL is asingleton
this propertyis thestandardndependencd).

Local Continuity (LC): For all | 2 L andall f1;f,, andfz in R:if f1  fo
and f,  f3, thenthereexist a andb in (0;1) suchthatafi+ (1 a)fs fo
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andf, bfi+ (1 b)fz. WhenL is a singletonthis propertyis the standard
Continuity(C).

Boundednes@B): For all f in F: thereexist x1;x 2 X suchthatx; % f and
f % Xo.

QuasiconcavitfQ): Forall f; andf, in F andall a in (0;1): f;  f, implies
afy+ (1 a) fo % fq.

As suggestedtby Siniscalchi(2003),a naturalwayto elicit the setsk from the
preferences to look for themaximalcorvex subset®f F onwhichit satis esthe
standardassumption®f expectedutility. Next theoremshows thatthe rst four
propertiesare necessanandsufcient to yield a piecavise af ne representation
of %.

Theorem1 Givena binary relation% on F, the following conditionsare equiv-
alent:

(i) %satis esWO, LI, LC, andB.

(i) Therexistsafamilyf u,g of af ne functionalsonF suc thatthefunctional
Uf)=u(f) iff2HR (@)
represent®oonF andU (X) = U (F).
Moreover, U is uniqueup to positiveaf ne transformations.

GhirardatoMaccheroniandMarinacci(2002),shov thatundersuitabletopo-
logical assumptionsthe closedand corvex hull of the family f u;g is the Clarke
subdiferentialof U.

Next we shav thatthe quasiconcaity assumptiorQ implies concaity of the
representation.

Corollary 1 Let% bea binaryrelationrepresentedy (1). Then,% satis esQ if
andonlyif f u g canbechosensuc that

u(f)= rlr;ipm(f)

forall f2 F.

It is easyto seethat the assumptiondVO, LI, LC, B, andQ are indepen-
dent.Moreover, the Exampleon page216 of CastagnolandMaccheroni(2000)
with F = R? andX = f 0g shavs that WO, LI, andLC arenot sufcient to ob-
tain a representatiofike (1). FurthernoticethatU (af + (1 a)x) = aU (f) +
(1 a)u(x) foralla 2 [0;1], f 2 F; andx 2 X. We call this propertyX-af nity .
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A specialcaseof interestis the onein which only F andX area priori given
and,forall f 2 F X, F; isthecorvex hull cof f;Xg of f fg andX. In this case
LI andLC canbe restatedwith no explicit referenceo the family Fs, moreoer
they canbereplacedyy

X-Independencg€X-l): Forall f1; foin F, all xin X, andall a in (0;1): f;1 % f;
iffafi+ (1 a)x%af,+ (1 a)x

X-Continuity (X-C): For all x;;x2 2 X andall finF:if x; fandf xo,
thenthereexist a andb in (0;1) suchthatax;+ (1 a)xp, fandf bxg+
(1 b)xo.

Theprevious Theoremtakesthefollowing form.

Corollary 2 Let % be a binary relation on F, and Fs = cof f; Xg for all f 2
F X. Thefollowing statementsre equivalent:

(i) % satis esWO, LI, LC, andB.
(ii) % satis esWO, X-I, X-C, andB.

(i) Therexistsan X-af ne functionalU : F! R representing andsud that
U (X) = U(F).

Moreover, U is uniqueup to positiveaf ne transformations.
In this case % satis esQ iff there existsa family U of af ne functionalsonF,
all of which are concodanton X, sud that

u(f)= umziLr}u(f):

We think thatthe above generaresultsshedsomelight on the commontraits
of severalwell-known particularresultsin theliterature.As anexempli cation in
the next sectionwe applythemto a problemof choiceunderuncertaintyWe are
con dent thatthey canbefruitfully employedto the studyof differentproblems;
e.g.,decisionmodelsin which F is the corvex setof all (closedandcorvex) sets
of lotteriesover a nite setZ of outcomesandits elementsare consideredas
menusof alternatvesavailableto adecisionmaler (seeg.g.,Dekel, Lipman,and
Rustichini,2001).

3 The Anscombe- Aumann setup

We now considerthe specialcasein which F is a setof acts;morepreciselywe
focusontwo possiblesettings.

The rst oneis theclassicalAnscombe Aumannsetup.Sis a nonemptyset
of statesof theworld, S analgebraof subsetof S calledevents X a corvex set
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of outcomesA simpleactis justanX-valued,simpleandS-measurabléunction;
F = FSisthesetof all simpleacts.In this settinga probability on S is a nitely
additive setfunctionP: S! [0; 1] suchthatP(0) = 0 andP(S) = 1.

The secondoneis a topologicalvariationof the rst. Sis a compactmetric
set,S its Borel s- eld, andX a nite dimensionakimplex. A continuousact is
justanX-valued,continuoudunction;F = F¢ is the setof all continuousacts.In
this settinga probability on S is a countablyadditive setfunctionP: S! [0;1]
suchthatP(0) = 0 andP(S) = 1.

For every fq;f, 2 F anda 2 [0;1] we denoteby af; + (1 a)f; theactin
F whichyieldsafi(s)+ (1 a)fa(s) 2 X for everys2 S. With aslight abuseof
notation,we identify X with the setof all constantacts(thusmakingit a corvex
subsedf F).

We will replaceassumptiorB with themildly strongerconditions:

Monotonicity(M): Forall f; andf, in F: if f1(S) % fa(s) on S, thenf; % f,.
Nondgeneacy(N): Notfor all f; andf, in F, f1 % fs.

Let G X beasubsetof F, afunctionalU : G! R is saidto be mono-
toneif g1 (s) %0g2(s) onSimpliesU (g1) U (g2); automonotond U (g1 (s))
U (gz2(s) onSimpliesU (g1) U (gp) (thatis, if U is monotonewith respecto
thepointwisedominanceelationit induceson G). Next lemmais alittle variation
onthevon Neumann MorgensterrTheorento yield a subjectve probability re-
sulta la Anscombeand Aumann(1963).In particular the lemmaguaranteean
expectedutility representatiofor ary preferencé&o on G thatsatis esWO, I, C,
M, andN.

Lemmal LetG X bea corvex subsetof F, U : G! R a nonconstantau-
tomonotoneafne functional,and u the restriction of U to X.1 Thee existsa
probability P on S sud that

Z

U(g = S(u g)dP
forallg2 G.

We arenow readyto statetheanticipatedesult.

Theorem 2 Givena binary relation% on F, thefollowing conditionsare equiv-
alent:

(i) % satis esWO, LI, LC, M, andN.

IMore preciselydenotedy xs theconstantcttakingvaluex for all s2 S, uis thefunctionde ned
by u(x) = U (xg); the shorterexpressionve adoptedderivesfrom theidenti cation of X with the set
of all constangects.
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(i) Theewe existsa family f Rg;,, of probabilitieson S, and an af ne noncon-
stantfunctionu on X, suc thatthe functional
Z

u(f)= (u f)dR iff2H 2
s
represent®oonF andit is monotone

Moreover, U is uniqueup to positiveaf ne transformations.

In the next corollary we considerthe specialcasewhen the quasiconceity
axiomQ holds.

Corollary 3 Let% bea binaryrelationrepresentedy (2). Then,% satis esQ if
andonlyif f B g, canbechosernsud that
z
u(f) = rlgan S(u f)dR

forall f2 F.

Thecounterparof Corollary2 for F = FSis Theoreml of GilboaandSchmei-
dler (1989),andwe explicitly stateit only in thecaseF = F¢. Here,thesetof all
probabilitymeasuress endavedwith theweak* topology

Corollary 4 A binary relation % on F¢ satis es WO, X-I, X-C, M, N, and Q
iff there exist an af ne functionu: X! R anda compactand corvex setC of
probability measues,sud that
4 z
0 . .
f %g, lrgryg S(u f)dpP g}lg S(u g)dP

forall f;g2 F°. Cisuniqueanduis uniqueupto a positivelinear transformation.

Differently from the GilboaandSchmeidle(1989)result,the setof priorsC
consistof countablyadditive probabilitymeasuresThis way of obtainingcount-
ableadditiity is alternatve to thatusedby Marinacci,MaccheroniChateauneuf,
andTallon (2002);in fact,we addassumptionsnthestructureof themodelrather
thanassumptionsnthepreference.

4 Proofs

Next Lemmais a minor variationon the Hahn- BanachExtensionTheorem .lts
proofis partof theoneof Lemma4 p. 829-830in Maccheroni2002).

Lemma?2 LetF G X benonemptycorvex subsetof a vectorspace If a
functionalu : F ! Ris X-afne, concaveandU;s is af ne, thenthere existsan
afne functionalu: F! Rsudthatu U andujg = Ujc.



Castaynoli etal.: ExpectedJtility with Multiple Priors 127

Thefollowingis atopologicalversionof thepreviousone . Wereferto Alipran-
tis andBorder(1999) Chapters for the basicnotationandresultson topological
vectorspacestheory

Lemma3 LetE bea vectorspace E°bea total subspacef its algebraic dual,
andK bea's (E®E)-compactsubsebf E® Set

I(e) = m|n ee
forall e2 E. If | isaf ne ona corvex subseC of E, there existsan extremepoint
e2 of K sudthatljc = €2, i.e.

&2 2 Argming, €€’

forall e2 C.

Proofof Lemma3. Forall e2 C, Argming, « he; €9 isas (E® E)-closedsubsebf
K. By compactnessf K, it is enoughto sh(wthatt) 'J‘ 1ArgnEne;>2K e, 60

forary e;;e;:::; e, 2 C. Choosen’2 Argming,k S

j= 1neJ’

1 1
| S)_,e; =nl S?:lﬁej =n SL,= ej,w0 =S, epw?
but, sincel isafne onC
1 1
I S.e =nl S ,~e; =nS,=l(e)= S min e;€ :
j=1%] J—ln ] j—ln ( J) J_leDZK ]

We canconcludethatw®? K and
Sy eiw’ = STﬂQ%T g€ :
Hence
ej;\No = min gj; €’
2K

forall j = 1;2;7:5;n, thatiswP2 | L Argming ej;€’

Morewer, QCArgmlneoz,( he;ell is anonemptyintersectiorof compaciex-
tremesets,henceit is a compactextremeset,andit containsan extremepoint.
Q.E.D.

Proof of Theorem 1 and Corollary 1.2 By the von Neumann- Morgenstern
Theoremfor all | 2 L thereexistsanafne functional

u:R!' R

2Theproofsarenot separateto avoid duplicatenotation.
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representingo on /. We still denoteby u; anarbitrarily x edaf ne extensionof
u to F. Sinceu)jx is anaf ne representatioof % onX, it is uniqueupto positive
afne transformationskix arbitrarilym2 L andsetu = uyx. Forall | 2 L choose
u sothatujjx = u.

By B, for all f 2 F thereexist x1;%2 2 X suchthatx; % f % x,. Therefore
u(xp)) = u(x) uw(f) u(x)=u(x),foralll2 L suchthatf 2 F, andthere
existsa 2 [0;1] suchthat

u ()

au(xy)+ (1 a)u(xz)
u@xat (1 a)x)
u(@axi+ (1 a)x);

thereforey, (f) doesnotdependnthechoiceof| 2 L suchthat f 2 F. Moreover,
theagumentabovre shavsthatthereexistsx; 2 X (i.e.axy+ (1 a)Xp) suchthat
x¢ fand
u (f) = u(xr)
foralll 2 L suchthatf 2 F.
We set
U(f)y=u(f) iff2H:

What precedeguaranteeshat U is well de ned, andU (f) = u(xs) = U (x)
impliesU (F) = U (X). Forall f1;f22 F,letf; x 2 X to obtain

f1%f2, x1%x2, u(xy)) u(x), U(f) U(f):
IfU%:F! Risafne onF foralll 2 L andrepresent&s, thenu®= U& = au+b
forsomea> Oandb?2 R; forall f2 F,letf x; 2 X to obtain
U9(f) = u(xs) = au(xf) + b= aU (f) + b:

This concludeghe proof of Theoreml.
Forarya 2 [0;1], f 2 F, andx 2 X, choosd 2 L suchthat f 2 F to obtain
U(af+(1 a)x) = u((af+(1 a)x
au(f)+ (1 au(x
au(f)+ (1 a)u(x;

thisshawvs thatU is X-af ne.

Next we prove Corollary 1. If U is constantthe resultis trivial. If U is not
constantthereexist f1; f» 2 F suchthatf; o and,by B, thereexistx;;x ;2 X
suchthatx; x ;. W.l.o.g.assumex ; = X; (sothat02 X) andU (x;) = 1,
Ux, = 1whenceJ(0)=U 2x+ 3x ; = 0.ThenU is positvely homo-
geneousThe (unique)positively homogeneousxtensionof U to thecorvex cone
H generatedby F is thefunctionalde ned by

V(gf) = gJ ()
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if f2 F andg> 0.Leth2 H andy in the corvex coneY generatedy X, there
existg> 0, f 2 F andx2 X suchthath= gf andy = gx, whence

Whey) = JV((T+9)

v S (f+

1 1

g 5P+ 5x

g V(D+ V()

= SV VO);

thatisV (h+y) = V (h)+ V (y).

Let hy;hy 2 H; thereexist g> 0, fy; fo 2 F suchthath; = gf;. If V(hy) =
V(hy), U(f1) = V(f1)) = V(f2) = U(f), sothatfy foandU 3fi+ 1f
U (f1) = 23U (f1)+ U (f2), thatisV (h+ hp) V() + V (hy). Elseif V (hy) >
V (hy), thereexistsy 2 Y suchthatV (y) = V (h1)  V (hy) (take(V (h1)  V (hp)) xy),
then

V(hi+ hg) + V (y) V(hi+ haty)
V(hy) +V(hza+y)

V(h)+V(h)+V(y):

Thatis, V is superlineamandU is concae. Now usingLemma2 for eachF we
canchoosey; suchthatv; : F! Risafne, v U andvjr = Uj5. Replacethe
u; choseratthe beginningof the proofwith v; to obtain

U (f) = vi (f) = minvi ()

if f2 F. Therestistrivial. Q.E.D.

GivenTheoreml andCorollary1, the proof of Corollary 2 is along, simple
exercise.

We denoteby By (S;S) the vector spaceof all real valued, simple and S-
measurabldunctions, endaved with the supnormtopology If Sis a compact
metric set, we denoteby C(S) the vector spaceof all real valued, continuous
functions,endaved with the supnormtopology It is well known that the topo-
logical dualof By (S, S) (resp.C(9)) is thevectorspaceba(S; S) of all bounded,
nitely additive setfunctionson S (resp.the vectorspaceca(S) of all countably
additive setfunctionson S): theduality being

Z

hiui= jdu
s
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forallj 2 Bp(S;S) andu?2 ba(S;S) (respj 2 C(S) andu2 ca(9). If k2 R, the
constanelemenf By (S;S) or C(S) takingvaluek on Swill bedenotedagainby
k. A functionall onasubsebf Byg(S;S) or C(S) is monotondf j 1 j 2 implies
I(j1) 1( 2).- A monotondinearfunctionall onBgy(S;S) or C(S) corresponds
to a positive setfunction L

Proofof Lemmal.Letu= Ujx; obviouslyuis af ne, (andcontinuousf F = F€).
Forallg2 G, letx2 g(S besuchthatu(x) u(g(s)) foralls2 Sandx2 g(9
besuchthatu(x) u(g(s)) forall s2 S. Theexistenceof suchx andx descends
from the nitenessof g(S) if F = FS, from the continuity of g andu if F = F€.
ThenU(x) U(g) U(X), andthereexistsxg 2 X suchthatU (xg) = U (9).
HenceU (G) = U (X) andthereexists x ;x 2 intU (X) with U (x ) < U(x).
Assumerst U(x )= U(x) = 1.Automonotonicityof U yieldsthatg;; g, 2 G
andu gi=u gximplyU(g1) = U (). It iseasytoseethatF = fu g:g2 Gg
is a corvex subsetof By (S;S) or C(S) containingthe constantfunctions1 and
1.
Denel:F! Rby

1(G)=U(9

if j = u g.lismonotoneafne, 1 (0) = 0andl (1) = 1.It isroutineto extendl to

thevectorsubspacéFi of Bo(S;S) or C(S) generatedy F andobtainalinear,

monotonefunctional | : HFi ! R suchthat{(0) = 0 andi (1) = 1. A classical

extensionresultof Kantorovich (see,e.g.,Aliprantis andBorder 1999,Lemma

7.31)guaranteethatthereexistsa linear, monotoneextensioni of I to thewhole

Bo(S;S) orC(S). We canconcludethatthereexistsa probability P on S suchthat
Zz

U(@)=1(u g = S(u g)dP

forallg2 G.

Finally, if it is notthecasethat U(x )= U(x ) = 1, thereexista> 0 and
b2 R suchthat (aU(x )+ b)= (aU(x )+ b) = 1, andthe proposedechnique
yields 7

au(g)+ b= S(a(u g)+ b)dP

forall g2 G, aswanted. Q.E.D.

Proof of Theorem 2 and Corollary 3.3 M impliesB. If F = FS, for ary act f
take x 2 f (9 suchthatx % f (s) for all s2 Sandx 2 f (S suchthat f (s) %X
for all s2 Sto obtainx% f andf %x. If F = F¢ letv: X! R beanafne
function that represent®6 on X; for ary act f, thereexists s ands suchthat
v(f(3) v(f(s) v(f(9) foralls2 S thenM guaranteeshat f (5) % f %
f (s). By Theoreml thereexists a functionalU : F ! R, afne on F for all
| 2 L, thatrepresent8s (andfor all f 2 F thereexistsx; 2 X suchthatx;  f).

3Theproofsarenot separateto avoid duplicatenotation.



Castaynoli etal.: ExpectedJtility with Multiple Priors 131

M alsoimpliesthatU is automonotonen F (a fortiori on F for all | 2 L). In
fact,U (f1(s)) U (f2(s)) onSimplies f1(s) % f2(s) onSand f; % f,, whence
U(f1)) U(f2).MandN imply thatU is nonconstanbnF for alll 2 L (justtake
f,  f pandx;;x 2 Xwithx,  fitohaveU (x;) > U x ;). Apply Lemma
1to R for eachl 2 L to obtainafamily f Bg,,, of probabilitieson S suchthat

z

U(f)= (u NdRA iff2F;

whereu: X! R istherestrictionof U to X. This provesTheoren2.

Next we prove Corollary 3. AssumingQ holds,thenU is concae.

If F= FS,w.lo.g.u(X) [ 1;1),andfu f:f2 FgisthesetByo(S S;u(X))
of simple,S measurabléunctionsfrom Sto u(X).

Elseif F= F¢,w.l.o.g.u(X)=[ 1;1],andfu f:f 2 FgisthesetC(S u(X))
of continuougfunctionsfrom Sto u(X).

Forallj 2 Bo(S;S;u(X)) orC(Su(X)), set

1(G)=U(f)

if j = u f.lismonotoneu(X)-af ne, concare,l (0) = 0andl (1) = 1. There-
fore, its positive homogeneousxtensioni to By (S;S) or C(S) is monotonesu-
perlinearandsuchthati’(j + k) = ('(j )+ kforallj 2 Bo(S;S) or C(S) andall
k2 R. Moreover, beingboundebnBo(S;S;[ 1;1]) orC(S[ 1;1]), I is contin-
uousin the supnorm Standardcornvex analysisresultsguaranteghatthereexists
auniquecornvex andweak* compacisetC of probabilitiessuchthat

z

()= min J dP
(just take as C the superdiferentialof I at 0). The functional i is afne on the

corvexsetF|=fu f:f2 Rgforalll 2 L.Infactforalll 2 Landallj;=u f
with f; 2 R/, anda 2 [0; 1] we have

[(@j 1+ (1 a)ja)

I(u (afi+ (1 a)fy)
= U(afi+ (1 a)fy)

= aU(f)+ (1 a)u(f)
= al(jo+ @ a)i|2):

By Lemmas3, thereexist P°2 C suchthat
4

fG)= jdr°
S

4Letx; 2 u 1(1) andx ;2 u I( 1). Therestrictionn of uto x ;% is anhomeomorphism
betweenx ;;x; and[ 1;1];soif j :S! [ 1;1]iscontinuous,f = n 1j:st x uX  Xis
acontinuousactsuchthat

u(fE)=unt@©) =nnl(E) =j©:
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forallj 2 F|. Thereforeforalll 2 L andall f 2 F
A A A

- — H - — 0.
UH=1(u H=min (u HdP= (u HdRP=mn (u Hary

Therestis trivial. Q.E.D.

Theproof of Corollary 4 isimmediate.
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