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Abstract

Let % be a preferencerelationon a convex setF. Necessaryandsuf�cient
conditionsaregiventhatguaranteetheexistenceof a setf ul g of af�ne util-
ity functionson F suchthat % is representedby U ( f ) = ul ( f ) if f 2 Fl ;
whereeachFl is a convex subsetof F. Theinterpretationis simple:facinga
“non-homogeneous”setF of alternatives,adecisionmakersplitsit into “ho-
mogeneous”subsetsFl , andactsasastandardexpectedutility maximizeron
eachof them.

In particular, whenF is a setof simpleacts,eachul correspondsto a
subjective expectedutility with respectto a �nitely additive probability Pl ;
while whenF is a setof continuousacts,eachprobability Pl is countably
additive.
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1 Intr oduction

Givena preferencerelation%ona convex setF, we providenecessaryandsuf�-
cientconditionsthatguaranteetheexistenceof asetf ul g of af�ne utility functions
onF suchthat % is representedby

U ( f ) = ul ( f ) if f 2 Fl ;
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1999.
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whereeachFl is a convex subsetof F. This representationhasa simpleinterpre-
tation:facinga “non-homogeneous”setof alternativesF, a decisionmakersplits
it into “homogeneous”subsetsFl and,oneachof them,shebehavesasastandard
expectedutility maximizer. For example,theFl canbe commoditiestradedin a
local market l andF be the global market, or the Fl canbe setsof lotterieson
which thedecisionmaker feelsshehasthesameinformation.

The ideaunderlyingtheseresultsis closeto theoneof CastagnoliandMac-
cheroni(2000),but thedifferenceof setupsheavily re�ects on thetechniqueswe
usein theproofs.

In particular, if F is a convex setof objective lotteries,themodelfalls in the
classof lottery dependentutility (see,e.g.,Maccheroni,2002,andthereferences
therein).

While, whenF is a setof simple(resp.continuous)acts,eachul corresponds
to a subjective expectedutility with respectto a �nitely additive (resp.countably
additive) probability Pl . This time we are in the spirit of multiple priors mod-
els: for example,ChoquetExpectedUtility of Schmeidler(1989)andMaxmin
ExpectedUtility of GilboaandSchmeidler(1989)areparticularcasesof thepro-
posedmodelwhenthefamily f Fl gl2L consistsof setsof comonotoneandaf�nely
relatedacts,respectively. In fact,many recentpapersfocusonspeci�c casesof the
modelobtainedhere,andprovideinterestinginterpretationsonthederivedfamily
of probabilities.See,e.g.Nehring(2001),Ghirardato,Maccheroni,andMarinacci
(2002),Kopylov (2002),Siniscalchi(2003).In particular, the latter work builds
on a similar ideaand looks for conditionsensuringthe uniquenessof the sub-
jective probabilityusedto evaluatetheexpectedutility of eachact; furthermore,
differentlyfrom us,thesetsFl areelicitedfrom thepreference.

2 A generalrepresentationresult

Let F be a convex subsetof a vectorspace,X a nonemptyconvex subsetof F,
f Fl gl2L a family of convex subsetsof F suchthatF =

S
l2L Fl andX �

T
l2L Fl ,

and% a binary relationon F. As usual,we denoteby � and� theasymmetric
andthe symmetricpartsof %. In the sequelwe will make useof the following
assumptionson%.

WeakOrder (WO): For all f1 and f2 in F: f1 % f2 or f2 % f1. For all f1; f2,
and f3 in F: if f1 % f2 and f2 % f3, then f1 % f3.

Local Independence(LI): For all l 2 L, all f1; f2, and f3 in Fl , andall a in
(0;1): f1 % f2 impliesa f1 + (1� a) f3 %a f2 + (1� a) f3. WhenL is asingleton
thispropertyis thestandardIndependence(I).

Local Continuity (LC): For all l 2 L andall f1; f2, and f3 in Fl : if f1 � f2
and f2 � f3, then thereexist a andb in (0;1) suchthat a f1 + (1� a) f3 � f2
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and f2 � b f1 + (1� b) f3. When L is a singletonthis propertyis the standard
Continuity(C).

Boundedness(B): For all f in F: thereexist x1;x2 2 X suchthat x1 % f and
f %x2.

Quasiconcavity(Q): For all f1 and f2 in F andall a in (0;1): f1 � f2 implies
a f1 + (1� a) f2 % f1.

As suggestedby Siniscalchi(2003),anaturalway to elicit thesetsFl from the
preferenceis to look for themaximalconvex subsetsof F onwhich it satis�esthe
standardassumptionsof expectedutility. Next theoremshows that the �rst four
propertiesarenecessaryandsuf�cient to yield a piecewiseaf�ne representation
of %.

Theorem1 Givena binary relation% on F, thefollowing conditionsare equiv-
alent:

(i) % satis�esWO, LI, LC, andB.

(ii) Thereexistsa familyf ul g of af�ne functionalsonF such thatthefunctional

U ( f ) = ul ( f ) if f 2 Fl (1)

represents%onF andU (X) = U (F).

Moreover, U is uniqueup to positiveaf�ne transformations.

Ghirardato,Maccheroni,andMarinacci(2002),show thatundersuitabletopo-
logical assumptions,theclosedandconvex hull of the family f ul g is theClarke
subdifferentialof U.

Next we show thatthequasiconcavity assumptionQ impliesconcavity of the
representation.

Corollary 1 Let%bea binary relationrepresentedby (1). Then,% satis�esQ if
andonly if f ul g canbechosensuch that

U ( f ) = min
l2L

ul ( f )

for all f 2 F.

It is easyto seethat the assumptionsWO, LI, LC, B, and Q are indepen-
dent.Moreover, theExampleon page216of CastagnoliandMaccheroni(2000)
with F = R2 andX = f 0g shows that WO, LI, andLC arenot suf�cient to ob-
tain a representationlike (1). FurthernoticethatU (a f + (1� a) x) = aU ( f ) +
(1� a)U (x) for all a 2 [0;1], f 2 F; andx 2 X. We call thispropertyX-af�nity .
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A specialcaseof interestis theonein which only F andX area priori given
and,for all f 2 F � X, Ff is theconvex hull cof f ;Xg of f f g andX. In this case
LI andLC canberestatedwith no explicit referenceto the family Ff , moreover
they canbereplacedby

X-Independence(X-I): For all f1; f2 in F, all x in X, andall a in (0;1): f1 % f2
if f a f1 + (1� a) x %a f2 + (1� a) x.

X-Continuity(X-C): For all x1;x2 2 X andall f in F: if x1 � f and f � x2,
thenthereexist a andb in (0;1) suchthat ax1 + (1� a) x2 � f and f � bx1 +
(1� b) x2.

ThepreviousTheoremtakesthefollowing form.

Corollary 2 Let % be a binary relation on F, and Ff = cof f ;Xg for all f 2
F � X. Thefollowing statementsareequivalent:

(i) % satis�esWO, LI, LC, andB.

(ii) % satis�esWO, X-I, X-C, andB.

(iii) ThereexistsanX-af�ne functionalU : F ! R representing%andsuch that
U (X) = U (F).

Moreover, U is uniqueup to positiveaf�ne transformations.
In thiscase, %satis�esQ iff thereexistsa familyU of af�ne functionalsonF,

all of which are concordantonX, such that

U ( f ) = min
u2U

u( f ) :

We think thattheabovegeneralresultsshedsomelight on thecommontraits
of severalwell-known particularresultsin theliterature.As anexempli�cation in
thenext sectionwe applythemto a problemof choiceunderuncertainty. We are
con�dent thatthey canbefruitfully employedto thestudyof differentproblems;
e.g.,decisionmodelsin whichF is theconvex setof all (closedandconvex) sets
of lotteriesover a �nite set Z of outcomes,and its elementsareconsideredas
menusof alternativesavailableto adecisionmaker(see,e.g.,Dekel, Lipman,and
Rustichini,2001).

3 The Anscombe- Aumann setup

We now considerthespecialcasein which F is a setof acts;moreprecisely, we
focuson two possiblesettings.

The�rst oneis theclassicalAnscombe- Aumannsetup.S is a nonemptyset
of statesof theworld, S analgebraof subsetsof S calledevents, X a convex set
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of outcomes. A simpleact is justanX-valued,simpleandS-measurablefunction;
F = Fs is thesetof all simpleacts.In this settinga probability on S is a �nitely
additivesetfunctionP : S ! [0;1] suchthatP( /0) = 0 andP(S) = 1.

The secondoneis a topologicalvariationof the �rst. S is a compactmetric
set,S its Borel s-�eld, andX a �nite dimensionalsimplex. A continuousact is
justanX-valued,continuousfunction;F = Fc is thesetof all continuousacts.In
this settinga probability on S is a countablyadditive setfunction P : S ! [0;1]
suchthatP( /0) = 0 andP(S) = 1.

For every f1; f2 2 F anda 2 [0;1] we denoteby a f1 + (1 � a) f2 the act in
F which yieldsa f1(s) + (1� a) f2(s) 2 X for every s2 S. With a slight abuseof
notation,we identify X with thesetof all constantacts(thusmakingit a convex
subsetof F).

We will replaceassumptionB with themildly strongerconditions:

Monotonicity(M): For all f1 and f2 in F: if f1 (s) % f2 (s) onS, then f1 % f2.

Nondegeneracy(N): Not for all f1 and f2 in F, f1 % f2.

Let G � X be a subsetof F, a functionalU : G ! R is said to be mono-
toneif g1 (s) %g2 (s) onSimpliesU (g1) � U (g2); automonotoneif U (g1 (s)) �
U (g2 (s)) on SimpliesU (g1) � U (g2) (that is, if U is monotonewith respectto
thepointwisedominancerelationit inducesonG). Next lemmais alittle variation
on thevonNeumann- MorgensternTheoremto yield a subjectiveprobabilityre-
sult �a la AnscombeandAumann(1963).In particular, the lemmaguaranteesan
expectedutility representationfor any preference% on G thatsatis�esWO, I, C,
M, andN.

Lemma 1 Let G � X be a convex subsetof F, U : G ! R a nonconstant,au-
tomonotone, af�ne functional,and u the restriction of U to X.1 There exists a
probabilityP onS such that

U (g) =
Z

S
(u� g)dP

for all g 2 G.

We arenow readyto statetheanticipatedresult.

Theorem2 Givena binary relation% on F, thefollowing conditionsare equiv-
alent:

(i) % satis�esWO, LI, LC, M, andN.

1Moreprecisely:denotedby xS theconstantacttakingvaluex for all s2 S, u is thefunctionde�ned
by u(x) = U (xS); theshorterexpressionwe adoptedderivesfrom theidenti�cation of X with theset
of all constantacts.
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(ii) There existsa family f Plgl2L of probabilitieson S, andan af�ne noncon-
stantfunctionu onX, such that thefunctional

U ( f ) =
Z

S
(u� f ) dPl if f 2 Fl (2)

represents%onF andit is monotone.

Moreover, U is uniqueup to positiveaf�ne transformations.

In the next corollary we considerthe specialcasewhenthe quasiconcavity
axiomQ holds.

Corollary 3 Let%bea binary relationrepresentedby (2). Then,% satis�esQ if
andonly if f Pl gl2L canbechosensuch that

U( f ) = min
l2L

Z

S
(u� f ) dPl

for all f 2 F.

Thecounterpartof Corollary2 for F = Fs is Theorem1 of GilboaandSchmei-
dler (1989),andwe explicitly stateit only in thecaseF = F c. Here,thesetof all
probabilitymeasuresis endowedwith theweak* topology.

Corollary 4 A binary relation % on Fc satis�es WO, X-I, X-C, M, N, and Q
iff there exist an af�ne functionu : X ! R and a compactand convex setC of
probabilitymeasures,such that

f %g , min
P2C

Z

S
(u� f ) dP � min

P2C

Z

S
(u� g)dP

for all f ;g2 Fc. C is uniqueandu isuniqueupto apositivelinear transformation.

Differentlyfrom theGilboaandSchmeidler(1989)result,thesetof priorsC
consistsof countablyadditiveprobabilitymeasures.Thiswayof obtainingcount-
ableadditivity is alternativeto thatusedby Marinacci,Maccheroni,Chateauneuf,
andTallon(2002);in fact,weaddassumptionsonthestructureof themodelrather
thanassumptionson thepreference.

4 Proofs

Next Lemmais a minor variationon theHahn- BanachExtensionTheorem.Its
proof is partof theoneof Lemma4 p. 829-830in Maccheroni(2002).

Lemma 2 Let F � G � X be nonemptyconvex subsetsof a vectorspace. If a
functionalU : F ! R is X-af�ne, concave, andUjG is af�ne, thenthere existsan
af�ne functionalu : F ! R such thatu � U andujG = UjG.
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Thefollowing isatopologicalversionof thepreviousone.WerefertoAlipran-
tis andBorder(1999)Chapter5 for thebasicnotationandresultson topological
vectorspaces'theory.

Lemma 3 Let E bea vectorspace, E0bea total subspaceof its algebraic dual,
andK bea s (E0;E)-compactsubsetof E0. Set

I (e) = min
e02K



e;e0�

for all e2 E. If I is af�ne ona convex subsetC of E, thereexistsanextremepoint
e0
C of K such that IjC = e0

C, i.e.

e0
C 2 Argmine02K



e;e0�

for all e2 C.

Proofof Lemma 3.For all e2 C, Argmine02K he;e0i is as (E0;E)-closedsubsetof
K. By compactnessof K, it is enoughto show that

T n
j= 1Argmine02K



ej ;e0

�
6= /0

for any e1;e2; :::;en 2 C. Choosew02 Argmine02K

D
Sn

j= 1
1
nej ;e0

E
:

I
�
Sn

j= 1ej
�

= nI
�

Sn
j= 1

1
n

ej

�
= n

�
Sn

j= 1
1
n

ej ;w0
�

= Sn
j= 1



ej ;w0�

but, sinceI is af�ne onC

I
�
Sn

j= 1ej
�

= nI
�

Sn
j= 1

1
n

ej

�
= nSn

j= 1
1
n

I (ej ) = Sn
j= 1 min

e02K



ej ;e0� :

We canconcludethatw02 K and

Sn
j= 1



ej ;w0� = Sn

j= 1min
e02K



ej ;e0� :

Hence 

ej ;w0� = min

e02K



ej ;e0�

for all j = 1;2; :::;n, thatis w02
T n

j= 1Argmine02K


ej ;e0

�
.

Moreover,
T

e2C Argmine02K he;e0i is a nonemptyintersectionof compactex-
tremesets,henceit is a compactextremeset,andit containsan extremepoint.
Q.E.D.

Proof of Theorem 1 and Corollary 1.2 By the von Neumann- Morgenstern
Theoremfor all l 2 L thereexistsanaf�ne functional

ul : Fl ! R
2Theproofsarenot separatedto avoid duplicatenotation.
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representing% onFl . We still denoteby ul anarbitrarily �x edaf�ne extensionof
ul to F. Sinceul jX is anaf�ne representationof %onX, it is uniqueupto positive
af�ne transformations.Fix arbitrarilym2 L andsetu = umjX. For all l 2 L choose
ul sothatul jX = u.

By B, for all f 2 F thereexist x1;x2 2 X suchthat x1 % f % x2. Therefore
u(x1) = ul (x1) � ul ( f ) � ul (x2) = u(x2), for all l 2 L suchthat f 2 Fl , andthere
existsa 2 [0;1] suchthat

ul ( f ) = au(x1) + (1� a)u(x2)

= u(ax1 + (1� a) x2)

= ul (ax1 + (1� a) x2) ;

thereforeul ( f ) doesnotdependonthechoiceof l 2 L suchthat f 2 Fl . Moreover,
theargumentaboveshowsthatthereexistsx f 2 X (i.e.ax1 + (1� a) x2) suchthat
xf � f and

ul ( f ) = u(xf )

for all l 2 L suchthat f 2 Fl .
We set

U ( f ) = ul ( f ) if f 2 Fl :

What precedesguaranteesthat U is well de�ned, andU ( f ) = u(x f ) = U (xf )
impliesU (F) = U (X). For all f1; f2 2 F, let fi � xi 2 X to obtain

f1 % f2 , x1 %x2 , u(x1) � u(x2) , U ( f1) � U ( f2) :

If U0: F ! R is af�ne onFl for all l 2 L andrepresents%, thenu0= U0
jX = au+ b

for somea > 0 andb 2 R; for all f 2 F, let f � x f 2 X to obtain

U0( f ) = u0(xf ) = au(xf ) + b = aU ( f ) + b:

Thisconcludestheproofof Theorem1.
For any a 2 [0;1], f 2 F, andx 2 X, choosel 2 L suchthat f 2 Fl to obtain

U (a f + (1� a) x) = ul (a f + (1� a) x)

= aul ( f ) + (1� a) ul (x)

= aU ( f ) + (1� a)U (x) ;

thisshows thatU is X-af�ne.
Next we prove Corollary 1. If U is constant,the result is trivial. If U is not

constant,thereexist f1; f2 2 F suchthat f1 � f2 and,by B, thereexist x�
1;x�

� 1 2 X
suchthat x�

1 � x�
� 1. W.l.o.g. assumex�

� 1 = � x�
1 (so that 0 2 X) andU (x�

1) = 1,
U

�
x�

� 1

�
= � 1, whenceU (0) = U

� 1
2x�

1 + 1
2x�

� 1

�
= 0. ThenU is positively homo-

geneous.The(unique)positively homogeneousextensionof U to theconvex cone
H generatedby F is thefunctionalde�ned by

V (gf ) = gU ( f )
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if f 2 F andg> 0. Let h 2 H andy in theconvex coneY generatedby X, there
exist g> 0, f 2 F andx 2 X suchthath = gf andy = gx, whence

1
2

V (h+ y) =
1
2

V (g( f + x))

= gV
�

1
2

( f + x)
�

= gU
�

1
2

f +
1
2

x
�

= g
�

1
2

V ( f ) +
1
2

V (x)
�

=
1
2

(V (h) + V (y)) ;

thatis V (h+ y) = V (h) + V (y).
Let h1;h2 2 H; thereexist g > 0, f1; f2 2 F suchthat hi = gfi . If V (h1) =

V (h2), U ( f1) = V ( f1) = V ( f2) = U ( f2), so that f1 � f2 andU
� 1

2 f1 + 1
2 f2

�
�

U ( f1) = 1
2U ( f1) + 1

2U ( f2), thatisV (h1 + h2) � V (h1) + V (h2). Elseif V (h1) >
V (h2), thereexistsy2 Y suchthatV (y) = V (h1) � V (h2) (take(V (h1) � V (h2)) x�

1),
then

V (h1 + h2) + V (y) = V (h1 + h2 + y)

� V (h1) + V (h2 + y)

= V (h1) + V (h2) + V (y) :

That is, V is superlinearandU is concave. Now usingLemma2 for eachFl we
canchoosevl suchthatvl : F ! R is af�ne, vl � U andvl jFl

= UjFl
. Replacethe

ul chosenat thebeginningof theproofwith vl to obtain

U ( f ) = vl ( f ) = min
i2L

vi ( f )

if f 2 Fl . Therestis trivial. Q.E.D.

GivenTheorem1 andCorollary1, theproof of Corollary 2 is a long,simple
exercise.

We denoteby B0 (S;S) the vector spaceof all real valued,simple and S-
measurablefunctions,endowed with the supnormtopology. If S is a compact
metric set, we denoteby C(S) the vector spaceof all real valued,continuous
functions,endowed with the supnormtopology. It is well known that the topo-
logical dualof B0 (S;S) (resp.C(S)) is thevectorspaceba(S;S) of all bounded,
�nitely additive setfunctionson S (resp.thevectorspaceca(S) of all countably
additivesetfunctionsonS): thedualitybeing

hj ;µi =
Z

S
j dµ
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for all j 2 B0 (S;S) andµ 2 ba(S;S) (resp.j 2 C(S) andµ 2 ca(S)). If k 2 R, the
constantelementof B0 (S;S) orC(S) takingvaluek onSwill bedenotedagainby
k. A functionalI on a subsetof B0 (S;S) or C(S) is monotoneif j 1 � j 2 implies
I (j 1) � I (j 2). A monotonelinear functionalI on B0 (S;S) or C(S) corresponds
to a positivesetfunctionµ.

Proofof Lemma 1.Let u= UjX; obviouslyu is af�ne, (andcontinuousif F = Fc).
For all g 2 G, let x 2 g(S) besuchthatu(x) � u(g(s)) for all s2 Sandx 2 g(S)
besuchthatu(x) � u(g(s)) for all s2 S. Theexistenceof suchx andx descends
from the �nitenessof g(S) if F = Fs, from thecontinuityof g andu if F = Fc.
ThenU (x) � U (g) � U (x), and thereexists xg 2 X suchthat U (xg) = U (g).
HenceU (G) = U (X) and thereexists x� ;x� 2 intU (X) with U (x� ) < U (x� ).
Assume�rst � U (x� ) = U (x� ) = 1. Automonotonicityof U yieldsthatg1;g2 2 G
andu� g1 = u� g2 imply U (g1) = U (g2). It is easyto seethatF = f u� g : g 2 Gg
is a convex subsetof B0 (S;S) or C(S) containingthe constantfunctions1 and
� 1.

De�ne I : F ! R by
I (j ) = U (g)

if j = u� g. I is monotone,af�ne, I (0) = 0 andI (1) = 1. It is routineto extendI to
thevectorsubspacehF i of B0 (S;S) or C(S) generatedby F andobtaina linear,
monotonefunctional Î : hF i ! R suchthat Î (0) = 0 and Î (1) = 1. A classical
extensionresultof Kantorovich (see,e.g.,Aliprantis andBorder, 1999,Lemma
7.31)guaranteesthatthereexistsa linear, monotoneextensionĨ of Î to thewhole
B0 (S;S) orC(S). WecanconcludethatthereexistsaprobabilityP onS suchthat

U (g) = I (u� g) =
Z

S
(u� g)dP

for all g 2 G.
Finally, if it is not thecasethat � U (x� ) = U (x� ) = 1, thereexist a > 0 and

b 2 R suchthat� (aU (x� ) + b) = (aU (x� ) + b) = 1, andtheproposedtechnique
yields

aU (g) + b =
Z

S
(a(u� g) + b) dP

for all g 2 G, aswanted. Q.E.D.

Proof of Theorem 2 and Corollary 3.3 M implies B. If F = Fs, for any act f
take x 2 f (S) suchthat x % f (s) for all s 2 S andx 2 f (S) suchthat f (s) % x
for all s 2 S to obtainx % f and f % x. If F = Fc, let v : X ! R be an af�ne
function that represents% on X; for any act f , thereexists s and s suchthat
v( f (s)) � v( f (s)) � v( f (s)) for all s 2 S, thenM guaranteesthat f (s) % f %
f (s). By Theorem1 thereexists a functionalU : F ! R, af�ne on Fl for all
l 2 L, that represents% (andfor all f 2 F thereexistsx f 2 X suchthatxf � f ).

3Theproofsarenot separatedto avoid duplicatenotation.
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M alsoimplies thatU is automonotoneon F (a fortiori on Fl for all l 2 L). In
fact,U ( f1 (s)) � U ( f2 (s)) on Simplies f1 (s) % f2 (s) on Sand f1 % f2, whence
U ( f1) � U ( f2). M andN imply thatU is nonconstantonFl for all l 2 L (just take
f �
1 � f �

� 1, andx�
1;x�

� 1 2 X with x�
i � fi to haveU (x�

1) > U
�
x�

� 1

�
). Apply Lemma

1 to Fl for eachl 2 L to obtaina family f Pl gl2L of probabilitiesonS suchthat

U ( f ) =
Z

S
(u� f ) dPl if f 2 Fl ;

whereu : X ! R is therestrictionof U to X. This provesTheorem2.
Next we proveCorollary3. AssumingQ holds,thenU is concave.
If F = Fs, w.l.o.g.u(X) � [� 1;1], andf u� f : f 2 Fg is thesetB0 (S;S;u(X))

of simple,S measurablefunctionsfrom Sto u(X).
Elseif F = Fc, w.l.o.g.u(X) = [� 1;1], andf u� f : f 2 Fg is thesetC(S;u(X))

of continuousfunctionsfrom Sto u(X).4

For all j 2 B0 (S;S;u(X)) or C(S;u(X)) , set

I (j ) = U ( f )

if j = u� f . I is monotone,u(X)-af�ne, concave, I (0) = 0 andI (1) = 1. There-
fore, its positive homogeneousextensionÎ to B0 (S;S) or C(S) is monotone,su-
perlinear, andsuchthat Î (j + k) = Î (j ) + k for all j 2 B0 (S;S) or C(S) andall
k 2 R. Moreover, beingboundedonB0 (S;S; [� 1;1]) orC(S; [� 1;1]), Î is contin-
uousin thesupnorm.Standardconvex analysisresultsguaranteethatthereexists
auniqueconvex andweak* compactsetCof probabilitiessuchthat

Î (j ) = min
P2C

Z

S
j dP

(just take asC the superdifferentialof Î at 0). The functional Î is af�ne on the
convex setF l = f u� f : f 2 Fl g for all l 2 L. In fact,for all l 2 L andall j i = u� fi
with fi 2 Fl , anda 2 [0;1] wehave

Î (aj 1 + (1� a) j 1) = I (u� (a f1 + (1� a) f2))

= U (a f1 + (1� a) f2)

= aU ( f1) + (1� a)U ( f2)

= aÎ (j 1) + (1� a) Î (j 2) :

By Lemma3, thereexist P0
l 2 Csuchthat

Î (j ) =
Z

S
j dP0

l

4Let x�
1 2 u� 1 (1) andx�

� 1 2 u� 1 (� 1). The restrictionn of u to
�
x�

� 1;x�
1

�
is anhomeomorphism

between
�
x�

� 1;x�
1

�
and[� 1;1]; soif j : S! [� 1;1] is continuous,f = n� 1 � j : S!

�
x�

� 1;x�
1

�
� X is

acontinuousactsuchthat

u( f (s)) = u
�
n� 1 (j (s))

�
= n

�
n� 1 (j (s))

�
= j (s) :
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for all j 2 F l . Thereforefor all l 2 L andall f 2 Fl

U ( f ) = I (u� f ) = min
P2C

Z

S
(u� f ) dP =

Z

S
(u� f ) dP0

l = min
m2L

Z

S
(u� f ) dP0

m:

Therestis trivial. Q.E.D.

Theproof of Corollary 4 is immediate.
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