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Abstract

In somesituations,a decisionis best representedby an incompletelyan-
alyzedact: conditionally to a certainevent, the consequencesof the deci-
siononsub-eventsareperfectlyknown anduncertaintybecomesexpressable
throughprobabilities,whereasthe plausibility of this event itself remains
vagueandthedecisionoutcomeon thecomplementaryevent is imprecisely
known. In thisframework,westudyanaxiomaticdecisionmodelandprovea
representationtheorem.Decisioncriteriamustaggregatepartialevaluations
consistingin: i) theconditionalexpectedutility associatedwith theanalyzed
partof thedecisionandii) thebestandworstoutcomesof its non-analyzed
part.
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1 Intr oduction

Considerthefamousoil wildcatterproblemof decisionanalysistextbooks.Its de-
scriptiononly involvesgeophysicaldataandresultsof seismictests,whichmakes
it quite convincingly expressiblein a Savageansettingwheredecisionsareacts
andeventsareendowed with subjective probabilities.However, it may well be
that the relevanceof that analysisis only contingenton local political stability.
A completedescriptionof theproblemwould requireintroducingthis factorex-
plicitly. The likelihoodof political eventsbeinggenerallydif�cult to assessand
their impacton thewildcatterpro�ts dif�cult to evaluate,thestandardSavagean
approachrevealsitself unsuitablefor takingthis aspectinto account.

As anotherexample,considerthe questionof the useof geneticallymodi-
�ed organisms(GMO) in agriculture.Without GMO, farmers' incomedepend
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basicallyon climatic andmarket variables.Availabledataallow to estimatetheir
probabilitydistributionandtheir impactonincome.With GMO,expectedincome
remainsassessableconditionallyontheabsenceof cross-fertilizationandcontam-
inationof otherplants.However, neithertheplausibilityof thecontamination,nor
its consequenceson thefarmers'income,canbepreciselyevaluated.Hereagain,
thestandardapproachappearsunsatisfactory.

In thesesituations,andmany others(introductionof new technologies,mar-
ketingof new medicines,...)decisionsseembestrepresentedby incompletelyana-
lyzedacts:conditionallyto someeventsconsequencesof decisionsonsub-events
areperfectlyknown anduncertaintybecomesexpressablethroughprobabilities,
whereastheplausibility of theseeventsthemselvesremainsvagueandthedeci-
sionoutcomesoncomplementaryeventsareimpreciselyknown.

Theaxiomaticmodelproposedbelow is anattemptat formalizingsuchsitua-
tionsandat justifying adapteddecisioncriteria.

2 The Model

2.1 Decisions

Consider:W, setof statesof nature;E; s � algebraof events;C, a setof conse-
quences;G, s � algebraof subsetsof Ccontainingsingletons.A decisionproblem
involvesaparticularsetof decisions,D; whichare(measurable)actsin thesense
of Savage1, i.e., mappings(W;E) � ! (C;G): However, in the decisionmodel
below, theseactsarenot completelyknown by thedecisionmaker. Speci�cally,
thedecisionsareonly partially analyzed,i.e., for any decisiona 2 D thereis an
eventA suchthattherestrictionof a to A - theanalyzedpartof a - denotedajA is
exactly known but theonly informationaboutajAc - thenon-analyzedpartof a -
is its rangeMa = a(Ac): Thus,preferenceswill dependonpairs( ajA ; Ma) :

A speci�c featureof the modelis that D is not assumedto containall con-
ceivablepairs( ajA ; Ma) : Thereasonis thatdecisionmakerscannotbeexpected
to meaningfullyevaluateunrealisticdecisions.ThustherangeM onan”unfavor-
able” event (suchasa naturalcatastrophe)shouldnot includeany blissful con-
sequence.Similarly, in somesituations,majorignoranceabouttherelevantevent
will necessarilyimply muchuncertaintyaboutoutcomesi. e.awideconsequence
rangeM on this event.

Completelyanalyzeddecisions,denotedby ( ajW; �), canexist. In particular,
for evaluationpurposes,weshallassumetheexistenceof completelyanalyzedR -
measurableacts,wheresubalgebraR of E canbeinterpretedaseventsassociated
with sequencesof headsand tails (seeSavage[6, p. 38-39] and de Finetti [2,

1Moreprecisely, weuseSavage's remark[6, x 3.4,p. 42] thattheresultsin hismodelremainvalid
with events,consequencesandactsde�ned in thepresentway.
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p.199-202]).
A decisiona analyzedon an event A is calledan A - act. It generatesa s -

algebraof subsetsof A :
n

aj � 1
A (G); G 2 G

o
, which we embedinto a richerone,

thes - algebraAa of subsetsof A generatedby
n

aj� 1
A (G) \ R; G 2 G; R2 R

o
:

Ma

A Ac
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Figure1: A partially analyzedact

We denoteby Fa thesetof all pairsg = ( gjA ; Ma) wheregjA is any conceiv-
ableSavageanact (A; Aa) � ! (C, G). Thus,g 2 Fa impliesMg = Ma: Thereis
onesuchsetcorrespondingto eacha 2 D andtheir union is denotedby F : We
denoteby AF thesetof all eventsA suchthatF containsat leastoneA-act.

Notethatthefactthattwo actsa0anda00arebothA-acts,i.e.,areanalyzedon
thesameeventA; doesnot imply theidentity of Aa0 andAa00; nor thatof Fa0 and
Fa00:

Example1 Actsa; a0; a00characterizevariousoil �eld managementstrategiesin
thesamecountry. Political risk (eventAc) mayimply partial or completelossof
the investment.Act a0 involvesthesameinvestmentlevel I asa but concernsthe
exploitationof a differentoil �eld, whereasacta00correspondsto a moreintensive
exploitationof thesame�eld asa. Thus,it is likely that Ma0 = Ma = [0; � I ] but
Aa0 6= Aa (oil yieldsdependon different events),whereasMa00= [0; � I00] 6= Ma
andAa00= Aa: Hence, althoughthethreeactsare analyzedon thesameeventA,
Fa; Fa0 andFa00all differ fromoneanother.

2.2 Preferences

PreferencesonF areexpressedby a binaryrelation%: We assume:

Axiom 1 %is a weakorderonF .

Wewantto endow %with standardpropertiesand,moreover, to establishlinks
betweenits restrictions%a to the variousFa: For this, we needin particularan
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appropriateversionof Savage'sSureThingPrinciple.
Due to the partial informationon thedecisions,the commonpartCom(a;b)

of two actsa andb analyzedoneventsA andB; respectively, is de�ned as

Com(a;b) =
�

f w 2 A\ B : a(w) = b(w)g if Ma 6= Mb
f w 2 A\ B : a(w) = b(w)g[ (Ac \ Bc) if Ma = Mb

Axiom 2 (SureThingPrinciple for partially analyzeddecisions)
Let a; ba;b;bb 2 F where ba resultsfroma andbb fromb by a commonmodi�ca-

tion in thesensethatCom(a;b) = Com(ba;bb).
Thena %b ( ) ba %bb:

Notethatthefeasiblecommonmodi�cationsof agivenpairof actsarestrongly
limited by thefactthatthemodi�ed actsmuststill belongto F .

NotealsothatFa; Fba; Fb; Fbb maydiffer.

Example2 Supposethere are threecountries:A;B andC: CountryA (resp.B)
maypossiblyfacean economiccrisis (eventAc (resp.Bc)) which however is un-
likely in countryC: A �rm hasto take a decisionconcerninga productiveinvest-
mentof amountI : Thedecisiona of investingI in countryA will generatesales
shared out amongcountriesA;B and C in proportions45% in countryA, 5%
in countryB and 50% in countryC, unlesseconomiccrisis (eventAc) happens
in A in which caseI maybepartially or completelylost, independentlyof crisis
occurringor not in countryB:

On theotherhand,considera0with thesameamountof investmentin A asa
but generatinga differentsalessharing, namely70%,30%and0%respectivelyin
countriesA;B andC if there is noeconomiccrisis.With this investmentdecision,
the �rm may looseup to I if crisis occurs only in A, but is sure to loosethe
investmentcompletelyif thecrisis takesplacesimultaneouslyin A andB (event
Ac \ Bc):

Decisionsb andb0 havesimilar characteristicswith therolesof countriesA
and B exchanged.We assumemoreover that the countriesare ”similar”, in the
sensethat the return from salesis the samein A as in B; that is ajA = c and
bjB = c with c 2 C:

Thus,a andb are respectivelyanA� act anda B� act with

Com(a;b) = (A\ B) [ (Ac \ Bc)

andMa = Mb = [0; � I ].
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Figure2: Originalactsa andb.

a0andb0are (A\ B) [ (Ac \ Bc) � acts resultingfroma andb by a modi�ca-
tion of their commonpart. Moreprecisely,

ajA\ B = bjA\ B = a0
�
�
A\ B = b0

�
�
A\ B ,

Ma0 = Mb0 = [0; � I ] and a0
�
�
Ac\ Bc = b0

�
�
Ac\ Bc = � I
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Figure3: Modi�ed actsa0andb0.

3 Preferenceson AnalyzedEventsand SEU

Frompreferences%a on Fa, we cannow derive, ” �a la Savage”,%E
a ; conditional

preferencesgiveneventE, whereE 2 Aa, by

g %E
a h , g0%a h0where g0

�
�
E = gjE ; h0

�
�
E = hjE and g0

�
�
AnE = h0

�
�
AnE
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Axiom 2 ensuresthattheorderingof g0andh0 is independentfrom theircommon
valuesonAnE:

Notethat%A
a is thesameas%a :

Moregenerally, givenanA-act,a2 D andaB-act,b2 D whereB2 Aa (hence
B � A), orderings%B

a on Fa and%b on Fb arerelatedasshown by thefollowing
lemma.

Lemma 1 Leta0= ( a0jA ; Ma) ; a00= ( a00jA ; Ma) with a0;a002 Fa: Supposethat,
for someB 2 Aa, b is a B� actandb0= ( a0jB ; Mb) ;b00= ( a00jB ; Mb) 2 Fb: Then

a0%B
a a00, b0%b b00:

Proof. Considerg0andg00resultingfrom b0andb00by thecommonmodi�cation
consistingin giving thema constantcommonconsequenceg0(w) = g00(w) = c
for w 2 AnB andthe samerangeMa on Ac. By Axiom 2, g0% g00, b0%b b00:
Moreover, g0 andg00alsobelongto Fa andcanbeobtainedby modifying a0 and
a00onAnBandgiving themtheconstantvaluec. By de�nition, a0%B

a a00, g0%g00.
Hencea0%B

a a00, b0%b b00. 2

As a direct consequenceof Lemma1, conditionalpreferencesgiven E are
intrinsic in thesensethatthey donotdependonwhichAa containingE (henceon
whicha in F ) is considered,andcanbede�ned by g %B h , thereis a suchthat
g %E

a h:
We alsoneedslightly modi�ed versionsof theotherSavage'sde�nitions and

axioms.
A constantA-act f c

a in Fa is de�nedby: f c
a (A) = f cg with c2 Cand f c

a(Ac) =
Ma.

Savage'sP3becomes:

Axiom 3 For c0; c002 C; let f c0

a ; f c00

a be constantA-actsin Fa and f c0

b ; f c00

b be
constantB-actsin Fb:

Thenf c0
% f c00

( ) f c0

b % f c00

b :

Preferencesamongconsequencescannow bede�ned by
c0 � C c00( ) thereexist a 2 D andconstantA-acts f c0

a ; f c00

a in Fa suchthat
f c0

a % f c00

a :
SinceCcanalwaysbereplacedby its quotient,wehenceforthassumew.l.o.g.

that� Cis anorder(i.e. is antisymmetric)which justi�es theuseof symbol� C.
We moreoverassumetheexistenceof c; c; respectively theworstandthebest

consequencein C.
We now requireSavage's P4 (irrelevanceof the valuesof the prizeson the

events)in everyFe, wheree2 D is anE-act.
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Axiom 4 LetA;B 2 Ae wheree2 D is anE-act; let c1;c0
1;c2;c0

2 2 Cbesuch that
c1 � C c0

1 andc2 � C c0
2. De�ne acts f ; f 0;g;g02 Fe by:

i) f (Ec) = f 0(Ec) = g(Ec) = g0(Ec) = Me;
ii) f (w) = c1; f 0(w) = c0

1; for w 2 A;
f (w) = c2; f 0(w) = c0

2; for w 2 EnA;
iii) g(w) = c1; g0(w) = c0

1; for w 2 B;
g(w) = c2; g0(w) = c0

2; for w 2 EnB;
then f %g , f 0%g0:

Whenever f %g holdsfor f ; g de�ned asin Axiom 4, we canwrite A %E
e B:

However, if A;B 2 Ae� for someothere� 2 D which is alsoanE� act, it results
from Axiom 2 ( f (Ec) = f 0(Ec) = g(Ec) = g0(Ec) = Me above canbe replaced
by f (Ec) = f 0(Ec) = g(Ec) = g0(Ec) = Me� ) that: A %E

e B , A %E
e� B. We can

thereforedropthesubscripteandsimplywrite A %E B andread“eventA is qual-
itatively moreprobablethanB conditionallyto eventE”.

Thenext axiomis Savage'sP5.

Axiom 5 Thereexistsa pair c0;c002 C such that c0� C c00:

We alsointroducea versionof Savage's P6. It makesit clearthatoneof the
rolesof thecoin-tossrelatedsubalgebraof eventsR is to makeall (Aa;%a) atom-
less.

Axiom 6 Let f ;g 2 Fa, where a 2 D is an A-act,with f � g and c 2 C. There
existsa partition of A; consistingof eventsR\ A; R2 R ; such that if f ( resp.g)
is modi�ed on anyelementof thepartition andgivenconstantoutcomec on this
element,thenthemodi�ed act f 0 ( resp.g0) alsosatis�es f 0� g (resp.f � g0).

We alsoneedSavage'sP7for each%a :

Axiom 7 Let f ;g 2 Fa, where a 2 D is an A-actand let E 2 Aa. If f %E
a (resp.

- E
a ) g(w) for all w 2 E; then f %E

a (resp: - E
a ) g:

Axioms 1-7 imply thevalidity of Savage's P1-7in every Fa, wherethushis
mainresultholds:preferencesin Fa canberepresentedby a subjective expected
utility (SEU)criterionwith respectto anatomlessprobabilityonAa:

Moreover,dueto theexplicit introductionof s-algebraR(A) = f A\ R;R2 Rg
in thestatementof Axiom 6, it is clearthat this resultstill holdsif Fa is replaced
by its restrictionto R (A) - measurableacts.We canthusstate:

Proposition1 For everya 2 D there exist a boundedutility ua and an additive
probabilityPa such that

f %g ,
Z

A
ua � f dPa �

Z

A
ua � g dPa; 8 f ;g 2 Fa
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where
ua is uniqueup to anaf�ne transformation;
Pa is uniqueandfor everyr 2 [0;1] thereexistsB 2 Aa such thatPa(B) = r .
Moreover, theseexistenceanduniquenessstatementsare alsovalid whenFa

is replacedby its restrictionto R(A) - measurableactsandthusAa byR(A):

4 Intrinsic Utility and Probability Consistency

It is well known that Savage's axiomsdo not imply the existenceof certainty
equivalentsfor theacts.However, thispropertyis easilyacceptablefor suf�ciently
rich consequencesets(for instancewhenC is a real interval) and,althoughnot
necessary, will betechnicallyhelpful laterin thepaper. So,we assume:

Axiom 8 For anya 2 F thereexistc2 Csuch that theconstantA-act f c
a

satis�es
f c
a

� a a

Thenext assumptionandthe lemmathat follows assertthatcoin-tossrelated
eventsare”qualitatively” independentandthus”quantitatively” independentfrom
eventsin E:

Axiom 9 For everyA;B 2 AF conditionalpreferencesonevents%A and%B sat-
isfy, for all R0;R002 R :

A\ R0%A A\ R00( ) B\ R0%B B\ R00:

Lemma 2 Leta;b 2 D. For everyR2 R ; Pa(A\ R) = Pb(B\ R).

Proof. For any R0;R002 R , Pa(A\ R0) � Pa(A\ R00) , A \ R0%A A\ R00( )
B\ R0%B B\ R00, Pb(B\ R0) � Pb(B\ R00): Thus,themappingR(A) 7�! [0;1]
de�ned by A\ R7�! Pb(B\ R) is a probabilitymeasurerepresenting%A which
howeveris uniquelyrepresentedby Pa. ThereforePa(A\ R) = Pb(B\ R) for every
R2 R : 2

WheneverA\ R0%A A\ R00holdsfor R0;R002 R andsomeA 2 AF , we shall
simply write R0%R R00andread”eventR0 is qualitatively moreprobablethanR00

” : Qualitative probability%R is uniquelyrepresentedby probabilityPR de�ned
by PR (R) = Pa(A\ R) for someA:

Thus,Axiom 8 ensurestheexistenceof anintrinsicprobabilityPR onR :
We shallusethis resultto derive propertiesof utilities. That far, all we know

abouttheua;a 2 D is thatthey representthesameordering� C andaretherefore
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increasingtransformsfrom oneanother. Wewouldlikefunctionsua to beidentical
(aftercalibration).

Accordingto Proposition1 for everytriple c0� C c � C c00, with c0� C c00; there
is aneventR2 R suchthatactg2 Fa with g(w) = c0; for w 2 A\ R; andg(w) = c00

for w 2 A\ Rc is indifferentto theconstantA� act f c
a in Fa: In otherterms,there

is R2 R suchthatPa(A\ R) satis�es:

ua(c) = Pa(A\ R)ua(c0) + (1� Pa(A\ R))ua(c00); (1)

hence,accordingto thede�nition thatfollowsLemma2

ua(c) = PR (R)ua(c0) + (1� PR(R))ua(c00):

Thus,all we needis an axiomensuringthat theeventR in (1) only depends
onc:

Axiom 10 For every triple c0 � C c � C c00, with c0 � C c00; there exist an event
R2 R such that for everya 2 D; act g 2 Fa with g(w) = c0; for w 2 A\ R; and
g(w) = c00for w 2 A\ Rc is indifferentto theconstantA� act f c

a in Fa:

If follows immediatelythat:

Proposition2 Utilities ua (a 2 D) areaf�ne transformsfromoneanother.

Thus,after calibrationua's are identical and we will write from now on u
insteadof ua: Notethatu is autility functionrepresenting� C :

Next propositionguaranteesthe existenceof intrinsic conditionalprobabil-
ities in the sensethat they are independentfrom the context in which they are
evaluated.

Proposition3 Let a;b 2 D be analyzedon A and B, respectively, with B 2 Aa
andlet moreoverE 2 Ab (henceE � B � A): ThenPa(E=B) = Pb(E):

Proof. By Proposition2, thereexistsR2 R suchthatR\ B � b E, andthus,by
Lemma1, R\ B � B

a E, implying

Pb(R\ B) = Pb(E) andPb(R\ B=B) = Pa(E=B): (2)

Moreover, by applying Lemma1 to actsoffering prizeson eventsR0\ B and
R00\ B, whereR0;R002 R , we get R0\ B %b R00\ B , R0\ B %B

a R00\ B: Thus,
thesameordering(say%b) on setof eventsf R\ B; R2 Rg is representableby
(restrictionsof) probabilitiesPb andPa(:=B); by uniquenessof sucharepresenta-
tion (seeProposition2), Pb(R\ B) = Pa(R\ B=B), for all R2 R : Thenaccording
to (2) Pb(E) = Pa(E=B): 2

Thus,asfor conditionalpreferences,intrinsicconditionalprobabilitiescanbe
de�ned by P(E=B) = Pa(E=B) whereE; B 2 Aa andE � B:
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5 Preferenceson Non-analyzedEvents

We now turn to thenon-analyzedpartof thedecisions.
Let M denotethesetof rangescorrespondingto all thedecisions:
M = f Ma; 9 a 2 D suchthata = ( ajA ; Ma)g:
We assumethatevery M 2 M hasa � C - greatestanda � C - lowestconse-

quence,respectively denotedg(M) andl(M):
We de�ne a partial preferencerelation over M . For this, two axioms are

needed:Axiom 11 ensuresthe existenceof the relationandAxiom 12 its tran-
sitivity.

Axiom 11 Let a0;a00be A� acts such that a0 = ( a0jA ; Ma0) ; a00= ( a00jA ; Ma00)
with a0jA = a00jAandletb0;b00beB� actssuch thatb0= ( b0jB ; Mb0) ; b00= ( b00jB ; Mb00)
with b0jB = b00jB ; Mb0 = Ma0 andMb00= Ma00: Then

a0%a00, b0%b00:

Preferencesamongrangescannow bede�ned by the transitive closure%M
of therelation%0

M givenby:
M0%0

M M00( ) thereexistA� actsa0;a002 D suchthatMa0 = M0; Ma00= M00,
a0jA = a00jA anda0%a00:

%M is automaticallya partialorderif:

Axiom 12 %0
M is acyclic i.e. there is no sequenceM i ; i = 1::n in M such that

Mi %0
M Mi+ 1; i = 1::n� 1 andMn � 0

M M1:

Let'snow turn to therepresentationof thepreferencerelation%M :
Thefollowing requirementwill allow usto extendaresultof Barbera,Barrett

andPattanaik[1].

Axiom 13 (1) 8M; c; 9 A andtwo A� actsa0; a00such that Ma0 = M andMa00=
M [ f cg

(2) Let c1;c2 2 C be such that c1 � C c2. Then,for any M0 2 M such that
c1;c2 =2 M0,

f c1g[ M0 %M f c1;c2g[ M0 %M f c2g[ M0:

Moreover, if c � C c2 for all c 2 M0, then:

f c1g[ M0 � M f c1;c2g[ M0

andif c1 � C c for all c 2 M0, then

f c1;c2g[ M � M f c2g[ M0:

Notethat, if M0 = /0, weget

f c1g � M f c1;c2g � M f c2g:
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NotethatAxiom 16makesbothexistenceandcomparabilityrequirements.

Lemma 3 (i) For all �nite M 2 M such thatg(M) � C l (M); M � M f g(M); l (M)g:
(ii) For �nite M0;M002 M:

g(M0) � C g(M00)
l (M0) � C l (M00)

�
) M0%M M00: (3)

Moreover,
g(M0) � C g(M00)
l (M0) � C l (M00)

�
) M0� M M00: (4)

Proof. (i) For c 2 Mnf g(M); l (M)g; by Axiom 13, g(M) � C c implies
Mnf cg %M M (take M0 = Mnf g(M);cg) andsymmetricallyc � C l (M) implies
M %M Mnf cg; henceM � M Mnf cg:

Let M = f g(M);c1;c2; :::;cn; l (M)g whereg(M) � C c1 � C c2 � C ::: � C cn � C
l (M): Then,by repeatedapplicationof lastrelation:

M � M Mnf c1g � M Mnf c1;c2g � M :::
� M Mnf c1;c2; :::;cng = f g(M); l (M)g:
(ii) From (i) of the Lemma,we have M0 � M f g(M0); l (M0)g and M00� M

f g(M00); l (M00)g. %M being transitive (Axiom 12), we just needto prove that
f g(M0); l (M0)g %M f g(M00); l (M00)g: Assumethatin theleft sideof (3) thereis at
leastonestrict preference,for instanceg(M0) � C g(M00) (if it is not thecase,the
resultis straightforward).By Axiom 13 (point (2)) with M0 = f l (M0)g; we have
f g(M0); l (M0)g %M f g(M00); l (M0)g: If l (M0) � C l (M00), by thesameAxiom with
M0 = f g(M00)g; f g(M00); l (M0)g %M f g(M00); l (M00)g. Else (l (M0) � C l (M00)) ,
from theproofof (i)

�
g(M00); l (M0); l (M00)

	
� M

�
g(M00); l (M0)

	
� M

�
g(M00); l (M00)

	
:

Theproofof thesecondpartof (ii) is similarandusesthesecondpartof point
(2) in Axiom 13 (strict inequalities). 2

Lemma3 directly impliesthat,for a �nite sequence(Mi)
n
i= 1 of �nite Mi with

g(Mi) andl(Mi ) independentof i; [ n
j= 1M j � M Mi ; i = 1::n: Weextendthisprop-

erty to in�nite unionsin thefollowing axiom.

Axiom 14 For any family (Mi) i2 I , of �nite Mi 2 M such that g(Mi) and l(Mi)
are independentof i; [ j2 I M j � M Mi ; i 2 I :

We canthenprovethefollowing proposition:
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Proposition4 For all M 2 M such thatg(M) � C l (M); M � M f g(M); l (M)g:

Proof. It is suf�cient to note that any M in M is the in�nite union of �nite
subsetsof it alsoin M andwith thesamegreatestandlowestelements. 2

Proposition5 Thereexistsa mappingv : M ! R such that

M0� M M00) v(M0) > v(M00)

M0� M M00) v(M0) = v(M00)

with M 7! v(M) = j (g(M); l (M)) and

g(M0) � C g(M00); l (M0) � C l (M00)
or

g(M0) � C g(M00); l (M0) � C l (M00)

9
=

;
) v(M0) > v(M00):

Proof. Let theelementsof C beindexedasc1 � C c2 � C ::: � C cN andmapping
j de�ned:

for i < j by j (ci ;c j ) = å
(r;s)2Ei j

1
2r+ s;

whereEi j =
�

(r;s) : r < sand
�

ci ;c j
	

� M f cr ;csg
	

for i = j by j (ci ;ci) = å
(r;s)2Fi

1
2r+ s ;

whereFi = f (r;s) : r < sand f cig � M f cr ;csgg

Then,v de�ned by v(M) = j (g(M); l (M)) hasthe requiredpropertiessince
if g(M) � M l (M) thenM � M

�
ci ;c j

	
for someci = g(M) andc j = l(M) andif

g(M) = l(M) M � M f cig for ci = g(M): 2

6 RepresentationTheorem

We now want to constructa utility representationof preferences% in F that in-
corporatestheresultsobtainedsofarconcerningits restrictions%a to thevarious
Fa aswell asthoseconcerning%M :

This constructionwill be basedon the existenceof certaintyequivalent for
theactswhich is directly requiredby thefollowing axiom,where f k denotesthe
constantact: f k(W) = f kg.

Axiom 15 For anyact a 2 F thereexistsk 2 C such that f k � a.
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Proposition6 Theweakorder% onF is representableby a utility functionV :

� For anA-acta such thatA 6= W;

a = ( ajA ; Ma) 7�! V(a) = F
�

A;
Z

A
u� a dPa; g(Ma); l (Ma)

�

where

Pa is a subjectiveconditionalprobability on thes-algebra Aa;
g(Ma); l (Ma) are the� C - greatestandthe� C - lowestconsequencesin Ma;

andF is increasingin
Z

A
u� a dPa, g(Ma); l (Ma):

� Otherwise, for A = W;

a = ( ajW; �) 7�! V(a) = Y
� Z

W
u� a dPa

�

with Y increasingin
Z

W
u� a dPa:

Proof. Any a in F hasa certaintyequivalentk in C (by Axiom 15) and� C is
representableby utility function u. A priori consequencek, hencenumberu(k),
dependsonall theelementscharacterizinga namelyA; Aa; ajA andAa:

Since,by Axiom 8, thereexist c in C suchthata � a f c
a
; then

a � (A; Aa; f c
a

�
�
A ; Ma): (5)

TheconstantA-act f c
a

beingmeasurablewith respectto any s-algebraAa of
subsetsof A; we have, for any A-actsa0; a00suchthat Ma0 = Ma00and f c

a0 = f c
a00;

a0� a00: Thus,thepreferencebetweena0anda00doesnotexplicitly dependonAa0

andAa00and(5) becomes:

a � (A; f c
a

�
�
A ; Ma): (6)

Moreover, thecertaintyequivalentk dependson ajA only through
Z

A
u� a dPa (by

Proposition1) andonMa only throughg(Ma); l (Ma) (by Proposition4). 2

Example3 A commonpractice in internationalborrowing consistsin classify-
ing countriesinto variousgroupsaccording to their insolvencyrisk. Therating
is generally basedon a check-list of economicindicators througha multiplecri-
teria decisionmodel;probability evaluationsare rarely involved(Cf: Saini and
Bates[5]). A givencountryis thenallowedto borrow money at an interestrate
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equalto theLIBOR,i plusa risk spreadDi; which dependsonits group.Thus,the
netexpectedpresentvalueof a oneperiodinvestmentI is

EV = � I +
ER

(1+ i + Di)
= � I +

ER
(1+ i)

�
Di � ER

(1+ i + Di)
; (7)

the risk premium,givenby the last term, is proportional to the expectedreturn
ER: Onthecontrary, a particular, additive, instanceof our modelwouldevaluate
theprecedinginvestmentaccording to formula:

V � = � I +
ER

(1+ i)
� k � I

i. e. requiretherisk premiumto beproportionalto themaximalpossibleloss,here
I ; which seemsto makemoresense.

7 Discussion

Thefamily of criteriadescribedby therepresentationtheoremis still ratherwide
andvariousbehavioural assumptionscould be addedand leadto morespeci�c
criteria.On the otherhand,the building blocksof the model,SEU for the ana-
lyzed part and“(max, min)” for the non-analyzedonecould easilybe replaced
by othertheoriesfor instancethe analyzedpart would still be be endowedwith
probabilitiesbut Quiggin's RankDependentUtility [4] would replaceEU or in-
formationon thenon-analyzedpart of theactswould not be quanti�ed in terms
of consequencesetsbut accordingto symboliccategories.

The model is consistentwith variousgeneralizationsof SEU. For instance
partiallyanalyzedactsareaspecialcaseof multivaluedacts;oncerestrictedto this
specialclass,thecriteriaof Ghirardato'smodel[3], becomea subfamily of ours.
Moreover, ourmodelallows theexpressionof varioustypesof beliefsconcerning
therelativeplausibilityof theanalyzedandthenonanalyzedeventsrangingfrom
probabilities(P(A) + P(Ac) = 1) to completeignorancethat includecapacities
(v(A) + v(Ac) 6= 1), andin particularnecessities(for instanceN(A) = a;N(Ac) =
0):
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