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Abstract

In somesituations,a decisionis bestrepresentedby an incompletelyan-
alyzedact: conditionally to a certainevent, the consequencesf the deci-
siononsub-eentsareperfectlyknovn anduncertaintypecomesxpressable
through probabilities,whereasthe plausibility of this event itself remains
vagueandthe decisionoutcomeon the complementargventis imprecisely
known. In thisframework, we studyanaxiomaticdecisionrmodelandprove a
representatiotheorem Decisioncriteriamustaggreatepartial evaluations
consistingn: i) theconditionalexpectedutility associatedvith theanalyzed
partof the decisionandii) the bestandworstoutcomef its non-analyzed
part.
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1 Intr oduction

Considethefamousoil wildcatterproblemof decisionanalysisextbooks.Its de-
scriptiononly involvesgeophysicatlataandresultsof seismictests which makes
it quite corvincingly expressiblein a Savageansettingwheredecisionsare acts
and eventsare endaved with subjectve probabilities.However, it may well be
that the relevanceof that analysisis only contingenton local political stability.
A completedescriptionof the problemwould requireintroducingthis factorex-
plicitly. The likelihoodof political eventsbeinggenerallydif cult to assesand
theirimpacton the wildcatterpro ts dif cult to evaluate the standardSavagean
approactrevealsitself unsuitablefor takingthis aspecinto account.

As anotherexample, considerthe questionof the useof geneticallymodi-
ed organisms(GMO) in agriculture.Without GMO, farmers'incomedepend
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basicallyon climatic andmarket variables Availabledataallow to estimatetheir
probabilitydistribution andtheirimpactonincome With GMO, expectedncome
remainsassessableonditionallyontheabsencef cross-fertilizatiorandcontam-
inationof otherplants.However, neitherthe plausibility of the contaminationnor
its consequencemn the farmers'income,canbe preciselyevaluated Hereagain,
thestandarchpproactappearsinsatisactory

In thesesituations,andmary others(introductionof new technologiesmar
ketingof new medicines,...llecisionseenbestrepresentetly incompletelyana-
lyzedacts:conditionallyto someeventsconsequencesf decisionon sub-eents
are perfectlyknown anduncertaintypecomesxpressableéhroughprobabilities,
whereaghe plausibility of theseeventsthemselesremainsvagueandthe deci-
sionoutcomesn complementargventsareimpreciselyknown.

Theaxiomaticmodelproposedelaw is anattemptat formalizingsuchsitua-
tionsandatjustifying adaptediecisioncriteria.

2 The Model

2.1 Decisions

Consider:W, setof statesof nature;E; s algebraof events;C, a setof conse-
guences{s, s algebraof subset®f C containingsingletonsA decisionproblem
involvesa particularsetof decisionsD; which are(measurablejctsin thesense
of Savagé, i.e., mappings(\W.E) ! (C;G): However, in the decisionmodel
below, theseactsare not completelyknown by the decisionmaker. Speci cally,
the decisionsareonly partially analyzedj.e., for any decisiona2 D thereis an
eventA suchthattherestrictionof ato A - theanalyzedpartof a - denotedaj , is
exactly known but the only informationaboutaj ,c - the non-analyzegbartof a -
is its rangeMa = a(AS): Thus,preferencesvill dependdn pairs(aj,; Ma):

A speci ¢ featureof the modelis thatD is not assumedo containall con-
ceivablepairs(aj,; Ma) : Thereasoris thatdecisionmakerscannotbe expected
to meaningfullyevaluateunrealisticdecisionsThustherangeM on an”unfavor-
able” event (suchasa naturalcatastrophe$houldnot include any blissful con-
sequenceSimilarly, in somesituationsmajorignoranceabouttherelevantevent
will necessarilymply muchuncertaintyaboutoutcomes. e.awide consequence
rangeM onthis event.

Completelyanalyzeddecisionsdenotedoy (&jy,; ), canexist. In particular
for evaluationpurposeswe shallassuméheexistenceof completelyanalyzedR -
measurablacts,wheresubalgebrdk of E canbeinterpretechseventsassociated
with sequencesf headsand tails (seeSavage[6, p. 38-39] and de Finetti [2,

IMore preciselywe useSavages remark6, x 3.4,p. 42] thattheresultsin his modelremainvalid
with events,consequenceandactsde ned in the presentvay.
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p.199-202]).
A decisiona analyzgdon aneventA ig calledan A - act It generates s -

algebraof subset®of A : ajAl(G); G2 G , whichwe embednto aricherone,
n 0

thes - algebraA, of subsetof A generatedy ajAl(G)\ R, G2G;R2R

a

A A°
Figurel: A partially analyzedact

We denoteby F, thesetof all pairsg = (gj,; Ma) wheregj, is ary concev-
ableSavagearact(A; Ay) ! (C, G). Thus,g 2 F4 impliesMg = Ma: Thereis
onesuchsetcorrespondingo eacha 2 D andtheir unionis denotedoy F : We
denoteby Ar thesetof all eventsA suchthatF containsatleastoneA-act.

Notethatthefactthattwo actsa®andaareboth A-acts,i.e., areanalyzedn
the sameeventA; doesnotimply theidentity of A, andAgzeqg nor thatof Fp and
Fao0

Example1 Actsa; a® a®&haracterizevariousoil eld manayjemenstrategiesin
the samecountry Political risk (eventA®) mayimply partial or completdossof
theinvestmentAct a’involvesthe sameinvestmentevel | asa but concernshe
exploitationof a differentoil eld, wherasacta®torrespondso a moreintensive
exploitation of the same eld asa. Thus,it is likely that Moo= My = [0; 1] but
A0 6 A, (oil yieldsdependon different events) wheeasMyoo= [0; 1996 M,
and A= Ay Hence althoughthethreeactsare analyzedon the sameeventA,
Fa; Fy andFqoall differ fromoneanother

2.2 Preferences
Preferencesn F areexpressedy abinaryrelation%: We assume:

Axiom 1 %is aweakorderonF .

We wantto endav % with standargropertiesand,morecwer, to establisHinks
betweerits restrictions%, to the variousF,: For this, we needin particularan
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appropriateversionof Savages SureThing Principle.
Dueto the partial informationon the decisionsthe commonpart Com(a; b)
of two actsa andb analyzedn eventsA andB; respectiely, is de ned as

o fw2 A\ B:a(w) = b(w)g if M36 My
Com@b) = ¢ o A\ B:aw) = b(w)g[ (AC\ BY) if Ma= M,
Axiom 2 (Sure ThingPrinciple for partially analyzeddecisions)

Leta; & b;B 2 F whee aresultsfroma andB fromb by a commommodi ca-
tion in thesensdhatCom(a; b) = Con(&; B).

Thena%b () a%bh:

Notethatthefeasiblecommormodi cationsof agivenpairof actsarestrongly
limited by thefactthatthe modi ed actsmuststill belongto F .
NotealsothatFa; Fy; Fp; Fy maydiffer.

Example2 Supposeghere are threecountries:A;B andC: CountryA (resp.B)
maypossiblyfacean economicrisis (eventA® (resp.B€)) which howeveris un-
likelyin countryC: A rm hasto take a decisionconcerninga productiveinvest-
mentof amountl: Thedecisiona of investingl in countryA will geneite sales
shared out amongcountriesA; B and C in proportions45% in country A, 5%
in countryB and 50%in country C, unlesseconomiccrisis (eventA®) happens
in A in which casel maybe partially or completelyost, independentlyf crisis
occurringor notin countryB:

Ontheotherhand,considera’with the sameamountof investmenin A asa
but geneiating a differentsalessharing namely70%,30%and 0% respectivelyn
countriesA; B andC if there is no economiccrisis. With thisinvestmentiecision,
the rm maylooseup to | if crisis occurs only in A, but is sure to loosethe
investmentompletelyif the crisis takesplace simultaneouslyn A andB (event
AC\ BY):

Decisionsb and b® havesimilar characteristicswith the rolesof countriesA
and B exchanged. We assumamoreover that the countriesare "similar”, in the
sensethat the return from salesis the samein A asin B; thatis aj, = ¢ and
bjg = cwithc2 C:

Thus,a andb arerespectivehan A ad andaB ac with

Com(a;b) = (A\ B)[ (A°\ BY)
andMa = Mp = [0; I].
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AMB ANB* ANB  ANB°

Figure?2: Original actsa andb.

alandblare (A\ B)[ (A°\ B®) adsresultingfroma andb by a modi ca-
tion of their commorpart. More precisely

ajag= bag= @ g~ b gp:

Mao= Mpo=[0; 1] and @ g go= b% o go= |

ANB ANB* ANB ANB°

Figure3: Modi ed actsa®andb’.

3 Preferenceson Analyzed Eventsand SEU

From preference®o, on F5, we cannow derive, "ala Savage”, %E; conditional
preferencegiveneventE, wherek 2 Ay, by

9% h, ¢°%. hwhere® = gjg; i°. = hig andg®, .= "0, -
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Axiom 2 ensureshatthe orderingof g°andh®is independentrom their common
valueson AnE:

Notethat %) is the sameas%; :

MoregenerallygivenanA-act,a2 D andaB-act,b2 D whereB2 A, (hence
B A), orderings¥ on F, and%, on Fy, arerelatedasshavn by thefollowing
lemma.

Lemmal Leta= (af,; Ma); %% (a%,; Ma) with a%a%2 F,: Supposehat,
for someB2 Ay, bisaB actandb’= (ag; Mp);b°% (a%g; Mp) 2 Fp: Then

a%8 a% b9, b%

Proof. Considerg®andg®¥esultingfrom b®andb®by the commonmaodi cation
consistingin giving thema constantcommonconsequencg{w) = g°fw) = ¢
for w 2 AnB andthe samerangeM, on AC. By Axiom 2, g°% g%,  b®%, b%
Moreover, g° andg®?alsobelongto F, andcanbe obtainedby modifying a®and
a%bn AnB andgiving themtheconstanvaluec. By de nition, a%%§ a%  g%%g®
Hencea®%E a%°  b%%, b, 2

As a direct consequencef Lemmal, conditional preferencegjiven E are
intrinsicin thesensethatthey donotdepenconwhich A, containinge (henceon
whichain F) is consideredandcanbede ned by g %® h, thereis a suchthat
g%k h:

We alsoneedslightly modi ed versionsof the otherSavages de nitions and
axioms.

A constantA-act f$ in F4 isde nedby: f$(A) = fcgwith c2 Candf$(A°) =
Ma.

SavagesP3becomes:

Axiom 3 For @ c®®2 C; let £’ <" be constantA-actsin F, and ¢ ¢ be
constantB-actsin Fy:

Thenf®% f<°() &% £

Prefeencesamongconsequencesannow bede ned b

® cc%() thereexista2 D andconstantA-actsfS; fgooin Fa suchthat
£ 0 £

SinceC canalwaysbereplacedy its quotientwe henceforttassumev.l.o.g.
that cisanorder(i.e.is antisymmetricwhichjusti es theuseof symbol ¢.

We morewerassumeéhe existenceof ¢; T, respectrely theworstandthe best
consequencia C.

We now require Savage’s P4 (irrelevanceof the valuesof the prizeson the
events)in every Fe, wheree 2 D is anE-act.
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Axiom 4 LetA;B2 Acwheee2 D isanE-act; letcy; c?; cz; ) 2 Chesud that
c1 ccfandc, cc.Deneactsf; f%g;g°2 Fe by:
i) f(E®) = fAE®) = g(E®) = g4E®) = Me;
i) f(w) = c1; fYw) = cf;forw2 A
f(w) = cz; fqw) = c3; forw2 EnA;
i) g(w) = c1; gqw) = c?; forw2 B;
g(w) = c2; gqw) = c3; for w2 EnB;
thenf %g, f%%g®

Wheneer f %g holdsfor f; g de ned asin Axiom 4, we canwrite A %5 B:
However, if A;B2 Ae for someothere 2 D whichis alsoanE act,it results
from Axiom 2 (f(E®) = f{E®) = g(E®) = g{E®) = M, above canbe replaced
by f(E) = fAE®) = g(E®) = g4E®) = Me ) thatt A%E B, A%E B. Wecan
thereforedropthe subscripie andsimply write A %F B andread“eventA is qual-
itatively moreprobablethanB conditionallyto eventE”.

Thenext axiomis Savages P5.

Axiom 5 Thee existsa pair c¢c%®2 Csudthatc® ¢ c%

We alsointroducea versionof Savages P6. It makesit clearthat oneof the
rolesof thecoin-tosselatedsubalgebraf eventsR isto makeall (Ag; %,) atom-
less.

Axiom 6 Let f;g2 F,, wheea?2 D is anA-act,with f gandc2 C. Thee
existsa partition of A; consistingof eventsR\ A; R2 R; suc thatif f (resp.g)
is modi ed on any elemenbf the partition and givenconstantoutcomec on this
elementthenthemodi ed act O ( resp.g9 alsosatis esf® g (resp.f @Y.

We alsoneedSavages P7for each%%s; :

Axiom 7 Let f;g2 F,, wheea?2 D is anA-actandlet E 2 A,. If f %E (resp.
- B) g(w) forall w2 E; thenf %E (resp- £) g

Axioms 1-7 imply the validity of Savages P1-7in every F5, wherethushis
mainresultholds:preferencein F, canberepresentetly a subjectie expected
utility (SEU)criterionwith respecto anatomlessprobabilityon Ay:

Moreover, dueto theexplicit introductionof s-algebraR (A) = f A\ R;R2 Rg
in the statemenbf Axiom 6, it is clearthatthis resultstill holdsif F; is replaced
by its restrictionto R (A) - measurablacts.We canthusstate:

Proposition1 For everya 2 D there exist a boundedutility u; and an additive
probability P, sud that
VA VA
f%g, Aua f dP, Aua gdPy; 8f;g2 F,
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whele
Ug is uniqueup to an af ne transformation;
P, is uniqueandfor everyr 2 [0;1] there existsB 2 A, sudhthatPy(B) = r.
Moreover, theseexistenceand uniquenesstatementsre alsovalid whenF,
is replacedby its restrictionto R (A) - measuableactsandthusA, by R (A):

4 Intrinsic Utility and Probability Consistency

It is well known that Savages axiomsdo not imply the existenceof certainty
equivalentsfor theacts. However, this propertyis easilyacceptabléor sufciently
rich consequencsets(for instancewhen C is a realinterval) and, althoughnot
necessanwill betechnicallyhelpfullaterin the paper So,we assume:

Axiom 8 Foranya2 F thereexistc2 CsudthattheconstaniA-act f satis es
f¢ La
a

The next assumptiorandthe lemmathatfollows asserthat coin-tossrelated
eventsare”qualitatively” independenandthus”quantitatively” independenfrom
eventsin E:

Axiom 9 For everyA; B2 Ar conditionalprefeenceson events%” and %P sat-
isfy, for all R R'2 R:

A\ Ry A\ R ) B\ RR%®B\ R

Lemma?2 Leta;b2 D.ForeveryR2 R; Po(A\ R) = P,(B\ R).

Proof. Forany RPR'2 R, P;(A\ RY Py(A\ R, A\ RO A\ R )

B\ R% B\ RC P,(B\ RY Py(B\ R%: Thus,themappingR(A) 7! [0;1]
de nedby A\ R7! Py(B\ R) is aprobability measurgepresenting4” which
howeveris uniquelyrepresentely P,. ThereforeP,(A\ R) = P,(B\ R) for every
R2 R: 2

WheneerA\ RPY%* A\ RO%oldsfor R RP®2 R andsomeA 2 Ag, we shall
simply write RR%R R%ndread"eventRCis qualitatively moreprobablethan R
" Qualitative probability %R is uniquelyrepresentethy probability P de ned
by Pr (R) = Py(A\ R) for someA:

Thus,Axiom 8 ensureshe existenceof anintrinsic probability Pr onR:

We shallusethis resultto derive propertiesof utilities. Thatfar, all we know
abouttheu,;a2 D is thatthey representhe sameordering ¢ andaretherefore
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increasingransformgrom oneanotherWe wouldlik e functionsu, to beidentical
(aftercalibration).

Accordingto Propositionl for everytriplec® cc ¢ c®@withc® ¢c®there
isaneventR2 R suchthatactg2 F, with g(w) = ¢% forw2 A\ R;andg(w) = ¢
for w2 A\ RCisindifferentto theconstantA act f$ in F5: In otherterms,there
isR2 R suchthatP,(A\ R) satis es:

Ua(C) = Pa(A\ R)Ua(c) + (1 Pa(A\ R))ua(c; 1)
henceaccordingto thede nition thatfollows Lemma2

Ua(C) = PR(R)Ua() + (1 Pr(R))ua(c%:

Thus,all we needis anaxiom ensuringthatthe eventR in (1) only depends
onc:

Axiom 10 For everytriple c® cc ¢ c®with c® ¢ c% there exist an event
R2 R sud thatfor everya2 D; actg 2 F5 with g(w) = c® forw2 A\ R; and
g(w) = c®%or w2 A\ RCisindifferentto theconstantA act f§in Fy:

If followsimmediatelythat:
Proposition2 Utilities u, (a2 D) are af ne transforms$romoneanother

Thus, after calibrationuy's are identical and we will write from now on u
insteadof uy: Notethatu is autility functionrepresenting ¢ :

Next propositionguaranteeshe existenceof intrinsic conditional probabil-
ities in the sensethat they are independenfrom the contect in which they are
evaluated.

Proposition3 Leta;b2 D be analyzedon A and B, respectivelywith B2 A,
andlet moreoverE 2 A, (henceE B A): ThenP,(E=B) = P,(E):

Proof. By Proposition2, thereexistsR2 R suchthatR\ B  E, andthus,by
Lemmal,R\ B BE,implying

Py(R\ B) = Py(E) andPy(R\ B=B) = P,(E=B): )

Moreover, by applying Lemma1 to acts offering prizeson eventsR°\ B and
R B, whereRGR®2 R, we getR\ B%, R B, R\ B%E R B: Thus,
the sameordering(say %) on setof eventsf R\ B; R2 Rg is representabléy
(restrictionsof) probabilitiesP, andP,(:=B); by uniquenessf sucharepresenta-
tion (seeProposition2), P,(R\ B) = Py(R\ B=B), for all R2 R: Thenaccording
to (2) P,(E) = Py(E=B): 2

Thus,asfor conditionalpreferencedntrinsic conditionalprobabilitiescanbe
de ned by P(E=B) = P,(E=B) whereE; B2 A;andE B:
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5 Preferenceson Non-analyzedEvents

We now turnto thenon-analyzegbartof thedecisions.

Let M denotethesetof rangescorrespondingo all thedecisions:

M =fMa; 9a2 D suchthata= (aj,; Ma)g:

We assuméhateveryM 2 M hasa ¢ - greatesinda ¢ - lowestconse-
guencerespectiely denotedg(M) andl(M):

We de ne a partial preferencerelation over M . For this, two axiomsare
neededAxiom 11 ensureghe existenceof the relationand Axiom 12 its tran-
sitivity.

Axiom 11 Let a%a%be A actssud that %= (aJ,; Mao); a%%= (a%a; Mgod
with &, = a%f,andletb® b®beB actssucthath®= (bYg; Myo); b°% (% ; Mpod
with bYg = b%g; Mpo= Mg andMyoo= Mqod Then

a’%a’® b°%b®

Prefeencesamongrangescannow be de ned by the transitve closure%,
of therelation%y, givenby:

MO M%Y ) thereexistA actsa®a’®? D suchthatM o= M® Mao= M
aj, = a%\éA anda®%a®
%\ is automaticallya partial orderif:
Axiom 12 %,‘3A is acyclici.e. there is no sequencé'’; i = 1::nin M sud that
P00 MitLei— 1. 0 pl-
M'o%), M™ Y i=1:n landM" § M%
Let'snow turnto therepresentatioof the preferenceelation%, :

Thefollowing requirementvill allow usto extendaresultof BarberaBarrett
andPattanaik{1].

Axiom 13 (1) 8M; c; 9 Aandtwo A actsa® a®®sudh that M= M and Moo=
M fcg
(2) Letc;co 2 Cbesudithatc; ¢ co. Then,for anyMg 2 M sudh that
C1;C2 2 Mo,
fcig[ Mo %y fe1scog] Mo %y fcag[ Mo:

Moreover, if c ¢ co for all c2 Mg, then:

fcigl Mo p feascog[ Mo
andif c; ccforall c2 Mg, then

feiscog[ My feg[ Mo:
Notethat, if Mg = 0, weget

fcig wmfecg v feoo:
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NotethatAxiom 16 makesbothexistenceandcomparabilityrequirements.

Lemma3 (i) Forall nite M2 M sudthatg(M) cl(M);M \ fg(M);I(M)g:
(i) For nite M%MO%2 M:

0
Moreover, o
W e e

Proof. (i) For ¢ 2 Mnfg(M);I(M)g; by Axiom 13, g(M) ¢ c implies
Mnfcg %y M (take Mg = Mnfg(M);cg) andsymmetricallyc ¢ I(M) implies
M % Mnfcg; henceM \ Mnfcg:

LetM = fg(M);ca;cz; 56 1(M)gwhereg(M)  cc1 cC2 cii ctn C
[(M): Then,by repeatedpplicationof lastrelation:

M wm Mnfcig pm Mnfeg;cg oo

m Mnfcg;cz; i eg= fg(M);1(M)g:

(i) From (i) of the Lemma,we have M® ; fg(M9;1(M9Yg andM® ,
fg(MO;1(M%g. % being transitve (Axiom 12), we just needto prove that
fg(M9Y;1(MOg %y fg(MY;1(MOg: Assumethatin theleft sideof (3) thereis at
leastonestrict preferencefor instanceg(M9 ¢ g(M% (if it is notthe casethe
resultis straightforvard).By Axiom 13 (point (2)) with Mg = fI(M9g; we have
fa(MY;1(MOg %y fag(MY;1(MOg: If (MY c1(M®, by thesameAxiom with
Mo = fg(M%g; fg(M;1(M9g %y fg(M%;1(M%g. Else (I(M) c1(MO9),
from the proof of (i)

g(MOF; (MY IMOY y g(MOFI(MY) y g(MOF; (M
Theproofof thesecondartof (ii) is similaranduseshesecondoartof point
(2) in Axiom 13 (strictinequalities). 2
Lemma3 directly impliesthat,for a nite sequenc‘éMi)i”:1 of nite M; with
g(M;) andl(M;) independentfi; [ T: Mj m Mj; i = 1:n: We extendthis prop-
ertyto in nite unionsin thefollowing axiom.

Axiom 14 For any family (M;);,,, of nite M; 2 M sud that g(M;) and[(M;)
areindependentfi; [ j2iM; v Mi;i21:

We canthenprove thefollowing proposition:
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Proposition4 For all M 2 M suchthatg(M) clI(M); M\ fg(M);I(M)g:

Proof. It is sufcient to notethatany M in M is the in nite union of nite
subset®f it alsoin M andwith the samegreatesandlowestelements. 2

Proposition5 Thee existsa mappingv: M ! R sud that
MOy MO y(MY > v(MO
MO\ MY y(MY = v(M®
withM 7! v(M) = j (g(M);I(M)) and

9
aM9y  cg(M%;1 (M9 cI(MY =
or ) v(MY > (MO

gM9  cog(M%;1 (MY cI(M®)

Proof. Lettheelementof Cbeindexedasc; cc; c:: ¢cn andmapping
j de ned:

L o 1
fori<jbyj(cic))= a oo
(r9)2E;j
whereEjj = (r;9):r<sand ¢;c; m Fericsg
S o 1
fori= jbyj(c;c)= a 2r+s:
(rs)2F;

whereF; = f(r;9) :r< sandfcig \ fcr;csgg

Then,v de ned by v(M) = j (g(M);I(M)) hasthe requiredpropertiessince
if g(M) m (M) thenM \, ci;c; for somec; = g(M) andc; = (M) andif
g(M) =I(M) M \ fcigforc = g(M): 2

6 RepresentationTheorem

We now wantto constructa utility representationf preference$sin F thatin-
corporatesheresultsobtainedsofar concerningts restrictions%; to thevarious
F, aswell asthoseconcerning/y, :

This constructionwill be basedon the existenceof certaintyequivalentfor
theactswhich is directly requiredby thefollowing axiom,where fk denoteghe
constanict: fK(W) = fkg.

Axiom 15 For anyacta?2 F therexistsk 2 Csudthat fk  a.
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Proposition6 Theweakorder%onF is representabldy a utility functionV :

For an A-actasuchthatA6 W

z
a= (aa; Ma) 7! V(@)= F A K adPs; g(Ma); [(Ma)

whee

P, is a subjectiveconditionalprobability onthe s-algebra A;
gd(Ma); 1(Ma) arethe ¢ - greatestandthe ¢ - lowestconsequencesa Ma;

andF isincreasingin  u adPy, g(Mg); |(Ma):
A

Otherwisefor A= W,
Z
a= (ay; )7 V@=Y u adPy
w

Z
with Y increasingin  u adPa:
w

Proof. Any ain F hasa certaintyequialentk in C (by Axiom 15)and ¢ is

representabléy utility functionu. A priori consequenck, hencenumberu(k),

depend®nall theelementsharacterizinga namelyA; Ag; aj, andAa:
Since,by Axiom 8, thereexist cin C suchthata 5 fac; then

a (A Ag 7,0 Ma): (5)

The constantA-act f¢ beingmeasurablevith respecto ary s-algebraA, of
subsetof A; we have, for ary A-actsa® a®®suchthatM o= M ooand &= 5
a® a%Thus,thepreferencéetweera’anda®®oesnotexplicitly dependn Ao
andAgoand(5) becomes:

a (A f7 5 Ma): (6)

A
Moreover, thecertaintyequivalentk dependsn aj , only through u adP, (by
Propositionl) andon M, only throughg(Ma); 1(Mg) (by Propositiord). 2

Example 3 A commonpracticein internationalborrowing consistsin classify-
ing countriesinto variousgroupsaccording to their insolvencyrisk. Therating
is generlly basedon a ched-list of economidndicators througha multiple cri-

teria decisionmodel; probability evaluationsare rarely involved(Cf: Sainiand
Bates[5]). A givencountryis thenallowedto borrow moneg at an interestrate
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equalto theLIBOR,i plusarisk spreadDi; which depend®nits group.Thus,the
netexpectedpresentvalueof a oneperiodinvestment is

ER L+ ER D ER %

BV= vy Taey @ oy

the risk premium,given by the last term, is proportional to the expectedreturn
ER: Onthecontrary, a particular, additive instanceof our modelwouldevaluate
theprecedingnvestmenaccoding to formula:

ER

Vo= It EE

i. e requiretherisk premiumto beproportionalto themaximalpossibldoss,here
I; which seemdo male more sense

7 Discussion

Thefamily of criteriadescribedyy therepresentatiotheoremis still ratherwide
and variousbehaioural assumptiongould be addedand lead to more speci ¢
criteria. On the otherhand,the building blocks of the model, SEU for the ana-
lyzed part and“(max, min)” for the non-analyzedne could easily be replaced
by othertheoriesfor instancethe analyzedpart would still be be endaved with
probabilitiesbut Quiggin's RankDependenttility [4] would replaceEU or in-
formationon the non-analyzegbart of the actswould not be quanti ed in terms
of consequencsetsbut accordingto symboliccategories.

The modelis consistentwith variousgeneralization®f SEU. For instance
partiallyanalyzedactsareaspeciakaseof multivaluedacts;oncerestrictedo this
specialclass the criteria of Ghirardatos model[3], becomea subfamily of ours.
Moreover, our modelallows theexpressiorof varioustypesof beliefsconcerning
therelative plausibility of theanalyzedandthe nonanalyzedeventsrangingfrom
probabilities(P(A) + P(A®) = 1) to completeignorancethat include capacities
(V(A) + v(A®) 8 1), andin particularnecessitie¢for instanceN(A) = a;N(AC) =
0):
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