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Abstract

We applyrandomsettheoryto ananalysisof future climatechangeBounds
on cumulatve probability are usedto quantify uncertaintiesn naturaland
socio-economi€actorsthatin uence estimate®f globalmeantemperature.
We explorethelink of randomsetsto lower ervelopesof probability fami-
lies boundedby cumulative probability intervals. By exploiting this link, a
randomsetfor a simpleclimatechangemodelis constructedandprojected
onto anestimateof global meanwarmingin the 21stcentury Resultsshav
thatwarmingestimate®nthis basiscangeneratevery impreciseuncertainty
models.
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1 Intr oduction

It is widely accepedy now thata discerniblein uence of anthropogeni@mis-
sionsof greenhousgasegGHGs)on the earths climateexists. Greenhousgas
concentrationsn the atmospherdnave risen by, to namejust a few, 30% (car
bondioxide),250%(methanejand15% (nitrousoxide)in theindustrialerasince
1750, mainly dueto humanactvity. Empirical evidencefor a growing climate
changesignalis mounting,andnearlyall climate modelsneedthe increaseda-
diative forcing dueto growing GHG concentration$o reproducehis signal. Still,
uncertaintyaboundsHow sensitve is the climate to growing GHG concentra-
tions?Whatamountof greenhousgasewill humankindputinto theatmosphere
in the21stcentury?

This work hasbeensupportedn partby the DeutscheBundesstiftundJmwelt (GermanFederal
Foundatiorof the Ernvironment).
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We believe thatthe applicationof impreciseprobability conceptscarriesthe
potentialto greatlyimprove the situationin climatechangeforecastingandinte-
gratedassessmertdf climatechangepolicies.However, an obstaclemight bethe
dynamicalnatureof climate changemodels,andthe large numberof uncertain
variableswhich mostly rangeover continuouspossibility spaceslin this paper
we presentinapplicationof randomsetmethodso the estimatiorof globalmean
temperatur§GMT) changein the 21st century We interpretethe correspond-
ing belief functionsas a lower envelopeof a setof probability measuresand
try to respecthis interpretationthroughoutthe reasoningprocessThe uncertain
modelparametersreinitially quanti ed by lower anduppercumulative proba-
bility distribution functions(CDF) ontherealline. In section2, we discusshow
this informationcanbe corvertedinto a randomset, combinedfor independent
modelparametersandprojectedontothe modeloutput.In section3, we present
thesimpletemperaturehanganodel,andconstruciarandomsetfor its uncertain
parametersin section4, the uncertaintyin the input valuesis projectedontoan
estimateof globalmeantemperaturehange.

2 Methods

2.1 Random Setsof Impr eciseCDF Models

ConsideranuncertainquantityX thatentersa modelof somecausakelationship,
e.g. of the link betweenGHG emissionsand GMT. The impreciseuncertainty
aboutX shallbe describedy alowerboundEy : R! [0; 1] andanupperbound
Fx :R! [0;1] for asetof CDFsFx(X) := P(X x) ontherealline R. In the
following, suchanuncertaintyassessmenmtill becalledanimpreciseCDF model

Mx(E;F) = fPj8x2R E(x) P( ¥;X F(X¥g 1)

A monotonesetfunctionP: R ! [0;1], P(0) = 0, P(R) = 1is alower en-
velopeor coheent lower probability on the Borel algebraR of the real line, if
it de nes a non-emptysetof countablyadditive probability measureM (P) :=
fPi8A2R P(A) P(A)g,and8 A2 R P(A) = infpy (p) P(A) [13, theorem
3.3.3].An ¥ -monotondower ervelopeis a belieffunctionBel.

In thetheoryof Dempstef4], belieffunctionsaregeneratethy amulti-valued
mappingfrom anunderlyingspaceY = fy1;::;;yng ontoa eld of sets,in our
casethe Borel algebraR. By meansof the multi-valuedmapping,a probabil-
ity massassignmenmon Y canbetransferredo R, i.e. thereexistsm: R !

4 or M(A) = 1. Thepair (F ;m) is calleda ( nite support)randomset andthe
setsk; 2 F focal elementsA belief function Bel andits conjugateplausibility
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functionPI areconnectedo arandomsetby [4, 11]

BellA)= g mB) = & m; P(A= § mA= 3§ m
B A ijE A B\ A6 0 ijE\ A8 D

Thus,knowledgeof therandomset(F ; m) sufces to determineBel andPl onR.

We exploretherelationshipbetweerthe lower ervelopeof animpreciseCDF
modelanda belieffunctionthatcanberepresentetly a nite supportrandomset
(In thefollowing, thereferenceo the nitenessof therandomsetwill beomitted).
Thegoalis to capturetheinformationcontentof animpreciseCDF modelwith a
randomset.

Proposition1 Let My (F;F) be animpreciseCDF modelasde nedin (1). Let
A bethealgebra geneatedby the setof half-closedntervals(a; b]; a< b of the
realline R. Let(F ;m) bearandomset,andBelr, PIg thecorrespondingelief
andplausibility functions respectively

If (1) (F ;m) containsonly closedintervalsg; = [x;;%i],
(1) (F;m) includesno pair of focal elementd;; E;j with x; < Xj < Xj < %, and
() 8x2 RBelr( ¥;X]=FEX),Plr( ¥;X=F(X,

then 8A2A Belr(A)=Py(A):= inf P(A)
P2Mx (F:F)

Proof. Step 1: Consideran arbitrary (a;b] 2 A; a < b. We have to shav
Py (a;b] = Belk (a;b] andPx(a;b] = Plg (a;b]. SincePy(A) = 1  Px(A®) and
Belr (A) = 1 PIg (A°), thisimpliesthatthe equalitieshold for the complement
(a; b]¢ aswell.

1la) Px(abl = F(b) F(a) = a m a m
iJE\ ( ¥;b]60 ijj ( ¥;a]
= a M) + a Myj) a m
()iEgy (¥ ()i Eyy\ (2016 0 jiE] ( ¥
= Ple(a;b]
1b) Py(a;b]= maX0;E(b) F(a)]=ma{0; & m a m;]
ijE ( ¥:b] ijj\( ¥:al60

If E(b) < F(a), thereexistsE =[x ;X ]2 F withE \ ( ¥;a]6 0andE 6
( ¥:b]. AssumeanarbitraryE°= [x2%9 2 F with xX°> a x . By condition(ll),
X X > b. Thus,E?6 (a;b], andBelk (a;b] = 0.

AssumethereexistsE 2 F with E \ ( ¥;a]6 0 andE 6 (¥;b]. By
condition()+(I1), all i ( ¥;b] 2 F intersect( ¥;a], andF(b) < F(a).
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Thus,if E(b) F(a), thereis nosuchfocalelementE 2 F. In otherwords,
8Ei2F E6 ( ¥;b) E\ ( ¥;a=0.

) Px(ab] = a Mgy + a M) a m;
S()jEgiy  (ab] tMiE\ ( ¥:4 JIEj\ ( ¥;al60
= Bel(a;b]

Step 2: Consideran arbitrary union of k disjoint half-closedintervals Ay =
(ag;ba][ [ (abi]; ar< by < i< ak < by B

Choosea CDFF :R! [0;1] with F (a1) = min[F(a1); F(b1)]; F (b1) =
E(b1), ..., F (a) = min[F(a);E(by)]; F (b)) = E(b). Since F (a1)
F (b)) :: F (a) F (by), sucha CDF doesexist, andis containedin
Mx(E;F).

P(Ag = F(b) F (a)+:+F (b)) F (an)
= ma{0;E(by) F(a]+ i+ maq0;E(by) F(ay)]
= Px(abi]+ 1+ Py(a; ]
Since the lower ervelope Py is superadditve on a union of disjoint sets
[13, Ch. 2.7.4], Px (A) = P (Ad). Thus,Ex($ (a;b]) = g Px(a;b]. Since
Py (a; ] = Bel(a;b] asshavnin stepl: = i
k

28) Py(A) = & 4 m =
I=1ijg (a;b]

m = Bel (A

i (ﬁmo

ijE (ab]
I=1

2b) Px(A) = Px( ¥:bd Px(( ¥;a][ (buag][ =i (bk 1))

= F(b) F(a] Px(bia :: Px(bk 1ad
= a m a m = PlE(A)
ijEi\ (ar;b]6 0

. ks1
JIE;j |_1(b|;6'4+1]

Every elementof A is eitherd; R, aunionof k 2 N disjoint half-closednter
vals,or its complementFor thelatter, Py (A) = Belg (A) hasbeenshavn in step
land2.For 0; R, Px(0) = Belr(0) = 0andPx(R) = Belr(R) = 1. 2

Sincetherandomset(F ; m) containsonly a nite numberof focal elements,
its correspondingdpelief and plausibility function cannotful | condition(lll) of
propositionl for continuousE and/orF. For applicationpurposeshowever, this
defectis not disturbing.Every impreciseCDF modelwith continuoudower and
upperboundcanbe approximateddy two stepfunctionsapproachinghe lower
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boundfrom belonv andthe upperboundfrom above [7, 12]. Considertwo step
functionsSF ;S :R! [0;1] of theform 0= SF(x1) < 1< SF(x) = 1,

8 8

< SF(Xi) Xi X<Xi+1 < SF (Xje1) Xj< X Xjyq
S(x=_ 0 X< X1 S =, 0 X X

TS (XK) Xk X TS (%) X0 < X

If 8x2 R SF (X SF(X), thetwo stepfunctionsde ne animpreciseCDF
modelM (SF;SF ) = fPj8x2 R SF(X) P( ¥;X] SF (X)g. The fol-
lowing algorithmcanbe usedto constructa randomset(F ;m), whichful Is the
requirementsf propositionl, fromtwo arbitrarySF~ SF . Letthelowerbound
have cumulative probability SF (x ;) atthe“step” pointsx 1 < ::: < X p, andthe
upperboundhave cumulatie probability SF (x;) atx; < 11 < Xp,.

Algorithm 1 1. Initialize indicesk = 1 (running over the focal elementsof
therandomsetto beconstructed)i = 1 (runningoverx i), j = 1 (running
overx;). Let px denotethe cumulativeprobability alreadyaccountedor in
stepk. Assignpg = O.

2. ConstructrandomsetEy = [x;; X i].

3. (@) SF(xi) < SF (X)): me=SF(Xi) Pca1; Pc= SF(Xj). Raise

indicesk! k+ 1,i! i+ 1. Returnto step2.

(b) SF(xi)> SF (X)): mc=SF (X)) pPc1; Pc= SF (X). Raise
indicesk! k+ 1,j! j+ 1. Returnto step2.

(©) SF (x)= SF (x): M= &F (x) P 1 IfSF(xi)=SF (x)=
1 abortthealgorithm.
If SF (xi) = SF (x;) < 1,setpc= SF (x;). Raiseindicesk! k+ 1,
il i+1,j! j+ 1 Returntostep2.

Algorithm 1 is well de ned. For eachstepk, X; X, m¢ > 0, andthe al-
gorithm will alaysreachthe pointsx n; X, with SF (x n) = SF (X,,) = 1 and
abort.It constructsa randomset(F ;m) with k  n+ mfocal elementsThe Ei
are either closedintenvals [ax; bk] or singletonsf ag = [ak; ak]. The algorithmis
alsoapplicableto the caseof a preciseprobability, whereSF = SF = SF.

2.2 Combining and Extending Random Sets

In almostall assessmentsf climate change uncertaintyaccumulatesrom dif-
ferentsourcesln generalwe needto considera multivariateuncertaintymodel
thatarisesfrom a vectorof uncertainquantitiesX = f Xy;:::; X9, eachof which
is describedby animpreciseCDF modelMy, (E;F) ontherealline R. Thereare
differentwaysto construciajoint lower ervelopePy from thelower ervelopesof
independenmamginalsPy.. They dependon the conceptof independencéhatis
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employedto generatehejoint ervelopg[2, 13]. In generaltheresultingervelopes
agreeonly onproductsetsA; 1 Ap; A R

In our case,the lower ervelopesPy of the independentaiginals are rep-
resentedby belief functions Belr, with correspondingandomsets (Fi;my) =

joint belief functionsby applying Dempsters rule of combinationto logically
independentmarginal” randomsets(Fi;m); 1 i n.

(Fm=fE =68, = Bympa,=m, xm)1 i kg (2

It can be easily checled that (F ;m) generatesndeeda belief and plausibility
function Belr andPIg thatagreewith the joint lower and upperernvelopesPy
and Px on productsets,no matterunderwhich conceptof independencéhey
weregeneratedHowever, it is lessclear how Belg relatesto the differenttypes
of thejoint lower ervelopeonsetsA 2 R" thatarenot productsets.Comparisons
of differentindependenceonceptn nite possibility spacesndicatethatran-
domsetindependencgieldsalower envelopethatis dominatedy the envelopes
emanatingrom epistemicr strongindependencp]. It needgo befurtherinves-
tigatedhow farthese ndings translateto the specialcasepresentedhere.For the
time being,we userandomsetindependencto constructhejoint lower ervelope
Belr from theindependenmamginalsBelr, .

Considelamodelof somecausatelationshipwhichgenerateatransfeffunc-
tion f : R"! R™; y= f(x). Let the uncertaintyin the input variablesx be de-
scribedoy My (Belr) := f Pxj8 A2 R" Belr (A) Px(A)g. Thecorresponding
randomset(F ;m) = f (E1; m);:::; (Ex; mk) g canbetransferredo themodelout-
puty by applyingthe extensionprinciplefor randomset-\aluedvariableq5]:

f(E):=fyj9x2 E y= f(xg; m¢(B):= & m B2R™ (3)
f(E)=B

Let (f(F);m;) denotethetransferredandomset.lt correspondso a belieffunc-

tion Belyr) thatis the lower ervelopeof a setof probabilitiesMy (Bel(r)).

Let f : R"! R™ be Borel measurablej.e. 8B2 R™ f 1(B)=fx2 R™:

f(x) 2 Bg2 R". Then,every probabilitymeasure® on (R";R") is transformed
by the mappingf into a probability measureP; on (R™;R™) de nedby 8 B2

R™ Ps(B) := P(f 1(B)). Usingthis de nition, we cantransformeachelement
of Mx (Belr) to aprobabilitymeasureon (R™; R™), thusgenerating:

f(Mx(Belr)) := f Brj9Px 2 Mx(Be) 8B2 R™ R/(B) = Px(f *(B))g

Proposition2 LetR"; R™beBorel algebras, f : R"! R™ a Borel measuable
transferfunction.Let (F ;m), Belr describethe setof probabilities My (Bel ).
Let f(Mx(Bel)) bethe f-tranformedsetof probabilitiesasde nedabove
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Similarly, let (f(F);m¢) bethe f-extensionof (F ;m) calculatedfromequa-
tion (3), andBels () thecorrespondingelieffunction. Then

f(Mx(Bel)) My(Belr)) := f RjBB2 R™ Bekr)(B) R/(B)g

Proof. ConsidemnarbitraryPy 2 f(Mx(Belr)). ThereexistsaPx 2 Mx(Bel)
with8 B2 R™ Ry(B) = P«(f %(B)).Foraparticular yetarbitraryB2 R™

R(B) = Px(f (B)) Ber(f '(B) = & m
E f 1B
= & m = Belg(B)
f(E) B

3 A Random Setfor a Simple Climate Model

3.1 Global Mean Temperature Model

We usea simpledynamicalmodelto link radiative forcing F(t) to a changeDT
in globalmeantemperaturé GMT) sincepreindustriatimes[14].

Ce DTYt) = F(t) Fx DIZ(:)

C. effective ocearheatcapacity

Fox radiatve forcing for a doublingof atmospheric€CO,
Tox climatesensitvity

(4)

Differentialequation(4) is the simplesttype of enegy balancemodel.lt equates
thenetradiatve ux into the systemat thetop of the atmospheré¢o oceanicheat
uptale C.DTP. If theradiative forcingwaskeptconstanatavalueF (t) = Fay, the
systemwould undego an equilibrium temperatureehangeof DT = T,,. Climate
sensitvity Ty is a crucial parameteto characterizeéhe responsef the climate
systento anincreasén GHG concentrations.

The IntergovernmentalPanel on Climate Change(IPCC) gives an estimate
of climatesensitvity Tox = [1:5 K; 4:5 K] [3]. The panelexplicitely refrainsfrom
specifyingprobabilisticinformation.Recently modelsof intermediatecomple-
ity (EMICs) were usedto establishprobability distributionsfrom a comparison
of modelresultswith historicalatmospheresurfaceanddeepoceantemperature
data[1, 6, 8]. Effortsarehamperedy the presencef naturalvariability, thelack
of long-termdataandthe multitudeof forcings.

In this analysis,we usethe probability distributions of [1, 6] to generatean
impreciseCDF modelfor Tox (9. 1). Theestimate®f [1] areshiftedto consider
ably highervaluesof climatesensitvity comparedo [6], rangingup to valuesof
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Figure 1: ImpreciseCDF modelfor To: Shavn are 5%, 25%, 50%, 75% and 95% quantilesof
probability distributionsfrom [1, 6]. Estimateof [6] dependon a prior probabilityfor Tox. Estimates
of [1] dependon whethersolarforcing (S), volcanicaerosolforcing (V) andtroposphericozone(T)
wasaddedo greenhousgas(G) andaerosoforcing (A). ThecapitallettersG, A, T, S,V in the gure
key specifytheradiatve forcing componentshatwereconsideredor the particularestimateof [1].

Tox = 22K. Onereasorcouldbethat[1] doesnotcompareheirresultswith deep
oceantemperaturelata.[6] requiresthe oceanrecordto restrict Tox from above.
However, [8] considersoceanheatuptake, andfails to discriminatebetweercli-
matesensitvity in therangeToy = [1 K; 10K]. In this situation,we simply cut of
theprobabilitydistributionsof [1] at Tox = 10K, andallocatetheir total probabil-
ity massP(T, 10K) to thisvalue.

Fig. 1 depictstheresultingrangedor 5%, 25%,50%, 75% and95% quantile
estimatedn [1, 6]. We interpolatethe extremevaluesof the rangesto generate
a lower and upper CDF, and approximatethe resultingimpreciseCDF model
with two stepfunctionsSF andSF (Fig. 1). Thereis somearbitrarinesshere.
It could beresohed by xing the numberof “step” points Tox; and T and
calculatingthe optimal approximationaccordingto someaccurag measurg?7,
12]. Algorithm 1is appliedto construcearandomset(Fr,,; mr,,) thatcorresponds
toMr, (SF;SF )= fPj8Tx2R SF(Tx) P( ¥;Tn] SF (Tx)g(inthe
sensef propositionl). Mr,, (SF ; SF ) canbecomparedvith theIPCCestimate
[1.5K, 4.5K] for climatesensitvity. The probabilityfor Tox 2 [1.5K, 4.5K] lies
in theinterval [0; 1], for Tox < 1:5K in [0; 0:25], andfor Tox > 4:5K in [0; 0:75]. The
numbersshav thatMr,, (SF ; SF ) doesnotsupporthelPCCestimategspecially
for high climate sensitvities Tox > 4.5 K. This re ects the fact that the upper
boundof thelPCCestimatés notsupporteddy [1, 6, 8].

Effective oceanheatcapacityCe is anarti cial quantitythatarisesfrom the
simpleform of theenegy balancemodel(4). It depend®n ocearncharacteristics,
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but also on climate sensitvity [3]. A comparisorof model (4) with emulations
of different AOGCMssuggest functionaldependencef Ce on Ty of theform
Ce TZ?(“ with 0< g 1. We specifyaninterval uncertaintyfor the parameters
C = Ce(T2x = 3K) andg;, which is an adequatechoicein the light of the large
uncertaintysurroundingoceancharacteristictk e verticaldiffusivity [6]. Interval
uncertaintyis the simplestform of animpreciseCDF model. Lower and upper
CDF areeither0 or 1. The modelcanbeimmediatelycapturedby a randomset
(F&g,: Meg,) containingjustonefocal elementE = [40 Wa/n?K, 50 Wa/mPK]
[0.6,1] with probabilitymassassignmenin(E) = 1.

An additionaluncertaintyconcernghe presentayglobalmeanwarmingDT,
since 1860, which entersmodel (4) asinitial value.Estimatesof DT, lie in the
range0:6 0:2 K. We adopttheinterval uncertainty{0.4 K, 0.8K] for DT,, since
its smallin uence onfuture GMT projectiondoesnotjustify amorecomplicated
impreciseCDF model.

3.2 Radiative Forcing Model

We groupthe anthropogenisourcesf radiative forcing F(t) into carbondiox-
ide, which is the mostimportantGHG, the “other” greenhousgaseOGHG)
including both the remainingdirectaswell asindirect GHGs,andaerosolsSo-
lar andvolcanic sourcesare neglectedsincewe areinterestedn estimatingthe
anthropogeniclimatechangesignal.

F) = Fadn g SO0 <IN+ Faa(Ere() + Foose ) (5)

Cco, atmospheri€€O, concentration

Eaer anthropogenisulfateaerosoemissions

Faer Totalaerosoforcingin theperiod1990-2000
Fochg Total OGHGforcingin the period1990-2000

The radiative propertiesof aerosolparticlesaremostuncertain. Aerosolsin-
uencetheradiationbalancenotonly directly, but alsoindirectly by alteringcloud
formationprocesseslhelPCCestimateshatthe negative forcing of aerosolias
beenin therange[-0.8 W/m?, -0.2 W/m?] (directeffect) and[-2 W/m?, 0 W/m?]
(indirecteffect) for the period1990-200010]. [1, 6, 8] have investigated-aer in
their comparisonof modelresultswith historicaldata.Fig. 2 shawvs the ranges
for the 5%, 25%,50%, 75% and95% quantileestimategrom [1, 6]. [8] presents
a histogramprobability which can be corvertedinto two stepfunctionsfor the
lower andupperboundon the CDFsthataresupportedy the probabilitymasses
allocatedo thebinsof thehistogramAnalogougo the caseof climatesensitvity,
we constructa lower CDF SF andupperCDF SF  (solid linesin g. 2). Algo-
rithm 1 is usedto generatehe randomset(Mg,,,; me,,,) thatcorrespondso the
impreciseCDF modelMg,, (SF ; SF ).
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Figure 2: ImpreciseCDF modelfor Faer: Shavn are 5%, 25%, 50%, 75% and 95% quantilesof
probability distributionsfrom [1, 6], anda histogramprobability from [8]. SeeFig. 1 for additional
explanationof the gure key.

The probability that Fae is containedn the IPCC estimate[-2.8 K, -0.2 K]
(directandindirecteffect combined)ies in therange[0:95; 1]. In contrasto cli-
matesensitvity, the IPCC rangeincludesMg,,,(SF ;SF ) almostentirely. The
resultsin [1, 6, 8] supporta morenarron range wherein particularthe potential
of avery strongnegative aerosoforcing contritutionis discarded.

Estimatedor theradiative forcing contributionsof indirect GHGs, in particu-
lar troposheri@ndstratospheriozone exhibit relative errorsbetweem0%-70%.
Theindirect GHGshave contributedaround30-40%to FogHg in thelastdecade.
We capturethe uncertaintyby theintenal Foghg 2 [0:8 W/m?; 1:2 W/m?].

We link the uncertaintyin thetime-dependemathsof atmospheric€O, con-
centratiorCco,(t), futurechangesn theradiatve forcing of the OGHGh(t), and
anthropogeni@erosolemissionsEae(t) directly to the socio-economisphere.
Thereby we ngglectany uncertaintyaboutthe responseof the biogeochemical
cyclesto anthropogeniemissions.n a specialreport on emissionsscenarios
(SRES)[9], thelPCChasformulateda rangeof scenarioslescribingfuture path-
ways of societyandeconomyon a global scale.The major branchingpoints of
thesescenariosare globalizationvs. regionalizationand sustainabilityorienta-
tion vs. growth orientation.In this analysis,we specify just two parameters
(“Growth”) and S (“Shift”), with Cco,(t); h(t) e® 2 We restrict S
G=200,sothatthegrowthin atmospheri€€O, concentratiomndradiative forcing
of OGHGscanbe dampenedhut notreversedby a“shift” Sin the21stcentury

As thefuturesocio-economidevelopmenis entirelyuncertainjt is appropri-
ateto specifyinterval uncertaintieor G 2 [0:004=a; 0:012=a]andS2 [0; G=200.
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Growth ratesfrom 0.4%to 1.2%peryearleadto atmospheri€CO, concentrations
from 480 ppmvto 1230ppmvin 2100(presentay: 370 ppmv),andto a forcing
contribution of the OGHG from 1 W/m? to 4 W/m?. This coversthefull rangeof
the SRESscenariosncludinguncertaintyin the biogeochemicatycles[3].

3.3 Combining the Random SetInformation

Most parametepairsare physicallyandepistemicallyindependentPresentay
warming T, dependsphysically on climate sensitvity and oceanheatcapacity
but knowledgeof T, alonedoesnot constrainthe assessmertf Tox andCe. A
morecritical issueis the epistemicdependencef Faer and Tox. Although physi-
cally independentcomparison®f modelresultswith historicaldatawill have a
tendeng to producehigh estimatesf Ty, for a large negative radiative forcing
Faer Of aerosolsandvice versa[6]. Neglectingthis dependencwill yield amore
impreciseestimateof future GMT change sincethe probability weight of com-
binationswith large negative Faer andlow Ty, leadingto aweak GMT increase,
andwith smallnegative Faer andhigh Ty, leadingto a strongrise of GMT, will be
overestimatedThis issueneeddo beinvestigatedn furtherstudiesFor thetime
being,we useequation(2) basednrandomsetindependenct combinetheran-
domsetsfor all eightparameterpar ;= (DTo; Tox; C; &; Faer; FogHs; G; S toa
joint randomset(F par; m).

4 Estimation of Global Mean Temperature Change

Differential equation(4) andradiative forcing model (5) generatea continuous
transferfunction that mapsthe uncertainmodel parameterso an increaseDT
in GMT since 1860. The extensionprinciple for randomsets([5], equation3)
transfersthe randomset (Fpar; m) for the uncertainparameterso a randomset
(For;m) for GMT increase.In our specic case,the images f(Ei.par) =
[DT;(t); DTi(t)] canbecalculatedvith standardjradient-basedptimizationmeth-
ods.After discretizingtime in sufciently smalltime stepsDt, the boundarieof
therangeattimety = kDt + t, arefoundby solving

DTi(t) = __min DT (t) (6)

(DTo;Tox:CiksFaenFogHs: GS) 2 Ej;par
. F(t 1) Fx DT(4 1)
= + -

subjectto DT(t)=DT(t 1)+ Dt . . T 1 1 k

ﬁi(tk) = _ max DT(tk) (7)
(DTo; Tox:Citk;Faer:FocHa: GS) 2 Ei:par

subjectto DT(t) = DT(4 1)+ Dt Ftt ) P DT D)

Ce Ce Tox
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8 T
]l uncertainty

---------- socio-economic uncertainty only

6 L forcing and climate uncertainty only

Global mean temperature change since 1860 [K]
Ny

0 . . . . .
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Figure3: Image[DT (t); DT ()] of asinglefocalelementE = [1.8K, 6.0K]  [-1.37 W/m?,-0.62
W/m?] (DTo;C;a;Fochs,G;S) 2 Fpar for theyears2025,2050,2075and2100.Shavn arealsothe
casewwith solelysocio-economior solelyforcing andclimateuncertainty

It canbe checledthat DT (t) is monotonein DTy;C; &;; Faer; Foche; G; S and
corvex in Ty The latteris dueto the factthat Tox in uences DT both directly
andindirectly throughits connectiorto effective oceanheatcapacity Thus,pro-
gram(7) is awell-de ned corvex optimizationproblem.Carehasto betakenwith
program(6). Thesolutionwill beaboundarypointof thefocal element;. par, and
we have to checkbothfor thelowerandupperboundof To.

Fig. 3 shaws the image[DT (t); DT (t)] of a single focal element.The range
of the image grows considerablyin time. We performeda sensitvity analysis
with partly resoheduncertainty Uncertaintyin the radiative forcing andclimate
parameterslominateghe overall uncertaintyin the rst half of the 21stcentury
but socio-economiancertaintypecomesquallyimportantin the secondhalf of
the 21stcentury Most strikingly, the uncertaintie®n the subspacesombinein a
nonlinearway. A muchlargeroverall uncertaintyis foundin particularfor cases
wherethe naturalsystemsandsocio-economicincertaintiesareof similar size.

Theprojectedandomset(Fpr; m) for GMT increaseanbeusedto construct
the lower CDF F5r andupperCDF Fopr. It is importantto note thatthe corre-
spondingmpreciseCDFmodelMpr (E;F) ;= f Pj8Xx2 R Fpr(X) P( ¥;X]
Fpr(x) g canbemoreimprecisehanMpr (Bel,;) := f Pj8 A2 A Bel, (A)
P(A)g,i.e.Mpr(E;F) Mpr(Bel,). Thisis dueto thefact,thatafterapplying
the extensionprinciple, the focal elementsE;.pr = [DT;(t); DTi(t)] 2 Fpr might
violate condition (Il) of propositionl. In this case,the lower envelopePpr of
Mpr (F;F) is strictly smallerthan Belr,, for someA 2 A. Recallingproposi-



Cumulative probability

Cumulative probability

Kriegler & Held: ClimateProjectionsfor the21stCentury 357

12 | Year 20:
Year 20.
Year 2075 »
Year 2100

Cumulative probability

0 1 2 3 4 5 6 7 8
Global mean temperature change since 1860 [K] Global mean temperature change since 1860 [K]

a. Full uncertainty b. Forcingandclimateuncertaintyonly

Year 2025 —— |
Yea
Year 2075 »
Year 2100
08 b 0.8
ZE
06 E o6t
2
g
5
2
04 | = 04t
g
o
02 r 02
o LT ‘ ‘ ‘ ‘ ‘ R H ‘ N | ‘ ‘ ‘ ‘
0 1 2 3 4 5 6 7 8 0 1 2 3 4 5 6 7 8
Global mean temperature change since 1860 [K] Global mean temperature change since 1860 [K]
c. Climateuncertaintyonly d. Forcinguncertaintyonly

Figure4: Lower andupperCDFsfor GMT increaseDT in theyears2025,2050,2075,2100

tion 2, it canbe seenthat Mpr(F;F) doesnot containmore informationthan
(Fpar; m), which captureshe uncertaintyin the modelparametersyould allow.

Mor(E;F)  Mor(Belry)  Mpa(Bel,,)

Fig. 4 shovsthe lower andupperCDFsthataregeneratedby therandomset
(Fpr;m). We considerthe areabetweerower andupperCDF asanindicatorfor
theimprecisionin theuncertaintylt canbe seenthattheimprecisionin the GMT
estimatefor the caseof full uncertaintyin the model parameterss enormous.
This is partly dueto the large numberof uncertainparametersasa comparison
with the othercaseshaows. However, the caseg4.b) and(4.c) alsoexhibit large
imprecision.This re ects the factthatthe underlyingimpreciseCDF modelsfor
theclimateparameterarealreadyveryimprecise Certainly they areconsenrative
estimatesastheresultsof differentstudieswerenot weighedagainstachother
Someimprecisionis alsoinducedby thecombinatiorof the uncertaintyfor single
parametersisingrandomsetindependencésec.3.3).

Theresultscanbe comparedvith theIPCCestimatd1.8 K, 6.6 K] for GMT
increasen 2100relative to 1860[3]. Theprobabilityfor DT 2 [1.8K, 6.6K] lies
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in theinterval [0; 1], for DT < 1.8K in [0;0:95], andfor DT > 6.6K in [0;0:965).
Despitethe large rangeof the IPCC estimate the uncertaintyin GMT increase
is tooimpreciseto discriminateagainstvaluesoutsidethis range.The probability
massallocatedo valuessmallerthan1.8 K stemsfrom randomsetsallowing for
climatesensitvity valuesthatarebelow theIPCCestimatefor climatesensitvity.
Similarly, the probability massallocatedto GMT increaseshigherthan 6.6 K
is dueto climate sensitvity valuesabove the IPCC estimate As a comparison
of (4.c) and (4.d) underlinesthe uncertaintyin climate parameterss the most
in uential factorontheuncertaintyin GMT increase.

5 Conclusion

Impreciseprobability conceptsarry the potentialto consistentlycapturethe dif-
ferenttypesof uncertaintieanddifferentdegreesof knowledgethatareencoun-
teredin climatechangeanalysis However, they needto be applicableto dynam-
ical problemswith alarge numberof continuousuncertainvariables We suggest
thatimpreciseCDF modelsareconceptuallye xible andmathematicallyractable
enoughto ful | thesecompetingrequirementso someextent. Whenthe impre-
ciseCDF modelis boundedy lowerandupperstepfunctionsontherealline, the
informationaboutthe encompassesktof additive probabilitiescanbecondensed
in arandomset(F ;m). The correspondindpelief function Belg is the lower en-
velopeof the impreciseCDF modelon the algebrageneratedy the half-closed
intervals of therealline. Moreover, if the randomsetextensionprincipleis used
to projectarandomsetontotherangeof ameasurabléunction,noinformationis
addedin the sensehatevery additive probability dominatingBelr is transferred
into a probabilitydominatingthe “extended”belief function.

We have constructed randomsetfor asimpleclimatemodel,andprojectedt
ontoanestimatefor global meantemperaturéncreaseThe resultingestimateis
very imprecise with uncertaintiesaboutsocio-economiadevelopment radiative
forcing andclimate characteristic€ombiningin a nonlinearway. The largeim-
precisionof theestimatehasdifferentreasongndimplications.Firstly, we incor-
porateda very broadrangeof factorsin theanalysisImprecisionwill bereduced
if therangeof factords limited by formulatingmorespeci ¢ questionsSecondly
we combinedherandomsetsof singleuncertainfactorsby assumingandomset
independenceThis hasincreasedhe imprecisionin the overall estimate since
aerosolforcing and climate sensitvity are not epistemicallyindependentywhen
estimatedrom the presentday climate changesignal. Thirdly, the CDF models
for the singleparametershouldbe consideredonsenrative estimateswhich can
beimprovedupon,whenmorecomparison®f modelresultswith historicaldata
becomeavailable.Imprecisioncanbereducedn particular if it is discriminated
betweerthereliability of differentmodelsandmethods.

Neverthelesstheresultsshowv thatuncertaintyis akey issuein the integrated
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assessmemf climatechangeRandonsetmethodgprovide new insightsinto the
structureof theuncertaintyparticularlyinto its imprecision.Thelink to imprecise
CDF modelsseemdo beanimportantyardstickfor assessinghformationlosses
whencombiningrandomsets,andapplyingthe extensionprinciple. More theo-
reticalwork is needechereto enhancéhe applicability of randomsetsto climate
changeanalysis.In addition,methodsneedto be developedto determinempre-
ciseCDF modelddirectly from acomparisorof modelresultswith historicaldata.
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