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Abstract

Weapplyrandomsettheoryto ananalysisof futureclimatechange.Bounds
on cumulative probability areusedto quantify uncertaintiesin naturaland
socio-economicfactorsthatin�uence estimatesof globalmeantemperature.
We explore the link of randomsetsto lower envelopesof probability fami-
lies boundedby cumulative probability intervals. By exploiting this link, a
randomsetfor a simpleclimatechangemodelis constructed,andprojected
ontoanestimateof globalmeanwarmingin the21stcentury. Resultsshow
thatwarmingestimatesonthisbasiscangeneratevery impreciseuncertainty
models.
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1 Intr oduction

It is widely accepedby now thata discerniblein�uence of anthropogenicemis-
sionsof greenhousegases(GHGs)on theearth's climateexists.Greenhousegas
concentrationsin the atmospherehave risen by, to namejust a few, 30% (car-
bondioxide),250%(methane)and15%(nitrousoxide)in theindustrialerasince
1750,mainly due to humanactivity. Empirical evidencefor a growing climate
changesignalis mounting,andnearlyall climatemodelsneedthe increasedra-
diativeforcingdueto growing GHGconcentrationsto reproducethissignal.Still,
uncertaintyabounds.How sensitive is the climate to growing GHG concentra-
tions?Whatamountof greenhousegaseswill humankindput into theatmosphere
in the21stcentury?

� This work hasbeensupportedin partby theDeutscheBundesstiftungUmwelt (GermanFederal
Foundationof theEnvironment).
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We believe that theapplicationof impreciseprobability conceptscarriesthe
potentialto greatlyimprove thesituationin climatechangeforecastingandinte-
gratedassessmentof climatechangepolicies.However, anobstaclemight bethe
dynamicalnatureof climatechangemodels,andthe large numberof uncertain
variableswhich mostly rangeover continuouspossibility spaces.In this paper,
wepresentanapplicationof randomsetmethodsto theestimationof globalmean
temperature(GMT) changein the 21st century. We interpretethe correspond-
ing belief functionsas a lower envelopeof a set of probability measures,and
try to respectthis interpretationthroughoutthereasoningprocess.Theuncertain
modelparametersareinitially quanti�ed by lower anduppercumulative proba-
bility distribution functions(CDF) on thereal line. In section2, we discusshow
this informationcanbe convertedinto a randomset,combinedfor independent
modelparameters,andprojectedontothemodeloutput.In section3, we present
thesimpletemperaturechangemodel,andconstructarandomsetfor its uncertain
parameters.In section4, theuncertaintyin the input valuesis projectedontoan
estimateof globalmeantemperaturechange.

2 Methods

2.1 RandomSetsof Impr eciseCDF Models

ConsideranuncertainquantityX thatentersamodelof somecausalrelationship,
e.g. of the link betweenGHG emissionsand GMT. The impreciseuncertainty
aboutX shallbedescribedby a lowerboundFX : R ! [0;1] andanupperbound
FX : R ! [0;1] for a setof CDFsFX(x) := P(X � x) on the real line R. In the
following,suchanuncertaintyassessmentwill becalledanimpreciseCDF model

MX(F;F) := f Pj 8 x 2 R F(x) � P(� ¥ ;x] � F(x) g (1)

A monotonesetfunction P : R ! [0;1], P( /0) = 0, P(R) = 1 is a lower en-
velopeor coherent lower probability on the Borel algebraR of the real line, if
it de�nes a non-emptysetof countablyadditive probability measuresM (P) :=
f Pj 8 A 2 R P(A) � P(A)g, and8 A 2 R P(A) = infP2M (P) P(A) [13, theorem
3.3.3].An ¥ -monotonelowerenvelopeis abelieffunctionBel.

In thetheoryof Dempster[4], belieffunctionsaregeneratedby amulti-valued
mappingfrom an underlyingspaceY = f y 1; :::;y ng onto a �eld of sets,in our
casethe Borel algebraR . By meansof the multi-valuedmapping,a probabil-
ity massassignmentm on Y canbe transferredto R , i.e. thereexists m : R !
[0;1], with m(A) > 0 for only a �nite numberof setsF = f E1; :::;Eng � R and
å A2R m(A) = 1. Thepair (F ;m) is calleda (�nite support)randomset, andthe
setsEi 2 F focal elements. A belief function Bel andits conjugateplausibility



Kriegler & Held: ClimateProjectionsfor the21stCentury 347

functionPl areconnectedto a randomsetby [4, 11]

Bel(A) = å
B� A

m(B) = å
i j Ei � A

mi ; Pl(A) = å
B\ A6= /0

m(A) = å
i j Ei \ A6= /0

mi

Thus,knowledgeof therandomset(F ;m) suf�ces to determineBel andPl onR .

We exploretherelationshipbetweenthelowerenvelopeof animpreciseCDF
modelandabelief functionthatcanberepresentedby a�nite supportrandomset
(In thefollowing, thereferenceto the�nitenessof therandomsetwill beomitted).
Thegoalis to capturetheinformationcontentof animpreciseCDFmodelwith a
randomset.

Proposition1 Let MX(F;F) be an impreciseCDF modelasde�ned in (1). Let
A bethealgebra generatedby thesetof half-closedintervals(a;b]; a < b of the
real line R. Let (F ;m) bea randomset,andBelF , PlF thecorrespondingbelief
andplausibility functions,respectively.

If (I) (F ;m) containsonlyclosedintervalsEi = [xi ;xi ],
(II) (F ;m) includesnopair of focalelementsEi ; E j with xi < x j < x j < xi , and
(III) 8 x 2 R BelF (� ¥ ;x] = F(x), PlF (� ¥ ;x] = F(x),

then 8 A 2 A BelF (A) = PX(A) := inf
P2MX(F;F)

P(A)

Proof. Step 1: Consideran arbitrary (a;b] 2 A; a < b. We have to show
PX(a;b] = BelF (a;b] andPX(a;b] = PlF (a;b]. SincePX(A) = 1 � PX(Ac) and
BelF (A) = 1� PlF (Ac), this impliesthat theequalitieshold for thecomplement
(a;b]c aswell.

1a) PX(a;b] = F(b) � F(a) = å
i j Ei \ (� ¥ ;b]6= /0

mi � å
j j E j � (� ¥ ;a]

mj

= å
s(i) j Es(i) � (� ¥ ;a]

ms(i) + å
t(i) j Et(i) \ (a;b]6= /0

mt(i) � å
j j E j � (� ¥ ;a]

mj

= PlF (a;b]

1b) PX(a;b] = max[0;F(b) � F(a)] = max[0; å
i j Ei � (� ¥ ;b]

mi � å
j j E j \ (� ¥ ;a]6= /0

mj ]

If F(b) < F(a), thereexistsE� = [x� ;x� ] 2 F with E� \ (� ¥ ;a] 6= /0 andE� 6�
(� ¥ ;b]. AssumeanarbitraryE0= [x0;x0] 2 F with x0> a � x� . By condition(II),
x0� x� > b. Thus,E06� (a;b], andBelF (a;b] = 0.

Assumethereexists E� 2 F with E� \ (� ¥ ;a] 6= /0 and E� 6� � (¥ ;b]. By
condition(I)+(II), all Ei � (� ¥ ;b] 2 F intersect(� ¥ ;a], andF(b) < F(a).
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Thus,if F(b) � F(a), thereis no suchfocal elementE� 2 F . In otherwords,
8 Ei 2 F Ei 6� (� ¥ ;b] ) Ei \ (� ¥ ;a] = /0.

) PX(a;b] = å
s(i) j Es(i) � (a;b]

ms(i) + å
t(i) j Et(i) \ (� ¥ ;a]

mt(i) � å
j j E j \ (� ¥ ;a]6= /0

mj

= BelF (a;b]

Step 2: Consideran arbitrary union of k disjoint half-closedintervals Ak =
(a1;b1] [ ::: [ (ak;bk]; a1 < b1 < ::: < ak < bk.

Choosea CDF F � : R ! [0;1] with F � (a1) = min[F(a1);F(b1)]; F � (b1) =
F(b1), ..., F � (ak) = min[F(ak);F(bk)]; F � (bk) = F(bk). Since F � (a1) �
F � (b1) � ::: � F � (ak) � F � (bk), sucha CDF doesexist, and is containedin
MX(F;F).

P� (Ak) = F � (bk) � F � (ak) + ::: + F� (b1) � F � (a1)

= max[0;F(bk) � F(ak)] + ::: + max[0;F(b1) � F(a1)]

= PX(ak;bk] + ::: + PX(a1;b1]

Since the lower envelope PX is super-additive on a union of disjoint sets

[13, Ch. 2.7.4], PX(Ak) = P� (Ak). Thus,PX(
kS

l= 1
(al ;bl ]) =

k
å

l= 1
PX(al ;bl ]. Since

PX(al ;bl ] = Bel(al ;bl ] asshown in step1:

2a) PX(Ak) =
k

å
l= 1

å
ijEi � (al ;bl ]

mi = å
ijEi �

kS

l= 1
(al ;bl ]

mi = BelF (Ak)

2b) PX(Ak) = PX(� ¥ ;bk] � PX(( � ¥ ;a1] [ (b1;a2] [ ::: [ (bk� 1;ak])

= F(bk) � F(a1] � PX(b1;a2] � ::: � PX(bk� 1;ak]

= å
ijEi \ (a1;bk]6= /0

mi � å
j jE j �

k� 1S

l= 1
(bl ;al+ 1]

mj = PlF (Ak)

Everyelementof A is either /0; R, a unionof k 2 N disjointhalf-closedinter-
vals,or its complement.For thelatter, PX(A) = BelF (A) hasbeenshown in step
1 and2. For /0; R, PX( /0) = BelF ( /0) = 0 andPX(R) = BelF (R) = 1. 2

Sincetherandomset(F ;m) containsonly a �nite numberof focal elements,
its correspondingbelief andplausibility function cannotful�l condition(III) of
proposition1 for continuousF and/orF. For applicationpurposes,however, this
defectis not disturbing.Every impreciseCDF modelwith continuouslower and
upperboundcanbe approximatedby two stepfunctionsapproachingthe lower
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boundfrom below andthe upperboundfrom above [7, 12]. Considertwo step
functionsSF� ;SF � : R ! [0;1] of theform 0 = SF(x1) < ::: < SF(xk) = 1,

SF� (x) =

8
<

:

SF� (x� i) x� i � x < x� i+ 1
0 x < x� 1
SF� (x� k) x� k � x

SF � (x) =

8
<

:

SF � (x�
j+ 1) x�

j < x � x�
j+ 1

0 x � x�
1

SF � (x�
k) x�

k0 < x

If 8 x 2 R SF � (x) � SF� (x), the two stepfunctionsde�ne an impreciseCDF
model M (SF� ;SF � ) := f Pj 8 x 2 R SF� (x) � P(� ¥ ;x] � SF � (x) g. The fol-
lowing algorithmcanbeusedto constructa randomset(F ;m), which ful�ls the
requirementsof proposition1, from two arbitrarySF� � SF � . Let thelowerbound
have cumulative probabilitySF� (x� i) at the“step” pointsx� 1 < ::: < x� n, andthe
upperboundhavecumulativeprobabilitySF � (x�

j ) at x�
1 < ::: < x�

m.

Algorithm 1 1. Initialize indicesk = 1 (running over the focal elementsof
therandomsetto beconstructed),i = 1 (runningover x� i), j = 1 (running
overx�

j ). Let pk denotethecumulativeprobabilityalreadyaccountedfor in
stepk. Assignp0 = 0.

2. ConstructrandomsetEk = [x�
j ; x� i ].

3. (a) SF� (x� i) < SF � (x�
j ): mk = SF� (x� i) � pk� 1 ; pk = SF� (x� i). Raise

indicesk ! k+ 1, i ! i + 1. Returnto step2.

(b) SF� (x� i) > SF � (x�
j ): mk = SF � (x�

j ) � pk� 1 ; pk = SF � (x�
j ). Raise

indicesk ! k+ 1, j ! j + 1. Returnto step2.

(c) SF� (x� i) = SF � (x�
j ): mk = SF � (x�

j ) � pk� 1 . If SF� (x� i) = SF � (x�
j ) =

1 abort thealgorithm.
If SF� (x� i) = SF � (x�

j ) < 1, setpk = SF � (x�
j ). Raiseindicesk ! k+ 1,

i ! i + 1, j ! j + 1. Returnto step2.

Algorithm 1 is well de�ned. For eachstepk, x�
j � x� i , mk > 0, and the al-

gorithm will always reachthe pointsx� n;x�
m with SF� (x� n) = SF � (x�

m) = 1 and
abort.It constructsa randomset(F ;m) with k � n+ m focal elements.The Ek
areeitherclosedintervals [ak;bk] or singletonsf ag = [ak;ak]. The algorithmis
alsoapplicableto thecaseof a preciseprobability, whereSF� = SF � = SF.

2.2 Combining and Extending RandomSets

In almostall assessmentsof climatechange,uncertaintyaccumulatesfrom dif-
ferentsources.In general,we needto considera multivariateuncertaintymodel
thatarisesfrom a vectorof uncertainquantitiesX = f X1; :::;Xng, eachof which
is describedby animpreciseCDF modelMXi (F;F) on thereal line R. Thereare
differentwaysto constructa joint lowerenvelopePX from thelowerenvelopesof
independentmarginalsPXi

. They dependon theconceptof independencethat is
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employedto generatethejoint envelope[2, 13]. In general,theresultingenvelopes
agreeonly onproductsetsA1 � ::: � An ; Ai � R.

In our case,the lower envelopesPXi
of the independentmarginalsare rep-

resentedby belief functionsBelFi with correspondingrandomsets(Fi ;mi ) =
f (E1i ;m1i ); :::; (Eki ;mki )g. The conceptof randomsetindependence[4] leadsto
joint belief functionsby applying Dempster's rule of combinationto logically
independent“marginal” randomsets(Fi ;mi) ; 1 � i � n.

(F ;m) = f (El1:::ln = El1 � ::: � Eln;ml1:::ln = ml1 � ::: � mln); 1 � l i � ki g (2)

It can be easily checked that (F ;m) generatesindeeda belief and plausibility
function BelF andPlF that agreewith the joint lower andupperenvelopesPX
and PX on productsets,no matterunderwhich conceptof independencethey
weregenerated.However, it is lessclear, how BelF relatesto thedifferenttypes
of thejoint lowerenvelopeonsetsA 2 Rn thatarenotproductsets.Comparisons
of differentindependenceconceptson �nite possibilityspacesindicatethat ran-
domsetindependenceyieldsa lowerenvelopethatis dominatedby theenvelopes
emanatingfrom epistemicor strongindependence[2]. It needsto befurtherinves-
tigatedhow far these�ndings translateto thespecialcasepresentedhere.For the
timebeing,weuserandomsetindependenceto constructthejoint lowerenvelope
BelF from theindependentmarginalsBelFi .

Consideramodelof somecausalrelationship,whichgeneratesatransferfunc-
tion f : Rn ! Rm; y = f (x). Let the uncertaintyin the input variablesx be de-
scribedby MX(BelF ) := f PX j 8 A 2 Rn BelF (A) � PX(A) g. Thecorresponding
randomset(F ;m) = f (E1;m1); :::; (Ek;mk)g canbetransferredto themodelout-
put y by applyingtheextensionprinciplefor randomset-valuedvariables[5]:

f (Ei ) := f yj 9 x 2 Ei y = f (x) g ; mf (B) := å
f (Ei)= B

mi B 2 Rm (3)

Let ( f (F );mf ) denotethetransferredrandomset.It correspondsto abelief func-
tion Belf (F ) that is the lower envelopeof a set of probabilitiesMY(Belf (F )).
Let f : Rn ! Rm be Borel measurable,i.e. 8 B 2 Rm f � 1(B) = f x 2 Rm :
f (x) 2 Bg 2 Rn. Then,every probabilitymeasureP on (Rn;Rn) is transformed
by the mapping f into a probability measurePf on (Rm;Rm) de�ned by 8 B 2
Rm Pf (B) := P( f � 1(B)) . Usingthis de�nition, we cantransformeachelement
of MX(BelF ) to aprobabilitymeasureon(Rm;Rm), thusgenerating:

f (MX(BelF )) := f PY j 9 PX 2 MX(BelF ) 8 B 2 Rm PY(B) = PX( f � 1(B)) g

Proposition2 Let Rn; Rm beBorel algebras, f : Rn ! Rm a Borel measurable
transferfunction.Let (F ;m), BelF describethe setof probabilitiesMX(BelF ).
Let f (MX(BelF )) bethe f -tranformedsetof probabilitiesasde�nedabove.
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Similarly, let ( f (F );mf ) bethe f -extensionof (F ;m) calculatedfromequa-
tion (3), andBelf (F ) thecorrespondingbelieffunction.Then

f (MX(BelF )) � MY(Belf (F )) := f PY j 8 B 2 Rm Belf (F )(B) � PY(B) g

Proof. ConsideranarbitraryPY 2 f (MX(BelF )) . ThereexistsaPX 2 MX(BelF )
with 8 B 2 Rm PY(B) = PX( f � 1(B)) . For aparticular, yet arbitraryB 2 Rm

PY(B) = PX( f � 1(B)) � BelF ( f � 1(B)) = å
Ei � f � 1(B)

mi

= å
f (Ei )� B

mi = Belf (F )(B)

2

3 A Random Setfor a SimpleClimate Model

3.1 Global Mean Temperature Model

We usea simpledynamicalmodelto link radiative forcing F(t) to a changeDT
in globalmeantemperature(GMT) sincepreindustrialtimes[14].

Ce � DT0(t) = F(t) � F2x �
DT(t)

T2x
(4)

Ce effectiveoceanheatcapacity

F2x radiative forcing for a doublingof atmosphericCO2

T2x climatesensitivity

Differentialequation(4) is thesimplesttypeof energy balancemodel.It equates
thenetradiative �ux into thesystemat thetop of theatmosphereto oceanicheat
uptakeCeDT0. If theradiative forcingwaskeptconstantatavalueF(t) = F2x, the
systemwould undergo anequilibriumtemperaturechangeof DT = T2x. Climate
sensitivity T2x is a crucial parameterto characterizethe responseof the climate
systemto anincreasein GHGconcentrations.

The IntergovernmentalPanel on Climate Change(IPCC) givesan estimate
of climatesensitivity T2x = [1:5 K;4:5 K] [3]. Thepanelexplicitely refrainsfrom
specifyingprobabilisticinformation.Recently, modelsof intermediatecomplex-
ity (EMICs) wereusedto establishprobability distributionsfrom a comparison
of modelresultswith historicalatmosphere,surfaceanddeepoceantemperature
data[1, 6, 8]. Effortsarehamperedby thepresenceof naturalvariability, thelack
of long-termdataandthemultitudeof forcings.

In this analysis,we usethe probability distributionsof [1, 6] to generatean
impreciseCDFmodelfor T2x (�g. 1). Theestimatesof [1] areshiftedto consider-
ablyhighervaluesof climatesensitivity comparedto [6], rangingup to valuesof
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Figure1: ImpreciseCDF model for T2x: Shown are5%, 25%, 50%, 75% and95% quantilesof
probabilitydistributionsfrom [1, 6]. Estimatesof [6] dependona prior probabilityfor T2x. Estimates
of [1] dependon whethersolarforcing (S), volcanicaerosolforcing (V) andtroposphericozone(T)
wasaddedto greenhousegas(G) andaerosolforcing(A). ThecapitallettersG,A, T, S,V in the�gure
key specifytheradiative forcing componentsthatwereconsideredfor theparticularestimateof [1].

T2x = 22K. Onereasoncouldbethat[1] doesnotcomparetheir resultswith deep
oceantemperaturedata.[6] requirestheoceanrecordto restrictT2x from above.
However, [8] considersoceanheatuptake, andfails to discriminatebetweencli-
matesensitivity in therangeT2x = [1 K;10K]. In this situation,we simplycut of
theprobabilitydistributionsof [1] atT2x = 10K, andallocatetheir totalprobabil-
ity massP(T2� � 10K) to this value.

Fig. 1 depictstheresultingrangesfor 5%,25%,50%,75%and95%quantile
estimatesin [1, 6]. We interpolatethe extremevaluesof the rangesto generate
a lower and upperCDF, and approximatethe resulting impreciseCDF model
with two stepfunctionsSF� andSF � (Fig. 1). Thereis somearbitrarinesshere.
It could be resolved by �xing the numberof “step” pointsT2x;i� andT �

2x; j , and
calculatingthe optimal approximationaccordingto someaccuracy measure[7,
12]. Algorithm 1 is appliedto constructarandomset(FT2x;mT2x) thatcorresponds
to MT2x(SF� ;SF � ) := f Pj 8 T2x 2 R SF� (T2x) � P(� ¥ ;T2x] � SF � (T2x) g (in the
senseof proposition1). MT2x(SF� ;SF � ) canbecomparedwith theIPCCestimate
[1.5 K, 4.5K] for climatesensitivity. Theprobabilityfor T2x 2 [1.5 K, 4.5K] lies
in theinterval [0;1], for T2x < 1:5K in [0;0:25], andfor T2x > 4:5K in [0;0:75]. The
numbersshow thatMT2x(SF� ;SF � ) doesnotsupporttheIPCCestimate,especially
for high climate sensitivities T2x > 4.5 K. This re�ects the fact that the upper
boundof theIPCCestimateis not supportedby [1, 6, 8].

Effective oceanheatcapacityCe is an arti�cial quantitythat arisesfrom the
simpleform of theenergy balancemodel(4). It dependsonoceancharacteristics,
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but alsoon climatesensitivity [3]. A comparisonof model(4) with emulations
of differentAOGCMssuggesta functionaldependenceof Ce on T2x of the form
Ce � Tgc

2x with 0 < gc � 1. We specifyan interval uncertaintyfor theparameters
C̄ = Ce(T2x = 3 K) andgc, which is an adequatechoicein the light of the large
uncertaintysurroundingoceancharacteristicslikeverticaldiffusivity [6]. Interval
uncertaintyis the simplestform of an impreciseCDF model.Lower andupper
CDF areeither0 or 1. Themodelcanbe immediatelycapturedby a randomset
(FC̄;gc

;mC̄;gc
) containingjustonefocalelementE = [40 Wa/m2K, 50Wa/m2K] �

[0.6,1]with probabilitymassassignmentm(E) = 1.
An additionaluncertaintyconcernsthepresentdayglobalmeanwarmingDTo

since1860,which entersmodel (4) as initial value.Estimatesof DTo lie in the
range0:6� 0:2 K. We adopttheinterval uncertainty[0.4 K, 0.8K] for DTo, since
its smallin�uenceonfutureGMT projectionsdoesnotjustify amorecomplicated
impreciseCDF model.

3.2 RadiativeForcing Model

We groupthe anthropogenicsourcesof radiative forcing F(t) into carbondiox-
ide, which is the most importantGHG, the “other” greenhousegases(OGHG)
includingboth the remainingdirect aswell asindirectGHGs,andaerosols.So-
lar andvolcanicsourcesareneglectedsincewe areinterestedin estimatingthe
anthropogenicclimatechangesignal.

F(t) = F2x ln
�

CCO2(t)
CCO2(1750)

�
=ln2+ FAerg(EAer(t)) + FOGHG h(t) (5)

CCO2 atmosphericCO2 concentration

EAer anthropogenicsulfateaerosolemissions

FAer Totalaerosolforcing in theperiod1990-2000

FOGHG TotalOGHGforcing in theperiod1990-2000

Theradiative propertiesof aerosolparticlesaremostuncertain.Aerosolsin-
�uencetheradiationbalancenotonlydirectly, but alsoindirectlyby alteringcloud
formationprocesses.TheIPCCestimatesthatthenegativeforcingof aerosolshas
beenin therange[-0.8 W/m2, -0.2W/m2] (directeffect) and[-2 W/m2, 0 W/m2]
(indirecteffect) for theperiod1990-2000[10]. [1, 6, 8] have investigatedFAer in
their comparisonof model resultswith historicaldata.Fig. 2 shows the ranges
for the5%,25%,50%,75%and95%quantileestimatesfrom [1, 6]. [8] presents
a histogramprobability which canbe convertedinto two stepfunctionsfor the
lowerandupperboundon theCDFsthataresupportedby theprobabilitymasses
allocatedto thebinsof thehistogram.Analogousto thecaseof climatesensitivity,
we constructa lower CDF SF� andupperCDF SF � (solid lines in �g. 2). Algo-
rithm 1 is usedto generatetherandomset(MFAer;mFAer) thatcorrespondsto the
impreciseCDF modelMFAer(SF� ;SF � ).



354 ISIPTA ' 03

Figure2: ImpreciseCDF model for FAer: Shown are5%, 25%,50%, 75% and95% quantilesof
probabilitydistributionsfrom [1, 6], anda histogramprobability from [8]. SeeFig. 1 for additional
explanationof the�gure key.

The probability that FAer is containedin the IPCC estimate[-2.8 K, -0.2 K]
(directandindirecteffect combined)lies in therange[0:95;1]. In contrastto cli-
matesensitivity, the IPCC rangeincludesMFAer(SF� ;SF � ) almostentirely. The
resultsin [1, 6, 8] supporta morenarrow range,wherein particularthepotential
of averystrongnegativeaerosolforcingcontribution is discarded.

Estimatesfor theradiative forcingcontributionsof indirectGHGs,in particu-
lar troposhericandstratosphericozone,exhibit relativeerrorsbetween40%-70%.
TheindirectGHGshavecontributedaround30-40%to FOGHG in thelastdecade.
We capturetheuncertaintyby theinterval FOGHG 2 [0:8 W/m2; 1:2 W/m2].

We link theuncertaintyin thetime-dependentpathsof atmosphericCO2 con-
centrationCCO2(t), futurechangesin theradiativeforcingof theOGHGh(t), and
anthropogenicaerosolemissionsEAer(t) directly to the socio-economicsphere.
Thereby, we neglect any uncertaintyaboutthe responseof the biogeochemical
cycles to anthropogenicemissions.In a specialreport on emissionsscenarios
(SRES)[9], theIPCChasformulatedarangeof scenariosdescribingfuturepath-
waysof societyandeconomyon a global scale.The major branchingpointsof
thesescenariosare globalizationvs. regionalizationand sustainabilityorienta-
tion vs. growth orientation.In this analysis,we specify just two parametersG
(“Growth”) and S (“Shift”), with CCO2(t) ; h(t) � eGt� St2 . We restrict S �
G=200,sothatthegrowth in atmosphericCO2 concentrationandradiativeforcing
of OGHGscanbedampened,but not reversedby a“shift” Sin the21stcentury.

As thefuturesocio-economicdevelopmentis entirelyuncertain,it is appropri-
ateto specifyintervaluncertaintiesfor G2 [0:004=a; 0:012=a] andS2 [0;G=200].
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Growth ratesfrom 0.4%to 1.2%peryearleadto atmosphericCO2 concentrations
from 480ppmvto 1230ppmvin 2100(presentday:370ppmv),andto a forcing
contributionof theOGHGfrom 1 W/m2 to 4 W/m2. Thiscoversthefull rangeof
theSRESscenariosincludinguncertaintyin thebiogeochemicalcycles[3].

3.3 Combining the RandomSetInf ormation

Most parameterpairsarephysicallyandepistemicallyindependent.Presentday
warmingTo dependsphysicallyon climatesensitivity andoceanheatcapacity,
but knowledgeof To alonedoesnot constrainthe assessmentof T2x andCe. A
morecritical issueis theepistemicdependenceof FAer andT2x. Althoughphysi-
cally independent,comparisonsof modelresultswith historicaldatawill have a
tendency to producehigh estimatesof T2x for a large negative radiative forcing
FAer of aerosols,andviceversa[6]. Neglectingthisdependencewill yield amore
impreciseestimateof futureGMT change,sincetheprobabilityweightof com-
binationswith largenegative FAer andlow T2x leadingto a weakGMT increase,
andwith smallnegativeFAer andhighT2x leadingto astrongriseof GMT, will be
overestimated.This issueneedsto beinvestigatedin furtherstudies.For thetime
being,weuseequation(2) basedonrandomsetindependenceto combinetheran-
domsetsfor all eightparameterspar := (DT0; T2x; C̄; gc; FAer; FOGHG; G; S) to a
joint randomset(Fpar;m).

4 Estimation of Global Mean TemperatureChange

Differentialequation(4) andradiative forcing model (5) generatea continuous
transferfunction that mapsthe uncertainmodel parametersto an increaseDT
in GMT since1860.The extensionprinciple for randomsets([5], equation3)
transfersthe randomset(Fpar;m) for the uncertainparametersto a randomset
(FDT ;m) for GMT increase.In our speci�c case, the images f (Ei;par) =
[DT i(t);DT i (t)] canbecalculatedwith standardgradient-basedoptimizationmeth-
ods.After discretizingtime in suf�ciently small time stepsDt, theboundariesof
therangeat timetk = kDt + to arefoundby solving

DT i(tk) = min
(DT0;T2x;C̄;gc;FAer;FOGHG;G;S) 2 Ei;par

DT(tk) (6)

subjectto DT(tl ) = DT(tl � 1) + Dt �
�

F(tl � 1)
Ce

�
F2x

Ce
�
DT(tl � 1)

T2x

�
1 � l � k

DT i(tk) = max
(DT0;T2x;C̄;gc;FAer;FOGHG;G;S) 2 Ei;par

DT(tk) (7)

subjectto DT(tl ) = DT(tl � 1) + Dt �
�

F(tl � 1)
Ce

�
F2x

Ce
�
DT(tl � 1)

T2x

�
1 � l � k
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Figure3: Image[DT(t);DT(t)] of a singlefocal elementE� = [1.8 K, 6.0K] � [-1.37W/m2,-0.62
W/m2] � (DTo;C̄;gc;FOGHG;G;S) 2 Fpar for theyears2025,2050,2075and2100.Shown arealsothe
caseswith solelysocio-economicor solelyforcingandclimateuncertainty.

It canbe checkedthatDT(t) is monotonein DTo;C̄;gc;FAer;FOGHG;G;S and
convex in T2x. The latter is due to the fact that T2x in�uences DT both directly
andindirectly throughits connectionto effective oceanheatcapacity. Thus,pro-
gram(7) is awell-de�nedconvex optimizationproblem.Carehasto betakenwith
program(6).Thesolutionwill beaboundarypointof thefocalelementEi;par, and
wehave to checkbothfor thelowerandupperboundof T2x.

Fig. 3 shows the image[DT(t);DT(t)] of a single focal element.The range
of the imagegrows considerablyin time. We performeda sensitivity analysis
with partly resolveduncertainty. Uncertaintyin theradiative forcing andclimate
parametersdominatestheoverall uncertaintyin the �rst half of the21stcentury,
but socio-economicuncertaintybecomesequallyimportantin thesecondhalf of
the21stcentury. Most strikingly, theuncertaintieson thesubspacescombinein a
nonlinearway. A muchlargeroverall uncertaintyis found in particularfor cases
wherethenaturalsystemsandsocio-economicuncertaintiesareof similar size.

Theprojectedrandomset(FDT ;m) for GMT increasecanbeusedto construct
the lower CDF FDT andupperCDF FDT . It is importantto notethat the corre-
spondingimpreciseCDFmodelMDT (F;F) := f Pj 8 x2 R FDT (x) � P(� ¥ ;x] �
FDT (x) g canbemoreimprecisethanMDT (BelFDT ) := f Pj 8 A 2 A BelFDT (A) �
P(A) g, i.e.MDT (F;F) � MDT (BelFDT ). This is dueto thefact,thatafterapplying
theextensionprinciple,the focal elementsEi;DT = [DT i(t);DT i(t)] 2 FDT might
violate condition (II) of proposition1. In this case,the lower envelopePDT of
MDT (F;F) is strictly smaller than BelFDT for someA 2 A. Recallingproposi-
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a. Full uncertainty b. Forcingandclimateuncertaintyonly

c. Climateuncertaintyonly d. Forcinguncertaintyonly

Figure4: LowerandupperCDFsfor GMT increaseDT in theyears2025,2050,2075,2100

tion 2, it can be seenthat MDT (F;F) doesnot containmore information than
(Fpar;m), whichcapturestheuncertaintyin themodelparameters,wouldallow.

MDT (F;F) � MDT (BelFDT ) � Mpar(BelFpar)

Fig. 4 shows thelower andupperCDFsthataregeneratedby therandomset
(FDT ;m). We considertheareabetweenlowerandupperCDFasanindicatorfor
theimprecisionin theuncertainty. It canbeseenthattheimprecisionin theGMT
estimatefor the caseof full uncertaintyin the model parametersis enormous.
This is partly dueto the largenumberof uncertainparameters,asa comparison
with theothercasesshows. However, thecases(4.b) and(4.c) alsoexhibit large
imprecision.This re�ects thefact that theunderlyingimpreciseCDF modelsfor
theclimateparametersarealreadyveryimprecise.Certainly, they areconservative
estimates,astheresultsof differentstudieswerenot weighedagainsteachother.
Someimprecisionis alsoinducedby thecombinationof theuncertaintyfor single
parametersusingrandomsetindependence(sec.3.3).

Theresultscanbecomparedwith theIPCCestimate[1.8 K, 6.6K] for GMT
increasein 2100relative to 1860[3]. Theprobabilityfor DT 2 [1.8 K, 6.6K] lies



358 ISIPTA ' 03

in theinterval [0;1], for DT < 1.8K in [0;0:95], andfor DT > 6.6K in [0;0:965].
Despitethe large rangeof the IPCC estimate,the uncertaintyin GMT increase
is too impreciseto discriminateagainstvaluesoutsidethis range.Theprobability
massallocatedto valuessmallerthan1.8K stemsfrom randomsetsallowing for
climatesensitivity valuesthatarebelow theIPCCestimatefor climatesensitivity.
Similarly, the probability massallocatedto GMT increaseshigher than 6.6 K
is due to climatesensitivity valuesabove the IPCC estimate.As a comparison
of (4.c) and (4.d) underlines,the uncertaintyin climateparametersis the most
in�uential factoron theuncertaintyin GMT increase.

5 Conclusion

Impreciseprobabilityconceptscarrythepotentialto consistentlycapturethedif-
ferenttypesof uncertaintiesanddifferentdegreesof knowledgethatareencoun-
teredin climatechangeanalysis.However, they needto beapplicableto dynam-
ical problemswith a largenumberof continuousuncertainvariables.We suggest
thatimpreciseCDFmodelsareconceptually�e xible andmathematicallytractable
enoughto ful�l thesecompetingrequirementsto someextent.Whenthe impre-
ciseCDFmodelis boundedby lowerandupperstepfunctionsontherealline, the
informationabouttheencompassedsetof additiveprobabilitiescanbecondensed
in a randomset(F ;m). Thecorrespondingbelief functionBelF is thelower en-
velopeof the impreciseCDF modelon thealgebrageneratedby thehalf-closed
intervalsof thereal line. Moreover, if therandomsetextensionprinciple is used
to projectarandomsetontotherangeof ameasurablefunction,no informationis
addedin thesensethateveryadditive probabilitydominatingBelF is transferred
into aprobabilitydominatingthe“extended”belief function.

Wehaveconstructedarandomsetfor asimpleclimatemodel,andprojectedit
ontoanestimatefor globalmeantemperatureincrease.Theresultingestimateis
very imprecise,with uncertaintiesaboutsocio-economicdevelopment,radiative
forcing andclimatecharacteristicscombiningin a nonlinearway. The large im-
precisionof theestimatehasdifferentreasonsandimplications.Firstly, we incor-
porateda verybroadrangeof factorsin theanalysis.Imprecisionwill bereduced
if therangeof factorsis limited by formulatingmorespeci�c questions.Secondly,
wecombinedtherandomsetsof singleuncertainfactorsby assumingrandomset
independence.This hasincreasedthe imprecisionin the overall estimate,since
aerosolforcing andclimatesensitivity arenot epistemicallyindependent,when
estimatedfrom thepresentdayclimatechangesignal.Thirdly, the CDF models
for thesingleparametersshouldbeconsideredconservativeestimates,whichcan
beimprovedupon,whenmorecomparisonsof modelresultswith historicaldata
becomeavailable.Imprecisioncanbereducedin particular, if it is discriminated
betweenthereliability of differentmodelsandmethods.

Nevertheless,theresultsshow thatuncertaintyis a key issuein theintegrated
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assessmentof climatechange.Randomsetmethodsprovidenew insightsinto the
structureof theuncertainty, particularlyinto its imprecision.Thelink to imprecise
CDF modelsseemsto beanimportantyardstickfor assessinginformationlosses
whencombiningrandomsets,andapplyingtheextensionprinciple.More theo-
reticalwork is neededhereto enhancetheapplicabilityof randomsetsto climate
changeanalysis.In addition,methodsneedto bedevelopedto determineimpre-
ciseCDFmodelsdirectlyfrom acomparisonof modelresultswith historicaldata.
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