Exploring Impr eciseProbability
Assessment8asedon Linear Constraints

RADU LAZAR
University of MinnesotaUSA

GLEN MEEDEN
University of MinnesotaUSA

Abstract

For mary problemsthereis only sufcient prior informationfor a Bayesian
decisionrmalerto identify aclassof possibleprior distributions.In suchcases
it is of interestto nd therangeof possiblevaluesfor the prior expectation
for somereal valuedfunction of the parameterof interest.Here we shaw

how this canbe donewhentheimpreciseprior assessmerig basecon linear
constraintsin particularwe nd thejoint rangeof possiblevaluesfor a pair

of suchfunctions.We alsostudythe joint rangeof the posteriorexpectation
for apair of functions.
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1 Intr oduction

Considetheusualstatisticalinferenceproblemwhereasubjectie Bayesiarmust
selectaprior probabilitydistribution which re ects their prior knowledgeandbe-
liefs aboutthe unknawn stateof nature.Oftenoneis unableto actuallychoosea
singleprior eventhoughsomeprior informationis presentWhenthis occursthe
Bayesiaroften selectsa family of possibleprior distributions.In suchcasesone
could be interestedn the rangeof possiblevaluesfor somefunctionde ned on
thethefamily of possiblepriors.More generallyonecouldbeinterestedn theset
of possiblevaluesfor a pair of functions.By judiciously selectingdifferentpairs
of functionssucha graphicalrepresentatiogould help the Bayesianassessiow
sensibleheirinitial choicefor the family of priorsreally is. Thesegraphicalrep-
resentationsouldhelpapair of expertsresole possiblecon icting prior beliefs.
It couldbeusedto checkfor area®of disagreemerandto seehow adjustmentsf
someof their beliefscouldleadto a meming of opinions.
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In sectiontwo we assumeéhatthe parametespacecontainsonly a nite num-

assumehatthe prior informationcanbe expressedhroughlinear equalitiesand
inequalitiesinvolving the p;'s. This restrictsthe classof possiblepriorsto a con-
vex subsetC say of thek 1 dimensionakimplex of possibleprobabilityvectors
of lengthk. Note C mustbe a corvex polytopegeneratedy a nite numberof

extremepointsor vertices.Let f denotearealvaluedfunctionde ned onthe pa-
rameterspace.Thenits prior expectationis a linear function on C. Dickey (see
Dickey (2003))hasdevelopedaninteractve computingenvironmentwhich com-
putesheminimumandmaximumof its expectatiorover C. Thisprogramsallows

the statisticianto incorporatedheir prior informationin stagesandseehow the
rangeof f changesHerewe areinterestedn nding the rangeof a pair of such
functions.Becauseheprior expectation®f thetwo functionsarelinearfunctions
of p the rangeof possiblevaluesmustbe a corvex set. Moreover, its extreme
pointsmustbe containedn setof pointswhich areimagesof the extremepoints
of C. Hence this problemis easilysolvedif oneknows the extremepointsof C.

But thesecanbe found usinga programthat developedby Fuduka.SeeFuduka
(2003).

When consideringthe posteriorexpectationof suchfunctionsour problem
becomeamuch more dif cult analytically sincethe posteriorexpectationis no
longera linear function over C. However, knowing the extremepointsof C lets
one nd anapproximatesolutionquiteeasily Usingthesepointsonecangenerate
randomvaluesin C by assigningrandomweightsto them.Thenone nds the
valuesof the two functionsat eachof the realizationsand plots thesepairs of
values.

In sectionthreewe considerthe situationwherethe parameteis ar dimen-
sionalvector We assumehat it belongsto a corvex polytopein r-dimensional
Euclideanspacede ned by someknown linear equalitiesandinequalitieswhich
re ect someof prior information of the statistician.A Bayesianneedsto select
a prior or possiblya family of prior distributions over this setto furtherre ect
their uncertainty For a given prior oneis interestedn computingprior and pos-
terior expectationof somefunctionof theparametenn practice,t is usuallynot
possibleto make independendiravs from a probabilitydensityde ned onsucha
set.In suchcasesstatisticianoftenemploy Markov chainMonte Carlomethods
to generatelependensamplegrom the posteriorfrom which expectationsanbe
computedapproximatelyHere,we usetheMetropolis-Hastingslgorithmto con-
structdependensamplesdravn from a prior of interest.If the statisticianselects
astheirfamily of priorsall possibleconvex combination®f some nite collection
of priorsde ned onthe parametespacehenfor ary pair of functionsde ned on
the parametespaceonecan nd therangeof all possiblevaluesof their prior or
posteriorexpectations.

As far aswe know statisticianshave not really addressegroblemswhere
impreciseknowledgeis expressedhroughlinear constraintsin sectionfour we
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will noteexamplesof somevhat similar problemsthat have beenstudiedin the
operationgesearcHiterature.Finally, we will point out someof the dif culties
wheneitherthe dimensionof C or the parametespacegetstoo large.

2 The parameter spaceis nite

We begin by assuminghattheparametespacecontainonly nitely mary points,
sayk. In k-dimensionaEuclideanspacdet L denotethek 1 dimensionakim-
plex of pvectorswith p; 0anda !‘: 1 pi = 1. We assumehattheknown relations
amongthe p;'s canbe expressedy

Ap= a 1)
whereAisaknownr k matrixandais aknown vectorof lengthr and

Bp b )
p 0 3)

whereB is aknowns k matrixandb is a known vectorof lengths. The setof
p 2 L which satisfytheabove equationgorm a closedcorvex subsebf L which
we will denoteby C.

Note thatthe interior of C is emptybut we assumethat properly considered
C will have a nonemptyinterior in somesmallerdimensionalEuclideanspace
with a dimensionof at leasttwo. If f 1 andf» aretwo functionsde ned on the
parametespaceavelet C(f 1;f ») denotetheirrangeof possiblevaluesover C. Our
problemis to nd this set.To seewhat could happenin practicewe considered
thefollowing simpleexample.

Example1 Weletk = 10andimposedwo equalityconstaintsandtwoinequal-
ity constaints. Theequalityconstaintswere ps = ps anda %, ipi = 5:5whilethe
inequalityconstaintswere p;  pz and&L,pi  0:5. Whendoingthe posterior
calculationswe assumedhat the probabilitiesof seeingthe observedataunder
thel0possiblgparametervalueswere0.1,0.15,0.09,0.2,0.3,0.2,0.1,0.05,0.07
and0.02.

Aswenotedin theintroductionC(f 1;f ») is acorvex setwhoseextremepoints
arecontainedn theimageof all theextremepointsof C. Hence this becomesn
easyproblemoncewe know the extremepointsof C.

Fortunatelyfor mary problemsthe extremepointsof C canbe found easily
usinga progranmthatis availableovertheInternet.SeeFuduka(2003).1t turnsout
for our examplethat C has28 extremepoints.

For de nitenessweletf 1(i) = (i 5:5)? fori = 1;:::;10andf , betheindi-
catorfunctionof the setf 2; 3; 4; 59.
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Plotting f ; andf, at the extreme points of C we found the seven extreme
pointsof C(f 1;f 7).

Sincewe know the extremepoints of C we canusethe Dirichlet family of
distributionsto generatafairly e xible classof distributionswhichtake valuesin

distribution on C. In somecasesonemay be ableto make a judiciouschoiceof
a if somepartial information aboutthe f's are available. For our examplewe
generated ,000randomvaluesusingthe Dirichlet distribution with eachof the
10 parametevaluessetequalto 0.1.

In the upperplot of Figure 1 we plotted the posteriorexpectationsof the
f's for thesel,000pairs of valuesalongwith the seven extremepointsfor the
prior expectationsThe prior expectationsaaredarker andfour of thesepointsare
clearlyvisible. They formthelowerboundaryof C(f 1;f 2). Another, (14.03,0.56),
is clearlyvisible aswell but maybehardto identify becaus¢heplotis quitesmall.
The othertwo, (3.82,0.64)and (4.58,0.67) aretotally obscuredoy the posterior
expectationsAs to be expectedhe posteriorexpectationsorm asmallersetthan
theprior expectations.

Beingableto nd theextremepointsof Cis apawerful tool. In our somavhat
limited experiencethe programwe usedseemsguite good. In one constrained
problemwe consideredn adifferentcontext it foundover28,000extremepoints.
Usingthe Dirichlet distribution on the setof weightsassociatedvith the extreme
pointsis a convenientdistribution to samplefrom. Thesedistributionsareknown
asmultivariateB-splinesandarewell studied Seefor exampleDahmerandMic-
chelli (1983).If one hada closedform expressionfor their densitiesthen one
could useimportancesamplingto approximateexpectationsunderother densi-
ties.Unfortunatelythis canonly bedonein practicefor very smallproblems See
for exampleChoudhuri(2003).

In practiceonewould usea muchlargersamplethat 1,000whenstudyingthe
posteriorexpectationsBut if the dimensionof C getsto large one may not be
ableto take a large enoughsampleto get a reasonabla@pproximation.n such
casesonecan nd the minimum or maximumof the posteriorexpectationof a
particularf usingarandomsearchThebasicideaunderlyingrandomsearchess
well know andis quite simple.Seefor exampleSwann(1974).

3 The parameter spaceis a corvex polytope

Herewe will considercasesvherethe parametespaceis no longer nite. We
will assumehatthe parameters a m dimensionalector, g andthatary possible
choicefor g mustsatisfy

Aq=a (4)
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whereAisaknownr mmatrixandais aknown vectorof lengthr and
Bq b (5)

whereB isaknowns mmatrixandb is aknown vectorof lengths.

Theseconstraintgepresensomeof the statisticians prior informationabout
g. Theparametespaceq, is thesetof all g whichsatisfytheabosetwo equations.
It is acorvex polytopein mdimensionaEuclidearspacewith anemptyinterior.

We begin by assuminghat the statisticiancan selecta prior density f over
the parametespacdo re ect therestof their prior information.After discussing
this casewe will considerthe situationwherethe statisticiancanonly determine
afamily of possibleprior densities.

Letf denotesomefunctionde ned on Q. Thenwe areinterestedn nding

z

M= Qummmdq (6)

approximatelyInterestingchoicesof h include f andthe posteriordensityof q
underf giventhedata.

For mostcaseof interestthis meansemploying Markov chainMonte Carlo
methodsHerewewill usetheMetropolis-Hastingalgorithm.With theMetropolis-
Hastingsalgorithmonegeneratesiependenbbsenations,Ys; Ys;::: from a suit-
ablechoserMarkov chainwith valuesin Q andthencalculates

L _1g
=5a f(Y)
i=1

In nicesituationg, ! palmostsurely

If thecurrentvalueof thechainis q thenoneselectsaproposalaluefor the
next possiblevaluein thesequenceg® accordingo someprobabilitydistribution.
Whetheror notthis new valueis useddepend®n this probabilitydistributionand
thevalueof h atthetwo points.If q(u;Vv) denoteghe probability of selectingv as
theproposabpointwhenu is the currentvaluewe let

r= NVa(vu)
h(u)a(u;v)

andacceptheproposalvith probabilitymin(1; R). Fromthis equatiorwe seethat
thedensityh needgo beknow only upto a constansincethevalueof R doesnot
dependnthisvalue.

We now explain how this can be donefor our problem.Supposeq is our
currentstatewhich is assumedo lie in the relative interior of Q. In particular
this meansthatit yields a strict inequalityin all the equationgn 5. Thereis an
intuitive two stepprocessy which we canchoosehe proposalFirst, we selecta
randomdirection,d, in Q. Remembethateventhoughd is a vectorof lengthm

()
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it mustremainin Q whichis essentiallyalower dimensionaket. Thedistribution
for choosingd will notdependonthevalueq Next, we nd the setof pointsin
Q which lie eitherin the directiond or d from q andchoosethe proposalat
randomfrom this set.

It is importantto notethatfor this schemef q°is the proposathen

a(q ;a9 = aa®a)

Thisfollows becauséf d is thedirectionfrom q to q°thentheonly way to move
fromq to Cisif thedirectionsd or d wereselectedn the rst step.Of course
the sameis true if we are moving from q°to ¢ . Clearly, the secondstephas
the samedistribution no matterwhich of the two pointswaschoserastheinitial
point.

To implementthis schemewe proceedasfollows. To getour directiond we
chooseat randoma vectorfrom S, the unit spherein m dimensionalEuclidean
spaceandthenprojectit ontothe null spaceof A. Next, we normalizethis vector
sothatits lengthis oneanddenoteit by d. Remembethatd 2 S. Let S(A) denote
thethesubsefS consistingpf all vectorswhich canbegeneratedh thisway. Since
we usethe uniform distribution on the surfaceof S to choosethe rst vector
the distribution of d mustbe uniform on S(A). This follows by symmetry The
probability of d falling in any region of some x ed shapeis independenbf the
locationof theregionin S(A).

Let g denotea point which lies in the relative interior of Q and consider
vectorsof theform

q +ad 8)

wherea is arealnumber Noteif d doesnot belongto the null spaceof A this
point cannotbelongto Q wheneera 6 0. On the otherhandif Ad= 0 anda

is sufciently closeto zerothenthis pointwill belongto Q. Hence,a shouldbe
selectedrom the setof possiblevaluesthatsatisfyall the constraintof equation
5. Thisis atotal of s constraintsEachconstraintwill resultin eitheranupperor

lower boundfor a. Considerthe interval formedby the maximumof theselower
boundgo theminimumof theseuppermoundsThisis therangeof possiblevalues
for a for which the vectorin equation8 will belongto Q. Givenaq andad in

this equationthenonejust selectsa valuefor a from the uniform distribution on
its interval of possiblevaluesresultingin the proposal

o°=q + ad

To recap thisis essentiallya very simpleprocedureGivena currentvaluein
theinteriorof Q we rst pickarandomdirectionin Q andthen nd how farwecan
move eitherin this or the oppositedirectionandstill remainin Q. Notethatthis
methodof selectinga proposapoint doesnot dependn ary way on thefunction
h althoughfrom equation? the probability of it beingacceptedloesdependnh.
Whenh is the uniform distribution thenthe proposals alwaysaccepted.
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Supposeow the statisticiandoesnot have enoughprior informationto select
a singleprior densityover Q but canonly specifya family of possiblepriors on
Q. A corvenientandoftensensiblechoicefor suchafamily is all possibleconvex

of densitiesandP the be the family of all possiblecorvex combinationsof the
fi's. For afunctionf de ne onQ let P (f) betherangeof possiblevaluesof the
prior expectationof f astheprior rangesoverall memberof P. Sincefor eachf;
wecan nd itsf expectatiomrapproximatelywe can nd P (f) approximatelylt is
justtheinterval from theminimumto the maximumof thesen prior expectations.
Supposénsteadve wishedto nd thejoint rangeof the prior expectation®of two
functionsasthe prior rangedover P, sayP (f 1;f 2. Thiwgis easilydonesinceit
is just the corvex hull of all pointsof the form ( f1f;; f2fi) fori= 1;:::;n.
Posteriorcalculationsare handledin exactly the sameway sincefor ary prior
in P the posterioris just a cornvex combinationof the n posteriors.Finally, we
emphasizéheimportanceof only needingto know any probability densityup to
a constansincefor mostof thesekind of problemsthe normalizingconstanwwill
beunknown.

Example2 We let m= 5 and supposedj is the parameterfor the multinomial
distribution. Weimposedheconstaintsq; 0z, (q1+ q2)=2 (g3 + ga+ Qgs)=3
andqgs 0stogettheparameterspaceQ. We assumedheclassof possiblepriors
is all possiblecornvex combinationof three Diric hlet distributions restrictedto
Q. Thesewere takento be Dirichlet(2,2,2,2,2)Dirichlet(0.5,0.5,0.5,0.9.5) and
Dirichlet(0.5,1.0,1.5,2,8). Thetwofunctionsof interestweref (q) = g4 gz and
fo(q) = gs gs. To compae the prior and posterior expectationswve assumed
that a randomsampleof size20 had beenobservedwith the observedcountsof
statesl, 2, 3,4 and5 being2, 3, 4, 3 and 8 respectively

Usingour methodsve foundapproximatelthethreeextremepointsof P (f 1;f 2)
andthe correspondingxtremepointsfor the posteriomproblem.As we notedbe-
foreit is crucialthatthedensitieson Q needonly beknown upto aconstanto nd
theseintegralsapproximatelyTheresultsaregivenin thelower plot of Figurel.
The prior expectationaremarkedby 0 andtheposteriorexpectationsaremarked
by x. As to be expectedthe posteriorrangeis muchsmallerthanthe prior range.
Usingourapproactandconsideringrzarioussetsof constraintsfamiliesof priors,
choicesof f 1 andf » andhypotheticasamplesanbeusefulin helpingoneselect
asensiblerepresentatioof their prior beliefsfor a particularproblem.

We endthis sectionby notingthatour methodof picking aproposapointcan
beadaptedo therandomsearchmethodwe mentionedn section2. Formally, the
two space€ andQ areessentiallfthesameln therandomsearchalgorithmgiven
apointin theinterior of C oneneedso beableto choosea point atrandomfrom
a small neighborhoodhat containsit. Henceafter a directionhasbeenselected
atrandomratherthanallowing amove thatis asfaraspossiblein eitherdirection
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Figurel: The upperplot containsthe seven extremepointsfor the prior expecta-
tions andthe plot of 1,000 posteriorexpectationgor the functionsf 1 andf, in

Examplel. The lower plot givesthe extremepointsfor prior (marked by 0) and
posterior(markedby x) expectationof (f 1;f 2) for Example2. In bothcaseghe
horizonalandverticalaxesarethef ; andf , expectationgespectiely.
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onerestrictsthe new pointto beno morethane away in eitherdirectionfrom the
currentpointwheree> 0is x ed.

4 Discussion

Although constraintseema naturalway to incorporateprior informationinto an
inferenceproblemthey have not beenwidely consideredn the statisticallitera-
ture. The mainreasonseemdo bethatthey aredif cult to dealwith boththeo-
retically andpractically Betro andGuglielmi (2000)consideredobustBayesian
analysisundermomentconstraintsn a fairly abstracsettingandconcludedhat
noneof the currentalgorithmsweregoodenoughto be adoptedfor routineuse.
Generatingandomsamplegrom distributionsde ned overboundedsubset®f m
dimensionaEuclidearhasbeenconsideredn avarietyof contets. Smith(1984)
considersthe problemof generatingindependentniform obsenationsfrom a
boundedregion while Belisle, Romeijin and Smith (1993) considersalgorithms
for generatingpbsenationsfrom ageneraimultivariatedistribution. They assume
thattheregion of interestis openwith a nonemptyinterior which will not work
here.Boenderet al. (1991)and Chenand Schmeise1993) considersomavhat
relatedproblems.

At the presentime Markov chainMonte Carlo methodsseemto be the best
way to handlethe typesof problemsconsideredn section3. They comewith no
guaranteesowever. If runlong enoughthey will corvergeto the correctanswer
but in a givenexampleit canbe very dif cult to know whento stop.Whenmis
large it is impossibleto visualizeQ. From our experiencejt seemsone should
selecta startingvaluefor q thatis somevherein the“center” of Q. In somecases
it seemshatit is possiblefor the chainto spendong periodstrappedn acorner
nearthe boundaryof Q. If you startin the centerthenary region of Q you even-
tually reachyou will alsoeventuallyleave. Whentrying to computeequation6
approximatelyit is not necessaryo visit every nicheandcornerof Q especially
thosewhereh putslittle weight. But in exampleswe have studiedwe have seen
thatit cantake a very long time to reachcertainregionsvery nearthe boundary
As benotedby mary authorswhenm increasesve mustdealwith the “curseof
dimensionality”.For a helpful discussionon the corvergenceof Markov chain
Monte CarlosimulationsseeGeyer (1992)andGelmanandRubin (1992).

The methodsdiscussecherenot only canhelp a single statisticianevaluate
the consequencedf their prior assessmentaut could help a pair of expertsre-
solve possiblycon icting prior beliefs.It canbe usedto checkhow areasof dis-
agreementvill effecttheirinferenceslt couldhelpthemstudyhow adjustments
of someof their beliefscould leadto a memjing of opinions.Clearly this is not
a theory of how to readjustone beliefs when facewith new information but a
way to explorethe consequenceaf readjustmentsf linear constraintsHerewe
have emphasize@xploringjointly theprior or posteriorexpectationdor a pair of
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functions.The methodswork for jointly exploring threeandevenmorefunctions
however corvenientgraphicalrepresentationarenolongerpossible.

Our simulationswere doneusing R. We are preparinga small packagethat
would make it easyfor othersto implementthesemethodsOnceit is nished we
will submitit to the R archivesfor public distribution. We hopeto completethis
sometimehis yeat

Finally, theauthorswishto thankCharlesGeyerfor mary helpfuldiscussions.
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