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Abstract

For many problemsthereis only suf�cient prior informationfor a Bayesian
decisionmakerto identifyaclassof possibleprior distributions.In suchcases
it is of interestto �nd therangeof possiblevaluesfor theprior expectation
for somereal valuedfunction of the parameterof interest.Here we show
how thiscanbedonewhentheimpreciseprior assessmentis basedon linear
constraints.In particularwe �nd thejoint rangeof possiblevaluesfor a pair
of suchfunctions.We alsostudythejoint rangeof theposteriorexpectation
for a pair of functions.
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1 Intr oduction

ConsidertheusualstatisticalinferenceproblemwhereasubjectiveBayesianmust
selectaprior probabilitydistributionwhich re�ects theirprior knowledgeandbe-
liefs abouttheunknown stateof nature.Oftenoneis unableto actuallychoosea
singleprior eventhoughsomeprior informationis present.Whenthis occursthe
Bayesianoftenselectsa family of possibleprior distributions.In suchcasesone
couldbe interestedin the rangeof possiblevaluesfor somefunctionde�ned on
thethefamily of possiblepriors.Moregenerallyonecouldbeinterestedin theset
of possiblevaluesfor a pair of functions.By judiciouslyselectingdifferentpairs
of functionssucha graphicalrepresentationcouldhelp theBayesianassesshow
sensibletheir initial choicefor thefamily of priorsreally is. Thesegraphicalrep-
resentationscouldhelpapairof expertsresolvepossiblecon�icting prior beliefs.
It couldbeusedto checkfor areasof disagreementandto seehow adjustmentsof
someof their beliefscouldleadto a mergingof opinions.
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In sectiontwo weassumethattheparameterspacecontainsonly a �nite num-
ber of points,say k. If p = (p1; : : : ; pk) denotesa typical prior distribution we
assumethat theprior informationcanbeexpressedthroughlinearequalitiesand
inequalitiesinvolving the pi 's.This restrictstheclassof possiblepriorsto a con-
vex subset,Csay, of thek� 1 dimensionalsimplex of possibleprobabilityvectors
of lengthk. Note C mustbe a convex polytopegeneratedby a �nite numberof
extremepointsor vertices.Let f denotea realvaluedfunctionde�ned on thepa-
rameterspace.Thenits prior expectationis a linear function on C. Dickey (see
Dickey (2003))hasdevelopedaninteractivecomputingenvironmentwhichcom-
putestheminimumandmaximumof its expectationoverC. Thisprogramsallows
thestatisticianto incorporatedtheir prior informationin stagesandseehow the
rangeof f changes.Herewe areinterestedin �nding therangeof a pair of such
functions.Becausetheprior expectationsof thetwo functionsarelinearfunctions
of p the rangeof possiblevaluesmust be a convex set.Moreover, its extreme
pointsmustbecontainedin setof pointswhich areimagesof theextremepoints
of C. Hence,this problemis easilysolvedif oneknows theextremepointsof C.
But thesecanbe foundusinga programthatdevelopedby Fuduka.SeeFuduka
(2003).

When consideringthe posteriorexpectationof suchfunctionsour problem
becomesmuch more dif�cult analytically sincethe posteriorexpectationis no
longera linear function over C. However, knowing theextremepointsof C lets
one�nd anapproximatesolutionquiteeasily. Usingthesepointsonecangenerate
randomvaluesin C by assigningrandomweightsto them.Then one �nds the
valuesof the two functionsat eachof the realizationsandplots thesepairs of
values.

In sectionthreewe considerthesituationwheretheparameteris a r dimen-
sionalvector. We assumethat it belongsto a convex polytopein r-dimensional
Euclideanspacede�ned by someknown linearequalitiesandinequalitieswhich
re�ect someof prior informationof the statistician.A Bayesianneedsto select
a prior or possiblya family of prior distributionsover this set to further re�ect
their uncertainty. For a givenprior oneis interestedin computingprior andpos-
teriorexpectationsof somefunctionof theparameter. In practice,it is usuallynot
possibleto make independentdraws from a probabilitydensityde�ned onsucha
set.In suchcasesstatisticiansoftenemploy Markov chainMonteCarlomethods
to generatedependentsamplesfrom theposteriorfrom whichexpectationscanbe
computedapproximately.Here,weusetheMetropolis-Hastingsalgorithmto con-
structdependentsamplesdrawn from a prior of interest.If thestatisticianselects
astheir family of priorsall possibleconvex combinationsof some�nite collection
of priorsde�ned on theparameterspacethenfor any pair of functionsde�ned on
theparameterspaceonecan�nd therangeof all possiblevaluesof their prior or
posteriorexpectations.

As far as we know statisticianshave not really addressedproblemswhere
impreciseknowledgeis expressedthroughlinearconstraints.In sectionfour we
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will noteexamplesof somewhat similar problemsthat have beenstudiedin the
operationsresearchliterature.Finally, we will point out someof the dif�culties
wheneitherthedimensionof Cor theparameterspacegetstoo large.

2 The parameter spaceis �nite

Webeginbyassumingthattheparameterspacecontainsonly �nitely many points,
sayk. In k-dimensionalEuclideanspacelet L denotethek � 1 dimensionalsim-
plex of p vectorswith pi � 0 andå k

i= 1 pi = 1.Weassumethattheknown relations
amongthe pi 's canbeexpressedby

Ap = a (1)

whereA is a known r � k matrix anda is aknown vectorof lengthr and

Bp � b (2)

p � 0 (3)

whereB is a known s� k matrix andb is a known vectorof lengths. Thesetof
p 2 L which satisfytheaboveequationsform a closedconvex subsetof L which
wewill denoteby C.

Note that the interior of C is emptybut we assumethatproperlyconsidered
C will have a nonemptyinterior in somesmallerdimensionalEuclideanspace
with a dimensionof at leasttwo. If f 1 andf 2 aretwo functionsde�ned on the
parameterspacewelet C(f 1; f 2) denotetheirrangeof possiblevaluesoverC. Our
problemis to �nd this set.To seewhatcould happenin practicewe considered
thefollowing simpleexample.

Example1 Welet k = 10andimposedtwoequalityconstraintsandtwoinequal-
ity constraints.Theequalityconstraintswere p5 = p6 andå 10

i= 1 i pi = 5:5 whilethe
inequalityconstraintswere p1 � p2 andå 4

i= 1 pi � 0:5. Whendoingtheposterior
calculationsweassumedthat theprobabilitiesof seeingtheobserveddataunder
the10possibleparametervalueswere0.1,0.15,0.09,0.2,0.3,0.2,0.1,0.05,0.07
and0.02.

As wenotedin theintroductionC(f 1; f 2) isaconvex setwhoseextremepoints
arecontainedin theimageof all theextremepointsof C. Hence,this becomesan
easyproblemoncewe know theextremepointsof C.

Fortunatelyfor many problemsthe extremepointsof C canbe found easily
usingaprogramthatis availableovertheInternet.SeeFuduka(2003).It turnsout
for our examplethatChas28extremepoints.

For de�nitenesswe let f 1(i) = (i � 5:5)2 for i = 1; : : : ;10 andf 2 betheindi-
catorfunctionof thesetf 2;3;4;5g.
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Plotting f 1 and f 2 at the extremepointsof C we found the seven extreme
pointsof C(f 1; f 2).

Sincewe know the extremepointsof C we canusethe Dirichlet family of
distributionsto generateafairly �e xible classof distributionswhichtakevaluesin
Candfrom whichonecansimulatedirectly. If q1; : : : ;qm aretheextremepointsof
CandW is Dirichlet(a) wherea = (a1; : : : ;am) thenå M

i= 1Wiqi de�nesa random
distribution on C. In somecasesonemaybeableto make a judiciouschoiceof
a if somepartial information aboutthe f 's are available.For our examplewe
generated1,000randomvaluesusingthe Dirichlet distribution with eachof the
10parametervaluessetequalto 0.1.

In the upperplot of Figure 1 we plotted the posteriorexpectationsof the
f 's for these1,000pairsof valuesalongwith the seven extremepoints for the
prior expectations.Theprior expectationsaredarker andfour of thesepointsare
clearlyvisible.They form thelowerboundaryof C(f 1; f 2). Another, (14.03,0.56),
is clearlyvisibleaswell but maybehardto identify becausetheplot is quitesmall.
Theothertwo, (3.82,0.64)and(4.58,0.67),aretotally obscuredby theposterior
expectations.As to beexpectedtheposteriorexpectationsform asmallersetthan
theprior expectations.

Beingableto �nd theextremepointsof C is apowerful tool. In oursomewhat
limited experiencethe programwe usedseemsquite good. In one constrained
problemweconsideredin adifferentcontext it foundover28,000extremepoints.
UsingtheDirichlet distributionon thesetof weightsassociatedwith theextreme
pointsis a convenientdistribution to samplefrom. Thesedistributionsareknown
asmultivariateB-splinesandarewell studied.Seefor exampleDahmenandMic-
chelli (1983). If one had a closedform expressionfor their densitiesthen one
could useimportancesamplingto approximateexpectationsunderotherdensi-
ties.Unfortunatelythis canonly bedonein practicefor verysmallproblems.See
for exampleChoudhuri(2003).

In practiceonewould useamuchlargersamplethat1,000whenstudyingthe
posteriorexpectations.But if the dimensionof C getsto large onemay not be
able to take a large enoughsampleto get a reasonableapproximation.In such
casesonecan �nd the minimum or maximumof the posteriorexpectationof a
particularf usinga randomsearch.Thebasicideaunderlyingrandomsearchesis
well know andis quitesimple.Seefor exampleSwann(1974).

3 The parameter spaceis a convexpolytope

Herewe will considercaseswherethe parameterspaceis no longer �nite. We
will assumethattheparameteris a m dimensionalvector, q andthatany possible
choicefor q mustsatisfy

Aq = a (4)
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whereA is a known r � m matrixanda is a known vectorof lengthr and

Bq � b (5)

whereB is a known s� mmatrixandb is a known vectorof lengths.
Theseconstraintsrepresentsomeof thestatistician's prior informationabout

q. Theparameterspace,Q, is thesetof all q whichsatisfytheabovetwo equations.
It is a convex polytopein m dimensionalEuclideanspacewith anemptyinterior.

We begin by assumingthat the statisticiancanselecta prior density f over
theparameterspaceto re�ect therestof their prior information.After discussing
this casewe will considerthesituationwherethestatisticiancanonly determine
a family of possibleprior densities.

Let f denotesomefunctionde�ned onQ. Thenweareinterestedin �nding

µ =
Z

Q
f (q)h(q) dq (6)

approximately. Interestingchoicesof h include f andthe posteriordensityof q
under f giventhedata.

For mostcasesof interestthis meansemploying Markov chainMonteCarlo
methods.Herewewill usetheMetropolis-Hastingsalgorithm.With theMetropolis-
Hastingsalgorithmonegeneratesdependentobservations,Y1;Y2; : : : from a suit-
ablechosenMarkov chainwith valuesin Q andthencalculates

µ̂n =
1
n

n

å
i= 1

f (Yi)

In nicesituationsµ̂n ! µ almostsurely.
If thecurrentvalueof thechainis q� thenoneselectsaproposalvaluefor the

next possiblevaluein thesequence,q0, accordingto someprobabilitydistribution.
Whetheror not thisnew valueis useddependsonthisprobabilitydistributionand
thevalueof h at thetwo points.If q(u;v) denotestheprobabilityof selectingv as
theproposalpointwhenu is thecurrentvaluewe let

R=
h(v)q(v;u)
h(u)q(u;v)

(7)

andaccepttheproposalwith probabilitymin(1;R). Fromthisequationweseethat
thedensityh needsto beknow only up to aconstantsincethevalueof Rdoesnot
dependon this value.

We now explain how this can be donefor our problem.Supposeq� is our
currentstatewhich is assumedto lie in the relative interior of Q. In particular,
this meansthat it yields a strict inequality in all the equationsin 5. Thereis an
intuitivetwo stepprocessby whichwecanchoosetheproposal.First,weselecta
randomdirection,d, in Q. Rememberthateventhoughd is a vectorof lengthm
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it mustremainin Q which is essentiallya lowerdimensionalset.Thedistribution
for choosingd will not dependon thevalueq� Next, we �nd thesetof pointsin
Q which lie either in the directiond or � d from q� andchoosethe proposalat
randomfrom this set.

It is importantto notethatfor this schemeif q0 is theproposalthen

q(q� ;q0) = q(q0;q� )

This followsbecauseif d is thedirectionfrom q� to q0 thentheonly way to move
from q� to q0 is if thedirectionsd or � d wereselectedin the�rst step.Of course
the sameis true if we are moving from q0 to q� . Clearly, the secondstephas
thesamedistribution no matterwhich of thetwo pointswaschosenastheinitial
point.

To implementthis schemewe proceedasfollows. To getour directiond we
chooseat randoma vectorfrom S, the unit spherein m dimensionalEuclidean
spaceandthenprojectit ontothenull spaceof A. Next, we normalizethis vector
sothatits lengthis oneanddenoteit by d. Rememberthatd 2 S. Let S(A) denote
thethesubsetSconsistingof all vectorswhichcanbegeneratedin thisway. Since
we usethe uniform distribution on the surfaceof S to choosethe �rst vector,
the distribution of d mustbe uniform on S(A). This follows by symmetry. The
probability of d falling in any region of some�x ed shapeis independentof the
locationof theregion in S(A).

Let q� denotea point which lies in the relative interior of Q and consider
vectorsof theform

q� + ad (8)

wherea is a real number. Note if d doesnot belongto the null spaceof A this
point cannotbelongto Q whenever a 6= 0. On the otherhandif Ad = 0 anda
is suf�ciently closeto zerothenthis point will belongto Q. Hence,a shouldbe
selectedfrom thesetof possiblevaluesthatsatisfyall theconstraintsof equation
5. This is a total of s constraints.Eachconstraintwill resultin eitheranupperor
lower boundfor a. Considertheinterval formedby themaximumof theselower
boundsto theminimumof theseupperbounds.Thisis therangeof possiblevalues
for a for which thevectorin equation8 will belongto Q. Givena q� anda d in
this equationthenonejust selectsa valuefor a from theuniform distribution on
its interval of possiblevaluesresultingin theproposal

q0= q� + ad

To recap,this is essentiallya verysimpleprocedure.Givena currentvaluein
theinteriorof Q we�rst pick arandomdirectionin Q andthen�nd how farwecan
move eitherin this or theoppositedirectionandstill remainin Q. Notethat this
methodof selectinga proposalpoint doesnot dependin any way on thefunction
h althoughfrom equation7 theprobabilityof it beingaccepteddoesdependonh.
Whenh is theuniform distribution thentheproposalis alwaysaccepted.
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Supposenow thestatisticiandoesnothaveenoughprior informationto select
a singleprior densityover Q but canonly specifya family of possiblepriorson
Q. A convenientandoftensensiblechoicefor suchafamily is all possibleconvex
combinationsof some�nite setof densities.Let f1; : : : ; fn denotesucha �nite set
of densitiesandP the be the family of all possibleconvex combinationsof the
fi 's.For a functionf de�ne on Q let P(f ) betherangeof possiblevaluesof the
prior expectationof f astheprior rangesoverall membersof P. Sincefor eachf i
wecan�nd its f expectationapproximatelywecan�nd P(f ) approximately. It is
just theinterval from theminimumto themaximumof thesen prior expectations.
Supposeinsteadwewishedto �nd thejoint rangeof theprior expectationsof two
functionsasthe prior rangedover P, sayP(f 1; f 2). This is easilydonesinceit
is just the convex hull of all pointsof the form (

R
f 1 fi ;

R
f 2 fi ) for i = 1; : : : ;n.

Posteriorcalculationsare handledin exactly the sameway sincefor any prior
in P the posterioris just a convex combinationof the n posteriors.Finally, we
emphasizetheimportanceof only needingto know any probabilitydensityup to
a constantsincefor mostof thesekind of problemsthenormalizingconstantwill
beunknown.

Example2 We let m = 5 and supposedq is the parameterfor the multinomial
distribution.We imposedtheconstraintsq1 � q2, (q1 + q2)=2 � (q3 + q4 + q5)=3
andq4 � q5 to gettheparameterspaceQ. Weassumedtheclassof possiblepriors
is all possibleconvex combinationsof threeDirichlet distributionsrestrictedto
Q. Thesewere takento beDirichlet(2,2,2,2,2),Dirichlet(0.5,0.5,0.5,0.5,0.5) and
Dirichlet(0.5,1.0,1.5,2,2.5).Thetwofunctionsof interestwere f (q) = q4 � q3 and
f 2(q) = q5 � q3. To compare the prior and posteriorexpectationswe assumed
that a randomsampleof size20 hadbeenobservedwith theobservedcountsof
states1, 2, 3, 4 and5 being2, 3, 4, 3 and8 respectively.

Usingourmethodswefoundapproximatelythethreeextremepointsof P(f 1; f 2)
andthecorrespondingextremepointsfor theposteriorproblem.As we notedbe-
foreit is crucialthatthedensitiesonQ needonlybeknownupto aconstantto �nd
theseintegralsapproximately. Theresultsaregivenin thelowerplot of Figure1.
Theprior expectationsaremarkedby 0 andtheposteriorexpectationsaremarked
by x. As to beexpectedtheposteriorrangeis muchsmallerthantheprior range.
Usingourapproachandconsideringvarioussetsof constraints,familiesof priors,
choicesof f 1 andf 2 andhypotheticalsamplescanbeusefulin helpingoneselect
asensiblerepresentationof their prior beliefsfor a particularproblem.

We endthissectionby notingthatourmethodof pickingaproposalpointcan
beadaptedto therandomsearchmethodwementionedin section2. Formally, the
twospacesCandQ areessentiallythesame.In therandomsearchalgorithmgiven
a point in theinteriorof C oneneedsto beableto chooseapoint at randomfrom
a small neighborhoodthat containsit. Henceafter a directionhasbeenselected
at randomratherthanallowing amovethatis asfaraspossiblein eitherdirection
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Figure1: Theupperplot containsthesevenextremepointsfor theprior expecta-
tionsandthe plot of 1,000posteriorexpectationsfor the functionsf 1 andf 2 in
Example1. The lower plot givestheextremepointsfor prior (markedby 0) and
posterior(markedby x) expectationsof (f 1; f 2) for Example2. In bothcasesthe
horizonalandverticalaxesarethef 1 andf 2 expectationsrespectively.
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onerestrictsthenew point to benomorethaneaway in eitherdirectionfrom the
currentpointwheree> 0 is �x ed.

4 Discussion

Althoughconstraintsseema naturalway to incorporateprior informationinto an
inferenceproblemthey have not beenwidely consideredin thestatisticallitera-
ture.The main reasonseemsto be that they aredif�cult to dealwith both theo-
retically andpractically. Betr�o andGuglielmi (2000)consideredrobustBayesian
analysisundermomentconstraintsin a fairly abstractsettingandconcludedthat
noneof thecurrentalgorithmsweregoodenoughto beadoptedfor routineuse.
Generatingrandomsamplesfrom distributionsde�nedoverboundedsubsetsof m
dimensionalEuclideanhasbeenconsideredin avarietyof contexts.Smith(1984)
considersthe problemof generatingindependentuniform observationsfrom a
boundedregion while Belisle,Romeijin andSmith (1993)considersalgorithms
for generatingobservationsfrom ageneralmultivariatedistribution.They assume
that the region of interestis openwith a nonemptyinterior which will not work
here.Boenderet al. (1991)andChenandSchmeiser(1993)considersomewhat
relatedproblems.

At thepresenttime Markov chainMonteCarlomethodsseemto be thebest
way to handlethetypesof problemsconsideredin section3. They comewith no
guaranteeshowever. If run long enoughthey will convergeto thecorrectanswer
but in a givenexampleit canbevery dif�cult to know whento stop.Whenm is
large it is impossibleto visualizeQ. From our experience,it seemsoneshould
selecta startingvaluefor q thatis somewherein the“center”of Q. In somecases
it seemsthatit is possiblefor thechainto spendlong periodstrappedin a corner
neartheboundaryof Q. If you startin thecenterthenany region of Q you even-
tually reachyou will alsoeventuallyleave. Whentrying to computeequation6
approximatelyit is not necessaryto visit every nicheandcornerof Q especially
thosewhereh putslittle weight.But in exampleswe have studiedwe have seen
that it cantake a very long time to reachcertainregionsvery neartheboundary.
As benotedby many authorswhenm increaseswe mustdealwith the“curseof
dimensionality”.For a helpful discussionon the convergenceof Markov chain
MonteCarlosimulationsseeGeyer (1992)andGelmanandRubin(1992).

The methodsdiscussedherenot only canhelp a singlestatisticianevaluate
the consequencesof their prior assessmentsbut could help a pair of expertsre-
solve possiblycon�icting prior beliefs.It canbeusedto checkhow areasof dis-
agreementwill effect their inferences.It couldhelpthemstudyhow adjustments
of someof their beliefscould leadto a merging of opinions.Clearly this is not
a theory of how to readjustonebeliefs when facewith new information but a
way to exploretheconsequencesof readjustmentsof linearconstraints.Herewe
haveemphasizedexploring jointly theprior or posteriorexpectationsfor apairof
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functions.Themethodswork for jointly exploring threeandevenmorefunctions
howeverconvenientgraphicalrepresentationsareno longerpossible.

Our simulationsweredoneusingR. We arepreparinga small packagethat
wouldmake it easyfor othersto implementthesemethods.Onceit is �nished we
will submitit to theR archivesfor public distribution. We hopeto completethis
sometimethis year.

Finally, theauthorswishto thankCharlesGeyerfor many helpfuldiscussions.
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